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mappings in fuzzy metric spaces 

Afshan Batool 1 , Tayyab Kamran 2 , Dong Yun Shin 3 and Choonkil Park 4 
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Abstract: The purpose of this paper is to obtain common fixed point theorem in¬ 
volving two pair of weakly compatible mappings in complete fuzzy metric spaces. Some 
related results and illustrative examples are also discussed. 

Keywords: common fixed point; weakly compatible mapping; complete fuzzy metric space; coinci¬ 
dence point; point of coincidence 

2010 MSC: 47H10, 54E50, 54E40, 46S50. 

1. Introduction and preliminaries 

Let (A, d) be a metric space. A mapping T ; X —* X is said to be contraction if 
there exists a G (0,1) such that for all x,y G X, 

d{Tx, Ty) < ad(x, y). (1) 

If the metric space (X, d) is complete, then the mapping satisfying (1) has a unique 
fixed point. 

Rhoades [11] assumed a weakly contractive mapping / : X — > X which satisfies the 
condition 

d{fx,fy)<d(x,y)-ip(d(x,y)), (2) 

where x,y & X and (p : [0, oo) -A [0, oo) is a continuous and nondecreasing function 
such that <p{t) =0 if and only if t, — 0. Rhoades [11] obtained the following extension. 

Theorem 1.1. ([11]) Let T : X —> X be a weakly contractive mapping, where (X,d) is 
a complete metric space. Then T has a unique fixed point. 

Dutta and Choudhury [7] introduced a new generalization of contraction principle 
in the following theorem. 

Theorem 1.2. ([7]) Let (X,d) be a complete metric space and let T : X -A X be a 
self-mapping satisfying the inequality 

H d (fx, fy )) < ^{d(x, y)) - <p(dfx , y)) (3) 

for all x,y G X, where </>, <p : [0, oo) -A [0, oo) are both continuous and monotone 
nondecreasing functions with fi{t) = Lp(t) = 0 if and only ift = 0. Then T has a unique 
fixed point. 

Corresponding authors: dyshin@uos.ac.kr (Dong Yun Shin), baak@hanyang.ac.kr (Choonkil Park) 
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Common fixed point theorems of weakly compatible mappings 

Several researchers have studied the existence of fixed points and common fixed points 
of mappings (see [1, 2, 3, 4, 5, 6, 8, 9, 10, 12]). 

In this article, we give a fixed point theorem for contraction maps in complete fuzzy 
metric space, which improves and generalizes the above-mentioned result of Dutta and 
Choudhury. 

We recall some definitions before giving the main result of this article. 

Definition 1.3. A binary operation * : [0, l] 2 —* [0,1] is called a continuous t-norm if 
([0,1],*) is an Abelian topological monoid, i.e., 

(1) * is associative and commutative; 

(2) * is continuous; 

(3) a * 1 = a for all a G [0,1]; 

(4) a * b < c * d whenever a < c and b < d for all a , b, c, d G [0,1]. 

Definition 1.4. A 3-tuple (X,M,*) is called a fuzzy metric space if X is an arbitrary 
set, * is a continuous t-norm and M is a fuzzy set on X 2 x (0, oo) satisfying the following 
conditions: 

(1) M(x,y,t ) > 0, 

(2) M(x, y, t) = 1 if and only if x — y, 

(3) M(x,y,t) = M(y,x,t), 

(4) M(x, y, t ) * M(y, z, s ) < M(x, z,t + s), 

(5) M(x,y,.) : (0,oo) —* [0,1] is continuous, 
for all x,y,z G X and t,s > 0. 

Definition 1.5. Let f and g be self-maps on a set X. If w = fx = gx for some x G X, 
then x is called coincidence point of f and g, and w is called a point of coincidence of 
f and g. 

Definition 1.6. Let f and g be two self-maps on a set X. Then f and g are said to 
be weakly compatible if they commute at every coincidence point. 

2. Main results 

Theorem 2.1. Let (A", M, t ) be a complete fuzzy metric space, and let E be a nonempty 
closed subset of X. Let S,T : E —>■ E and I , J : E —>■ X be mappings satisfying 
T(E) C 1(E) and S(E) C J(E) and for every x,y G X, 

ip(M(Sx,Ty, t)) < ip(M ItJ (x, y)) - tp(M ItJ (x,y)\ (4) 

where if : [0, oo) — » [0, oo) is a continuous and nondecreasing function such that if(t) = 0 
if and only if t = 0. (p : [0, oo) —» [0, oo) is a lower semi-continuous function such that 
(p(t) = 0 if and only if t — 0, and 

M ItJ (x,y) = max | M(Ix, Jy,t), M(Ix, Sx,t), M(Jy,Ty,t), (5) 

^M(Ix,Ty,t) + M(Jy,Sx,t)^Y 
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If one of S(E), T(E), 1(E), JE is a closed subset of X, then {S',/} and {T, J} have a 
unique point of coincidence in X. Moreover, if {S', 1} and {T, J} are weakly compatible, 
then S', T, / and J have a unique common fixed point in X. 

Proof. Let xo be an arbitrary point in X. Since T(E) C 1(E) and S(E) C J(E), we 
can define the sequences {x n } and {y n } in X by 

y2n—l Sx 2 n—2 Jx 2 n— 1) 1)2n Tx 2n— 1 lx2ni 71 lj 2, . 

Suppose that y no = y no +1 for some no- Then the sequence {y n } is constant for n > no. 
Indeed, let no = 2 k. Then y 2k = y 2 k+i and it follows from (4) that 

*P(M(y 2 k+i,y 2 k+ 2 ,t)) = ip(M(Sx 2 k,Tx 2 k+i,t)) 

(6) 

<'if(M I j(x 2 k,x 2 k+i)) - p(Mij(x 2 k,X 2 k+ 1 )), 

where 

Mpj(x 2 k, %2k+l) 

= max ^M(y 2k , y 2 k+i, t), M(y 2k , Sx 2 k, t), M(y 2k + i, Tx 2k +i,t) t 

[ M (y 2k , Tx 2k+ 1 , t) + M(y 2k+ i , Sx 2k , t)j | 

= max jo, 0, M(y 2k+1 , y 2k + 2 , t), ^ ^M(y 2k ,y 2k + 2 , t) + 0 ) J 

= max j Af (y 2fc+ i, y 2k+2 , t), (y 2k , y 2 k+ 2 , t) j 

= M(y 2 k+i,y 2 k+ 2 ,t). 

By (6), we get 

ip(M(y 2k+ i,y 2 k+ 2 ,t)) < 'if(M(y 2k+ i,y 2 k+ 2 ,t)) - y>(M(y 2k+ i,y 2k + 2 ,t)), 

and so (p(M(y 2k+ i,y 2k + 2 ,t)) < 0 and y 2k +1 = y 2 k+ 2 - 

Similarly, if no — 2k+l, then one easily obtains that y 2k +2 = Z/ 2 fc +3 and the sequence 
{y n } is constant (starting from some no). Therefore, {S',/} and {T, J} have a point of 
coincidence in X. 

Now, suppose that M(y n ,y n+ i,t) > 0 for each n. We shall show that for each 

n = 0,1, - - - , 

XI(y n -\-i 1 yn +21 1) A Mj j(x n ,x n - |_i) M(y n , y n +i,t). (7) 

Using (4), we obtain that 

^(M(y 2 n+i,y 2 n+ 2 ,t)) = ip(M(Sx 2n , Tx 2n +i, t)) 

< ll>(Mi t j(x 2n , X 2 n+l)) ~ p(M I>J (x 2n , X 2n +l)) (8) 

< lf(M It j(x2n,X 2 n+l))- 

On the other hand, the control function if is nondecreasing. Then 

M(y 2n +l, V 2 n+ 2 , t) < Mpj(x 2 n, X 2n +l)- (9) 
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Moreover, we have 

Mi ! j(x 2 n ,X 2n+1 ) 

= max | M(y 2n , U 2 n+i, t), M (; y 2n , Sx 2n , t), M(y 2n + 1 , Tx 2n + 1 , t), 
7 } ( M (U 2 n, Tx 2n+1 ,t) + M(y 2n + 1 , Sx 2n , t)j | 

= max | M(y 2n , y 2n+1 , t ), M(y 2n , y 2n+1 ,t), 

M(y 2n+ i,y 2n+2 ,t), -M(y 2n , y 2n+2 , t) j 

< max | M(y 2n , Z/ 2 n+i, t) , M(y 2n + 1 , y 2 n+ 2 ,0, 

\ (M(j/2n, 2/2n+l 1 1) + M (t/2n+l, J/2n+2)) } 

< max | M(y 2n , y 2n+1 , t), M(y 2 n+i, l/ 2 n+ 2 , t) j • 


If M(t/2n+i,Z/2n+2,£) > M(y 2n , y 2n+1 ,t), then by using the last inequality and (9), we 
have M ItJ (x 2n ,x 2n+ i) = M(y 2n+1 ,y 2n+2 ,t) and (8) implies that 

'ip(M(y 2n+1 ,y 2n+2 ,t)) = 'ip(M(Sx 2n ,Tx 2n+ i,t )) 

< if){M(y 2n +i, V2n+2, t)) ~ <p(M(y2n +1 , y 2n+ 2 , t)), 

which is only possible when M(y 2n+ i,y 2n+2 ,t) = 0. It is a contradiction. Hence 
M(y 2n+1 ,y 2n+2 ,t) < M(y 2n ,y 2n+1 ,t) and M ItJ (x 2n ,x 2n+1 ) < M(y 2n ,y 2n+1 ,t). By defi¬ 
nition, M ItJ (x 2n , x 2n+1 ) > M(y 2n , y 2n+ i,t), and so (7) is proved for {M(y 2n+1 , y 2n+2 , t)}. 
In a similar way, one can obtain that 

M(y2n+3iy2n+2,t) < Mj j(x 2n+2 , x 2n+ \) = M(y 2n+2 ,y 2n+1: t). 

So (7) holds for each n e N. 

It follows that the sequence {M(y n ,y n+ i,t)} is nondecreasing and the limit 

lint M(y n ,y n+1 ,t) = lint M I J (x n ,x n+1 ) 

n—>oo n—>■ oo 

exists. We denote this limit by d*. We have d* > 0. 

Suppose that d* > 0. Then 

ip(M(y n+1 ,y n+2 ,t)) < if)(M ItJ (x n ,x n+ 1 )) - (p(M I}J (x n ,x n+ 1 )). 

Passing to the (upper) limit when n —> oo, we get 

V’(cf) < tp(d*) - liminf v?(M/j(x n ,x n+ i)) < ip{d*) - <p(d*), 

n —>-oo 

i.e., < p(d*) < 0. Using the properties of control functions, we get that d* = 0, which is 
a contradiction. Hence we have lim, woo M(y n ,y n+ i,t) = 0. 

Now we show that {y n } is a Cauchy sequence in X. 

It is enough to prove that {y 2n } is a Cauchy sequence. Suppose the contrary. Then, 
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for some e > 0 , there exist subsequences {y 2 n (fc)} and {y 2 m(k)} of {y 2 n} such that n(k) 
is the smallest index satisfying 

n{k) > m(k ) and M(y n{k) ,y m{k) ,t) > e. 

In particular, M(y n ( k )- 2 ,y m ( k ),t) < e - Using the triangle inequality and the known 
relation | d(x,z) — d(x,y)\ < d(x,z), we obtain that 

lim M(y 2 n(k), V2m{k) , t ) hill Af(y 2n t k \, y 2 m(k)— 1 ) t) kill Af (y 2n nA+\, Z/ 2 m(fc); t) 

k—± 00 k —^00 k —>00 

lim M (jj2n(k)-\-l 5 y2m(k) — 1 ? 
k —^oo 

By the definition of M(x^y^t) and by using the previous limits, we get that 

lim Mj^j(x 2 n(k)i'K 2 m(k) — l^) 


k —S'-oo 


Indeed, 


M t .j(x 2 n(k )? %2m(k) — l) 

max ^ (y2n(k)) y2m{k) — 1 5 (jj2n(k) i ?/2n(fc)+l ? 5 (jj2m{k) — l 5 ?/2m(/c) ? ? 


2 \J^(y2n(k)i 2/2m(fc)i -^(?/2n(/c)+l 5 2/2m(fc)-1? 

—» max je, 0 , 0 , -(e + e)| = e. 

Applying (4), we obtain 

"0( A/(|/ 2 n(fc)+l 5 l/ 2 m(fc) U) ) ( AZ"(*ST' 2 n(fc) i Tx 2 m(k)— 1 U) ) 

— ‘ i P{-^dl,j{x2n(k)i %2m(k)—l)) ^P(-^dl,j('^ 2n (k), •^2m{k)— l)) - 

Passing to the limit /c —> oo, we obtain that ^(e) < ^(e) — 92 (e), which is a contradiction. 
Therefore, {?/„,} is a Cauchy sequence in the complete metric (X,d). So there exists 
u G A" such that lim n _ >0O y n = u. 

On the other hand, E is closed and {y n } C E. Then u G E. Suppose that 1(E) is 
closed. Then there exists v G E such that 

u = Iv. (10) 

We claim that Sv = u. Using (4) and (10), we have 

l])(M(Sv, y 2 ni t)) = ^(M(Sv,Tx 2 n-l,t)) < ^(M I j(v,X 2 n-l))-<fi(M I j(v,X 2 n-l)), (H) 

where 


M I}J (v,x 2n ~i) = max 


U, t ), M(u, Sv, t ), M(y 2n -i, Tx 2 n- 1 , t), 


- ( M(y 2n -i, Sv, t) + M ( u, Tx 2n -i, t) 


—>• max 0, M(u, Sv, t ), 0, -M(u, Sv, t) \ — M ( u, Sv, t ). 
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Passing to the limit when n —> oo in (11), we get 

j)(M(u, Sv, t )) < ip(M(u, Sv, t )) — p(M(u, Sv, t)). 

It follows that 

u = Sv. 

Since u = Sv G SE C JE, there exists w G E such that 

u = Jw. 

We claim that Tw = u. By (4), we get 

ij)(M(u, Tw, t)) = ip(M(Sv,Tw , t)) < w )) — p(Mjj(v, w)), 

where 

M^j(v, w ) = max | M{u, u, t), M(Iv, Sv, t), M(Jw, Tw, t), 


( 12 ) 

(13) 


- (M (Jw, Sv, t ) + M(Iv, Tw, t ) 

= max jo, 0, M(u, Tw, t ), -M(u, Tw, t) j = M(u, Tw, t ). 

Hence (2) implies that 

i/)(M(u, Tw, t)) < il)(M(u, Tw, t)) — tp(M(u, Tw, t)). 

It follows that 

u = Tw. (14) 

Combining (10) and (12) yields 

u — Iv — Sv, (15) 

that is, u is a point of coincidence of / and S. Combining (13) and (14) yields 

u = Jw = Tw, (16) 

that is, u is a point of coincidence of J and T. 

To prove the uniqueness property of u, suppose that u is another point of coincidence 
of / and S, that is, 

u = Iv = Sv' 

for some v G E. By (4), we have 

V>(M (u',u, t)) = ip(M(Sv, Tw, t)) < i)(M ItJ (v , w)) - p(M ItJ (v , w)), 

where 

Mjj(v , w) = max j M(u ,u,t ), 0, 0, - j. M(u ,u,t) + M(u , u, f) j 
— M(u , u, t). 

It follows from (2) that u = u. 

Now, suppose that u is another point of coincidence of J and T, that is, 

u = jw = Tw 
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for some w G E. Using (4), we obtain 

if(M(u, u, t)) = ip(M(Sv, Tw, t)) < tu')) - (p(M ItJ (v, w ')), 

where 

w ) = max j M(u, u, t), 0,0, - [m(u, u, t ) + M(u, u, t)j | 

= M(u, u, t). 

It follows from (2) that u — u. 

Therefore, u is the unique point of coincidence of {5,/} and {T, J}. 

Now, if {S,I} and {T, J} are weakly compatible, then by (15) and (16), we have 
Su = S(Iv ) = I(Sv) — Iu — w i and Tu = T(Jw) = J(Tw) = Ju = W 2 ■ By (4), we 
have 

ip(M(wi,W 2 ,t)) = ^(M(Su,Tu,t)) < i/}(M ItJ (u,u)) - <p(M ItJ (u,u)), 

where 

M ItJ (u,u) = max |m(wi, w 2 , t), 0, 0, + M(w l ,w 2 ,t)^ j 

= M(w 1 ,w 2 ,t). 

It follows that w\ = W 2 , that is, 

Su = Iu = Tu = Ju. (17) 

By (4) and (17), we have 

tp(M(Sv, Tu, t)) < iJ)(M It j(v,u) - <p(M ItJ (v,u)), 

where 

Mij(v,u) = max | M(Iv, Ju,t), M(Iv, Sv,t), M(Ju,Tu,t), 

- ^ M(Iv , Tu,t ) + M(Sv , Tu, t)^j | 

= max | M(Sv, Tu, t ), 0,0, - ^ M(Sv, Tu,t) + M ( Sv, Tu, t) j j 
= M(Sv,Tu,t). 

Therefore, we deduce that Sv = Tu, that is, u = Tu. It follows from (17) that 

u = Su = Iu = Tu = Ju. 

Then u is the unique common fixed point of S, I, J and T. 

The rest of the proof is similar to the above case and so the rest will be omitted. □ 

Example 2.2. Let X = [0,1] be equipped with the natural metric d{x,y ) = \x — y\. Now 
for t G [0, oo) define 


M{x, y, t) 


0 if t — 0 and x,y G X 
t+\l- y \ ift^O and x,y G X. 
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Clearly, (. X , M, *) is a fuzzy metric on X , where * is defined as a * b = ab. This fuzzy 
metric space is complete. 

Let E — {0, 1} and we define T, S : E —>• E as 

TO = T1 = 0 and T\ = 1, Sx = 0. 

We also define I, J : E —>■ X as 

10 = II = 0 and l\ = 1, JO = J1 = 0 and J\ = 1. 

The functions if : (p : { 0, oo) —* [0, oo) are defined as 
if{t) = t and <p(t) = 

Then 

if>(M(Sx,Ty,t)) < if>(M ItJ (x,y)) - <p(M u {x, y)). 
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Abstract 

This paper proposes a latent Chikungunya viral infection model with saturated incidence rate. To take 
into account the time lag between the initial viral contacts uninfected monocytes and the production of new 
active CHIKV particles the model is incorporated by intracellular discrete or distributed time delays. We 
study the qualitative behavior of the model. Using the method of Lyapunov function, we established the 
global stability of the steady states of the model. The effect of the time delay on the stability of the steady 
states has also been shown by numerical simulations. 

Keywords: Chikungunya virus infection; Latency; Time delay; Global stability; Lyapunov function. 


1 Introduction 

Mathematical analysis of viral infection models plays a substantial role in understanding the dynamics of human 
viruses (such as HIV, HCV, HBV, HTLV and Chikungunya virus). The models have been developed to mainly 
describe the relation among virus particles, uninfected target cells and infected cells [1]-[15]. The effect of 
Cytotoxic T Lymphocytes (CTL) immune response or humoral immune response has also been modeled (see 
e.g. [10]-[15]. Two main classes of mathematical models of viral infection have been proposed in the literature. 
The first class of models are given by ordinary differential equations. The second class of models is given by 
delay differential equations which incorporate the time lag between the initial viral contacts a target cell and 
the production of new active viruses. Modeling the virus dynamics with two types of infected cells, latently 
infected cells and actively infected cells has been studied by several researchers (see e.g. [2] and [14]). The 
latent viral infection model has been formulated as [2]: 


S(t) = n~ aS(t) — bV(t)S(t), 

(1) 

L(t) = (1 - p)bV(t)S(t ) - {9 + A )L(t), 

(2) 

i(t) = pbV{t)S{t) + A L(t) - el(t), 

(3) 

V(t) = ml(t) — rV(t), 

(4) 


where, S, L , I and V are the concentrations of uninfected cells, latently infected cells, actively infected cells and 
free virus particles. Parameters a and p represent the death rate and birth rate constants of the uninfected cells, 
respectively. The uninfected cells become infected at rate bSV, where b is a constant. The parameters 9, e and 
r denote the death rate constants of the latently infected cells, actively infected cells and free virus particles, 
respectively. An actively infected cell produces an average number m of virus particles. The parameter A is the 
latent to active transmission rate constant. A fraction (1 — p) of infected cells is assumed to be latently infected 
cells and the remaining p becomes actively infected cells, where 0 < p < 1. 
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Chikungunya virus (CHIKV) is an alphavirus and is transmitted to humans by Aedes aegypti and Aedes 
albopictus mosquitos. In the CHIKV literature, most of the mathematical models have been presented to 
describe the disease transmission in mosquito and human populations (see e.g. [17]-[22]). However, only few 
works have devoted for mathematical modeling of the dynamics of the CHIKV within host. In 2017, Wang 
and Liu [16] have presented a mathematical model for in host CHIKV infection model without considering the 
latent infection. 

The objective of this paper is to propose a CHIKV infection model which improves the model presented in 
[16] by taking into account (i) two types of infected monocytes, latently infected monocytes and actively infected 
monocytes, (ii) two types of discrete or distributed time delays (iii) saturated incidence rate which is suitable 
to model the nonlinear dynamics of the CHIKV especially when its concentration is high. We investigate the 
nonnegativity and boundedness of the solutions of the CHIKV dynamics model. We show that the CHIKV 
dynamics is governed by one bifurcation parameter (the basic reproduction numbers TZq). We use Lyapunov 
direct method to establish the global stability of the model’s equilibria. 

2 CHIKV model with discrete time delays 

We consider a within-liost CHIKV dynamics model with latently infected monocytes taking into account two 
discrete time delays. 


C,^ CU\ bV(t)S(t) 

S(t)-fi aS(t ) 1 + 7rV{t y 

(5) 

f (f] (1 -p)e~ Siri bV(t-T 1 )S{t-T 1 ) , ,, 

L{t) ~ i + xV(t-n) ("+ -')£(<), 

(6) 

,e-^ t r( t - T2 ,S( f - T2)+ /( 

1 + 7 TV(t - r 2 ) 

(7) 

V{t) = ml(t) — rV(t) — qB(t)V(t), 

(8) 

B{t) = rj + cB(t)V(t ) — SB(t), 

(9) 


where, S, L , I, V , and B are the concentrations of uninfected monocytes, latently infected monocytes, actively 
infected monocytes CHIKV particles and B cells, respectively. The CHIKV particles are attacked by the B 
cells at rate qVB. The B cells are produced at constant rate rj, proliferated at rate cBV and die at rate 
SB. tt denotes the time between the CHIKV contacts the uninfected monocytes and latent infection, while r 2 
denotes the time between monocytes infection and the production of active CHIKV particles. The probability 
of latently and actively infected monocytes surviving to the age of T\ and r 2 are represented by e~ SlTl and 
e~ S2T2 , respectively, where di and <5 2 are. We consider the following initial conditions: 

S(0) = ¥>i(0)« L W = ¥>2(0), m = ¥>3(0), v(0) = v> 4 (0), B(0) = ¥>e(0), 

¥>i(0) > 0,0 € [-r,0] and ¥>* e C([-t,0] ,R> 0 ), * = 1,2, 5, (10) 

where r = max{ri,r 2 } and C is the Banach space of continuous functions mapping the interval [—r,0] into 
R>o with norm ||^|| = sup |v?j(0)| • Then the uniqueness of the solution for t > 0 is guaranteed [23]. 

— T<'$<0 

2.1 Preliminaries 

In this subsection we show the nonnegativity and boundedness of solutions as well as the existence of the steady 
states of system (5)-(9). 
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Lemma 1. The solutions of system (5)-(9) with the initial states (10) are nonnegative and ultimately 
bounded. 


Proof. From Eqs. (5) and (9) we have 5 
for all t > 0. Moreover, for t £ [0, r] we have 


s =o 


= p > 0 and B 


b =o 


= r] > 0. Thus, 5(f) > 0 and B(t) >0 


L(t) = V 2 (0)e-l»«>* + j' ( (1 ~ +~ Tl> ) S °’ 

'<*> - «(»).- + jf + XL P * »• 


. . . , - f(c+qB(u))u 

V(t)=<p 4 (0)e 0 


ft — f (c+qB(u))du 

ml(ijj)e “ dto > 0 . 


>o 


By recursive argument, we get L(f) > 0, 1(t) > 0 and V(t) > 0 for all f > 0. 

Next, we establish the boundedness of the model’s solutions. The nonnegativity of the model’s solution 
implies that < p, — aS(t), which yields lim sup 5(f) < Let us define 


Xi(t) = (1 — p)e dlTl S(t — n) + L(t), 


then 


-Xi(f) = (1 - p)e SlTl - aS(t - n) - 


bV(t - n)S(t - ti) 
+ 7rV(t — n) 


+ (1 - p)e 


—Sin bV(t — 7~i)5(f — ri) 
1 + 7rP(f — n) 


- (0 + A)L(f) 


< p(l - p)e SlTl - cti ((1 - p)e dlTl S(t - n) + L(t)) < p(l - p) - aiXi(t), 
where u\ = minja, 0 + A}. Then, lim sup Ad (f) < M 1; and lim supL(f) < M 4 , where M 4 = ^-p) _ L e t 


X 2 (f) = pe"*^5(f - r 2 ) + /(f) + -^P(f) + -^-5(f), 

2 m Zmc 

then we get 


X 2 (t) = pe 
e 


— ne ^2T2 


ft - a5(f - r 2 ) - 


6P(f - r 2 )5(f - t 2 ) 

1 + 7rP(f - t 2 ) 


-pe 


—<5 2 t 2 bV(t-T 2 )S{t-T 2 ) 
1 + 7rP(f — r 2 ) 


+ AL(f) - e/(f) 


eg 


m/(f) — rV(t) — qV(t)B(t)) , 

2 m 2 me 


(77 + c5(t)F(t) - SB(t)) 


= ppe d2T2 - pe S2T2 aS(t - r 2 ) + AL(f) - ^/(f) + - P^V{t) - 


eqS 


< pp + AMi + 
= pp + XMi + 


cr 2 (pe S2T2 S{t - t 2 ) +/(f) + p—V{t) + 
V 2 to 

- a 2 X 2 (t), 


2mc 

egg 

2?71C 


2?nc 2?n 2r?zc 

eg 

2m v / ' 2mc 


5(f) 


5(f) 


where <r 2 = min{a, f,r,<5}. It follows that lim sup/(f) < M 2 , lim supF(f) < M 3 and lim sup 5(f) < 

Z t—>oo t—> OO t—>oo 

M 4 , where M 2 = pa+^ 4 _|_ ?23_ M 3 = — and M 4 = This shows the ultimate boundedness of 

z (j 2 2mc<72 5 0 e ^ eq 

5(f),L(t),/(f), F(f) and 5(f). □ 

Lemma 2. For system (5)-(9) there exists a threshold parameter 7\lo > 0, such that 
(i) if 1Zq < 1, then there exists only one positive steady state, virus-free steady state Qo- 
(i) if IZq > 1, then in addition to Q 0 , there exists an endemic steady state Q 1 

Proof. 
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To calculate the steady states we let the R.H.S of system (5)-(9) be equal zero 

n c bVS 

0 = p — ab — 


1+nV' 


p-SlTlhVq 

°=^)-L^- (0+A)i ’ 
n pe-^bVS x T 

°--TT^ + XL - eI - 

0 = ml — rV — qVB , 

0 = 77 + cBV - SB. 


From Eqs. (11)-(15) we obtain 
p (1 + ttV) 


S = 


(1 -p)e~ 5lTl bVS 

J-J — — - ~T7 — 77; -- , 1 


b/3VS 


B = 


bV + a{ 1 + nV) ’ (1 + nV) {9 + A) ’ e (1 + nV) (9 + A) ’ S-cV' 

where (3 = A(1 — p)e~ SlTl + pe~ S2T2 {9 + A). Substituting Eq. (16) into Eq. (14) we have 

mpb/3 qrj 


[e(9 + A) (bV + a (1 + nV)) 


5 — cV 


V = 0. 


Equation (17) has two possibilities: 

(i) V = 0 which gives the virus-free steady state Qo = {So, L 0 , 1 0 , Vq , B 0 ) = (f, 0, 0, 0, |), 

(ii) V/ 0 which gives 

mpbf3 qp 


e{9 + A) (bV + a (1 + nVj) 
Equation (18) takes the form P 1 V 2 — P 2 V + P3 = 0, where 


— r — 


6 -cV 


= 0. 


Pi = rec{9 + A ){b + n a), 

P 2 = —reca{9 + A) + mpbc{f3) + e {rS + qp) {9 + A ){b + na), 

P 3 = mpbp5(9 + \)e ~ S2T2 + mpb\S{l — p)e~ SlTl — ea {rS + qrj) {9 + A). 


The constants P \, P 2 and P 3 can be rewritten as 


Pi = rec{9 + A ){b + na), 

eca (rS + qrj) {9 + A) 
P 2 = -^- 


[TZq — 1) + e (rS + qrj) {9 + A ){b + no) + 


caqep{9 + A) 


where 


Let 


P 3 = ea (rS + qrj) {9 + A)(P 0 - 1). 


Tin = 


mpbS/3 


ea(r 6 + qp){9 + A)' 


(11) 

( 12 ) 

(13) 

(14) 

(15) 

(16) 

(17) 


(18) 


0i(V) = P 1 E 2 - P 2 V + P 3 = 0. (19) 

If P 0 > 1, then P 2 > 0 and P 3 > 0. We have ©i(0) = P 3 > 0, ©i (f) = ^ ^v(e+\)(ca+5(b+na)) < Q) and 
© 1 ( 0 ) = —P 2 < 0. Then, Eq. (19) has two positive roots 

,. a - , ,. P 2 + -jPi-iPiP-i „ <5 

Fl = -2ft-“ d Fz = -2ft- 
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If V = V 2 , then from Eq. (16) we get B 2 = $_ v c y 2 < 0. Thus, when 1Z 0 > 1, a positive endemic steady state 
Qi = will appear, where 


Si 


Vi 


p(l + nVi) _ b/j,Vi(l — p)e 5lTl 

bV 1 + a (1 + nVx) ’ 1 “ {9 + A ){bVi + a (1 + nVi)) ’ 1 

P'2- \/p\- 4pip 3 B = V 

2 pi ’ 1 S — cV 1 


_ bpm _ 

e(9 + \){bVi + a (1 + 7rVi)) ’ 


The parameter TZq represents the basic reproduction number. □ 


2.2 Global stability 

We define H(x) = x — In x — 1. Clearly, H{ 1) = 0 and H(u) > 0 for u > 0. Denote (S, L, /, V, B) = 

Theorem 1 . Suppose that IZo < 1, then Q 0 is globally asymptotically stable (GAS). 

Proof. We define a Lyapunov functional Yq as: 


Y 0 (S,L,I,V,B) 



A(1 - p)e~ SlTl 
9 + A 



A 

9 + A 


L + I + -V+—B 0 H 
m me 



bV(t - -&)S(t - g) 
1 + 7 rV(t — d) 


dd + pe 62 T2 



B 
B~ 0 

bV(t-d)S{t-d) 

1 + 7 rV(t- 0 ) 


( 20 ) 


dY 

Note that, Y 0 (S,L,I,V,B) > 0 for all S, L, I,V, B > 0 and Fo^O; 0, 0, 0, B 0 ) = 0. Calculating —- 1 - along the 

dt 

trajectories of (5)-(9) we get 


dY 0 

P 

(i-§) 

dt 

9 + A 

/ s) 


+ A ( 

^ (1 — P) e ~ 


+ 9 + A ' 



p — aS — 


bVS 
1 + 7 rV 


1+7 lV{t- Tl) 


~{9 + \)L + 


pe S 2 T 2 bV(t — r 2 )S(t — r 2 ) 


1 + 7T V{t — T 2 ) 


+ A L — el + — (ml — rV — qVB) + — ( 1 y I (77 + aBe — <513) 

to toc V B 1 


A(1 — p)e~ SlTl / feCS 1 
(9 +A Vi + ttC 
a/3 (S — S 0 ) s 


bV(t - Ti)S(t - Tl) \ +pe - + r 2 


9 + A 


S 


+ 


P 


1 + 7re(f - Tl) 

&SoC erC eqBoV 

TO TO 


fees &e (t — r 2 )s(t — t 2 ) 


1 + 7re l + 7re(t — r 2 ) 


1 + A 1 + Tre 


B, 


a/3 (S - S 0 ) 2 eqS (B - B 0 ) 2 e{rS + qp) 


9 + A 


S 


13 


-(1- „ 
me V B 

mpbS/3 


mS \ea(rS + qp)(9 + X)(l + nV) 


(SB 0 - SB) 

-lie 


a/3 (S-S 0 ) 2 eqfe (B - B 0 ) 2 | e(rfe + qp) e{rS + qg)KoirV 2 


9 + A 


S 


B 


mS 


m5( 1 + 7 re) 


( 21 ) 


dY 

Therefore, —- < 0 holds if TZq < 1- Further, —- 1 - = 0 if and only if S = So, B = B 0 and V = 0. By LaSalle’s 
at . dt 

invariance principle, Q 0 is GAS. □ 

In the next theorem we show the global stability of Qi. 

Theorem 2 . Suppose that TZo > 1, then Qi is GAS. 
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Proof. Consider 


Y 1 (S,L,I,V,B) = j^S 1 H 


X 

e + x 


L X H 


hH 


m 


-ViH 


A(1 — p)e~ SlTl 65iVi 


pe 


— S2T2 


0 + A 1 + ttV! 
bSM rT2 


H 


/V'(i-0)S(i-0)(l + 7rVi) 

\ S'iVi (1 + nV(t — •&)) 


P 

V) 

dd 


eg 

me 


B 1 H 


B 

B\ 


1 + nVi 


H 


V'(i-0)S(i-0)(l + 7rVi)\ 
SiVi(l + 7 rP(i- 0 )) J 


d0. 


dYi 


We have Yj (S, L, /, V, f?) >0 for all 5, L,I,V,B > 0 and FUSi, la, Ji, Pl, Pi) = 0. Calculating —— along the 

dt 

trajectories of (5)-(9) we get 


dY\ f3 
dt 0 + A 


1 - TT ) ( d - aS - 


bVS 
1 + ttP 


+ 


A 


1 + A 


1 - 


(1 - p)e SlTl bV(t — Ti)S(t — ri) 


1 + 7 rP(f - Ti) 


- (d + A)L 


+ ’ 1 “ 7 


IiA /pe 52T2 bV(t-T 2 )S(t-T 2 ) 


+ 


eg 

toc 


1 - 


Si 

B 


l+irV{t- t 2 ) 
(r) + cBV - SB) + 


m 


Vi 


+ XL - el + — 1 - -y {ml -rV- qVB) 


V 


A(1 — p)e~ SlTl / bVS _bV{t-T 1 )S{t-T 1 ) 
9 + X \l+ 7 rP l+jrV{t — Ti) 


A(1 — p)e~ SlTl bSiVi ln (V(t - n)S(f - n)(l + ttP) 


1 + A 1 + 7rVi 


PS (1 + 7 rP (t — n)) 


pe 


_ 5aT2 y &PS _ 6 P(t - r 2 )S{t - r 2 ) 
1 + 7 rP l + 7 rP(f —t 2 ) 


, -8 2 t 2 bSiVi 

+ pe 22 --rv In 


1 + ttP 


Applying 


we obtain 


P(i — r 2 )S{t - t 2 ){ 1 + 7 rP) 
PS (1 + 7rP (t — t 2 )) 

6 S 1 P 1 


( 22 ) 


p = aS 1 + 


1 + TrPi 


, 7) = SBi - cB\ Pl , 


dPi 

dt 


1 + A 


1 - 


Si 

S 


(aSi — aS) + 


/3 bS 1 P 1 
+ A 1 + 7r Pl 


1- 


Si 

S 


+ 


/? 5SiP 
'TA 1 + ttP 


A(1 — p)e 5lTl bV{t — Ti)S{t — t\)Li 


9 + X l + 7rP(t — t\)L 

reV ^ rePi ^ eqBV 1 
to to in 

6 S 1 P 1 


P XL\ — pe 


-5 2 T2 bV (. t ~ T 2)S{t - r 2 )/i AL/i 


+ eli - 


elV 1 


1 + ttPi 


+ A 


1 + 7rP(f - r 2 )/ 

+ ii. (l - p) (SBj - SB) - _ fPP + iPP (A j 

toc \ B J m to m\BJ 

— 8 2 t 2 ln f P(t-r 2 )S(f-T 2 )(l + 7rP) 


A(1 - p)e <5lTl ln fV{t - Ti)S(t - ri)(l + 7 rP) 


PS (1 + 7 rP(t — ti)) 


pe 


V PS (1 + 7rP(t — r 2 )) 


Using the equilibrium conditions for Qi: 


(1 -P) 


,SlTl 


bS{Vi 
1 + ttP! 


= {9 P X)Li, pe~ 5lTl 


bSiPi 


we get 


edi = 


1 + nVi 
rePi (3 bSi Pi 


/3 bSiPi 
d + A(l+ 7 rPi)’ to. d + A(l + 7 rPi) 


+ ALi = e/i, to/i = rPi + qB\V\, 
eqBiVi 
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and 


dYi__aP (S — Si) 2 i A(1 — p)e~ SlTl bS{Vx 
dt 


+ pe 


9 + A S 

-s 2 t 2 bS i v i 


9 + A (1 + ttVi) 


1 -* 

S 


l- 8 ! 

S 


( P \ bS\Vi /(l + nV^V V 


I+ttFiV' s J ' \° + x J i + TT^i V ( 1 + ttF)Vi v lt 

A(1 — p)e~ SlTl bSiVi V(t — Ti)S(t — ri)(l + nVi)Li A(1 — p)e~ SlTl bS{V\ 


pe 


9 + A 1 + 7rVi (l + 7rV'(t-n))5iyiL 9 + A (1 + ttVi) 

-^ 2T2 frSiVi U(t - r 2 )S(t - t 2 )(1 + 7 rVi)Ii _ A(1 - p)e~ <5lTl &S 1 U 1 US 
l+nV 1 (1 + irV(t — t 2 ))S{ViI 9 + A 1 + ttVi LJ 


Al 1 ~ P) -iiTi bSM g 2T2 bS\V\ 

9 + A ' (I + ttFO^^ (1 + ttFO 
_ 52T2 6 SiVi /V) , A(l^p)e- 5lTl &S1V1 
Pe l + 7ryi/iF + 0 + A (i + 7ryi) +pe 


A(1 — p)e -5iri 6 SiVi /Vi 
d + A TT^va 7jy 
—S 2 r 2 bS{Vi 
(1 + ttVi) 


2eqB\Vi cqBV\ 


m 


m 


egBiVl ^Si' 
S 


eqS (S - Si ) 2 


TO 


TOC 


s 


bS’iVi 

1 + ttFi 


A(1 - yo)e _<5lTl 

6» +A 


In 


V(* - n)5(t - ri)(l + 7 tF) 
US (1 + nV(t - n)) 


+ pe 


—S 2 t 2 ln ( V(t-T 2 )S{t-T 2 )( 1 + ttU) 


\ VS (1 + nV(t — r 2 )) 


Using the following equalities: 

fV(t — n)S(t - ri)(l + 7 rU) 


In 


ln 


V US(1 + ttU( 6 -ti)) 


fV(t — r 2 )S(t — r 2 )( 1 + 7 rU) 
^ US(l + ^U(f-r 2 )) 


we get 

dFi _ a/3 (S~Si ) 2 

dt 


/3 ftSiVi 


d + A S' 6 » + A1 + 7tUi 
A( 1 - p)e _<5lTl feSiUi 


= ln 


+ In 


= ln 


+ In 


-1 + 




vwy Vi+^J 

U(f ~ Ti)S(f - Ti)(l +7 tU l )L 1 \ 

(l + 7rV(t-n))SiyiL J’ 

m-msm 

V(t-T 2 )S(t-T 2 )(l+7rV 1 )I 1 ' 

(1 + 7 rV(t - t 2 ))S 1 V 1 I 


(1 + nV^V V I+ttUA 

(1 + 7rU)Vi “ v + l + nvj 


9 + A 

(1 + 7rUl) 

A(1 - p)e~ SlTl 

6 S 1 U 1 

9 + A 

(1 + 7rVl) 

A(1 - p)e~ SlTl 

6 S 1 U 1 

9 + A 

(1 + 7rVl) 

A(1 - p)e~ SlTl 

&S 1 U 1 



A(1 — p)e~ SlTl 

6 S 1 U 1 

1 _ 

^ + In 1 

f iv iV 

UJJ 

9 + A 

(1 + ttVi) 

_L 

hv +ln \ 

aW. 


+ pe 


9 + A (1 + -I)) [ 

—S 2 t 2 b SiVi 


1 _ 5 +lnl . 

V(t — n)S(t - n)(l + nVi)Li fv(t - n)S(t - Ti)(l + 7 rVi)Li 

' (1 + 7rU(i — t\))S\V\L V (1 + 7rU (6 — r 1 ))S 1 UiL 

i_I±lK + ]n (I±in 

1 + ttVi yi + nVj 
LI, (Lh 
1 ~~ LiJ +1 \BJ 


+ pe 


+ pe 


1 + 7T V\ 
S 2 T 2 b SiVi 

l+nV 1 

s 2 , 2 bS 1 V 1 

1 + 7rVl 


+ pe 


—S2T2 


bS iVl [ IV ! //Vi 

(I + ttUO [ hV \hV 

V(t- r 2 )S(f - r 2 )(l + 7rVi)/i 


1 (Si 

s + 1 "U 

U(t - r 2 )S(t - r 2 )(l + 7 rVi)/i 

(1 + 7 rU(i - r 2 ))S 1 U 1 J V (1 + nV(t — r 2 ))S 1 ViJ 

egd (S — Si) 2 egSi+i 


1 + ttV , /1 + ttU\ 

1 + ttU! +ln VI + ttuJ 


me 


B 


m 


Si s 
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0/3(5 - 5i) 2 

0 e + \)s 


+H 


IVi \ 

hV) 


+ H 


eqrj {B - B x f _ 0 irbS^V - Vi) 2 _ A(1 - p)e~ SlTl bS iVj 

mcBi B 0 + A (1 + 7rV)(l + 7rVi) 2 9 + A (l+7rVi) 

( 1 + 7r ^ N \ , rr ( V(t - n)S{t - T^jl + nV^LA / LJj Y 

\ 1 + 7rViy ' V + Ui/j. 


ff 


- pe 


— S 2 T 2 


bSxVx 

(l+TTVi) 




+ i? 


/ 1 + 7rV \ 

Vi + Tr^y 


/ yft-T2)5(t-r 2 )(l+7rVi)/i 
V (1 + nV(t — r 2 ))5iVi/ 



(23) 


d~Y dY 

It can be seen that if IZo > 1, then —— < 0 for all 5, L,I,V,B > 0 and —— = 0 if and only if S = Si, 

at at 

L = L i, I = 1 1 , F = Vi, and B = B\. It follows from LaSalle’s invariance principle that, Qi is GAS. □ 


3 CHIKV model with delay-distributed 


We suggest a dynamical model for within-host CHIKV infection with latently infected monocytes taking into 
account the distributed delays. 


S(t) = p — aS(t) 


bV(t)S(t) 

1 + 7T V{t) ’ 


m = (1 - p)b r T) l [t T) dr -(9 + \)L(t), 

JO 1 + 7T V(t-T) 

m = pb r 6(r)e- feT F( * ~^ ( *~ T) dr + A L(t) - el(t ), 

Jo 1+7T V(t-T) 


V(t) = ml(t) — rV(t) — qV(t)B(t), 


B(t) = rj + cB(t)V(t) — SB(t). 


(24) 

(25) 

(26) 

(27) 

(28) 


where, £i(t) and £ 2 (t) are probability distribution functions which satisfy £i( r ) > 0 and £ 2 (t) > 0, and 

p K i 2 r K i r K 2 

/ ^i(r)dr = / ^ 2 (r)dr = l, / £i(u)e nu du < oo, / £- 2 (u)e nu du < oo, (29) 

do Jo Jo Jo 

where n is a positive number. Let 

B= £i(r)e~ <5lT dT and K = / £ 2 (r)e^ <52T dr 

do do 

Then 0<£ I <1,0<K<1. The initial conditions for model (24)-(28) take the form 


S{<f) = Vh (</?), I'M = I'M = YjM- 

V{ip) = VtiM, B(ip) = 

VbM > 0, ^H,0], j = 1.5, (30) 

where £ = max{Ki, k 2 }, ipj € C([—f, 0], K>o). This guarantees the uniqueness of solution of the system [23]. 


3.1 Preliminaries 

Lemma 3. The solutions of system (24)-(28) with the initial states (30) are nonnegative and ultimately 
bounded. 
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Proof. From Lemma 1 we have S(t) > 0 and B(t) > 0 for all t > 0. Moreover, one can show that for t > 0 


L(t) = e-( e+x »M0) + (1 - P)b f e- (e+A)(t - u) r e~* ir fr(r) S(U T ^ {u r) drdu > 0, 

do Jo 1 + 7 tV{u-t) 

I(t ) = e~ et tp 3 {0) + pb f e ~ e(t ~ u) f f e~ S2T ^ 2 (T) S ^ U — ^P~dr + XL(u) \ du > 0 , 

Jo \J o 1 + 7rV (u — t) J 

i t 

— f (c-\-qB(u))u — f (c-\-qB(u))du 

V{t) = e o ^ 4 (0) + / ml(u)e » duj > 0. 

Jo 


-dr + A L(u) ) du > 0 


V(t) = 


- f (c+qB(u))u 


— f (c~hqB(u))du 


du > 0 . 


From (24), we have lim sup5(f) < Let Ti(f) = (1 — p) f n M £i(r)e SlT S(t — r)dr + L(t), then 

Ti(t) = (1 -p)J Q &(T)e-^ (#. - aS(t - r) - ^) dr 

+ (1 ^ P )6 r ti(T)e- s ' r V ! t -j2?! t ~J ) dT ~(0 + X)L(t) 


+ (1 - p)b£ - (0 + X)L(t) 

< Ml - P) E - °i ^(! - p) J £i{T)e~ 5lT S )(i - r)dr + L(t)j 


< p{ 1 - p) - criTi(t). 


It follows that, lim supTUf) < Mi. Since f n Kl ^i(r)e SlT S(t — r)dr > 0, then lim supL(f) < Mr. Let 

£->-oo J u £—>oo 

W = P £ 2 Ur)e- 52 T S{t - r)dr + /(f) + ^P(f) + ^ B{t ), 


then we have 


7i(t) = p r £ >( r)a-«- (p - „S« - r) - ^ iff 

do V l + 7rl/(f —t) 


dr + AL(f) — e/(t) 


+ pb r 6(r)e-^ y( * ^ T) dr + AL(f) - e/(f) 

do l + 7rP(f-r) 

+ ^ (m/(t) - rP(f) - qV(t)B(t)) + ^ (?? + cB(t)V(t ) - 55(f)) 

< PPK + XLx - a 2 (^p J &(r)e~ S2T S(t - r)dr + I(t) + ^V(t.) + 7 ^B(t) S J 

< pp + XLi — a 2 T 2 (t). 


Then lim supT 2 (f) < M 2 . It follows that lim sup/(f) < M 2 , lim supP(f) < M 3 and lim sup 5(f) < M 4 . 
£—>00 £—>00 £—>00 £—>00 

Therefore 5(f), L(f),/(f), P(f), and 5(f) are ultimately bounded. □ 

Lemma 4. For system (24)-(28) there exists a threshold parameter TZq > 0, such that 
(i) if 7£jP < 1 , then there exists only one positive steady state, virus-free steady state Qo- 
(i) if 7£jP > 1, then in addition to Qo> there exists an endemic steady state Q\ 

Proof. Similar to the proof of Lemma 2 we can show that if TZq < 1 then there exists Qo = (5o, 0,0,0, Bq), 
where S 0 = - and B 0 = ?, and if IZq > 1 then there exists Q 1 = (5i, Li, / 1 , Pi, Bi), with 

bpV 17 

e (0 + X)(bVi + a (1 + 7rVi)) ’ 


= /.<■(! + 7rVi) = 5(1 - p)bpV L 

1 6 P 1 + a (1 + 7rVi) ’ 1 (0 + A)(6Pi+a(l+7ry 1 ))’ 1 


P-F~J(P?) 2 -4Pi D P; 


>D r 

3 . 0 O _ 0 

— < “) 51 — ^-—. 

C 0 — C Pi 
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where 


P D 

P D 

-*3 


EX(1 — p) + Kp(0 + A), 

eca (rS + qrj) (9 + A) /rr)D 
x v /c o 


P]° = rec{9 + A) (6 + 7ra), 

- 1) + e M + 9.1) (0 + A)(6 + ™) + < ” <,e ' ,( f + A) , 
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The basic reproduction number for system (24)-(28) is defined as 

n D = TO A ^7 n 

0 ea(rS + qrj)(9 + A) 


3.2 Global stability 


In this section we construct suitable Lyapunov functions to prove that the steady states Q o and Q± of system 
(24)-(28) are GAS. 

Theorem 3. Suppose that TZjj < 1, then Q 0 is GAS. 


Proof. Let us define Yff (S', L, I,V, B) as: 
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Note that, Yq(S,L,I,V,B) > 0 for all S, L, I,V, B > 0 and Yq(S 0 , 0,0, 0, B 0 ) = 0. Calculating 
the trajectories of (24)-(28) we get 
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(32) 


dY D 

Therefore, 0 


< 0 holds if TZq < 1. Further, 


dYr 


D 


„ dt - u - dt 

LaSalle’s invariance principle, we get that Q o is GAS . □ 

Theorem 4. Suppose that TZjj > 1, then Q\ is GAS. 

Proof. Consider 


= 0 if and only if S = So, B = Pq, V = 0. Applying 


Y\ (S, L,I,V,B) = 
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dY D 

We have YP(S, L , /, V, B) > 0 for all S, L,I,V,B > 0 and YP(S\,L\,I\, V\,B\) = 0. Calculating —- 1 — along 

dt 

the trajectories of (24)-(28) we get 
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It can be seen that if Tig > 1, then Si, L\, 7i, V\, Bi > 0 and 
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< 0 for all S,L,I,V,B > 0. We have 


dt 


= 0 if and only if 5 = Si, L = L\, I = 7 1; V = V\,B = B\ and 77 = 0. Then using from LaSalle’s 


invariance principle, we show that Q± is GAS. □ 


4 Numerical simulations 

Next we conduct numerical simulations for system (5)-(9). The values of the parameters are listed in Table 1. 
We let Ti = n = 72 - The following initial conditions are used: 

+i(d) = 1.7,<p 2 0?) = 0.4,^ 3 (t?) = 0 . 6 ,+ 4 (t?) = 0 . 6 ,+ 5 (d) = 1 . 6 , i9 e [-r i; 0 ] 

In Figures 1-5, we show the evolution of the five states of the system S, L, 7, V and 7? with respect to the 
time. The effect of t* on the stability of Q 0 and Q 1 is also shown. We can see that, for smaller values of r. ; 
e.g. Tj = 0.0,0.5,1.0 and 2.0, the corresponding values of Tig satisfy Tig > 1, and the trajectory of the system 
converges to the steady states Q\. This confirm the results of Theorem 2 that Q\ is GAS. On the the other 
hand, when t % become larger e.g. T- t = 3.0 and 5.0, then Tig < 1, and the system has one steady state Qg . and 
according to Theorem 1 it is GAS. For this case, the concentrations of the uninfected monocytes and B cells 
return to their values Sg = - = 2.2885 and Bg = 5 = 1.1207, respectively, while the CHIKV particles are 
cleared from the body. 

Let T cr be the critical value of the parameter r*, such that 

bmSp(X(l — p)e~ SlTCr + p(9 + X)e~ SlTCr ) 

0 ea(rS + qrj)(9 + A) 

Using the data given in Table 1 we obtain T cr = 2.01206. The value of Tig for different values of t* are listed in 
Table 2. We can observed that as r,; is increased then 1Z 0 is decreased. Moreover, we have the following cases: 
(i) if 0 < Ti < 2.01206, then Q\ exists and it is GAS, 

(h) if ^ > 2.01206, then Qg is GAS. It is clearly seen that, an increasing in time delay will stabilize the 
system around Qg . Biologicaly, the time delay has a similar effect as the antiviral treatment which can be used 
to eliminate the CHIKV. We observe that, when the delay period is sufficiently long the CHIKV replication will 
be cleared. 
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Table 1: The values of the parameters of model (5)-(9). 


Parameter 

Value 

Parameter 

Value 

M 

1.826 

m 

2.02 

7r 

0.1 

q 

0.5964 

c 

1.2129 

r 

0.4418 

a 

0.7979 

V 

1.402 

e 

0.5 

Si 

0.5 

A 

0.1 

Ti 

varied 

e 

0.4441 

T2 

varied 

<5 

1.251 

b 

0.5 

P 

0.5 




Table 2: The values of steady states, TZq for model (5)-(9) with different values of r*. 


Ti 

Steady states 

Ro 


0.0 

Qi = (1.6788,0.4054,0.6390,0.6152,2.7772) 

2.7347 


0.5 

Qi = (1.7636,0.2718,0.4284,0.4986,2.1694) 

2.1298 


1.0 

Qi = (1.8827,0.1637,0.2580,0.3562,1.7120) 

1.6587 


1.5 

Qi = (2.0497,0.0750,0.1182,0.1895,1.3729) 

1.2918 


2.0 

Qi = (2.2819,0.0016,0.0025,0.0046,1.1257) 

1.0060 


2.01206 

Qo = (2.2885,0,0,0,1.1207) 

1.0000 


2.5 

Qo = (2.2885,0,0,0,1.1207) 

0.7835 


3.0 

Qo = (2.2885,0,0,0,1.1207) 

0.6102 


3.5 

Qo = (2.2885,0,0,0,1.1207) 

0.4752 


4.0 

Qo = (2.2885,0,0,0,1.1207) 

0.3701 


4.5 

Qo = (2.2885,0,0,0,1.1207) 

0.2882 


5.0 

Qo = (2.2885,0,0,0,1.1207) 

0.2245 
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Time 


Figure 1: The evolution of uninfected monocytes. 



Figure 2: The evolution of latently infected monocytes. 
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Time 


Figure 3: The evolution of actively infected monocytes. 



Figure 4: The evolution of free CHIKV particles. 
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Figure 5: The evolution of B cells. 
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Abstract 

A nonlinear mathematical model for Middle East Respiratory Syndrome Corona Virus (MERS-CoV) 
with two discrete time delays is proposed and analyzed. We show that the solutions of the model are 
nonnegative and bounded. We derive the basic reproduction number for the MERS-CoV model, Ro . we 
prove that if Ro < 1 then there exists a disease-free equilibrium Po and Ro > 1 then in addition to Po 
the model has an endemic equilibrium P*. Utilizing Lyapunov method, the global asymptotic stability of 
disease-free equilibrium of the proposed model is obtained. The dynamical behaviour of the model is also 
shown by numerical simulations. 

Keywords: Infectious diseases; global stability; Lyapunov functional. 


1 Introduction 

Mathematical of infectious diseases have received the attention of several researchers during the past decides. 
Some of the models are given by a set of ODEs (see e.g. [1]-[12]). For some disease such as influenza, on 
adequate contact with an infective, a susceptible individual becomes exposed, that is, infected but not infective. 
This individual stays in exposed class for a certain latent period before becoming infective. This period can been 
described as delays on the spread of infectious diseases, and thus, delays should be incorporated into infection 
term in the system. As a result, the models are given by DDEs (see e.g. [13]-[19]). There are two types of time 
delays: (i) discrete delay, where the time delay is assumed to be constant (see e.g. [13]-[15]), (ii) distributed 
delays, where the time delay is assumed to be random parameter taken from probability distributed function 
(see e.g. [16]-[19]). Recently, Clrowell et al. [20] have studied the spread of a Middle East Respiratory Syndrome 
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Corona virus (MERS-CoV) by using a SEIR-type compartmental transmission model as: 


dS 

dt 

dEj 

dt 

dE s 

dt 

dlj 

dt 

dAj 

dt 

dl s 

dt 

dA s 

dt 

dH 

dt 

dR 

dt 


ps(i t + i s + eH) 

- N - 

a — k Ei, 

f3 S (Ii + I s + £ H) 

N kE ‘ 

kp c ,i Ei - 7 ah ~ li,i h 

k (1 Pc,i ) Ei , 

k Pc,s ddjg 7 a, Is 77,5 Is: 

k (1 Pc,s ) E s , 

7o (li + I s ) - 7 r H, 

7 tH + 7 j,i h + 7/, s / s . 


( 1 ) 

( 2 ) 

(3) 

(4) 

(5) 

( 6 ) 

(7) 

( 8 ) 
(9) 


In model (l)-(9), the populations divided into 9 compartment: susceptible individuals S, individuals exposed 
to the zoonotic reservoir Ei or to infectious humans E s , infectious and symptomatic individuals arising from 
reservoir /j, or from human-to-human transmission I s , asymptomatic and non-infectious individuals arising from 
environmental/animal exposure A, or arising from human-to-human transmission A s , hospitalized individuals 
H , and removed individuals after recovery or disease-induced death R [20]. Susceptible individuals are infected 
uniformly at random from the zoonotic reservoir at rate a. The parameter /3 is the mean human-to-human 
transmission rate per day, £ is relative transmissibility of hospitalized cases, ^ mean latent period (days), p C) i 
is proportion of symptomatic and infectious cases among index cases, p s ^ denote to proportion of symptomatic 
and infectious cases among secondary cases, ph,i proportion of hospitalized individuals among symptomatic and 
infectious index cases, p/ l;S is proportion of hospitalized individuals among symptomatic and infectious secondary 
cases, A- represent the mean infectious period among primary cases (days), A— is the mean infectious period 
among secondary cases (days), 4- is the mean time from symptom onset to hospital admission (days) and 4- 
denote to mean length of hospital stay (days). Chowell et al., assume that the asymptomatic individuals do not 
contribute to the transmission process. Moreover, the basic properties of model (l)-(9) are not well studied. 
Therefore, the aim of this paper is to study the effect of asymptomatic individuals on the transmission of MERS- 
CoV. Our proposed model is a modification of model (l)-(9) by incorporate the asymptomatic individuals as 
a carrier individuals. We assume that the first scenario describes only the carrier cases and the second one 
describes the infected cases which demonstrate symptoms. We introduce two types of discrete time delays into 
the MERS-CoV model. We study the basic properties of the model such as nonnegativity and boundedness of 
the solutions, stability analysis of the equilibria. At the end we perform some numerical simulations. 


2 The MERS-CoV model 

In this section, we propose a MERS-CoV model with two discrete delays . Let us define 

T (t) = S(t)(pi c (t ) + 7 Im(t) + £H(t)). 
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Then we propose the following model: 

S(t) = b-T(t)-d 1 S(t), (10) 

E c {t) = pe“' ilTl T (t - n) - (kpi + d 2 )E c {t), (11) 

E m (t) = (1 -p)e _M2T2 T(f - r 2 ) - (. kp 2 +d 3 )E m (t), (12) 

i c {t) = kp 1 E c {t) - 7 a I c {t) - ^c(i) - 7 i hit) - dj c (t), (13) 

i m (t) = kp 2 E m (t) - 7 admit) - 72/m(i) + ^c(i) - d 5 I m (t), (14) 

Hit) = 7 0 (/ c (i) + / m (t)) - 7r-ff(i) - <kH(t), (15) 

i?(t) = 7i/ c (t) + 7 2 /m(t) + 7r-ff(i) - d 7 R{t), (16) 


where S' is susceptible individuals, E c exposed individuals to carrier, E m exposed individuals to infected, I c 
carrier individuals, I m infected individuals, H hospitalized infected and R recovered individuals. The parameters 
ri > 0 and t -2 > 0 represents for the time between contact the susceptible individuals with exposed to carrier E c 
and exposed to infected E rn , respectively. The factors e _AllTl and e ~ M2T2 are the probability that an individuals 
survives during the delay periods [0, ri] and [0, T 2 ], respectively. The other parameters are defined in section 6 . 
The initial conditions of system (10)-(16) are given by 

Sid) = <pi(0), E c (9) = <p 2 i0), E m id) = ip 3 (d), 

I c id) = ^ 4 id), Imid) = MiO), Hid) = M0), R{d) = M0), (17) 

<Pi{d)> 0, d G [-e,0], * = 1, ••., 7, 

where, g = max{n,T 2 ] and (y>i(0), <p 2 id), 77 ( 0 )) G C ([— g, 0], R> 0 ) where C is the Banach space of con¬ 

tinuous functions mapping the interval [— 0 , 0 ] into R> 0 - By the fundamental theory of functional differential 
equations [ 21 ], system (10)-(16) has a unique solution satisfying the initial conditions. 

3 Nonnegativity and boundedness 

In this section, we will study the nonnegativity and boundedness of the model’s solutions. 

Theorem 1. The solutions of system (10)-(16) are nonnegative and there exist a positive number Q such 
that the compact set: 

T = {(5, E c , E m , I C i Imi H , R) G R>q : 0 < S, E c . E m , I C i hn , H, R < Q } 
is positively invariant. 

Proof First, we show the nonnegativity solutions, we will write the system in the matrix form as Y = (j){Y ), 
where Y = (5, E c , E m , I c , I m , H } R) T and <fi = iMMM M M M fa) T • Then, 


(MY)\ 


/ b - T it) - d x Sit) \ 

MY) 


pg-Miri - Ti) - kpi E c (t) - d 2 E c (t) 

MY) 


(1 ~p) e _At2T2 T(f — r 2 ) -kp 2 E m it) - d 3 E m it) 

MY) 

= 

k pi E c {t) - 7 a hit) — q h{t) - 71 Ic(t) - di hit) 

MY) 


kp 2 Emit) - 7 a I m (t) - l 2 I m (t) + qhit) - d 5 I m (t) 

MY) 


la ih(t) + I m {t)) - IrHit) - d 6 H{t) 

\MY)J 


\ llh(t) +72 Im(t) +lr Hit) - d 7 Rit) J 


It is easy to see that functions <j>i satisfies the following condition 

W)ly i (t)=o,r(t)eR7 >0 — 
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Due to lemma 2 in [22], any solution of (10 )-(16) with initial (17) is such that Y(t) £ R > 0 for all t > 0. Next, 

we prove the ultimate bound of the solutions of system (10)-(16). Let us define 

L(t) = pe~^ lTl S(t - n) + (1 -p) e~ fJ ’ 2T2 S(t - r 2 ) + E c (t) + E m (t) + I c {t) + I m (t) + H(t) + R(t). 

Then, 

L(t) = pe~^ lTl (b — T (t — ri) — d±S(t — n)) 

+ (1 ~p) e~^ 2T2 (b - T (t - r 2 ) - d 1 S(t-T 2 )) 

+ pe~ fJ,lTl T (t - ri) - kpi E c (t) - d 2 E c (t) 

+ (1 -p)e~ fl2T2 T (t - t 2 ) - kp 2 E m (t ) - d 3 E m (t) 

+ k pi E c (t ) - 7 a I c (t) - q I c (t) - 7 i I c (t) - d 4 I c (t) 

+ kp 2 E m (t) - 7 a I m (t ) - 7 2 I m (t) + q I c (t) - d 5 I m (t) + J a ( I c (t ) + 7 m (t)) 

- 7 r fl(i) - d 6 H(t) + 7 i 7 c (f) + 72 7 m (t) + 7 r 77(f) - d 7 R(t), 

= (pe _MlTl + (1 — p) e _Al2T2 ) b — pe _WTl di 5(t — n) — (1 — p) e _M2T2 di 5(t — r 2 ) 

- d 2 E c (t) - d 3 E m (t) - dj c {t) - d 5 I m (t ) - d 6 H(t) - d 7 R(t) 

< b — dL(t), 

where d = mm{dj}, i = 1,7. It follows that, limsup^^ L(f) < Q, where Q = =. Then, 

limsupj^ S(t) < Q,limsup t _ > 00 £’ c (t) < Q, limsup^^ E m (t) < Q, limsup^^ 7 c (t) < 

<5, limsupt^^ 7 m (f) < Q, lim sup^^ 77(f) < Q, and limsup^^ 77(f) < Q. □ 

4 Equilibria and biological thresholds 

To calculated the equilibria of model (10)-(16), we put the R.H.S of Eqs. (10)-(16) equals zero, we get 


b — S (d\ + /? 7 C + 7 7 m + t H ) — 0, 

(18) 

P e“ WTl S ((3 I c + 7 Im + 1H) - oi E c = 0, 

(19) 

p) e~^ 2T2 S( (f3 I c + 7 I m + t H) - a 2 E m , = 0, 

( 20 ) 

Ai E c ci 3 I c — 0, 

( 21 ) 

A 2 E m a 4 I m -\- q I c = 0, 

( 22 ) 

7 a (7c T 7 no) O 5 H — 0 , 

(23) 

71 Ic + 72 Im + 7r H - d 7 R = 0, 

(24) 


where 

ai = fc i oi+d 2 , a 2 = k p 2 + d 3 

a 3 =7a + 7i +q + d 4 , a 4 = 7 a +72 + d 5 , 

as = 7r + d 6 , Ai = kpi, A 2 = kp 2 . 

Solving system (18)-(24), we find that the system has two equilibria 

• The disease-free equilibrium 

P 0 = (So, 0, 0, 0, 0, 0, 0)=(|, 0, 0, 0, 0, 0, o) . (25) 
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• The endemic equilibrium 

where 


£* _ oo E * _ p{_M - a 0 di e^ 2 T2 ) 


P * ( Q* 77 '* 77 '* 7 "* T* 77 * E>* \ 

(1 -p) (A 4 - a 0 di e^ lTl ) 


( 26 ) 


I! = 


A 4 ’ c or A 3 

Aip(A 2 -a 0 d\ e^ 2 ) 


EL = 


a\ a 3 A 3 


I = 

? m 


a 2 A 3 

A 5 + a 2 (A 6 — 2 a 4 a 3 Aj) 


7a (2 Oi a 3 (02 Ai 0 + Ag) — A 8 ) 

H = -77-’ R = 


ai a 2 a 3 a 4 A 3 

An — ai a 3 (A 42 + a 2 A 43 ) 


d\ oq A 3 


and 


a 0 = ai a 2 a 3 a 4 a 5 , 

Tli = ((a 4 /3 + 7 g)a 5 + 7 a £(g + a 4 ))a 2 Ai pe (_MlTl) + (1 - p)A 2 a 3 a 4 (a 5 7 + ha) e ( ~^ 2T2 \ 
A 2 = ((o 4 /3 + 7 g)a 5 + 7 a 7 (g + o 4 ))a 2 Aip&e (_/ilTl+At2T2) + (1 - p)X 2 ba 3 a 1 (a 5 7 + ^ 7 a), 
A 3 = ((a 4 /3 + 7 q)a 3 + 7 a £(g + a 4 ))a 2 Ai p e (At2T2) + (1 - p)A 2 a 3 ai (a 5 7 + £ 7 0 )e ( ' ilTl) , 

A 4 = (( a 4 /3 + 7 g)a 5 + 7 a £(g + a 4 ))a 2 Ai pb + (1 - p)X 2 a 3 a 4 b (a 5 j + £j a ) e ^ lTl ~^ 2T2) , 
A 5 = b\l a\ a\ (p - l ) 2 {a 5 j + £j a ) e^ lTl ~^ 2T2 , 

A 6 = q b A 2 ((a 4 /3 + 7 g) o 5 + 77 a (g + a 4 )) p 2 a 2 e ~^ lTl+ti2T2 , 

A 7 = diA 2 a 4 a 3 a 4 a 5 (p - 1) e MlTl + A 4 Q d\ e^ 2T2 qa 2 a 4 a 5 

\ a 4 /3 + 7 ^ 0.5 + £7 a ^g + ^a 4 ^ j (p - 1)A 2 ^ p, 

A 8 = b A 2 ((a 4 /3 + 7 g) a 5 + £ 7 0 (g + a 4 )) (g + a 4 ) p 2 al e -^ T ^+^ 2T2 , 

Ag = 7 ) (^A 2 01 a 3 (p l ) 2 (o .57 + £7a)e MlTl_At2T2 ), 

Ai 0 = diA 2 a 4 a 3 a 4 a 5 (p - 1 ) e PlTl + Ai ^ d 4 a 2 a 4 a 5 (g + a 4 ) e M2T2 


+ 6(p- 1) 


7 , P + ^7 ) a 4 + 7 ) a 5 + £ 7 a (g + a 4 ) ) A 2 p, 


An = b A 2 ((0471 + 7 2 g) a 5 + 7 r 7 a (g + a 4 )) p 2 a 2 ((a 4 /3 + 7 g) a 5 + £ 7 a (g + a 4 )) e -^i T i+^ T2 ! 

A 12 = -b\l ai a 3 (p- l ) 2 (0572 + 7a7r) (a 5 7 + ^7a)e MlTl ^ Al2T2 , 

Ai 3 = -diA 2 ai a 3 a 4 a 5 (p - 1 ) (a 5 72 + 7 a 7 r) e ^ 11 " 1 + Ai (((0471 + 72 g) a 5 
+ 7r7a (g + a 4 )) a 4 a 2 a 5 d 4 e Ai2T2 + A 2 b (((/?7 2 + 771 ) a 4 + 2772 g) o 2 
+ 7a (((P+'yhr +£(71 + 72 ))a 4 + 2g(77 r +7 2 £))a 5 + 2£^ r (q + a 4 )) (p - l))p. 

4.1 Calculating the basic reproduction number 

We will apply the next generation method [23] to determine the basic reproduction number R 0 for system 
(10)-(16). We follow the following steps 
(i) We evaluated the matrix F at Pq as: 

/0 0 pe _WTl j3 j- pe~^ Tl 7 ^ pe~^ Tl £^ \ 

0 0 (l-p)e-^ 2 |^ (l-p)e-^ 2 7 ^ (1 - p) e-^ 2 £ £ 

F= 0 0 0 0 0 

0 0 0 0 0 

^0 0 0 0 0 ) 
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(ii) We get the matrix V at Po as: 



^ or 

0 

0 

0 

0 ^ 


0 

a 2 

0 

0 

0 

V = 

—Ai 

0 

03 

0 

0 


0 

- a 2 

-q 

04 

0 


l 0 

0 

- 7a 

7a 

05 / 

(iii) Finally, the basic reproduction number 

is given by 




Ro - 

= P(FV~ 

- 1 ) = 

A\ So 
a 0 



4.2 Existence of equilibria 


Theorem 2. For system (10)-(16), we have 

(i) If Rq < 1, then there exists only one positive equilibria Po- 

(ii) If Rq > 1, then there exist two positive equilibria Po and P*. 
Proof We have 


<->* _ a o _ So 

‘ Ro 


E* = 


El = 


P 


f A 2 


4i 

p(A 2 — a 0 di e M2 T2 ) _ _ 

cii Ao 01^3 ^ e^ 2T2 

(1 — p){Aj — a-p <h e MlTl ) = (1 - p) 
a 2 A :i a 2 A 3 

(1 _ P \bAi — a 0 d\) = — 1 ). 


- CL 0 di ) = 


A 4 

gMi T i 


^ (b A\ — ao di) — ^ 


a-\ A 3 


ai A 3 


~ o 0 di 


a 2 A 3 


a - 2 A 3 


From Eq. (13)-(16), we have 


where, 


H* 

R* 



Ai 

03 


p 

or A 3 


(Ro ~ 1) 


-(\ 2 E* rn + qi:) = C 1 (R 0 

CL 4 


-( la (I* c +I* m )) = C 2 (R 0 

05 


Ar p 

ai a 3 A 3 

- 1 ), 

- 1 )), 


(Ro-i), 


Cs(Ro — 1 ), 


C'i 

C 2 

C 3 


1 

04 

7a 

a 5 

1 

C?7 


(x (1-P) A ip 

2 a 2 4.3 or a 3 4 3 

0 i a 3 4.3 a 4 a 2 4 3 04 a 3 4 3 

(71 ^ lV A + 72 Ci + 7 y C 2 ). 

ai o 3 4 3 


)), 


(P?o - 1), 
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5 Global stability analysis of P 0 


In this section, we use Lyapunov function and LaSalle’s invariance principle to establish the global stability of 

Po- 

Theorem 3. For system (10)-(16), if Rq < 1, then Po is GAS. 

Proof We define the following Lyapunov functional 

Wq = Sq ( — -1 — In —^ + £i E c + £2 E m + £ 3 I c + £ 4 I m + £5 H 


So 

Tl 


S 0 


r r 1 

+ £& / S(t - s)(f3I c (t - s) + 7 I m (t - s) + £H(t - 5 )) ds 
Jo 

/*T2 

+ £7 S(t - s)(pi c (t - s) + 7 / m (f - s) + £H(t - s)) ds. 

Jo 


The time derivative of Wq along the trajectory of system (10)-(16) is given by 


^ = (i - ^y) (b - S(t) (/3 I c {t) + 7 I m (t) +1 Hit)) - h Sit)) 

+ £1 (pe _MlTl Sit - Tl) iPh{t ~ Tl) + jl m {t - Tl) + £ Hit - Tl)) - a-4 E c {t)) 

+ £2 ((1 -p) e _/i2T2 Sit- t 2 ) i/3 hit - t 2 ) + limit -T 2 ) + £Hit- t 2 )) - a 2 P m (t)) 

+ £3 (Ai E c {t) - a 3 I c it)) +£4 (A 2 Em.it) - admit) +qhit)) +£5 ( 7 aihit) + I m ) - a 5 H{t)) 

+ £e {(5(f) if) hit) +74(1) + £H{t))) - is it - Tl) H3I c {t - n) +74(t - n)+tHit - Tl)))} 
+ £7 {is it) ifi hit) + 7 I mit) +£H(t))) - (5(t — t 2 ) iPhit- T 2 ) + limit- T 2 ) + £H(t - t 2 )))} , 


The parameters £ j, i = 1,..., 7 are chosen such that 


£6 + £7 — 1 ) 

(33) 

P£ 1 e _/ilTl - £6 = 0, 

(34) 

(1 - p) £2 e _/i2T2 -£7 = 0 , 

(35) 

—£l Oi + Ai£3 = 0 , 

(36) 

— £2 a 2 + A 2 £4 = 0, 

(37) 

a 3 £3 + q £4 + 7 a £5 + fiSo = 0 , 

(38) 

— <24 £4 + 7a £5 + 7So = 0 . 

(39) 


Solving Eqs. (33)-(39), we get 


£5 


G(1 — Rq) + £S 0 
a 5 


where 


G _ _ aia 2 a 3 aAa£ _ 

7 a(Aipo 2 (o 4 + q) e-^ lTl + A 2 e~^ a 3 a 3 (1 - p))' 
We can see that £5 > 0 if Po < 1. 

From Eqs. (34)-(38) we get 
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£4 

£3 

£2 

£1 

£7 


— (7a £5 +7^0) > 0. 

CL 4 

— (g£ 4 + 7a£5 + ps 0 ) > 0. 
03 


A2£ 4 

a 2 

Ai £3 
ai 


(1 — p) £2 e M2T2 > 0. 


> 0 . 


> 0 . 


£6 = P£ 1 e Miri > 0, 


Thus, Eq. (32) becomes 


we have 


. Then 




7So — 05£5 — G(Ro — 1). 
(S~S 0 ) 2 


(40) 


dWb 


= -6 


H— (Ro — 1 ) H, 

a 5 


,11 S ' •• (41) 

From Eq (41), ^r 1 < 0 if Po < 1. Then, equal to zero if 5 = So and 17 = 0. Let O = 

{(S, E c , E rn , l c , 7 m , H, R) : S = S 0 ,17 = 0}. From system (10)-(16), if 77 = 0, then H = 0 and 0 = 7 0 (7 C + 7 m ). 
Since, 7 C > 0, 7 m > 0then7 c = 0,7 m = 0, => 7 C = 7 m = 0. From system (10)-(16), we have 0 = I c = XiE c => 
F c = 0. Similarly, we have 0 = 7 m = A 2 E m => = 0. Finally, R(t) = —CI 7 R it follows that R —> 0 as t —> 00 . 

From LaSalle’s invariance principle, Pq is GAS in T. □ 


6 Numerical simulations and discussions 

In this section, we introduce the numerical results of system (10)-(16). We consider the following initial condi¬ 
tions 

IC : S(9) = 600, E c {9) = 30, E m (0) = 80, I c {9) = 3, I m {9) = 12, H{9) = 8 , R(9) = 40, 

9 £ [—max{ri, r 2 }, 0]. we use the values of the parameters in Table 1. In addition we choose Hi = H 2 = 1- 
We study the following cases: 

6.1 Effect of parameters /3, 7 and£ on the stability of equilibria: 

In this case, we fix the values tt = r 2 = 0.01. Figure 1 shows the evaluation of system states for two scenarios: 

i) Ro < 1- We choose ft = 0 . 002 , 7 = 0.0001, and 7 = 0.0001 then we compute Ro = 0.23. We can see from 
the figure that the states of the system approach P 0 = (1000, 0, 0, 0, 0,0, 0). This means that according to 
Theorem 3 Pq is GAS. 

ii) Po > 1. We choose /? = 0.02, 7 = 0.001, and t = 0.001 then we compute Po = 2.37 and P* = 
(421.6, 55.4,129.2, 5.08, 20.9,14.5, 72.4). Then P* exists and this confirm the results of Theorem 2. Figure 
1 shows that the states of the system converge to P*. 
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Table 1: The parameters values of MERS-CoV model 


Symbol 

Parameter 

Value 

b 

Rate of generation of new susceptible individuals 

100 

P 

Rate constant of transmission for carriers 

Varied 

7 

Rate constant of symptomatically infected individuals 

Varied 

t 

Relative transmissibility of hospitalized cases 

Varied 

7 a 

Mean time from carrier and infected to hospital admission (days) 

0.3 

d\ 

Death rate of susceptible individuals 

0.1 

(I2 

Death rate of exposed to carrier 

0.2 

d% 

Death rate of exposed to infected individuals 

0.2 

ch 

Death rate of carrier individuals 

0.2 

d§ 

Death rate of infected individuals 

0.3 

de 

Death rate of hospitalized individuals 

0.4 

d? 

Death rate of recovered individuals 

0.1 

k 

Mean latent period 

0.19 

Pi = P-2 

Proportion of carrier and infected cases 

0.58 

II 

Mean infectious period 

0.2 

7r 

Mean length of hospital stay 

0.14 

P 

Rate of infected individual who becomes carrier 

0.3 

q 

Rate of carrier individual who becomes infected 

0.5 


6.2 Effect of the time delays on the asymptotic behaviour of the equilibria: 

In this case, we take the values /? = 0.02, 7 = 0.001, and t = 0.001. Let us consider the case n = 72 = r. 
In Table 2, we present the values of P 0 and the equilibria of system (10)-(16) with different values of r.Frorn 

Table 2: Values of R 0 and steady states of system (10)-(16) with different values of r 


T 

Rq 

Steady states 

0.067 

2.24 

P* = (446.37,50.07,116.83,4.6,18.97,13.09,65.46) 

0.082 

2.21 

P* = (453.12,48.73,113.69,4.47,18.97,12.74,63.70) 

0.67 

1.23 

P* = (815.79,9.12,21.27,0.84,3.45,2.38,11.92) 

0.8735928143 

1.00 

P 0 = (1000,0,0,0,0,0,0) 

1.2 

0.72 

P 0 = (1000,0,0,0,0,0,0) 

1.5 

0.5 

P 0 = (1000,0,0,0,0,0,0) 

2.5 

0.19 

P 0 = (1000,0,0,0,0,0,0) 

3.1 

0.11 

P 0 = (1000,0,0,0,0,0,0) 

3.5 

0.07 

P 0 = (1000,0,0,0,0,0,0) 


Table 2, we can observe that the value of Rq is decreased as r is increased. Moreover, for small values of r, 
P* exists and for large values of r the system moved from P* to Pq with is GAS. Figures 2 shows the effect of 
the parameter r on the evaluation of the states of the system. We can see that as the time delay parameter is 
increased, the number of susceptible individuals are increased and tend to its normal number, while the number 
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of individuals in other groups is reduced and tends to zero. It means that, the time delay play the role of 
controlling the disease transmission. 



Time 


(a) Evaluation of S(t). 



Time 


(c) Evaluation of E m (t). 



Time 

(e) Evaluation of carrier / m (t). 



(b) Evaluation of E c (t). 



Time 


(d) Evaluation of I c (t). 



Time 

(f) Evaluation of H(t). 



Time 


(g) Evaluation of R(t). 


Figure 1: The evaluations of the system states (10)-(16) with two delays T\ = T 2 = 0.01. 
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(a) Evaluation of S(t). 



Time 


(c) Evaluation of E m (t). 



Time 

(e) Evaluation of carrier J m (t). 



Time 


(b) Evaluation of E c (t). 



Time 


(d) Evaluation of I c (t). 



Time 

(f) Evaluation of H(t). 



Time 

(g) Evaluation of R(t). 


Figure 2: The evaluations of system (10) -(16) with different values of r. 
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7 Conclusion 

We have proposed a MERS-CoV model with two times delay. We have obtained the biological threshold, the 
basic reproduction number R 0 . The existence of the model’s equilibria has been proven. The global asymptotic 
stability of the disease free equilibria Pq has been investigated by constructing Lyapunov functional and using 
LaSalle’s invariance principle. To support our theoretical results, we have presented the numerical simulations. 
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CONVEXITY AND HYPERCONVEXITY IN FUZZY METRIC 

SPACE 

EBRU YIGIT AND HAKAN EFE 


Abstract. In this paper, firstly we give the definion of fuzzy convex met¬ 
ric, in a different way. Then we introduce the concept of hyperconvexity in 
fuzzy metric space and prove that every fuzzy hyperconvex metric space is 
complete. Also it is proved that for m —seperable fuzzy metric spaces, fuzzy 
in —hyperconvexity is equivalent to fuzzy hyperconvexity. 


1. INTRODUCTION 

The concept of convex metric space has been studied by many authors, in some 
different ways [7, 9, 11, 14, 15]. After that, some authors examined this concept 
for fuzzy metric space by using the definition of fuzzy metric which is introduced 
by George and Veeremani [1], for example; Thanitliamil [4] introduced the convex 
structure in fuzzy metric spaces and Vosoughi and Hosseni [ 8 ] gave the definion 
of metrically convex fuzzy metric space (A, M, *). The other common concept for 
metric space is hyperconvexity which was introduced by Aronszajn and Panitch- 
pakdi [10] in 1956. Since then many interesting works have been appeared for 
hyperconvex spaces [5, 11, 13]. 

In this paper, we give the notion of fuzzy convex metric space by using the closed 
balls, in a different way. Also, we introduce a new notion for fuzzy metric space 
which is called fuzzy hyperconvex metric space. One of the main result of this 
paper is that every fuzzy hyperconvex metric space is complete. Also, the fuzzy 
in— hyperconvexity is introduced for any cardinal m > 3, which is a weaker property 
than fuzzy hyperconvexity. The definition m—seperability for fuzzy metric space is 
used, so the other result for this paper is that for any m— seperable fuzzy metric 
spaces, fuzzy m—hyperconvexity is equivalent to fuzzy hyperconvexity. 

2. PRELIMINARIES 

Definition 1 . [ 6 ] A binary operation * : [0,1] x [0,1] —>■ [0,1] is continuous t-norm 
if * satisfies the following conditions: 

(i) * is commutative and associative; 

(ii) * is continuous; 

(Hi) a * 1 = a for all a € [ 0 , 1 ]; 

(iv) a * b < c * d whenever a < c and b < d, for a, b,c,d£ [0, 1 ]. 

Remark 1. [1] (i) For any 7 q € (0,1) with rq > r 2 , there exist r% € (0,1) such that 
rq * r 3 > r 2 . 
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(ii) For any r 4 € (0,1), there exist r$ € (0,1) such that r$ * r$ > r 4 . 

Definition 2. [1] The 3-tuple (X, M, *) is said to be a fuzzy metric space if X is 
an arbitrary set, * is a continuous t-norm and M is a fuzzy set on X 2 x (0, 00 ) 
satisfying the following conditions, for all x,y,z € X and s,t > 0: 


(FM-1) M(x,y,t) > 0, 

(FM-2) M(x,y,t) — 1 if and only if x = y, 
(FM-3) M(x,y,t) = M(y,x,t), 

(FM-4) M(x, z, t + s) > M(x, y, t ) * M(y, z, s ), 
(FM-5) M(x,y,.) : (0, 00 ) -A- [0,1] is continuous. 


Example 1. [1] (Induced fuzzy metric). Let (X, d) be a metric space. Define 
a* b = min {a, b} for all Va, b £ [0,1] and let M be fuzzy set on X x X x (0, 00 ) as 
follows: 


M(x,y,t) 


kt n 

kt n + md(x, y) ’ 


k,m,n € R + . 


Then (X, M, *) is a fuzzy metric space. In this example by taking k = m = n = 1, 
we get 


M(x,y,t) 


t 

t + d(x,y)' 


We call this fuzzy metric induced by a metric d the standard fuzzy metric. 


Definition 3. [1] Let ( X , M, *) be a fuzzy metric space and let r £ (0,1), t > 0 and 
x £ X. The open ball and the closed ball with center x and radius r with respect to 
t are defined as follows, respectively 

B m (x, r , t) ={y £ X : M(x,y,t) > 1 - r} 


B M (x,r,t) = {y £ X : M(x,y,t) > 1 - r} . 

Remark 2. [1] Every open ball is an open set and every closed ball is a closed set 
in a fuzzy metric space ( X , M, *). 

Theorem 1. [1] Let (X,M,*) be a fuzzy metric space. Define 

TM = {AcX:Vx£A,3r£ (0,1) and t > 09 Bm{x , r, t) C A } . 

Then tm is a topology on X. 

Definition 4. [1] Let (X,M,*) be a fuzzy metric space. Then 

(a) A sequence {x n } in X is said to be Cauchy sequence if for each e > 0 and 
each t > 0, there exists no £ N such that M(x n ,x m ,t) > 1 — e, for all n,m> no- 

(b) (X,M,*) is called complete if every Cauchy sequence is convergent with re¬ 
spect to tm- 

Definition 5. [3] Let (X, M , *) be a fuzzy metric space. A collection of sets 
sa ^ have fuzzy diameter zero if and only if for each pair r,t > 0, 
(r £ (0,1) and t. > 0), there exists n £ N such that M(x,y,t ) > 1 — r for all 
x, y £ F n . 

Remark 3. [3] A non-empty subset F of a fuzzy metric space X has fuzzy diameter 
zero if and only if F is a singleton set. 
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Theorem 2. [3] A necessary and sufficient condition that a fuzzy metric space 
( X , M, *) be complete is that every nested sequence of non-empty closed sets {Enl^i 
with fuzzy diameter zero have non-empty intersection. And the element x G P F n 

ne N 


is unique. 


Definition 6. [12] Let be a fuzzy metric space. Let the mappings (Ri(f) : 

( 0 , oo) — > [ 0 , 1 ] be defined as 

SA{t) = inf sup M(x,y,s). 

x,y^A e<t 

The constant 5 a = sup<5a(t) will be called fuzzy diameter of set A. If 5 a = 1 the 
t> o 

set A will be called F-strongly bounded. 


Definition 7. [11] Let (X, d) be a metric space. We say that X is metrically convex 
if for any points xi,x 2 € X and positive numbers a and (3 such that d(xi,a; 2 ) < 
a + (3, there exists z G X such that d(x i, z) < a and d(x 2 , z) < (3, or equivalently 
z G B(x 1 , a) C\ B(x2,13). 


Definition 8. [11] Let (X,d) be a metric space and F be an index set. The metric 
space X is said to has the ball intersection property (BIP in short) if f'| B a 7 ^ 0 

aer 


for any collection of closed balls (B a ) ae r such that 
subset Tf C F. 


p| B a 7 ^ 0 , for any finite 
«er f 


Definition 9. [11] Let (X, d) be a metric space and F be an index set. The metric 
space X is said to be hyperconvex if P B(x a ,r a ) 7 ^ 0 for any collection of points 

aer 

{i a } a£r in X and positive numbers {?’a} ae r suc ^ ^at d(x a , xp) < r a + rp for any 
a and (3 in V. 


Example 2. [11] The real line R is hyperconvex with the usual metric d. 

Example 3. [11] The infinite dimensional Banach space l a0 is hyperconvex. 

Definition 10. [10] A metric space {X,d) is called m—seperable if it contains a 
dense subset of cardinal < m. 


3. MAIN RESULTS 

Before we give the definition of fuzzy metrically convexity, we give the following 
Lemma for the definition to be clear. 


Lemma 1. Let (X,M,*) be a fuzzy metric space, X\,X 2 G X, r\,r 2 G (0,1) and 
t\,t 2 G (0, 00 ). If B M (xi,ri,ti) n B M (x 2 ,r 2 ,t 2 ) 7 ^ 0 then M(x\,X 2 ,t\ + t 2 ) > 
(1 — rp * (1 — j* 2 ) for any X\,X 2 G X and each pair of ri,t\ > 0 and r 2 ,t 2 > 0. 

Proof. Let Rm(£i, ri, U) FI BM(x 2 ,r 2 ,t 2 ) 7 ^ 0- Then there exists z £ X such that 
-2 G B M (xi,ri,ti)n B M (x 2 ,r 2 ,t 2 ) 

=> 2 G B M (x 1 ,r 1 ,t 1 ) and 2 G S M {x 2 , r 2 , t 2 ) 

=4> M(xi,z,ti) > (1 — ri) and M(x 2 , 2 ,t 2 ) > (1 — r 2 ). 

By the Definition l-(vi) we have M(x 1 , 2 , ti)*M(x 2 , 2 , t 2 ) > (1 — ri)*(l — r 2 ) and by 
the condition (FM-4) of fuzzy metric we get M(xi,x 2 , ti+t 2 ) > (1—ri)*(l—r 2 ). □ 
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The converse of Lemma 1 may not be true. Example 4 explain this situation. 


Example 4. Let X = N. Define a*b = a.b for all Va, b G [0,1] and let M be fuzzy 
set on N x N x (0, oo) as follows: 


M(x,y,t) 


min {x, y} + t 
max {x, y} + t 


In this case we know that M is a fuzzy metric on N. If we choose t\ = 1, t% = 1, 
ri = 0.3, 7"2 = 0.5, *1 = 3 and X 2 = 10 then the inequality M(x\,X 2 ,t\ + tf) > 
(1 —ri)*(l —r 2 ) is satisfied but Bm{3, 0.3, 1)013^(10, 0.5,1) = 0 and so we can not 
find any point z G X such that M(x\,z , t\) > (1 — r\) and M(x 2 , z, tfi) > (1 — r-f)- 


Consequently, when the converse of Lemma 1 also be true, we give Definition 11. 


Definition 11. Let (X, M, *) be a fuzzy metric space. We say that X is fuzzy 
metrically convex if for any points * 1,22 G X and for each pair r\,t\ > 0 and 
r 2,<2 > 0 (r i,r 2 G (0,1) and t\,t 2 G (0,oo)j such that M(x\,X 2 ,ti + < 2 ) >(1 — 
j*i) * (1 — r 2 ), there exists z G X such that M(x\, z,t\) > (1 — ri) and M(x 2 , z,t 2 ) > 
(1 — r 2 ) or equivalently z G B M {x\, r±, t\) fl Bm(x 2 , r 2 , t 2 ). 


Example 5. Let the metric space (X, d) be metrically convex. Define continuous 
t-norm as a*b = a.b for all Va, b G [0,1] and let M be fuzzy set on X x X x (0, 00 ) 
as follows: 

— c£(cc,y) 

M(x,y,t) = e ‘ . 

Then the 3-tuple (X, M, *) is a fuzzy metric space and under these conditions 
(X,M,*) is fuzzy metrically convex. Indeed, let {X,d) be metrically convex then for 
any points Xi,X 2 G X and positive numbers a and fl such that d(x 1 , 22 ) < a + /?, 
there exists z G X such that d(x\,z) < a and d(x 2 ,z) < fl, or equivalently 
z G B(xi,a) fl B(x2,f3). Take a = —1\ ln(l — r\) and fl = — ^2 ln(l — r 2 ). By 
the choices of a, fl, the inequality M(x 1 , * 2 , ii + £ 2 ) > (1 — rfi) * (1 — r 2 ) is satisfied 
and also r\, r 2 G (0,1). By using the metrically convexity of (X,d); 


d(x\,z) < — <iln(l — ri) and d(x2, z) < —12 ln(l — r2) 

=> — d(xi, z) > ti ln(l — n) and — d(x2, z) > t2 ln(l — r2) 

=> e ~ d ^’D > e * 1 ln ^ r i) and e“ d(x2 ’ z) > e * 2 ln ^- r2 ) 

~d(iri ,z) -d(x 2 ,z) 

=> e *i > (1 — r 1) and e *2 > (1 — r2) 

=>• M(xi,z, ti) > (1 — ri) and M(x 2 , z , t 2 ) > (1 — r 2 ). 

This implies that z G Bm (xi, r\, ti) fl BM(x2,V2,t2), then the fuzzy metric space 
(X,M,*) is fuzzy metrically convex. 


Definition 12. Let (X, M, *) be a metric space, T be an index set, r, G (0, 1) 
and ti G (0,oo) for all i G T. The fuzzy metric space X is said to has the ball 

intersection property (BIP in short) if f) Bm{xi, tt, ti) 0 for any collection of 

ier 

closed balls (BM(xi,ri,ti))i e r such that f) BM{xi,ri,tf) 0 for any finite subset 

ier f 

L/cr. 

Definition 13. Let (X, M, *) be a metric space, T be an index set, ri G (0, 1) and 
ti G (0, 00 ) for all i G T. The fuzzy metric space X is said to be fuzzy hyperconvex 
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if for any indexed class of closed balls BM(xi,ri,ti) in X, satifying the condition 
that 

M(xi, Xj,U + tj) > (1 - n) * (1 - Tj) 

for all i,j € T, the intersection P BM{xi,ri,ti) ^ 0. 

ier 

Theorem 3. Let (X = R, d) be the usual metric space. Consider the standard fuzzy 
metric M where M(x,y,t) = t+d * x y ^ with a*b = min {a, b} for all a,b £ (0,1). 
Then (X, M, *) is fuzzy metrically hyperconvex (or fuzzy hyperconvex). 

Proof. Since (R, d) is hyperconvex, for any collection of closed balls B(x a ,r a ) 
satisfying the condition that d(x a ,xp) < r a + rp for any a and /3 in F, the in¬ 
tersection p| B(x a ,r a ) ^ 0 . Now choose R a = t p r ve Rp 


aer 


ve Ra = . '( . It 


tp+r/3 ' 


is clear that R a , Rp £ (0,1) and by these choices and the minimum t-norm, 
M(x a , xp, t a + tp) > (1 - R a ) * (1 - Rp) = min {(1 - R a ), (1 - Rp)} = (1 - R a ) 
(without lost generality we can take R a > Rp) is satisfied. By the hyper convexity 
of (R, d); 


n-so 


,) 


aer 


£ 


0 , for all a £ T , then there exsists z £ X such that 

P| B(x a ,r a ) 
aer 

d(x a , z) < r a 
ta + d( %or> z)<ta + r a 
t a ^ t a 


t a + d(x a , Z) ~ t a + r a 
=> M(x a ,z,t a ) > 1 - R a 
=> z £ BM(x a ,r a ,t a ), for all a £ T 

Z £ |P Bm (.X a i Xa i t a ) • 

ier 

So (R, M, *) is fuzzy hyperconvex. □ 

Example 6 . In particular if we take t = 1 in the Theorem 3 M becomes M(x,y) = 
i+d( x y) • M is stationary fuzzy metric on R with the continuous minimum t-norm 
and (R, M, *) is fuzzy hyperconvex. 

Proposition 1. If the space (X, M, *) is fuzzy hyperconvex then it has the ball 
intersection property. 

Proof. Let (X, M, *) be fuzzy hyperconvex and be P fY, tj) ^ 0 for any 

iefo 

finite subset Tf C T. Then it follows that 


P| B M (xi,ri,ti) 
*e r f 


7 ^ 0 , then there exists z £ X such that 

G P B M (xi, Vi, ti) for i = { 1 , 2 , ..., n} 
i&r f 

=> 2 £ B M (xi,ri,ti) n B M {x 2 ,r 2 ,t 2 ) H ■■■ D B M {x ni'^n') tn) 

=> M(x 1 ,z,t 1 ) > (l-r 1 ),M(x 2 ,z,t 2 ) > (1 — r 2 ), ...,M(x n , z, t n ) > (1 
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so M(xi, z,ti) > (1 — r*) and M(xj,z, tj) > (1 — rj) for arbitrary i, j G T/. By the 
condition (FM-4) 

(3.1) M(xi, Xj,U + tj) > M(xj,z, U ) * M(xj,z , tj) > (1 - n) * (1 - rj). 

Since (X,M,*) is fuzzy hyperconvex and the inequality (3.1) is satisfied for all 

i,j G F, then f) B M (xi, ri, f,;) ^ 0 for all i G T and so (X,M,*) has the ball 
ie r 

intersection property. □ 

Theorem 4. Any fuzzy metric space (X, M, *) which has the ball intersection prop¬ 
erty is complete. In particular any fuzzy hyperconvex metric space is complete. 

Proof. Let (X,M,*) be a fuzzy metric space which has ball intersection property 
and let {x n } be a Cauchy sequence in X. For any n > 1, take the set 

r n = sup inf sup {M(x n ,x m , s)} 

t n >o L m - n U<t„ 

Consider the collection of closed balls (& M (x n ,r n ,t n )) . Since {x n } is Cauchy 
and by the choice of r n , for m > n we have M(x n ,x m ,t n ) > 1 — r n i.e {r n } has 
fuzzy diameter zero. Now we examine this situation for any finite index ni < ?i 2 < 
... < rife. For rii < 712 < ••• < rife, we have 


which means that 

712 5 x n k 

7 tn 2 

) ^ 1 ^Vi2 5 •••> (Xn k j X nk , tn k ) ^ 1 ^n k 

Xn 1 5 "X ri2 5 • • 

•i x n k 

G 

Bm {x ni , r ni , t ni ) 

X n2 ? •• 

•j x n k 

G 

Bm (, x t i2 ? 2 > ^ ri2 ) 


x n k 

G 

Bm ( x n k ? ^n k ? tn k ) 


therefore 


x n k G B m (x ni Tun tn 1 ) O Bm ( x n 2 dn2i ^712 ) C . .. Pi Bm ( x n k 7 , t nk ). 

Since X has the ball intersection property, then we may conclude that f) Bm{x u , r n , t n ) 7 ! 

n> 1 

0 for any n G N. Since {x n } is a Cauchy sequence and {r„} has fuzzy diameter 
zero, the intersection P| Bm(x u , r n ,t n ) is reduced to one point z which is the limit 

n> 1 

of the sequence {x n }. So indeed, the point z G f) BM(x n ,r n ,t n ) then for each 

n> 1 

pair of r n , t n > 0 there exists n\ € N such that M(x n , z, t n ) > 1 — r n for all n > n\. 
Therefore, M(x n , z, t n ) converges to 1 when n —>■ 00 , for each t n > 0 and (X, M , *) 
is complete. □ 

Proposition 2. Fuzzy hyperconvexity is equivalent to the ball intersection property 
and fuzzy metrically convexity. 

Proof. If (X, M, *) is fuzzy hyperconvex, by Proposition 1 X satisfies the ball in¬ 
tersection property and it is easy to see that X is fuzzy convex metric space. 
Conversely, if two closed balls tj) and BM(xj,rj,tj) satisfy the relation 

M(xi,Xj,ti+tj) > (1—r,)*(l — rj), they must intersect since X has ball intersection 
property. □ 
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Now we give the definition of fuzzy to— hyperconvexity. Note that fuzzy m- 
hyperconvexity is a weaker property than fuzzy hyperconvexity. The definitions of 
fuzzy hyperconvexity and fuzzy to— hyperconvexity can be considered structurally 
similar. 

Definition 14. Let (X,M,*) be a metric space, T be an index set such that 
cardfV)< m, 7 \ £ (0,1) and ti £ (0,oo) for all i £ T. The fuzzy metric space X is 
said to be fuzzy m—hyperconvex if for any indexed class of closed balls Bm{xi , r.j, U) 
in X, satifying the condition that 

M(xi, Xj,U + tj) > (1 - n) * (1 - rj) 

for all i,j £ T, the intersection f) t,, fj) ^ 0 . 

ier 

Proposition 3. (i) It is clear that fuzzy hyperconvexity is stronger than fuzzy 
to— hyperconvexity, which is stronger than fuzzy n—hyperconvexity if n < to. 

(ii) It is easy to see that every fuzzy metric space (X, M , *) is fuzzy 1—hyperconvex. 

Theorem 5. For m = 3, fuzzy 3— hyperconvexity is equivalent to fuzzy metrically 
convexity. 

Proof. Let ( X , M, *) be fuzzy 3—hyperconvex. Since card(r)< to = 3, the index set 
r is T = {1,2}. It follows that for any points X\, x 2 £ X and for each pair n, t\ >0 
and r 2 ,<2 > 0 (ri,r 2 £ (0,1) and t\,t 2 £ (0, oo)) such that M(x\,x 2 ,t\ + t 2 ) > 
(1 — n) * (1 — r 2 ), there exists z £ X such that M(x\,z,t\) > (1 — n) and 
M ( x 2 , z, t 2 ) > (1 — r 2 ). This means that (X, M, *) is fuzzy metrically convex. 

Conversely, Let (X, M, *) be fuzzy metrically convex. Then for T = {1,2}, we 
have BM(x\,r\,ti) D Bif(^ 2 if 2 ,t 2 ) 7 ^ 0 . So for any indexed class of closed balls 
B M (xi,ri,ti) in X, satifying the condition that 

M(xi, Xj , ti + tj) > (1 - rf) * (1 - rj) 

2 

for all i, j £ T = {1,2}, the intersection f) B M (xi,rj,ti) 0 . So (X, M, *) is fuzzy 

2—1 

3—hyperconvex. □ 

Definition 15. A fuzzy metric space (X, M, *) is called m—seperable if it contains 
a dense subset of cardinal (K) < m where K C T, T is index set. (This definition 
is the same with Definition 10 except for the spaces.) 

Note that when n < to, to— seperability is weaker than n— seperability for any 
fuzzy metric space (X, M, *). to— seperability for a finite cardinal to means that 
the fuzzy metric space (X, M, *) is a finite set, and at the same time it contains at 
most to — 1 points. 

Theorem 6 . If the fuzzy metric space (X, M, *) is fuzzy m—hyperconvex and at 
the same time m—seperable, then it is fuzzy hyperconvex. 

Proof. Consider an arbitrary indexed family of closed balls BM(xi,ri,ti) satisfying 
the condition that M(xj,Xj,ti + tj) > (1 — rf) * (1 — rj), for all i,j £ L. Let X be 
fuzzy m-hyperconvex and let {pic}, k £ K with card(X)< to, be an indexed set of 
points, which is dense in X. Take the pair of r k , t k > 0 as follows, respectively 

(3.2) r k , t k = "the infimum of all r £ (0,1) and the infimum of all f > 0 
such that 3 i £ T with BM(xi,ri,tj) C BM{Pk,r,t)". 
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Now we claim that the class of closed balls BM(pk,r k ,t k ), k £ K, satisfies the 
requirement of fuzzy m— hyperconvexity. So indeed, take any indices k,l £ K and 
arbitrary £ £ (0,1) and arbitrary £ > 0. By (3.2) there exist i, j £ F such that 

(3.3) B M {xi , n, U) C B M (pk, r k + s,t k +s) 
and 

(3.4) B M (xj,rj,tj) C B M {pi,r l + s,t l + s'). 

Since X is fuzzy m— hyperconvex, there exist a point q in Bm{xi , r*, ti)C\BM(xj,rj,tj), 
at the same time by (3.3), (3.4) q is in §m(pi c , r fc + £, t k +s )f\BM{pi,r l + s,t l +s'). 
Then, 

q £ BMipkXk + £, tfc T £ ) H Bm{pi,x 1 T £,t l + e') 

=> M(p k ,q,t k +e) > 1 - (r' k +£) and M(pi,q,t t +s) > 1 - (r, + e) 

(3.5) => M(p k ,p l ,t k + t l + 2e')> l-(r' k +e) * l-^+e) . 

Since £ £ (0,1) and s' > 0 are arbitrary, by (3.5) we find the requirement for 
m— hyperconvexity for the collection of closed balls BM(Pk,f k ,t k ), k £ K. So, 
there is a point x in f) BM(Pk,r k ,t k ). 

kSK 

Now we need to show that x £ Bm{xi, ri,ti), for all i € T, i.e. M(x, Xi,ti) > 1—r* 
to see the fuzzy hyperconvexity of X. For this, take an arbitrary s £ (0,1) and 

arbitrary s' > 0. Since the set { pk }, k £ K is dense in X, there exists a point pk 
for each Xi £ X such that 

(3.6) M(xi,p k ,e') > 1 — £. 

Therefore 

b m {xu n, u) c B M (pk , n + £, u + s'). 

Due to the choices of r k and t k , it follows that E>M(pk, r k , t k ) C §M(Pk , T;+£, U+s') 
and so, we get that r k < r* + £ and t k < U +s'. Therefore, by the triangle inequality 
for fuzzy metric (i.e. the condition (FM-4)), 

M(x,Xi,ti + 2e) > M(x,p k ,ti + s)*M(p k ,Xi,s') 

> M(x,p k ,t k ) * M(p k ,Xi,s') 

> (1 - r' k ) * (1 - £) 

> [1 - (r-» + £)] * (1 - £). 

Since £ and s' is arbitrary, M(x, x^, ti) > 1—r*. This means that x £ f) BM{xi,Ti,ti) 

*6 r 

and so X is fuzzy hyperconvex. □ 

Remark 4. It is clear that if the fuzzy metric space (X, M, *) is m—seperable and 
the space X has finite number of points, then we can not mention fuzzy m— hyperconvexity. 
So indeed, since fuzzy in—hyperconvexity (m > 3) implies the fuzzy metrically con¬ 
vexity (Proposition 2), X can not be a finite set except when the set is reduced to a 
single point. 

Consequently, Teorem 6 indicate this situation i.e. if the fuzzy metric space 
( X , M, *) is fuzzy m— hyperconvex and m—seperable then (X , M, *) is fuzzy hyper¬ 
convex. 
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ON GENERALIZATIONS OF A REVERSE HARDY-HILBERT’S 

TYPE INEQUALITY 

ZHENGPING ZHANG, GAOWEN XI 


Abstract. By introducing a parameter a and using the expression of the function 
establishing the inequality of the weight coefficient, a generalizations of the reverse 
Hardy-Hilbert’s type inequality is proved. As applications, some equivalent form and 
a number of particular cases are obtained. 


1. Introduction 


Let p > 1, i + \ = 1, a n > 0 , b n > 0, and 0 < E r ?=o < < oo, 0 < E~=o K < °o, 
then 


and 


OO OO 


Qjmbr 


^^m + n + 1 

n =0 m =0 
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sin(7r/p) 




(i.i) 
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n =1 m=1 ^ J 


< pq 




( 1 . 2 ) 


where the constant and pq is best possible for each inequality respectively. 

P 

Inequality (1.1) is Hardy-Hilbert’s inequality. Inequality (1.2) is a Hilbert’s type in¬ 
equality [1]. 

For (1.1), Yang et al. [7], [8], [9], [10] and [11] gave some strengthened versions and 
extensions as follows: 
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where In2 — C — 0.1159315" 1 " (C is the Euler constant). 
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where the constant B ^ f)+A 2 , l?+A is the best possible ( 2 — minjp, g} < A < 2). 
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. n .=0 


where the constant -£>()), ^) is the best possible ( 0 < A < min{p, g}). 
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where the constant ^g( t r ~A> t+A , ( S ~ 2 j f+A ) is the best possible ( r > 1, Aq-1 = 1, t G [0, 1], 
2 — minjr, < A < 2 — min{r, s}t + min{r, s}). 

In [5] and [6], Xi gave a generalizations and reinforcements of inequalities (1.2: 
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where k( A) = (p+A _^ A +A _ 2) > 0, 2-min{p, g} < A < 2, 0 < AL < B < minj^, ^y}. 

For the reverse Hardy-Hilbert’s inequality, recently, Yang [12] gave a reverse form of 
inequalities (1.5), (1.6) and (1.7) for A = 2. In [4], Xi gave an extension of the above 
Yang’s work for 1.5 < A < 3: 
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where 0 < p < 1, - + - = 1, 1.5 < A < 3 and a n > 0 ,b n > 0, such that 0 < 

V°° (■ n+l) 2 ~ x gP rv ^ V^oo 

=n=0 2n+3—A ^ LXJ, U <+ 2^n =C 


^oo (n+1) 2 


< OO. 


Jn =0 2)i+3—A 

In this paper, by introducing a parameter a and using the expression of the /3 function 
establishing the inequality of the weight coefficient. The purpose of this paper is to 
give a generalization of inequality (1.10). 

For this, we need the following expression of the f3 function B(p , q) (see [3]) 


B(p, q) = B(q , p) = 


l 0 (1 + u)p+i 


u 


p 1 du (p, q > 0), 


( 1 . 11 ) 


and the following inequality [8]: 

/ OO 1 °° POO 1 -| 

f(x)dx + -f(0) < J2f( m ) < J o f(x)dx+ -f(0)-—f'(0) (1.12) 


m=0 


where f(x) G C 3 [0, oo), and f(x)dx < oo, (—1 ) n /( n )(x) > 0, /^(oo) = 0(n = 
0, 1, 2, 3). 


2. Main Results 

Lemma 2.1. Let iV 0 be the set of non-negative integers, N be the set of positive 
integers and R be the set of real numbers. The weight coefficient u>\(n,a ) is defined by 


w\(n,a) = Y 
Then we have 
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Proof If n G N 0 , let f(x) = (x J; +a) „ x G [0, oo). By (1.12), we obtain 
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have (2.1). The lemma is proved. 
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Theorem 2.2. Let 0 < p < 1, ^ + ^ = 1, 1.5 < A < 3, a > 1, and a n > 0 ,b n > 0, such 
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Proof By the reverse Holder’s inequality [2], we have 
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Since 0 < p < 1 and q < 0, then by (2.1), we obtain (2.2). The theorem is proved. 
In Theorem 2.2, for a = 1 we have 
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Corollary 2.3. Let 0 < p < 1, - + - = 1, 1.5 < A < 3 and a n > 0, b n > 0, such that 
0 < E“.o < °°. 0 < < oo- Then we have 
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Remark. Inequality (2.3) is inequality (1.10). Hence, inequality (2.2) is an 
extension inequality (1.10) 


Theorem 2.4. Let 0 < p < 1, - + - = 1, 1.5 < A < 3, a > 1, and a n > 0, such that 
0 < E“=o £1 au < 00 • Then we have 
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Hence we obtain (2.4). 

On the other-hand, by the reverse Holder’s inequality [2], we have 
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Then, (2.4) and (2.2) are equivalent. The theorem is proved. 
In (2.4), for a = 1, we have 
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Corollary 2.5. Let 1.5 < A < 3, 0 < p < 1, ^ + ^ = 1, a n > 0, 0 < 
oo, Then we have 
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Abstract 

The purpose of this paper is to introduce a modification of g-Dunkl generalization of 
exponential functions. These types of operators modification enables better error estimation 
on the interval [t,oo) than the classical ones. We obtain some approximation results via well 
known Korovkin’s type theorem. Convergence properties by using the modulus of continuity 
and the rate of convergence of the operators for functions belonging to the Lipschitz class are 
also presented. 

Keywords and phrases: (/-integers; Dunkl analogue; Szasz operator; q- Szasz-Mirakjan- 
Kantrovich; modulus of continuity; Peetre’s K-functional. 

AMS Subject Classification (2010): 41A25, 41A36, 33C45. 

1. Introduction and preliminaries 

In 1912, S.N Bernstein [1] introduced the following sequence of operators 
B n : C[0,1] —» C[ 0,1] defined by 

(”V(l -*)“-*/ (hie [0,1] (1.1) 

fc=o ^ ' 

for n G N and / G C[0,1]. 

In 1950, for x > 0, Szasz [17] introduced the operators 

= / e C[0,oo). (1.2) 

k=0 ‘ ^ ' 

In the field of approximation theory, the application of g-calculus emerged 
as a new area in the field of approximation theory. The first (/-analogue of 
the well-known Bernstein polynomials was introduced by Lupa§ by applying 
the idea of (/-integers [5]. In 1997 Phillips [14] considered another (/-analogue 
of the classical Bernstein polynomials. Later on, many authors introduced q- 
generalizations of various operators and investigated several approximation prop¬ 
erties [6, 7, 8, 9, 10, 11, 12, 13]. 
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We now present some basic definitions and concept details of the (/-calculus 
which are used in this paper. 

Let fceN 0 and q G (0,1) then q-integer [k\ q is defined as 


[k} q = 


1 -q k 

i -q 
k 


if^l, 

if q= 1. 


The (/-factorial [k) q \ is defined as 

[k\ q [k — l] q ■ ■ ■ [ljq, 

[k} q \ = 


and for k G N, q-binomial coefficient 


k 

r 


k 

r 


[ k W- 


r] q \[k - r\ q \ 


if k G N, 
if k — 0, 
is defined by 

, 1 < r < k, 


with 


k 

0 


= 1 and 


J q 


k 

r 


= 0 for r > k. 


There are two (/-analogue of the exponential function e ; 

1 , , 1 


OO h. 

X K 


e q {x) = 


E 


[k] q \ (1 - (1 - q)x) 


k =0 


, \X\ < 


i -q 


, \q I < 1 , 


and 


where 


00 k 

E q ( x ) = TLT7 = (! + (! - V) x )7’ kl < 1, 


k =0 


\ k V 


'X 


Cl - *>r=nc 1 - 

3=0 

Our investigation is to construct a linear positive operators generated by 
generalization of exponential function for defined by [15] 


WJ = 


E 


x 


Here 


and 


7m( 2/c ) = 
7 m (2A; + 1) = 


2 2k k\T (k + fi + k ) 

r (/x + 

2 2k+1 k\T (k + fi+ |) 


r(/x+i) 

The recursion formula for is given by 

7 n(k + 1) = (k + 1 + 2fi9 k+ i)'y fl (k), k — 0,1,2, 
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3 


where n > — \ and 



if k G 2N 
if k G 2N + 1. 


Sucu [16] defined a Dunkl analogue of Szasz operators via a generalization of the 
exponential function [15] as follows: 


OO 


nx) 


' j. f k + 2 fidk \ 

\ J \ n I 


(1.3) 


where x > 0, / G C[0, oo), > 0, n G N. 

Chcikh et ah, [2] stated the g-Dunkl classical g-Hermite type polynomials and gave 
dehnitions of (/-Dunkl analogues of exponential functions and recursion relations 
for /d > — \ and 0 < q < 1 . 


WD) = 


£ 


x 


OO n(n-l) 


„ . , \ - q 2 x 

En,q{%) = 

7m#+ 1 ) = 


-'o 7m#) 

2 _ g2/i^ n _|_i+n+l 


On = 


i -q 

0 if n G 2N, 

1 if n G 2N + 1. 


, x G [0, oo) 

, x G [0, oo) 

7m#)> n e 


An explicit formula for 7 /t , 9 (n) is 

(# + W) [™±#W)[f] 


7m, a W 


7m#) > n e N - 


(1 - q) n 

And some of the special cases of 7 M , g (n) are dehned as: 


(1.4) 

(1.5) 

( 1 . 6 ) 


X _ qr 2 A+l / 1 — (7 2 A t +l \ / 1 — (7 2 \ 

7„(o) = 1 , 7«(i) = - T ^-, 7„(2) = (nvy) (ivy) • 


7m#) = 


1 - q 


2 /x+l 


1 - g 


1 - q 2 \ fi-q 
1 -q 


7 2/x+3 


1 - g 


7m,<?( 4 ) = 


1 - g 


2 /x+l 


1 - g 


1 - q 2 \ (~L-q 

1 -g 


7 2/x+3 


1 - g 


1 — g 4 
1 - g 


In [4], Giirhan Igoz gave the Dunkl generalization of Szasz operators via 
g-calculus as: 


D n , q (f',x ) = 


1 


£ 


([## fl - q 


^A n \q X ) Ir'o 7m,#) 


/ 


~\~k 


1 - (f 


(1.7) 


for /x > 4, a; > 0, 0 < g < 1 and / G C[ 0, 00 ). 
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Previous studies demonstrate that providing a better error estimation for 
positive linear operators plays an important role in approximation theory, which 
allows us to approximate much faster to the function being approximated. 

Motivated essentially by by Igoz [4] the recent investigation of Dunkl gen¬ 
eralization of Szasz-Mirakjan operators via (/-calculus we have showed that our 
modified operators have better error estimation than [4]. We have proved several 
approximation results. We have successfully extended these results and modifying 
the results of papers [4], 


2. Construction of operators and moments estimation 
We modify the q Dunkl analogue of Szasz-operators [4], 

Let {r'[ n ] (/ (x)} be a sequence of real-valued continuous functions defined on 
[0, oo) with 0 < r[ n ] < oo. Then we define 


£>:,(/; *) = 


E 


(Ma' r l»],M)' ! , (1 - 9 2 k«»+‘\ 


Now, if we replace r[ n ] (x) as 


-/ 


f \ — q 2 ^ e k+k\ 

V i-g" ) 


( 2 . 1 ) 


111 

r[n] q {x) = X- where — < x < --- and n G N. 

1 9 2[nJ q 2 n 1 — q n 

Then for any T- < x < jzrrti 0 < g < 1, /x > ^ and n G N we have 


( 2 . 2 ) 






TT E 


(2 [n\ q x — l) k f 1 — q 2 ^ 0 k+ k 


^ 2k ^A k ) 


f 


1 - q r 


(2.3) 


where e M;( j(x), q are defined in (1.4),(1.6) by [16] and / G CJO, oo) with 
C > 0 and 

CjO, oo) = {/ G C[0, oo) :| /(f) |< M( 1 + t)^, for some M > 0, £ > 0}. (2.4) 

Lemma 2.1. Let D* (. ; .) 6e the operators given by (2.3). Then for each 
^ < x < n G N, we have we have the following identities: 

(1) D* iq {l-x) = l, 

( 2 ) ALA; A = n»j, W = * - 

(3) x 2 +0[l - _ A « i 


- - ! | < 


W e M , 9 ([n] 9 rr„] (s)) 


Dn,q(t~i X ) — 2:2 + ([1 + 2/i]q, l)[ n ] 9 4[n] 2 (^[1 + 1)’ 


Proof. (1) D* (1; x) = —7p4-ppr V?° n 

^ v ' n,q\ i ) e^ q {[n] q r M Ax)) ^k =0 


oo (kbUnuOP 


'■19[n]qV 

7mO) 


= 1. 
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n* (f • — - 

J e,, q ([n] q r [n]g (x)) 


([ n )qr[n] q (x)) k / 1 - q Wk+k 

ln{k) v 1 - 9 n 


[n],(®)) “ 7 m4) V 

_ 1 _ (Mg r M,(4) fc 

n ]g e M,g 


D * = 1 y (Mg^Or))* / 1 -gW. X 2 

^ W[n],r w >)) ^ 7m(*) V 1-9" / 


_J-_ U'^Jg' 14W 

n ]g e A,g([ n ]g r N,(^)) ^ 7^ “ 1 ) 


7a* W V 1 - 9 n J 

(l n }q r ln] q ( x )) k f 1 - q 2 ^+ k 
lu(k - 1) V 1 - 9 


M q r [n ] q (x)) k+1 (\- qWk+i+k+i 


|e M ([n]/W,(^)) 7'#) 


1-9 


From [4] we know that 

[2//4+1 + k + 1], = [2/t 4 + fc] 9 + q , “ A ' 0fc+fc [2/x(—1) A ' + 1],, (2-5) 

Now by separating to the even and odd terms and using (2.5), we get 

, 1 A (W a r Wl (i))‘ +1 /1 - \ 


D* (t ■ r i = _ 

J [n] 2 q e,, q ([n] q r {n]q (x)) 


" k =0 


[1 + 2/4 


7a*(*0 

(Wg r W ,(^)) 2fc+1 


1-9 


2 /i^ 2 fc+ 2 fc 


[ 1 - 2 //], {H q r\n\ q {x) 


^ 7m( 2 M 


([ n ]g r N g ( a: ))" fc+ " 2 M e 2 fc+i+ 2 fc+i 
/rw.\ ^ 


We know the inequality 


[1 — 2/4 < [1 + 2/4 

Therefore by using (2.6) we have 


r M,( I )I 1 - 2 A, ST' teNvw.MT 


d:,,^) > (n„i,w) 2 + , "yr f : Y X 7:; 

[ , 4 e A.g([ n, ]g r N<?( a; )) fc=0 7/i(2/s) 
+ 9 2M 'Hn] 9 (^)[l - 2//], y. (g[w],r Wg (g)) 2fc+1 

Ng e M,g(Wg r N 9 4)) “ 7^(2^ + 1) 


> ( r [n] 9 ( a; )) 2 + 9 2m [1 — 2/t] 


e M»g (9Ng^[n],(4)^N 9 (4 
' e A,g([ n ]g r N 5 (^)) Mg 
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Similarly on the other hand we have 

D n, q {t*\x) < ( r [n ] q (x )) 2 + [1 + 2 h]g• 

i n \ q 

Which completes the proof. 

□ 

Lemma 2.2. Let the operators D* (. ; .) be given by (2.3). Then for each 
x > A-, n G N, we have 

(1) K,,fi~ x ’ x ) = ~4 a,’ 

(2) D' n q ((t - x) x x) < [1 + 2,4^ - ji, (2[1 + 2,4 - 1). 


3. Main results 

We obtain the Korovkin’s type approximation properties for onr operators 
defined by (2.3). 


Let Cb(U + ) be the set of all bounded and continuous functions on M + = 
[0, oo), which is linear normed space with 

II / ||c B = su P I fi x ) I ■ 

#>0 


Let 


H := 


{/ : x e [0, oo), 


fix) 

1 + X 2 


is convergent as x —» oo}. 


Remark 3.1. By lemma 2.1, it is clear that the positive liner operators D* n q 
given by (2.3) preserve a linear functions, that is for <f)(y) = cy + d, c,d G 
WL(Real numbers ), D* lq (f>]x) = <f>(x) for all x > n G N. 

Now, £x b > | and consider the lattice homomorphism H b : (7(0, oo] —» (7[0, b] 
defined by H b (f ) = /for every / G C[0, oo], where f\^ Qb ^ denotes the restric¬ 
tion of the domain of / to the interval [0, b\. In this case for each j = 0,1, 2, we 
have 

lim H b (D„ jq (ej)) = H b (ej) uniformly on (i, 6]. (3.1) 


Thus, by using (3.1) and with the universal Korovkin-type property with 
respect to the monotone operators. And hence we have the following Korovkin- 
type approximation result. 


Theorem 3.2. Let D* nq {. ; .) be the operators defined by (2.3). Then for any 
function f G Cy[0, oo) fl H, ( > 2, 

lim K, q ifi x ) = fi x ) 

n—>oo ^ 

is uniformly on each compact subset of [0, oo), where x G [|, b], ^ < b < oo. 
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Proof. The proof is based on Lemma 2.1 and well known Korovkin’s theorem 
regarding the convergence of a sequence of linear and positive operators, so it is 
enough to prove the conditions 

lim D* ((P; x ) = xf j = 0,1, 2, {as n —y 00 } 

n —>00 

uniformly on [0,1]. 

Clearly p-» 0 (n —> 00 ) we have 


□ 


lim D* [t] x) = x , lim D* (t 2 -,x) = x 2 . 

n—> 00 n—¥ 00 

Which complete the proof. 

We recall the weighted spaces of the functions on M + , which are defined as 
follows: 

iT(R + ) = {/:|/WI<%W), 

n C[o, ex:)}, 

f{x 


Qp 

Q k 0 


= {/:/eP p ( I 

= {j-.feQA 


and lim 


p(x) 


= k(k is a constant) > , 


where p(x) = 1 + x 2 is a weight function and Mf is a constant depending only 
on /. Note that Q P (M + ) is a norrned space with the norm || / || p = sup x>0 

Lemma 3.3. {[3]j The linear positive operators L n , n > 1 act from Q P (M + ) —>• 
P p (M + ) if and only if 

II L n ((p-,x) || < K(p(x% 

where (p(x) = 1 + x 2 , x G M + and K is a positive constant. 

Theorem 3.4. (fff\) Let {L n } n >i be a sequence of positive linear operators acting 
from <5 P (M + ) —» P p (M + ) and satisfying the condition 

lim || L n (p T ) - p T 11^= 0, r = 0,1, 2. 

n —>00 

Then for any function f G we have 

lim || L n (f\x) - f || v = 0. 

n —>00 

Theorem 3.5. Let D* (. ; .) be the operators defined by (2.3). Then for each 
function f G <5^(M + ) we have 

lim || D n,q(fi X ) _ f Wp= °' 

n—¥ 00 

Proof. From Lemma 2.1 and Theorem 3.4 for r = 0, the first condition is fulfilled. 
Therefore 

lim || D* (l-,x) - 1 || p = 0. 

n —>00 

Similarly From Lemma 2.1 and Theorem 3.4 for r = 1, 2 we have that 


sup 

a;G[0,oo) 


D n, q (Px)~X 

1 + X 2 


< 


2[nl 


- sup 

q iS[0,oo) 


1 + X 2 


2 in 
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which imply that 


lim II D *n,o(^ X ) ~ x IIp= 0- 


sup 

rrG[0,oo) 


D *n,q{t\ X )-X 
1 + X 2 


| [1 + 2 p] q - 1 | x 

< -- sup 


n 


4 [n} 2 q 


#E[0,oo) 1 ^ 

a;S[0,oo) 


1 . . 1 . 1 
— 1 [1 + 2 n\ q - 1 | sup 


which imply that 


lim || D* nq (t \x) — x || p = 0. 


This complete the proof. 


□ 


4. Rate of Convergence 

Here we calculate the rate of convergence of operators (2.3) by means of 
modulus of continuity and Lipschitz type maximal functions. 

Let / G Cb[0, oo], the space of all bounded and continuous functions on 
[0, oo) and x > n G N. Then for 5 > 0, the modulus of continuity of / 
denoted by oj(f,5) gives the maximum oscillation of / in any interval of length 
not exceeding 5 > 0 and it is given by 

w(/, 5) = sup | f(t) - f(x) |, t G [0, oo). (4.1) 

\t—x\<6 

It is known that lim, 5 _ >0+ oj(f, <5) = 0 for / G Cb[0, oo) and for any 5 > 0 one has 

I f(t) - f(x) |< + 1^ u(f, 5). (4.2) 

Theorem 4.1. Let £)* (. ; .) be the operators defined by (2.3). Then for f G 
Cb[ 0, oo), x > 2 ^ and n gN we have 

1 D *n,q(f ', x ) - f( x ) |< 2 Uj(f;S n}X ) , 

where Cb[0,oo) is the space of uniformly continuous bounded functions on M + , 
ui(f, S ) is the modulus of continuity of the function f G Cb[0, oo) defined in (4.1) 
and 

Sn ’ x = \] [1 + 2 ^ q W q - %]| (2[1 + 2 ^ q ^ (4 ' 3) 

Proof. We prove it by using (4.1), (4.2) and Cauchy-Schwarz inequality we can 
easily get 

\ D n<q(f’ X )~f( X )\ ~ { 1 + ^ ( D n,,( t “ a; ) 2;j: ) 5 } w (/ ;(5 ) 

if we choose 5 = d n{X and by applying the result (2) of Lemma 2.2 complete the 
proof. □ 
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Remark 4.2. For the operators D nq (. ; .) defined by (1.7) we may write that, for 
every / G Cb[ 0, oo), x > 0 and n G N 

I D n<q (f]x) - f(x) |< 2c o (/; A n , x ), (4.4) 

where by [4] we have 

K, x = sjD n , q ((t - x) 2 ]x) < J[ 1 + 2//],jJ. (4.5) 

Now we claim that the error estimation in Theorem 4.1 is better than that 
of (4.4) provided / G Cb[ 0, oo) and x > n G N. Indeed, for x > p > 
and n G N, it is guarantees that 

££,«((* ~ X ) 2 ; < D n,q{{t ~ X), ( 4 -6) 

[1+2 '‘ l ’R^iRi (2|1+2 ' ,] ^ 1) - |1+2 ' 1| »F;' (4 - 7) 

Which imply that 

Now we give the rate of convergence of the operators (f\x) defined in 
(2.3) in terms of the elements of the usual Lipschitz class LipMiy). 

Let / G Cb [0, oo), M > 0 and 0 < v < 1. The class Lip M (y ) is defined as 

Up M (y) = {/ :| /(Ci) - m) |< M I Cl -Cj r (Ci,C 2 e [0,oo))} (4.9) 

Theorem 4.3. Let D* q (. ; .) be the operator defined in (2.3). Then for each 
f G Lip M (u), (M >0, 0 < v < 1) satisfying (4.9) we have 

|o;.,(/; n-/w i<m(/„,j5 

where 5 H}X is given in Theorem f.l. 

Proof. We prove it by using (4.9) and Holder inequality. 

I D n,q(f ; x ) - f(x) I < I D* nq {f{t) - f(x); x) I 

< D^ >q (\f{t)-f{x)\]x) 

< \MD* n J\t-x\^,x). 

Therefore 
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o;,,(/;*)-/(*) 

< M 


n 


1 - q r 


< M 


y- ([n} q r [n ] q (x)) k | 1 - g 2 ^+ fc 

k =0 

OO 

E 


e M,?(M<7 r M#)) “ 7 m,#) 

(M<?' r N#)) 

W[™#M#)) ^ V 7m,#) 


a; 


dt 


2 - 1 / 
k\ 2 


X 


#W|# ))* 

7m,#) 


k\ 2 


2 _ 


1 - <f 


— x 


dt 


< M 


x 


n 


. e M,## r M#)) ^ 7 m,<#) 


y- ##M#)) dt 


2 —t/ 

fc \ 2 


n 


^(M^W#)) ^ 7m,#) 

Which complete the proof. 


y-v (faWl## 1 1 - q 2 ^ k+k 


1 - q r 


— x 


2 \ 2 

dt 


□ 


Let (7 b [0, oo) denote the space of all bounded and continuous functions on 
M + = [0, oo) and 

Cl(M + ) = {g G C b (R + ) : g',g" G <7b(M+)}, (4.10) 

with the norm 

II 9 llc|(R+) = ll 9 ||c s (R+) + II g' ||c s (M+) + II g" ||c s (R+), (4-11) 

also 

II 9 I|c b (r+)= sup | g(x) | . (4.12) 

a;SR+ 

Theorem 4.4. Let D* (. ; .) be the operator defined in (2.3). Then for any 
g 6 C1(K + ) we have 

I Dl,(f-x) - /(x) |< | (-#) + %} II 9 llc|,« + „ 
where 5 U}X is given in Theorem f.l. 

Proof. Let g G (7^(M + ), then by using the generalized mean value theorem in the 
Taylor series expansion we have 

g(t) = g(x) + g\x)(t - x) + p , fie (x,t). 

By applying linearity property on Dfi q , we have 

D n,q(g, x) - g{x) = g'(x)D* n q ((f -xfix) + ^p-D^g ((t - x) 2 ; x) , 
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which imply that 

I *)-«(*) l< (- 2 ») II g' IIc b( r +) + ([1 + ~ ihj ( 2 [i + M, -1)) 


From (4.11) we have || g' ||c s [o,°o)<|| 9 ||c|[o,oo)- 

I Dn t q(g'i x)—g{x) |< 2[^) II 9 llc|(K+) + (jl + 2/t ]~ 4[^J| (^[1 + 2 n\q ~ 1) j 

This completes the proof from 2 of Lemma 2.2. □ 
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Abstract 

This paper studies pointwise error estimates for spherical hybrid interpolation, which com¬ 
bines spherical polynomials together with spherical radial basis functions constructed by a 
strictly positive definite zonal kernel. The study is first carried out in the native space asso¬ 
ciated with the kernel, and then refined error estimates for a target function in a still smaller 
space are established. 
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1 Introduction 

In recent years, fitting a surface to scattered data arising from sampling an unknown function 
defined on an underlying manifold comes up frequently in applied problems. If the underlying 
manifold is § 2 , the unit sphere embedded in the Euclidean space R 3 , then there are applications to 
astrophysics, meteorology, geodesy, geophysics and other areas (see 00122). Amongst approach¬ 
es for scattered data interpolation and approximation on § 2 , many authors have used spherical 
polynomials or spherical radial basis functions (see 000[T3[iai2SlllSll23l2Zl[I3l2). Moti¬ 
vated by the fact that the spherical radial basis functions are helpful to handle scattered data and 
rapid changes, at the same time, the spherical polynomials contribute to handle the slowly varying 
large-scale features, a hybrid interpolation scheme was given in |23j . 

The hybrid interpolation scheme combines spherical radial basis functions together with spher¬ 
ical polynomials, that is a little different from interpolation by radial basis functions constructed 
from conditionally positive definite kernels (in which case a polynomial part is needed to make the 
theory work, see El)- Sloan and Sommariva [231 restricted their attention to the case of strictly 
positive definite kernels, so that the polynomial component is voluntary rather than forced. 

This paper studies the hybrid interpolation problem in an appropriate native space VV^ of 
continuous functions on § 2 , which is defined by an underlying strictly positive definite kernel <j>. 
We use the method in [23] to get the pointwise error estimate for the hybrid interpolation. 

It is known that if </> is smooth, the native space AQ, is small in the sense that it is composed 
of very smooth functions. That is so called “native space barrier” problem and there are several 
literatures focus on it. We refer the readers to EDI EH ESI UM HZ1 for more details. In this paper, 
we combine the approach which was used by Levesley and Sun in jlOl with the techniques in [24], 
and embed the smooth radial basis functions in a larger native space generated by a less smooth 
kernel tjj and still use the hybrid interpolation associated with the smooth kernel 4> to interpolate 
the target function from the larger native space. In the process of obtaining the corresponding 
error estimates, we will use the “norming set” method developed by Jetter in [S] and a special case 
of the general Bernstein-type inequality established by Ditzian [4]. 

This paper is organized as follows. In Section[2] we give some notations and preliminary results. 
The hybrid interpolation is introduced and the crucial condition for the scheme to be well defined 
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and discussed in Subsection |2.2[ and native space and Sobolev space are introduced in Subsection 
|2.3| Finally, the pointwise errors are estimated in Section [3j 

In the following, we adopt the following convention regarding symbols. Let C be a positive 
constant, whose value will be different at different occurrence even within the same formula. The 
symbol A ~ B means that there exist positive constant C\ and C 2 such that C±B < A < C 2 B. 

2 Preliminaries 

Let § 2 be the unit sphere embedded in the Euclidean space R 3 , i.e., 

§ 2 := { 2 ; := {x\, X 2 , X 3 ) £ R 3 : x\ + x 2 + x\ = l} . 

For integer l > 0, the restriction to § 2 of a homogeneous harmonic polynomial with degree l is 
called a spherical harmonic of degree l. The class of all spherical harmonics with degree l is denoted 
by Hi, and it is well know that spherical harmonics of different degrees are orthogonal with respect 
to the L 2 (S 2 ) inner product 

(f, 9 ) ■= I f(x)g(x)du(x), 

J s 2 

where dui denotes surface measure on 8 2 . Hence, if we choose an orthogonal basis {Yj^ : k = 
1,..., 21 + 1} for each Hi, then the set : Z = 0,1,, k = 1,..., 21 + 1} is an orthogonal 
basis for L 2 (S 2 ). The class of all spherical harmonics with total degree l < L is denoted by Vl- 
Of course, Vl = ©^1 0 an d th e dimension of Hi is 21 + 1 and that of Vl is {L + l) 2 . 

We denote by L p ( S 2 ) the space of p-integrable functions on S 2 endowed with the norms 

ll/lloo := II/IILoafs 2 ) := esssup |/(x)|, p = 00 , 

xes 2 

and 

II/IIp : = II/IIl p (s 2 ) : = |^ 2 \f(x)\ p du(x)^ < 00 , l<p<oo. 

The well known addition formula is given by (see [14]) 

4© 1 2/ + 1 

Yi tk (x)Y ltk (y) = —^—Pi{x ■ y), 

k =1 

where Pi is the Legendre polynomial with degree l and dimension three, which is normalized such 
that Pj(l) = 1, and satisfies the orthogonality relation (see IT4] ) 

J 1 Pk(t)Pj(t)dt = 

where the symbol 5k,j denotes the usual Kronecker symbol. 

The addition formula also yields the following useful relation 

21+1 21+1 

Y \ Y i,k( x ) Y i,k{v)\ < Y Y i 2 k ( x ) = x ’ yG s2 - C 2 - 1 ) 

&=1 *:=1 

2.1 Strictly positive definite kernel 

Definition 2.1 (see m)- 21 continuous and symmetric function <fi : S 2 x § 2 —> R is called 
positive definite kernel, if, for any N £ N+, a = S R N and {xi,...,xjv} C S 2 , we 

have 

N N 

YY cyi(Xj(j)(x l , Xj ) ^ 0 . 

»=i 3 =1 

When for any N distinct points {x±,..., Xn}, the above quadratic form is positive for all a = 
£ R^/jO}, then is called strictly positive definite kernel. 
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A kernel <j) is called rotational invariant, if 4>{px, py) = 4>(x, y ) for all x,y £ § 2 and for all 
rotations p. It can be shown that a continuous rotational invariant kernel depends only on the 
distance between x and y, that is, there is a function ip : [—1,1] —>■ K. , such that <p{xy) = <j>(x,y) 
for all 1 , 1 / £ S 2 (see (22j). Therefore, a rotational invariant kernel is also called a zonal kernel in 
the literature. 

Schoenberg characterized the positive definite zonal kernels in m and the notation of strictly 
positive definiteness on spheres was first introduced by Xu and Cheney [28]. It is important to 
characterize all the strictly positive definite functions on spheres and such an endeavor has been 
taken by Ron and Sun in m- In p[], Chen et al. established a necessary and sufficient condition 
for strictly positive definite zonal kernels: the kernel <is strictly positive definite and zonal if and 
only if 


oo 21+1 oo I 11 

00 cy) = '52 a i'52 Y iA x ) Y i, k (y) = — 4w l pi ( x ■ 

1=0 k=l 1=0 

with ai > 0 for all l, YA=o ^°z < 00 and ai > 0 for infinitely many even values of l and infinitely 
many odd values of l. 


2.2 The hybrid interpolation 

Assume that we are given a strictly positive definite kernel </>(•, •) and a set of distinct points 
X = {x\, ..., Xn} C § 2 . Then for a target function / £ C(§ 2 ) we can take the hybrid interpolation 
for / in the form 

N L 21 + 1 

Ix,Lf = x i ) + xm 

j =1 1=0 k= 1 

where we fix L > 0 as the desired degree of the polynomial component of the hybrid interpola¬ 
tion and the coefficients {aj jjLi ■> {/?i,fc}fc=i,..., 2 i+i, i=o,...,l are determined by the interpolation 
conditions 

Ix,Lf(xi) = f{xi),i=l,...,N, (2.2) 

and also (in order to give a square linear system) the side conditions 

N 

Y^at j p(x j ) = 0, \/p€V L - 

j =i 

In order to give the conditions which will make sure that the interpolation is exist and unique, 
we shall impose a condition on the point set X. 

Definition 2.2 (see IHR Definition 3.1]). The set X = {xi,...,a: n} C S 2 is said to be Vl 
-unisolvent if 

p <E V L , p{xj) = 0 for j = 1,..., IV => p = 0. 

For the analysis of the interpolation error in the later sections it is convenient to define a 
finite-dimensional space Vx,l within the interpolation Ix.Lf lies. 


, N N x 

Vx,l ■= < ' S ^2,aj4>{-,Xj) + q ■ q € V L , aj G R for j = 1,..., N, and^ otjp(xj) = 0, Vp G V L >■ 

< j-i j =i J 


The following Theorem |2.1| gives a crucial condition for the interpolation to be well defined, 
whose proof can be find in (25] . 

Theorem 2.1 Let <(>(•, •) be a strictly positive definite kernel, let L > 0 and X = {xi,..., Xiv} C § 2 
be a set of distinct points which is Vl -unisolvent. Then for each f G (7(§ 2 ) there exists a unique 
Ix,Lf £ Vx,l that satisfies the interpolation conditions in (2.2). 
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2.3 Native space and Sobolev space 

Here and in the other sections we assume that the strictly positive definite kernel <f> is zonal and 
has the expansion 


oo 2/+1 

y) = E ai E Y hk{x)Yi, k {y) 

1=0 k =1 


(2.3) 


with ai > 0 for all /, Y^i=o^ ai < 00 1 i* 1 which case the series of the right side in (2.31 converges 
uniformly for x, y £ § 2 . 

For /,g £ L 2 (§ 2 ), they can be represented by their Fourier series 

oo 2Z+1 oo 2Z+1 

/= yy yy fi,kYi,k , g = yy yy gi^Yi^ , 

Z =0 fc=l Z =0 fc=l 

respectively. With respect to the inner product expressed as (see E3) 


oo 2Z+1 


(/> sox *,=e e 


fi,kgi,k 


ai 


1=0 k =1 

the native space TV),, which is the subspace of L 2 (§ 2 ), can be defined by 

f °° 2i+1 | f 12 1 

^ := / € L 2 ( S 2 ) : ||/||^ = £ E ^ • 

l ;=o fe=i ai J 

It is easy to verify that the native space TV), is a reproducing kernel Hilbert space with reproducing 
kernel ))(•,•), that is, 

(/,<£(■, = /0*0> a; € S 2 , / £ TV). 

When ai ~ (i + l) _2s for l = 0,1,..., the native space TV) is norm equivalent to the Sobolev 
space 7J S : 

( oo 2 Z +1 ^ 


i? s := / e i 2 (S 2 ) : II/I&. = E E V + 1 ) 2 l/«,*r < 


1=0 fc=l 


and the Sobolev embedding theorem in [7] implies that if s > 1, then the space H s is continuously 
embedded in (7(S 2 ), so that H s is a reproducing kernel Hilbert space. 


3 Pointwise error estimates 

As we can see that the uniqueness result in Theorem |2.1| ensures the existence and uniqueness of 
the lagrangians lj := Ij.xj. : S 2 —> K, which is defined by 

lj £ Vx,l> — Sjj , ijj — 1 ,..., N. 


The following Theorem 3.1 is a little different from the obtained result in (23j and it is the 
difference that helps us to extend the error estimates for hybrid interpolation to L p norm in the 
next section. 


Theorem 3.1 Let <f> £ C( S 2 x S 2 ) be a strictly positive definite kernel defined in (2.3), and let 
X = {*i,... ,xjy} C S 2 be a VL-unisolvent set of disti nct points on S 2 . For f £ TV), let Ix,L,f £ 
Vx,l be the hybrid interpolation defined in Section 2.2 Then for a fixed x £ S 2 , we have 


l/(®) - Ix,Lf(x) I < 11/ - Ix,Lf\W^P^>,X,L(x), 
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where Pj> t x,L the power function defined by 

( N N N 

<f>(x,x) - 2^2lj(x)(t>(x,Xj) + y^y ^ lfix)lj(x)<t)(xi,Xj) 

7=1 i=i 7=1 

Proof. With the help of the reproducing property of <fi, we can rewrite the form of Ixj.f as 

N N ( N 

Ix,Lf(x) = ^2f(Xj)lj(x) = (/>(-, Xj)) Mjj(x) = f,^2 (/)(■, Xjfijix) 

3 = 1 7=1 \ 3=1 

Since we also have f(x) = (/, </>(-, x ))jv^i a-’ € § 2 , from the reproducing property of <j>, for Ix.rf £ 
Vx,l, we have, since Vx,i C 7V^, 




N 


N 


Ix,Lf, <!>(■, X) -'^2<f)(-,X j )l j (x) = I X ,Lf(x ) - Y2lj( X )I X ,Lf(Xj) = 0, 


3=1 


A f(j> 


3 =1 


here the Lagrange representation of Ix,lI G Vx,l ensures that 


iV 


^ lj(x)I X ,Lf(Xj) = Ix,Lf(x), Vx £ s 2 . 
7=1 


So the pointwise error turns into 


f(x)-I x ,Lf(x)= [f - I x ,Lf,(f{-,x) ~^2(j>{-,Xj)lj{x) j , 

V 2=1 / A 7 * 


(3.4) 


and by the Cauchy-Schwarz inequality, we have 

I fix) - Jx,i/(*)| < II/- Ix,Lf\W,Pt,x, L (x), * e s 2 , 

where Pc/>,x,l is the power function defined by 


P</>,x,l(x) = 


N 


4>{-,x) -^Z ( t>{--,x j )l j {x) 
7=1 


X £ S 2 . 


•N’s 


1 /Q 

On using the definition || • || = (•, •)and the reproducing property of </>, the power function turns 
into 

/ N N N \ l -/ 2 

Pc/>,x,l(x ) = cc) - 2^2,lj(x)(f>(x,Xj) + ’^2'Y2li{x)lj(x)<l>(Xi,Xj) 

\ 7=1 i=l 7=1 


completing the proof of Theorem 3.1 


The following Lemma 3.1 is taken from |27j and it is also established by Sloan and Sommariva 


Lemma 3.1 (see ]23i Lemma 5.3]). Let <f> £ C( S 2 x S 2 ) be a strictly positive definite kernel on 
§ 2 , and assume that X = {xi,... , xjv} C S 2 is a Vl- unisolvent set of distinct points on § 2 . For 
a fixed x £ S 2 , we define the quadratic functional C x : —> K by 

N N N 

C- X (a) := </>(x,x) - 2 y^aj<f>(x,Xj) + ^ ^ OiiOij4>(xi,Xj), a = (oq,... ,a N ). 

7=1 *=1 7 = 1 
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Then the minimum of C x (a) on the set 


M,. 


,L ■ — 


N ) 

a £ ^ c*jP{xj) = p(x), Vp £ V L > , 


is achieved by the vector (h(x ),..., lx(x)), that is, C x (l\(x),... ,In(x)) < C x (a), for all a £ M x> l■ 
Follows from Theorem |3.1| and |3.1[ we can easily obtain the next Theorem |3.2| 

Theorem 3.2 Under the conditions of Theorem \3 . l\ for a fixed x £ § 2 , we have 

I/(*) - Ix,Lf{x) | < ||/ - Ix,Lf\W, (^(a)) V2 , 

for any real number oij := otj(x), j = 1,... ,7V, such that a jP( x j ) = P( x )> f or a M P € p L, 

and 

N N N 

C x (a) := <t>(x,x) - 2'y~' j otj<l>(x,Xj) + ^ ^ aja^Xj, Xj). 

3=1 *=1 3=1 


The error estimates are general expressed in terms of the mesh norm of X = {x \,..., xn} C S 2 , 
which is defined by 

hx ■= sup inf d(x,Xj), 
xes 2 

where d(x,Xj) = arccos(ai • x 3 ) is the geodesic distance between Xj and x. 

Next, we state the following Lemma [3.2| whose proof can be found in [271 Corollary 17.12]. 

Lemma 3.2 Suppose that X = {xi,... , Xn} C S 2 has mesh norm hx < jp for some integer 
L > 1. Then there exist functions ctj :§ 2 aR for j = 1,... ,N such that 

(i) Ef=i otj(x)p(xj) = p(x), Vp G V L , Vx £ S 2 , 

( ii ) EE KWI < 2 i Vx£S 2 . 

With the above obtained results we can provide the following crucial result about the pointwise 
error estimate for the hybrid interpolation. 


Theorem 3.3 Let 4> £ C(§ 2 x S 2 ) be a strictly positive definite kernel defined by (2.31 and ai ~ 
(l + l) _2s , s > 1. Assume that integer L > 1 and that X = {x\, ..., Xjv} C S 2 is a set of distinct 
points on § 2 with mesh norm l/( 2 L + 2) < hx < 1/(2L). For f £ let Ix,Lf £ Vx,l be the 
hybrid interpolation defined in Section 2.2. Then for a fixed x £ S, we have 

I fix) - Ix,Lf(x)\ < Ch^Wf - Ix.LfW 

Proof. Because hx < 2 ' L , it follows that for each seS 2 there exists a = a{x) £ R N satisfying 
(i) and (ii) in Lemma 3.2 For (i), it means that a polynomial p £ Vl that vanishes at x \,..., xx 
must vanish identically, which verify that X = {x \,..., xjv} C S 2 is a Vl -unisolvent set of distinct 
points on § 2 . By using Theorem 3.2 we only have to give the estimate of the factor (C x (a)) , 

N N N 

C x {a) := <f(x,x) - 2 E aij(f>(x,Xj) + EE OtiCej(f>(Xi, Xj) 

3=1 »=1 3=1 

N N 


= Jfr E( 2Z + l ^ ai Pl ( X ' x ) ~ E a 3 p i( x ■ X j) - E (■ Pl ( X ' X o) ~ E a i p i( x i • X o)) 


N 


47r 


1=0 


3 = 1 


3 =1 


i =1 


in which the terms with l < L vanish by property (i) of Lemma 3.2 Hence 
1 oo N N N 

C x (a) := — ^ (21+ l)ai(^Pi(x ■ x) ~ 2^2aj p i(x ■ x j)+ '^2'^2a i ajPi(a 


l=L+1 


3=1 


i= 1 3=1 
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and since |Pj(jz)| < 1, |ay| < 2 and o; ~ (/ + 1) 2s , we have 

^ oo / N N N 

\£x(o>)\ < ^2 (2^ + l)a/ j 1 + 2^ |aj| + ^2 l a *H a jl 

;=l+i V i =1 i=1 7 =1 

OO CO 

< C (2^ + l)a; < C ( l + l) _2s+1 

l=L +1 

/'OO 

< cj {x + l)- 2s+1 dx = C{L + l )~ 2s+2 <Ch 2 ^- 2 . 

With the help of Theorem |3.2| we see that 

I fix) - Ix,Lf(x) I < Ch^Wf - Ix, L fW 

This completes the proof of Theorem |3.3| 
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INVESTIGATING DYNAMICS OF THE RATIONAL DIFFERENCE EQUATION 

_ *Tn —1 

x n+l — Uj . U, 

A + Bx n x n -1 

MALEK GHAZEL, TAHER S. HASSAN, AND AHMED M. MOSALLEM 
Abstract. This paper is devoted to investigate the dynamics of the rational difference equation 

_ %n— 1 

n+1 A + Bx n x n -1 

with arbitrary initial conditions A and B as nonzero real numbers. The solution is obtained and analyt¬ 
ical study and asymptotic behavior are investigated. The forbidden set is determined. The existence of 
periodic and oscillatory solutions are discussed. Our results are illustrated with numerical simulations. 


1. Introduction 


The study of difference equation has been of great interest and many spectacular developments have 
been witnessed in the last decade. They are also used to present many numerical schemes in an easiest 
manner (l 16 


This is largely due to the fact that it appears as direct mathematical models describing 


real life situations in physics and engineering 15, | 6 ] , biology [8 , game theory |7,9 10 12 13 19 and 
economy 114,15 . Therefore, the study of behavior and global stability of nonlinear difference equations 
is of paramount importance and rational difference equations are one of the most practical classes of 
equations. Immense literature is available on the second order difference equations of the form 

a + /3x n + 7 X„_i 
Xn+1 ~ A + Bx n + Cx n . i’ 

where a, (3, 7 , A, B and C and the initial conditions X-i, Xq are real numbers. In a particular case when 
7 = C = 0, this equation is known as the first order Riccati difference equation which can also be written 

investigated the global stability, 


17 


in the form x n +i = a - 1- . The results such as Agarwal et al 

x n .__ 

periodic nature and solved some particular cases of the difference equation 

dXn—lXn—k 

Xn+1 = a + — -. 

b - CX n — s 

Elsayed |18] studied the dynamical behavior and gave the solution of the difference equation 

x n—5 

x n +1 | 1 1 • 

il dz X n —2 x n—b 

Aloqeili 1 11 found the solution of the difference equation 


x n +1 — 


x n— 1 


CL X n X n — i 


Cinar |20| determined the global stability and obtained the positive solutions of the following difference 
equation 

x n -\-1 = 


ax n -1 


1 + bx n x n -1 


1991 Mathematics Subject Classification. 34K13, 34K05, 34K20, 39A10. 

Key words and phrases. Rational difference equations, Stability, Infinite products, Forbidden set, Asymptotic behavior, 
Periodicity, Oscillation, Numerical Simulation. 
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Elabbasy et al [21,22 obtained the solution in some particular cases and studied the global stability, 
periodicity of the following difference equations 


bx r , 


X n -\-l — CLX n 


- dx n -1 


and 


^n+1 — 




P + 7 n p =0 a; n _ 


The problem of existence of solutions for a given difference equation is of great importance. The primary 
aim is to find the set T of all initial values at which the solution of the given equation is not defined for all 
natural number n. The set of this nature is called the forbidden set of the equation. In order to avoid the 
appearance of the forbidden set, the common assumption used by some authors, while studying rational 
difference equations, is to choose positive initial values and coefficients. The interest of this problem has 
increased in the literature recently 123 25 . Azizi [26 found the forbidden set of the second order rational 
Riccati difference equation. Also, Balibrea et al |27 gave sufficient conditions for a rational difference 
equation of order two to be not uniformly eventually positive outside a bounded set. Camouzis et al 128 
described the forbidden set of the difference equation 

%n— 1 

x n +l =p-\ -■ 

X n 

In 129 Sedaghat studied the existence of solutions of certain singular difference equations. Stevie |30 
studied the domains for which the solutions of some equations and systems of difference equations are 
not well-defined. 

The study of existence of oscillatory solutions (periodic or aperiodic) of difference equations is in a 
great concern and it is extremely useful in the behavior of mathematical models describing real live 
situations, for some results in this area. Ladas [31 studied the oscillation of positive solutions about the 
positive steady state N in the delay logistic difference equation 

m 

N n+ i = N n exp [ r - r')T/p :j N n _ 3 
j= o 

which describes that the population growth is not continuous but seasonal. 

Matti [32] studied the oscillations in some nonlinear economic relationships modeled by a difference 
equations. Sedaghat 133 studied the oscillations and chaos in a discrete model of combat. See also 
related results [34 37 


Motivated by above, in this paper, we will present complete analytical study and asymptotic behavior 
of the solutions of the more general second order difference equation 

%n— 1 


(i.i) 


b n +1 


Xq = c and = d , 


A + Bx n X n -1 

with arbitrary parameters A and B. To the best of our knowledge, the analysis for convergence, oscil¬ 


lation and periodicity of equation ( 1.11 have not been considered till now and other results extend and 
improve existing results in the literature, especially those established in [ 11,20 . 


Throughout the paper we use the convention that N = {0,1,2,...}, a p = 1 and a p = 0, where 

p—n p=n 

( a p ) p is a sequence of real numbers and m < n for m,n £ Z and the cases when AB = 0 and A + B =/=■ 0 
are trivial, therefore we will assume that 4^0 and B ^ 0. 


2. Stability analysis of the equilibrium points 

Before stating stability analysis of the equilibrium points, we begin with the following theorem which 
will given equilibrium points of Eq. & 


Theorem 1. Let (x n ) n>1 be a solution of Eq. (1.11. 
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(1) If B(1 — A) < 0, then the Eq. (1.1 


(2) If B(1 — A) > 0, then the Eq. (1.1 


has a unique equilibrium point X\ = 0. 
has exactly three equilibrium points 


Xi = 0 and 22,3 = ± 


1 -A 


B 


Proof. Let x be a equilibrium point of Eq. ( fTTT| ). it is easy to see that 

-2 1 - A 

x = 0 or x = ———. 

B 

This completes the proof. 


Now, we will prove the following stability analysis of the equilibrium points for equation (1.11. 


Theorem 2. Let (x n ) > _ 1 be a solution of Eq. (1.11. Then: 

(1) For A < 0, the characteristic equation about the equilibrium point Xi has no real roots. 

(2) For 0 < A < 1, the equilibrium point x± is a repeller. 

(3) For A = 1, the equilibrium point X\ is nonhyperbolic. 

(4) For A > 1, the equilibrium point X\ is locally asymptotically stable. 

Moreover, for B( 1 — A) > 0, 

(i) The equilibrium points x 2 3 ire nonhyperbolic. 

(ii) 1/0 < |A| < 1 , then the equilibrium points x 2 ,3 are unstable. 

Proof. Denote by U := (mo,Mi) an arbitrary point in the good set of Eq. <H3 and x be an equilibrium 
point of Eq. (1.11, recall that the characteristic equation about the equilibrium point x is defined as 


( 2 . 2 ) 


dF 


A -q 0 X-qi= 0, 

Ml 


where q k = - —(a:,*), k = 0,1 with F(u 0 ,ui) = 

auk A + Bu 0 ui 

F are 
(2.3) 


. Since the partial derivative of the function 


dF 

du 0 


—Bui 


(A + J5m 0 mi) 5 


and 


dF 

dui 


A 


(A + Bu 0 ui ) 2 ' 


dF 


so, for the equilibrium point X\ = 0, the coefficients of the characteristic equation are q 0 = f —(0,0) = 0 

du 0 

dF 1 

and qi = ——(0,0) = —. Hence the characteristic equation about the equilibrium point X\ is 
ou\ A 


(2.4) 

Thus, we have the following cases: 


A 2 - 4 = 0. 
A 


(1) If H < 0, then the Eq. \2A) has no real roots. 


(2) If 0 < A < 1, then the real roots of Eq. ( |2.4| ) are ±\/ T-, their absolute values are greater than 

Yl 


one which implies that the equilibrium point X\ is a repeller. 


(3) If A = 1, then the real roots of Eq. (2.41 are ±1, so X\ is nonhyperbolic. 


(4) If A > 1, then all real roots of Eq. (2.41 have absolute value less than one, so x\ is locally 
asymptotically stable. 

In the case when B{ 1 — A) > 0, two new equilibrium points appear x 2 and 5 : 3 . According to the 
Eq. (2.31, the coefficients qo and q\ of their characteristic equations are the same and they are given as 


<70 = A — 1 and q\ = A, so the characteristic equation about x k , k = 2,3 is 

A 2 - {A- 1)A- A = 0, 
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which has —1 and A as real roots, then x 2 and x 3 are nonhyperbolic. Furthermore, if \A\ < 1, then x 2 
and x 3 are unstable. This completes the proof. ■ 


3. Analytical expressions of (x n ) n> _ 1 

In this section, we give some analytical expressions of the sequence (x ra ) n >_i, where (x„)„>_i is a 
solution of Eq. (1.11. 


Theorem 3. Let (x„) n >_i be a solution of Eq. (1.1 1 . Then for all integer n £ N 


/ 


(3.5) 


n —1 

x 2n -i = d J! 

p —0 


2p-l \ 


A 2 p + Bed A 


k=0 


2 P 


^ 2 p+l + Bed Y Ak 


k =0 


and 


(3.6) 


n— 1 

x2n = c n 

p =0 


/ 2p \ 

A 2 P +1 + BcdY Ak 


2p+l 

^2p+ 2 + Bcd A k 

V 


Proof. We show it by induction. First we have 


and 


x ~ i = d Ti 

p =0 


/ 2p—1 \ 

A 2 P + Bed Y Ak 

_ fc =0 

2 p 

A 2 P + 1 + BcdY Ak 

V t. 


= d 


x 0 


-1 


p —0 


/ 2p \ 

A 2 P +1 + Bed Y Ak 

k—0 


2p+l 

A 2 P +2 + Bcd A k 

V t'o 


= C 
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This shows that (3.5 I and (3.6 1 hold for n = 0. Assume (3.5 I and (3.6 1 hold with n replaced by some 
k £ N. From Eq. (1.11 we get 


and 


X2k-1 

n— 1 2p—1 n— 1 


n— 1 2p—l n— 1 2p+l 

= (d n (a 2p +Bed Ak ) n ( a2p+2 + Bcd 

p— 0 k —0 p=0 k—0 

n—1 2 p 

(n ( A2p+1 + Bed J2A k 

•n—n h=n 


A 1 


p —0 k =0 

n—1 2p+l 

A ( A 2p+2 + Bed J2 Ak ) + 

p—0 k—0 

j TT ( A2p + BcdZl P J 0 lAk ) 

l L 0 \ A2p+1 + BcdZl P = 0 Ak J' 


%2k 

X2( * +1> " 121+1+1 - A + B,T 2t+1 i 2t 


2p— 1 


n—1 ^ 

Bed [J (A 2p + Bed ^ A‘ 

— n fc =0 


p—0 


= (c (A 2p+1 + Bed J2 A k ) n { A2p+1 + Sed J2 Ah 

p—0 k—0 p—0 k—0 

k 


2p—1 


(A 2p + Bed ]T + 4 A 

^—1 7,.—n 


A (A 2p+1 

p—0 


2 P 


p—1 k—0 

k 2 p k —1 zp 

BedJ^A^ + Bed (A 2p+1 + Bed^A 1 

k—0 p—0 k—0 


= C 


k =0 
2p 

A 2 p +1 + Bcd^ A fc 

_fc=0_ 

2p+l 


This shows that (3.5 I and (3.6 1 
the proof. 


k 

n( 

P~° A 2p+ 2 + Scd ^ A k 

k—0 

hold for k + 1. Therefore, (3.51 and (3.6 1 hold for n £ N. This completes 

■ 


Corollary 4. Lei (x„) n >_i 


be a solution of Eq. (1.11. Then: 


(1) for A/l, 


(3.7) 


X2n— 1 


n—1 


"ii 

p—0 


(A - 1 + Bcd)A 2p - Bed 
{A - 1 + Bcd)A 2 P+ l - Bed ’ 


and 


n—1 

Z2n = C ]J 

p—0 


(A - 1 + Bcd)A 2p+1 - Bed 
(A - 1 + Bcd)A 2p + 2 - Bed' 


89 


MALEK GHAZEL ET AL 85-103 
























J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 27, NO.1, 2019, COPYRIGHT 2019 EUDOXUS PRESS, LLC 


6 


M. GHAZEL, T. S. HASSAN, AND A. M. MOSALLEM 


(2) for A = 1, 
(3.8) 


and 


n— i 

x 2 n -i =^ n ( 


p —0 


1 + 2 pBcd 

1 + (2 p + 1 )BcdJ ’ 


%2 n — 


C 


n( 


p—0 


1 + (2 p + 1 )Bcd\ 
1 + ( 2p + 2 )Bcd) 


Proof. It is sufficient to use in the (3.5 I and (|3.6|, the identity 


E 


k=0 


1 - X P+1 

1 — X 


where p is a nonnegative integer and a; is a real numbers different of one, and the proof is directly obtained. 


4. Main Results 


4.1. The forbidden set. The determination of the set of all initial conditions through which the solution 
of a given difference equation is defined for all n G N is in general a problem of great difficulty. This 
problem leads to introduce the notion of forbidden set. 

Definition 1. Consider a difference equation of order k in N 

(4.9) x n+ i = F(x n , x n -i, ..., £„_(*,_!)) for n GN, 

where F = F(uq, iq,..., Uk~\) is a function that maps on some subset 17 in ]R fc , and let (a;o, X-i ,..., x_k+i) G 
17 be the vector of initial conditions of the Eq. ( 4 . 91 . The forbidden set of Eq. ( 4.91 is the set denoted 
T defined as the set of all vectors of initial conditions (xo, x_i,..., X-k+i) through which the solution 
of Eq. ( 4 . 91 is not defined for all positive integer n. The good set Q is the complementary in 17 of the 


forbidden set, consequently, the solution (x n ) n of Eq. ( |4.9| ) is well defined for all n € N if and only if 
(x 0 ,a:_i, ...,x_fe+i) € Q. 

When we obtain the analytic expression of the solution for a given difference equation, the determina¬ 
tion of the forbidden set becomes more easy to obtain. However it can be gotten in some particular cases 
by the mean of substitution, in the following Theorem, we give the forbidden set in the case when A = 1. 


Theorem 5. Let ( x n ) n> _ 1 be a solution of the Eq. (1.11 and F be the forbidden set of the sequence 
{x n )n>—i. If A — 1, then 

|(c, d) G M 2 such that cd G | ——, n G . 


T = 

Proof. The sequence (x n ) n> _ 1 satisfies the equation 

Ex n +-\ x n = 

Hence, 

(4.10) A + Bx n +\x n = A + 1 — 


Bx n x n —i 
A + Bx n x n -1 ’ 


x_i = d, xq = c, 


A 

A -(“ Bx n x n —i 


Let (y n ) n > o be the sequence defined as 
(4.11) 


Vn ■■= A + Bx n x n _ 1 , 
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So the Eq. (4.101 can be written as 

. , A 

Un+1 —71 + 1 - , 

Vn 

which is a first order Ricatti difference equation. If A = 1, then 

y n +i = 2-for n € N. 

Vn 

Let n £ N, for y n to exist a necessary and sufficient condition are that for all integer 0 < k < n — 1, 

Vk 7^ 0 , 


?/o 7 ^ 0 is equivalent to cd 7 ^ 


-1 
IT’ 


and 


i/i 7 ^ 0 is equivalent to yo 7 ^ 0 and i/o 7 ^ 


V2^0tffyo^ {o. -}. 

By induction, we can easily prove that for all n € N, 

Vn ^ 0 iff for all k < n + 1, y 0 / 


k- 1 
k ' 


Ti — 1 77 / — 1 

So the forbidden set of the sequence Y = (y n )n> o is = {-, n G N}. Now, let n E N, 7/0 =- 

- n n 

77 / — 1 — 1 

is equivalent to 1 +Bcd = -which is equivalent to cd = -. Thus, the forbidden set of the sequence 

n nB 

{x n ) n >-i is given by 


7 = 


| (c, d ) £ K 2 such that cd £ j —, n £ N j j. 


The proof is complete. 


This results can be immediately found by using Corollary [4j Also, in the case when A 7 ^ 1, the 
forbidden set 7 of Eq. (1.1 1 can be easily obtained by using Corollary [4] as in the following theorem. 

Theorem 6 . Let ( x n ) n >-i be a solution of the Eq. O)- Suppose that A 7 ^ 1, then the forbidden set of 
the sequence ( x n ) n >-i is 


A = — 1 and cd = — 
B 


7 = < (c, d) £ R 2 such that < or 


A 7^—1 and cd £ \ 


r(l — A) A" 


, n £ n}, 


l B(A n - 1 ) : 

4.2. Convergence. In this section, we study the asymptotic behavior of a solution of the difference Eq. 

(PI- 


4.2.1. The case when 0 < |A| < 1. 

Theorem 7. Let (x n ) n >-i be a solution of the Eq. PI . Assume that |A| < 1, then the subsequences 
(x 2 n— 1 ) and ( X 2 n ) converge. 
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Proof. Using Corollary [4j we obtain 


n— 1 


X2n-1 ~ 


■*11 

p—0 


(A - 1 + Bcd)A 2p - Bed 
{A- 1 + Bcd)A 2p + 1 - Bed 


where 


n—l _ A-l+Bcd a2v 

d TT_ — _ 

II 1 _ A-l+Bcd A 2p+l 
p=0 Bed ^ 

n—l 

d]Ju p , 

p —0 


rr 1 ~aA 2p . , A-l + Rcd 

Ur) := - , with a := 


p '■ 1 - a.A 2p + x .~ ' Bed 

One of the following cases holds: For p big enough, U p is always is in (0,1) or lies greater than one, this 
allows us to apply of the Taylor expansion to the sequence (U p ) p >o which gives that 

U p is asymptotically equivalent to 1 — a(A — l)A 2p , 

which is the general term of convergent infinite product, thus (x^n-i) converges. 

Again by using Corollary [I] we get 


n — C 


n 


{A- 1 + Bcd)A 2p+1 - Bed 
{A- 1 + Bcd)A 2p + 2 - Bed 


p —0 

n-1 ^ _ A-l+Bcd /\2y+l 


= C 


n 


Bed 


where 


Hence, 


1 _ A-l+Bcd A 2p+2 

p —0 Bed 

n—l 

° n 

p—0 


m 1 - aA 2p+1 . , A - 1 + Bed 

T n :=--—— with a =-. 

p 1 - aA 2p + 2 Bed 


T p is asymptotically equivalent to 1 — a(l — A)A 2p+1 , 


the last term is the general term of convergent infinite product, then (x 2 n )n converges. This completed 
the proof. ■ 


4.2.2. The case when A = —1. 


Lemma 8 . Let ( x n ) n >-i be a solution of the Eq. (1.1). Assume that A = —1, then 


(1) The subsequence ( X 2 n-i)n converges iff Bed £ (—oo,0) U [2, oo). 

(2) The subsequence ( X 2 n)n converges iff Bed £ (0,2]. 

Proof. 1. Replacing A by —1 in Corollary Q, for the subsequence (x2 n -i)n, we obtain 

x 2n-l - d ( 2 _ 2 Bed) 

d 


(Bed — l) r 
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9 


then 

( \Bcd — 1| > 1, 

( X 2 n-i)n converges iff < or 

{ Bed- 1 = 1, 

the last system is equivalent to Bed £ (—oo,0) U [2,oo). 

2. To prove the second part of the Theorem, we replace A by (—1) in Corollary Q for the subse¬ 
quence {x 2n )n, we get 

(2Bed -2\ n 
V ^2 ) 


X 2n = C 


then 


= c(l - Bcd ) n , 

\Bcd — 1| < 1, 

[x 2n ) n converges iff <( or 


Bed-l = 1, 

the last system holds iff Bed £ (0,2]. As a result, the proof is completed. 


Remark 1. Using the computation in the proof of Lemma ([8]), we can easily deduce that when A = — 1, 
we have 

(1) If Bed £ (—oo,0) U (2, oo), then ( x 2n -i ) converges to zero and (|a; 2 n|) goes to infinity. 

(2) If Bed £ (0,2), then (la^n-il) goes to infinity and (x 2n ) converges to zero. 

(3) If Bed = 2, then the subsequences (x 2n -i) and ( x 2n ) are constant, x 2n -\ = d and x 2n = c. 


The following theorem is now proved. 

. Assume that A = —1, then 

The whole sequence (x n ) n >^i converges iff B > 0 and c = d = ± 

In this case, (t„)„>_i is constant and equal ± 

4.2.3. The case when A = 1. 




Theorem 9. Let ( x n ) n >-\ he a solution of the Eq. (1.1 


Theorem 10. Let ( x n ) n >-i be a solution of the Eq. 
to zero. 


(1.1). Assume that A 


1 , then (x n ) n >-1 converges 


Proof. Replacing A by 1, then by Eq. (3.81, 


x 2n —i 


d TT ( 1 + 2pBcd N 

J-i \ 1 + (2p + \)Bcd) 

p—0 v 7 

n —1 

d ]JV P , 

p—0 


where (V^)p>i is the sequence defined as 


(4.12) 


V p = l- 


Bcd 

l + (2p+l)Bcd' 


It can be easily verified that there exists a positive integer ro such that for all p > r 0 , we have V p £ (0,1). 
Therefore, if p is big enough, the x 2n -i is then written in infinite series form as 
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(4.13) 


ro — 1 n— i 

*2n-l = d ( H V p) ex P ( E 

p—0 


In 14). 


-1 


We have In 14 is equivalent to — which is a general term divergence infinite series, since for all p > tq 

2 P 

V p £ (0,1), then the infinite series I 11 I 4 goes to — 00 , consequently (x 2 n-i)n converges to zero. 

p>r 0 

Although the proof of the convergence of the subsequence (#2 n )n 1° zer0 can be done similarly, we describe 


in order to use its notations in the sequel, from Eq. (3.71, we can see that 

n—1 


%2n — C 


n /1 ~b (2p + 1 )Bcd\ 
\l + (2'p + 2)Bcd) 


p—0 

n—1 

cl[w p , 

p—0 


where (Wp) p >o is the sequence defined as 
(4.14) 


w =1 _ Bed, 

p ~ 1 + (2p + 2)Bcd 


Similarly, it can be easily checked that there exist a positive integer so such that for all p > so, we have 
W p £ (0,1). Hence if p is big enough, the subsequence X 2 n is then written as 


Sg 1 


n—1 


(4.15) 


%2n — C 


( n w p) ex p ( e 


In W„ ). 


p—0 


-1 


We have In W p is equivalent to — which is a general term divergence infinite series, since for all p > Sq 


2 p 


n—1 


Wp £ (0,1), then the infinite series In W p goes to — 00 , consequently (X 2 n )n converges to zero. This 


complete the proof of Theorem. 


p=Sg 


4.2.4. The case when |A| > 1. 


Theorem 11. Let ( x n ) n >-i be a solution of the Eq. (1.1). Assume that |A| > 1, then 


(1) The subsequences (x 2 n-i)n an d (x 2 n)n converges. 

(2) The whole sequence ( x n ) n >-i converge iff 

A - 1 + Bed 7 ^ 0 
or 

(1 — A)B > 0 and c = d = ± 


1 - A 


B 


Proof. We distinguish two cases: 
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(1) (I) If A — 1 + Bed ^ 0, then using Corollary Q 

/ttV ( A - 1 + Bcd)A 2 P - Bed \ 
X2n_1 “ H V (A — 1 + Bcd)A 2 P +1 — Bed) 

Bed 


p—0 

n— 1 


l - 


= “ii (— 

p =o A(1 — 

, n—1 

= a™ n y p' 

p—0 


(A-1 + Bcd)A 2 P 


Bed 


(A- 1 + Bcd)A 2 P+ 1 


where (Y p ) p >o is the sequence defined as 

A 2 p 


1 - 


Y* = 


1 - 


P 


and /3 = 


Bed 


A — 1 + Bed 


A 2 p +i 

It can be easily verified that for p big enough, always Y p is in the interval (0,1) or lies in the 
interval (l,oo). The Taylor expansion applied to the sequence (Y p ) p > 0 gives 

( Yp) p >o is equivalent to 1 + P{~r — 

the last term is a general term of convergent infinite product so ( X 2 n -i)n converges to zero. An 
easy calculus gives that 

n— 1 


%2n — 


A r 




p—0 


where ( Z p ) p > 0 is the sequence defined as 


1 - 


Z p — 


P 

A 2 p + 1 


1 - 


P 

A 2 p+ 2 


we liave 


{Yp ) p >o is asymptotically equivalent to 1 + P{~7 ~ 1) , 2 +1 , 


the last term is a general term of convergent infinite product, so (x 2 n )n converges to zero. 

(II) If A—l + Bcd = 0, then the subsequences (x 2 n-i)n an d (%2 n )n are constant X 2 n-i = d and 
X 2 n = c, so they converge. By the calculus in the preview part of the proof, if A — 1 + Bed ^ 0, 
then the whole sequence (x n ) n >_i converges to zero. When A — 1 + Bed = 0 that is 


.16) 


cd = 


1 -A 
B ’ 


the subsequences (x 2n -i ) n an d (x 2 n)n are constant equal d and c respectively, then the whole 
sequence (x n )„>_i converges if and only if c = d, using Eq. (4.161 the last proposition is 

11 _ a 

equivalent to c = d = ± w ———, for this to can hold it is necessary and sufficient that (1 — A)B > 
0. Hence, the proof is achieved. 
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4.3. Oscillation about the equilibrium point aq = 0. In this section, we study the oscillation the 
solution of difference Eq. about the equilibrium point aq = 0 . 


Theorem 12. Let (x n ) n >-i be a solution of the Eq. (1.1). Assume that \A\ < 1, then the subsequences 
(x 2 n-i)n and {x 2 n)n converge, then 

(1) For \A\ < 1 

no —1 mo — 1 

(x n ) n >-i is oscillatory about zero iff cd (n Up ) ( n t p)<°’ 

p—0 p—0 

where ( U p ) p , ( T p ) p are the sequences defined in the proof of Theorem 0 and no, mo, are integers 
such that, for all p > no, U p is positive and for all p > mo, T p is positive. 

(2) For A = —1, (a; n ) 7 i>_i is oscillatory about zero. 

(3) For A = 1, 

r 0 -1 s 0 -l 

(x n ) n >- 1 is oscillatory about zero iff cd mn w p <o, 

p—0 p=0 


where (V p ) p >i, (W p ) p >q, tq and So are defined in the proof of Theorem (10). 
(4) For |ri| > 1~ 

(%n) n >- 1 is oscillatory about zero iff 

A — 1 + Bed = 0 and cd < 0, 
or 

A < -1, 


or 


A — 1 + Bed yf 0 and 


po-i 90-1 

A > 1 and cd FKII Z p < 0, 

p—0 p—0 


where (Y p ) p >(Z p ) p >o, po and qo are defined in the proof of Theorem (11). 

Proof. 1. For |ri| < 1 The sequences (x 2 n-i)n and (aq n )n have a constant signs which are these of 

no —1 mo —1 

d J| [/p and c T p , 


p—0 


p—0 


respectively, so we can immediately obtain the aimed result. 

2. For A = —1, in this case a^n-i = 7 -,-. and X 2 n-i = c( 1 — Bcd) n . Hence, if Bed — 1 < 0, 

(Bed — l) n 

then (x 2 n-i)n and therefore ( x n ) n is oscillatory about zero. If Bed — 1 > 0 , then (x 2 n)n and 
therefore ( x n ) n is oscillatory about zero. 

3. For A = 1, the Eq. (4.131 and ( 4. 15[ l give 

r 0 — 1 n—1 

a; 2 n-i = d V p exp ^ ^ In V p ^j , 


and 


p—0 

«?o-l 


p=r 0 

n—1 


n 


= c n W P exp ( 


In W, 


p / > 


P =0 p=qo 

in this case the sequences (x 2 n-i)n and ( X 2 n)n have a constant signs which are these of 

r 0 -1 90-1 

d 1^ V p and c W p , 

p—0 p—0 
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respectively, we find that (x n ) n is oscillatory about zero iff 

ro — 1 90 — 1 

cd Y[v P ii w p < o. 

p—0 p—0 

4. For |j 4| > 1, if A — 1 + Bed = 0, then the subsequences are constant {x^n-i)n and {%2n)n equal 
d and c respectively, so (x n ) n is oscillatory about zero iff cd < 0. If A — 1 -f Bed ^ 0, the the 
sequence (£ n ) n >_i converges to zero and we have 

d n ~^ i 

x 2 n-i = h r p and x 2n = Z p , 

p—0 p—0 

where (Yp)p and {Zp)p are the sequences defined in the proof of Theorem <ED . It has been seen 
that there exists integers po and qo such that for all p > po, Y p is positive and for all p > qo, Z p 

n —1 n—1 

is positive, then for n big enough, the sign of d Y p and c Z p are constant. Then, we have 

p—0 p—0 

the following cases: 

(a) When A < -1, the sequence (x 2 n-i)n and consequently ( x n ) n >-i are oscillatory about zero. 

Po - 1 90-1 

(b) When A > 1, the sign of X 2 n-i is that of d Y p and the sign of x 2n is that of c Z p . 

p—0 p—0 

Thus, we can immediately have the target result and the proof is complete. 


4.4. Periodicity. Firstly, we recall the following Lemma, which describes sufficient conditions for Eq. 
to have a periodic solution. 

Lemma 13. Let (x n ) n >-k + i be a solution of Eq. 

0 , 1 , ...,p — 1 such that 

lim x pn + r = l r for all r = 0 , 1 , ...,p — 1 . 

n—>oo 

Finally, let ( y n )n>-k+i be the periodic-p sequence such that 


(1.1). Suppose that there are real numbers l r , r = 


y r = l r for all r = 0 , 1 , ...,p — 1 . 


Then (y n )n>-fc +1 *■“>' a periodic-p solution of Eq. (1.1). 


Note that the zero sequence is a solution of Eq. (1.1 1 corresponding to the initial conditions X-i = 0 
and Xo = 0, this solution is called trivial solution of of Eq. 0 . The periodicity results are given by the 
following Theorem 


Theorem 14. Let ( x n ) n >-\ be a solution of the Eq. (1.1). 

(1) For |y4| < 1, Eq. Q has a nontrivial periodic-2 solution. 


(2) For A = —1, Eq. 

(3) For A = 1, Eq. |?_~7 


1.1) has a nontrivial periodic-2 solution if and only if cd = 


',as no nontrivial periodic-2 solution. 


(4) For |Yl| > 1, Eq. 1 1.1) has a nontrivial periodic-2 solution if and only if cd = 


1 - A 
B 


Proof. 1. If |y4| < 1, then by Theorem (Jr), the subsequences ( x 2n -i)n and (x 2n )n converge, let l\ 
and Iq be their limits respectively. Applying Lemma it follow that the sequence 

lit lo, h, 1 0 ) ••• 

is a periodic-2 solution of Eq. 0. 

2 . Suppose that A = — 1, we distinguish two cases: 
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(a) If Bed ^ 2, then using Lemma ([8]), every solution of Eq. o is unbounded, so Eq. (JTTTJ 
has no periodic solutions. 

(b) If Bed = 2, then using Lemma |8}, the subsequences (x 2 n-i)n and (x? n ) n are constant 
X 2 n-i = d and X 2 n = c, therefore (x n )n>-i is the periodic-2 solution 

d , c, d, c,... . 


3. If A = 1, then by using the proof of Theorem (101, every solution of of Eq. (1.11 converges to 


zero, so Eq. (1.11 has no nontrivial solution. 


4. If |Yl| > 1, we distinguish two cases: 

(a) If A — 1 + Bed ^ 0, then by using the proof of Theorem ©> every solution of Eq. ( |l.l| ) 
converges to zero, so Eq. © has no nontrivial solution. 

(b) If A — l+Bcd = 0, then by Theorem © , the subsequences (x2 n —i)n and (X 2 n )n are constant 
£2ra-i = d and X 2 n = c, consequently (Xn) n >_i is the periodic-2 solution d , c, d, c,... 

This achieves the proof. ■ 


5. Numerical simulation 

(1) The case \A\ < 1 is illustrated in Fig. (11, in which we set A = -, B = 4, c = 3 and d = 2. 


The subsequences ( X2n-i)n and {x 2 n )n converge. This is coherent with Theorem 0. 


1 


(2) In Fig. (2 l (case A = — 1 and Bed £ (—oo,0) U (2, oo), we choose A = —1, B = — , c = 1 

and d = —2. The subsequence ( X 2 n-i)n converges to zero and the subsequence (\x 2 n\)n goes to 
infinity and oscillates about zero which matches Lemma 0, Remark 0 and Theorem <p. 

(3) The case A = —1 and Bed £ (0, 2) is studied using the parameters values A = —1, B = -, c = 3 

and d = 1. The subsequence (|x2n-i|)n goes to infinity and the subsequence ( X 2 n )n converges to 
zero as depicted in Fig. (j3j which is coherent to Lemma 0, Remark 0 and Theorem (12 I. 

(4) In order to illustrate the case A = — 1 and Bed = 2, we choose A = — l, B =-, c = 1 and 

d = 4. In Fig. Q, it is shown that the subsequences (:r2n-i)n and (x 2 n )n are constant X 2 n-i = d 
and X 2 n = c which agrees Lemma |8} and Remark ([lj, consequently ( x n ) n >-i is the periodic-2 
solution 

d, c, d, c,... . 

This is in harmony with Theorem (141. 

(5) The case A = 1 is investigated using the parameters values A = 1, B = 3, c = 0.5 and d = 3. In 
Fig. §, the simulation results show that the whole sequence (x n ) n >_i converges to zero which 
matches Theorem (101. 

(6) The case |7l| > 1 and A — 1 + Bed 0 can be taken by choosing A = 5, B = 1, c = 3 and d = 0.5. 
The whole sequence ( x n ) n >-i converges to zero as depicted in Fig. (|6| which is coherent to 
Theorem ©■ 

(7) Fig. Q illustrates the case \A\ > 1 and A — 1 + Bed = 0, we choose A = 5, B = 1, c = 2 and 
d = —2, the subsequences {x 2 n -i)n and (x2 n ) n are constant: X 2 n -i = d and X 2 n = c, we obtain 
a periodic-2 solution. This case is justified analytically in the proofs of Theorems ©, © and 

PI- 
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Figure 1. \A\ < 1, A — 1 + Bed ^ 0: ( X 2 n-i)n and (x 2 n )n converge. 



n 


Figure 2. A = — 1 and Bed £ (—oo, 0)U(2, oo): (x 2 n -i)n converges to zero and (\x 2 n\)n 
goes to infinity, the solution is unbounded. 
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n n 

Figure 3. A = — 1 and Bed £ (0,2): (\x 2 n-i\)n goes to infinity and (x 2 n )n converges 
to zero, the solution is unbounded. 




n 


n 


Figure 4. A = — 1 and Bed = 2: (x 2 n-i)n and {% 2 n)n are constants, (x n ) n is periodic-2 solution. 
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Figure 5. A = 1: the solution converges to zero. 
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n n 


Figure 6. |Al| > 1 and A — 1 + Bed ^ 0: the solution converges to zero. 



n 


n 


Figure 7. \A\ > 1 and A — 1 + Bed = 0: ( X 2 n-i)n and (X 2 n )n are constants, ( x n ) n is 
periodic-2 solution. 
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Abstract 

This paper discusses L v approximation error estimates for hybrid interpolation on the unit 
sphere. This interpolation scheme is integrated by spherical polynomials and radial basis 
functions. The smooth radial basis functions generated by a strictly positive definite zonal 
kernel are embedded in a larger native space generated by a less smooth kernel, and the error 
estimates for hybrid interpolation to a target function from the larger native space are given. 

In a sense, the results of this paper show that the hybrid interpolation associated with the 
smooth kernel enjoys the same order of error estimate as hybrid interpolation associated with 
the less smooth kernel for a target function from the rough native space. 

MSC(2000): 41A17, 41A30 

Keywords: Sphere; Interpolation; Approximation; Error 

1 Introduction 

Recently, fitting spherical scattered data comes up in many application areas, such as astrophysics, 
meteorology, geodesy, geophysics, and so on umm- As interpolation or approximation tools, 
spherical polynomials or spherical radial basis functions were used to handle spherical scattered 
data in more studies u ge ns m uni m wi m uni cna m . Since spherical polynomials can handle 
the slowly varying large-scale features, and spherical radial basis functions are helpful to handle 
scattered and rapidly changed data, Sloan and Sommariv (25j introduced a hybrid interpolation 
scheme, which combines spherical radial basis functions together with spherical polynomials, and 
restricts the radial basis functions to the case of strictly positive definite kernels, so that the 
polynomial component is voluntary rather than forced. 

This paper studies the hybrid interpolation in an appropriate native space Af# of continuous 
functions on the unit sphere, which is defined by a underlying strictly positive definite kernel <j>. 
We apply the approach used by Hubbert and Morton 0EQ) to obtain error estimates in L p norm. 
However, if the target function is from a subspace of the native space N<j,. we then adopt the inf-sup 
condition j26j and the method of constructing a convolution kernel to improve the error estimates. 

So called “native space barrier” problem means that if <j> is smooth, then the native space 
is small. There have been much literature to focus on it, for example, pi p im p ITS]. In 
this paper, we employ the approach in [12] and the techniques in [26], and embed the smooth 
radial basis functions in a larger native space generated by a less smooth kernel ?/>. At same time, 
we utilize the hybrid interpolation associated with the smooth kernel <f> to interpolate the target 
function from the larger native space. In the process of error estimates, the “norming set” method 
developed by Jetter HU and a special case of the general Bernstein-type inequality in j3] are used. 

This paper is organized as follows. Section [2] is preliminary, which is related to introducing 
notations, hybrid interpolation and its crucial condition, native space, and Sobolev space. The L p 
approximation error estimates are established in Section [3] In Section [4] for a target function / 
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in a subspace of the original native space, we improve the global L p -error estimates. In Section [5] 
we still use the hybrid interpolation defined in Section [2] to interpolate and approximate a target 
function / from a larger native space generated by a less smooth kernel. 

2 Preliminaries 

This paper uses C to denote a positive constant, whose value may be different at different occur¬ 
rence even within the same formula. The symbol A ~ B means that there exist positive constant 
Ci and C 2 such that C\B < A < C 2 B. 

We use § 2 := {2 := {x\,X 2 , £ 3 ) £ R 3 : x\ + x\ + +’§ = l} to denote the unit sphere embedded 
in the Euclidean space R 3 , and denote by L p ( S 2 ) the space of p-integrable functions on § 2 endowed 
with the norms ||/|| oo := H/Hl^s 2 ) == esssup xe g 2 \f(x)\(j> = 00 ), and ||/|| p := ||/||l p (S=) := 

{/ g2 \f(x)\ p du)(x)} 1 ^ P < oo(l < p < 00 ). The so called spherical harmonic with degree l is the 
restriction to § 2 of a homogeneous harmonic polynomial with degree l > 0. The class of all 
spherical harmonics with degree l is denoted by T~Li , and the class of all spherical harmonics with 
total degree l < L is denoted by Vl- Clearly, spherical harmonics with different degrees are 
orthogonal with respect to the L 2 (§ 2 ) inner product: (f,g) '■= /§ 2 f{x)g(x)dio(x), where duj is 
surface measure on § 2 . 

The famous addition formula JYk=i Yi,k(x)Ypk(y) = ^pjr L P ;(x ■ y) yields the following useful 
relation [IB] : 

21+1 21+1 , 

Y \ Y i,k{x) Y i,k{y)\ < E Y i 2 k( x ) = x ,y£§ 2 - C 2 - 1 ) 

k—1 k—1 

Here Pi is the Legendre polynomial with degree l and dimension three, which is normalized such 
that P;( 1) = 1, and satisfies the orthogonality relation: Pk{t)Pj(t)dt = where the 

symbol dkj denotes the usual Kronecker symbol. 

The definition of strictly positive definite kernel is given by 

Definition 2.1 (see }29j ). A continuous and symmetric function <f> : § 2 x S 2 —> R is called 
positive definite kernel, if, for any N £ N+, a = (<+1)1=1,...,jv £ R w and {ii, ..., %} C S 2 , we 
have 

N N 

EE aiaj(j)(xi, Xj) > 0. 

1=1 j=l 

When for any N distinct points {x\,... ,Xn}, the above quadratic form is positive for all a = 
(oi)i=i,...,iv £ R^/jO}, then f> is called strictly positive definite kernel. 

We say that a kernel <f> is called rotational invariant if <f>(px,py) = f>{x,y) for all x,y £ § 2 
and for all rotations p. So a continuous rotational invariant kernel depends only on the distance 
between x and y [21] . that is, there is a function p : [— 1,1] —> R , such that p{xy) = <j>(x, y) for all 
x, y £ S 2 . Therefore, a rotational invariant kernel is also called a zonal kernel. In [23], Schoenberg 
characterized the positive definite zonal kernels. In m , Xu and Cheney introduced the notation 
of strictly positive definiteness on the sphere. Clearly, it is important to characterize all the strictly 
positive definite functions on the sphere, and such an endeavor has been taken by Ron and Sun in 
HI]- In 0, Chen et al. established a necessary and sufficient condition for strictly positive definite 
zonal kernels: the kernel f> is strictly positive definite and zonal if and only if 

00 21+1 00 .., 

<t>{x,y) = E°i E Y iA x )Yi,k(y ) = Y — 4jr l p ‘( x ' 

1=0 fc=1 1=0 

with ai > 0 for all l, ^ ai < 00 anc ^ °i > 0 for infinitely many even values of l and infinitely 

many odd values of l. 
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For given strictly positive definite kernel </>(•, •), a set of distinct points X = {aq ,... , r^v} C S 2 , 
and target function / £ C'(§ 2 ), we take the hybrid interpolation for / in the form 

N L 21+1 

Ix,Lf = ^2 S Pl,k Y l,k, 

j =1 1=0 fe=1 

where we fix L > 0 as the desired degree of the polynomial component of the hybrid interpola¬ 
tion and the coefficients , {/3i,k}k=i,...,2i+i, i=o,...,l are determined by the interpolation 

conditions 

Ix,Lf(x i ) = f(x i ), i = l,...,N, (2.2) 

and also (in order to give a square linear system) the side conditions XpLi a jP( x j ) = 0, Vp £ Vl- 
Now we give a condition on the point set X, which makes sure that the interpolation is exist 
and unique. 

Definition 2.2 (see /Ml Definition 3.1]). The set X = {aq,..., Xn} C § 2 is said to be Vl 
-unisolvent if 

P £ V L , p{xj ) =0forj = l,...,N=>p = 0. 

In order to analyze the interpolation error in the later sections it is convenient to define a 
finite-dimensional space Vx,l within the interpolation Ix.Lf lies. 


, N Af n 

Vx.l ■= \ ^ aj4>(-,Xj) +q: q £ V L , otj £ M for j = 1, ..., N, and ^ aqp(xj) = 0, Vp £ V L A 
^ i=i j -i 

The following Theorem |2.1| gives a crucial condition for the interpolation to be well defined, 
whose proof can be find in [ 25] . 


Theorem 2.1 Let <£(•,•) be a strictly positive definite kernel, and X = {aq,..., x^} C § 2 be a 
set of distinct points which is Vl -unisolvent for L > 0. Then for each f £ C( § 2 ) there exists a 
unique Ix,lS £ Vx,l that satisfies the interpolation conditions in (2.2). 

In this paper, we assume that the strictly positive definite kernel <f> is zonal and has the expansion 


oo 2/+1 

<t>(x, y) = a; Y i.k{x)Yi yk (y) (2.3) 

1=0 fc =1 

with ai > 0 for all l, lai < oo, in which case the series of the right side in 

uniformly for x, y £ S 2 . 

For f,g £ L 2 (S 2 ), they can be represented by their Fourier series / = Xp^o X/ctu fi,k Y i,k 
and g = XSo J2k=i 9i,k Y i,k, respectively. With respect to the inner product expressed as (see 

[29] ) (/, p)tv 0 = YmZ o Y2k=i oF * * ' > th e na ti ye space Awhich is the subspace of i 2 (S 2 ), can be 
defined by 

f °° 2l + 1 1 1 i2 ) 

:= / £ ^(S 2 ) : \\f\\lr, = E E ^ < 00 • 

l 1=0 k =1 1 J 

It is easy to verify that the native space A1$ is a reproducing kernel Hilbert space with reproducing 
kernel that is, (/,</>(•, x))^ = f{x), x £ S 2 , / £ A^. 

When ai ~ (l + l) _2s for Z = 0,1,..., the native space A/), is norm equivalent to the Sobolev 
space H s : 


(2.3) converges 


{ oo 2Z+1 

/ £ L 2 ( S 2 ) : \\f\\ 2 Hs =yy(i + l) 2 s |/i , fc | 2 < OO 

1=0 fe=1 

and the Sobolev embedding theorem in [7) implies that if s > 1, then the space H s is continuously 
embedded in C(§ 2 ), so that H s is a reproducing kernel Hilbert space. 

The error estimates are general expressed in terms of the mesh norm of X = {aq,..., Xj+} C § 2 , 
which is defined by hx := sup xg §2 inf a ,. e x d(x,Xj), where d(x,Xj ) = arccos(cc • xfi) is the geodesic 
distance between Xj and x. 
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3 Global error estimates for L p norm 

We first give the following three lemmas, which can be found in [5] and uni. 

Lemma 3.1 Let d > 1 be an integer and set M := 2 \fd and Sd := ■ Let M\ be an arbitrary 

positive number, 6 £ (0, and set ho := M +Mi+s d ■ Then for any h £ (0, ho), there exists a set of 
points Zh C S d such that ^ d — U z£Z h D(z,Mh). Here we denote by D(x 0 , 7 ) the spherical cap with 
center xq and angle 7 , i.e., D(xq,j) := {x £ S d : x ■ xq > COS 7 } , and then denote by A(x 0 , 7 ) the 
volume of D{x 0 , 7 ), i.e., 21 ( 0 : 0 , 7 ) := Lid Jq sin d_1 Odd , where Lid denotes the volume of S d . Let Fa 
denote the characteristic function of a set A C S d . There exists a positive integer Q independent 
of h such that 

X! F D{z,M'h) < <2, where M = M + Ml- 

z£Zh 

Further, the cardinality of Zh is bounded above by Cqh~ d , where Cq is independent of h. 

Lemma 3.2 Let z £ S d and X = {xi} d t, 1 denote a set of distinct points on S d . Let s £ [k, k + 1], 
where k > | is a positive integer. There exist positive numbers C\ and C 2 such that if we let 
Mi > max{Ci — 2 c? 1 / 2 , 0 } be a fixed positive number and let 

h 0 = 777 -, where M 2 = 2d 1/2 + M u 
O 1 VI 2 

then, assuming that X has mesh norm h := hx £ (0,ho), there exists an extension operator 

ED{z,M 2 h) ■ H s (D(z,M 2 h )) —» H s (§ d ) satisfying 

(!) ( E D(z,M 2 h)f)\D(z,M 2 h) = f, for all f £ H s (D(z,M 2 h)), 

(2) there exists a positive constant C, independent of h and z such that 


\\ E D{z,M 2 h)f\\H s (S d ) < C\\f\\ Hs (D{z,M 2 h)), 

for all f £ H s {D{z , M 2 h)) such that /(£) = 0 for £ £ X (~) D{z, M 2 h). 

Lemma 3.3 Let s > 0 and let Mi be any positive number. Let h £ (0,h o ) and let Zh denote the 


corresponding quasi-uniform mesh for S d from Lemma 3.1. Then, for any f £ H s (S d ), we have 


V. ll/llir a (.D(z,M 2 / 0 ) ^ QWIWh s (S d )’ 

z£Zh 


where Q is the constant (independent of h) from Lemma 3.1 


We are now ready to state the main results for the error estimates of the hybrid interpolation 
in L p norm. 

Theorem 3.1 Let <p £ C (§ 2 x § 2 ) be a strictly positive definite kernel on § 2 , having the represen¬ 
tation in (2.3 1 and ai ~ (l + l) -2s . Assume that integer L > 1 and X = {xi,.. ., a; at} C S 2 is a set 
of distinct points on § 2 with mesh norm l/(2L + 2) < hx < 1/(2L). For f £ Af^, let Ix.rf € Vx,l 
be the hybrid interpolation defined in Section [1| Then we have 

}+s-l 


11/- Ix,Lf\\L p (S 2 ) < Ch v x 11/- Ix,Lf\Wt, P e [ 2 >+°°)! 


and 


11/ - Ix,Lf IIms*) ^ Ch x\\f - J XLf Ik, P € [1,2), 

where the constant C is independent of f and hx ■ 
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Proof. For the case S 2 , we can take d = 2 in Lemma 3.1 Lemma 3.2 and Lemma 3.3 By 
using Lemma |3.1[ for arbitrary 1 < p < oo, we have 


\\f - Ix,Lf\\ P Lp r S2) = [ \(f - Ix,Lfm\ P M0 < E / I if - Ix,Lfm\ P MZ), (3-4) 

P Js 2 zeZh JD(z,Mh) 

where M = 2 3 / 2 . This step motivates us to consider the error estimates locally. In particular, 
/ — Ix,l f is continuous on D(z,Mh ), which is a compact subset of 8 2 , so there exists a point 
£ z £ D(z,Mh ) where / — I x ,lJ attains its maximum. Now we can write 

ii/ - ix,Lf\\ p Lpm <Ei(/- *x, L fm\ p [ mo <ch 2 x j 2 \(f- ix, L fm\ p , (3.5) 

JD(z.Mh) ~rz 






where the constant C satisfies A(z,Mh) < Ch 2 x . We know that / — Ix,lI £ Aand ATj, is norm 
equivalent to the Sobolev space H s . Now, rather than consider / — Ix.lI, we choose instead to 
consider the restriction / — I x ,Lf\ D ^ M 2 h)’ w h ere M = 2 3 / 2 + M\. 

We should choose a suitable M\ to fit the conditions of Lemma 3.2 because we can find constant 
Ci, C 2 such that 


2C 2 L > ^ 2C 2 L ^ ^ 3/2 


and use Lemma 


3.2 


we have 


3 ’ 3 

So set ho = E Mi = 2C ^ L — 2 3 / 2 , and M 2 = 2C ? L , the n it is easy to prove that Lemma 
If we let v z ~ f ~ Ix, L f\ D{ZiM2h) 

(El) E D ( Z ' Mz h)V z £ H s (S 2 ), 

(E2) E D[zM2h) v z {0 = 0 for alH £ X D D(z, M 2 h), 

(E3) there exists a positive constant C, independent of h x and z such that 

\\ E D(z,M 2 h) v z\\ Hs ( S 2 ) < C||^ll H a (D(z,M 2 h))- 
Hence, with the help of Theorem and (E3) we can obtain 

l(/ — /x,l/)(£z)| = \^D(z,M 2 h) v z{0)\ 5s Ch x \\Ejj (z,M 2 h) v z\\j\f' li 
< Ch S x 1 \\E D ( Z 'M 2h -)V z \\ H s < Ch S x 1 \\Vz\\ Ha (D(z,M 2 h)) ■ 

Substituting this into (|3.5|) gives 

z \\ P H s {D(z,M 2 h))- 


3.2 


holds. 


11/ - I X ,Lf\\ P Lp( g 2) < Ch 2 x p{s ~ 1) E \\v ; 


(3.6) 


give 


p 

For p £ [2, 00 ) we use Jensen’s inequality T] J^iLi a ? — a i) 2 followed by Lemma 

\ p /2 


3.3 


to 


Wf-^LfWl^ < Ch%«'- 1 ) ['E\\f-Ix,Lf | 


KzGZh 


D{z,M 2 h) 

p/2 


H s (D(z,M 2 h)) I 

< (||/ - Ix^ffn^y^ < C'4 +P(S “ 1) |I/ - Ix,Lf\\\- 

Finally, taking the p-th root gives 


+S-1 


11/ - Ix,Lf\\L p (s 2 ) < Ch p x 11/-Jx.l/Hx#,) P £ [2, + 00 ), 


(3.7) 


where the constant C is independent of / and hx • 

For pG [1,2) we conduct the same steps as above, however we replace Jensen’s inequality with 


N 


N 


E«?<^ 1_f E' 
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Moreover, we use the fact that the cardinality of Z h is bounded by CqH 2 (see Lemma 3.1), and 
we obtain 


\\f ~ I X ,Lf\\ P Lpi§2) < Ch%['£ i \\f-I X , L f\ 




< 


D{z,M 2 h) 

p/2 


^P/2 


CK (ll/ - Ix,Lf || 2 ffs( S=)) " < Ch^Wf - Ix,Lf 11^- 


2 \ 

H s (D(z,M 2 h)) 


Finally, taking the p-th root gives 

11/ - Ix,Lfh,( s») < Ch s x \\f - Ix, L f\W„ P € [ 1 , 2 ), 
where the constant C is independent of / and h X - 


Combining (3.7) and (3.8) yields Theorem 3.1 


(3.8) 


4 Inf-sup condition and improved global error estimates 

As we can see that the factor || f — lx, i/ll/A i R Theorem |3 .1 1 may be harder to estimate than factor 
II/Hjv^- Considering the fact that the hybrid interpolation defined in Section [2l is different from 
the interpolation scheme only by radial basis functions constructed from strictly positive definite 
kernels or conditionally positive definite kernels (see Q2B ]), we should find the other method to 
characterize the relationship between \\f — /y,l/||a 7 #, and H/Ha/L- The following Inf-sup condition 
is quoted from [25], whose method is helpful to “tidy up” the error results in Theorem 

Theorem 4.1 (see Theorem 6.1]). Let <f> £ C (§ 2 x S 2 ) be a strictly positive definite kernel 

on S 2 , having the representation in ( |2.3| ) and ai ~ (l + l) -2s . Then there exist constants 7 > 0 
and t > 0 depending only on s such that for all L > 1 and all X = {x\,... ,Xn} C S 2 satisfying 
hx < t/L, the following inequality holds: 


3.1 


(p, v )n$ 

SUP -jT-jT- 

v£Rx\{ 0} 


— tIIpIIa/a, p&Rl, 


(4.9) 


where Rx = span {</>(-, aq), ... , </>(•, x at)}. 

In order to use the same method in [2Bj, we simply denote that Ix,Lf = u x ,l + Px,l, where 

Px,l = Ez=o Efei 1 A,fcb ifc , and u x ,l = E^Li <!>(■, x j)- 

For a given / £ Af#, the interpolation conditions Ix,hf(xi ) = f(xi), i = 1,..., N, and the side 

conditions EjLi a jl( x j) = 0; Vg £ Vl, are equivalent to 


(ux,L , Vx )aA + ( PX,L ,Vx)M4, = if, Vx )a^ , Vx £ R X , 


(4.10) 


and 


(<?,«x,l)a 4 = 0, Vq £ Vl- (4-11) 

Now we can write the target function f £ Afj, in an analogous way to Ix,L,f as f := u + p, 
where p £ Vl and u £ A f<f, are defined by (p,q)jy B = (/, <z)aC ,>9 £ Vl, which means that p is the 
A/i-orthogonal project of / onto Vl- 
Similar to (4.101 and (|4.11 ), we have 


and 


(u,v)jy. + (p,t>)x* = (f,v) aa, v x £ Rx, 


(q,u) a/L=0, q£V L - 


(4.12) 


(4.13) 


By subtracting (4.10) from (4.12) (with v replaced by v x ) and (4.11) from (4.13), we can obtain 
(11 — ux,l, vx )aC + (p — Px,l, vx :)a/a = 0, v x £ Rx, (4-14) 
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and 

(q,u- u x ,l)^ = 0 , q£V L - 

Now we define ux G Rx to be the A/^-orthogonal project of u onto Rx, that is, 

(uxWxk = (u,v x)w 0 > V X G Rx- 
From (4.14|, (4.15) and ( |4.16 1 , we clearly have 

(ux - Ux,L, Vx)m^ + (p- PX,L, Vx)^ = o, VX £ Rx, 

and 

(g, u x - Ux^l)^ = (<7, u x ~ u)^, q £ V L . 

With the help of Theorem |4.1[ we have 


(4.15) 

(4.16) 

(4.17) 

(4.18) 


M n . 1 {p~PX,L,Vx) W 

\\P - PX,L\Wt < - sup - 

7 wxe7Jx\{o} 


1 

= — sup 

7 »x£flx\{ 0 } 


Ibxlk 

(' U X ,L ~ UXtVx)^ 


Ibxlk 


< -|| U X ,L - U X |k 


By using (4.17) with vx = ux — ux,l and (4.181, we also have 
| 2 


Ux - = ~{jp~ PX,L, Ux - U X ,l)m 4 = —(p - PX,L,U X ~ u)Jf^ 

< \\p ~ Px,l\\jvJ\ux - u\\^ < -\\ux,L - uxWmJux - u\\^ 


So we obtain that 


and 


-I 

7 


\\p-PX,L\Wt < ~^\ 


I Ux -u 11 AO < C\\u x — u 11 a/j, ■ 


«lk> 

(4.19) 

«lk- 

(4.20) 


With the above inequalities P~l9t and | |4)20l ), we can establish the following Theorem |4.2| 
which indicates the relationship between ||/ — Ix,Lf\W+ and ||/|k* 

Theorem 4.2 Let <f> £ C( S 2 x S 2 ) be a strictly positive definite kernel on § 2 , having the represen¬ 
tation in (2.3) and ai ~ (l + l)~ 2s , s > 1. Assume that integer L> 1 and X = {x\,... , Xn} C § 2 
is a set of distinct points on S 2 with mesh norm hx < t/L, where t is as in Theorem f.l For 
f € Ntj,, let lx,rf £ Vx,l be the hybrid interpolation defined in Section Q Then we have 

11 / - ix, L f\W, < c 11 / - 9lk < c ll/lk- 


Proof. Using the representation Ix,hf = ux,l +Px,l , f = u + p and (4.19), (4.20) we have 

11/ - /x,i/lk - lb “ u x ,l\\m^ + \\p-Px,l\U* 

< II Ux -w|k + Ik - MX,ilk + lb-Px,ilk ^ ^Ibx -n)k> 



+s-l. 


11/ — bx,z,/||i p (S 2 ) < Chfc ll/lk. pe[2,+oo) 


and 


11 /-Ix,l/|U p( s 2 )<C^||/|k, P S [ 1 , 2 ), 

where the constant C is independent of f and hx ■ 


110 


Chunmei Ding ET AL 104-117 






























J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 27, NO. 1,2019, COPYRIGHT 2019 EUDOXUS PRESS, LLC 


C. Ding et al.: L p approximation error for hybrid interpolation on the unit sphere 


In the rest part of this section, unlike the above arguments we used to perform the “cleaner” 
error estimates in Corollary |4.1[ we will show that improved global error estimates are available, 
provided that the target function / belongs to a certain subspace of A/,, which defined by A 
This procedure is the same as in m and the following Definition |4.1| is about the convolution 
kernel of <f>, which generates the corresponding native space A/^* 0 . 


Definition 4.1 Let <f> be a strictly positive definite zonal kernel that defined in (2.3) We define 
the convolution kernel of </> hy 


(<t>*<t>){x,y) := / <!>{x,z)(t>{y,z)duj{z), x,yG§ 2 . 
J s 2 


Working in terms of Fourier expansions, we have (<j> * <j>)(x, y ) := a l X)fc=i Y+ k (x)Y+ k {y) ■ 
Executing the same arguments as in Section [2j we know that the native space A/^*^ associated 
with kernel (0 */>)(•, •) can be defined by 


AW := If G L 2 (S 2 ): \\f\\V 


°o 21 + 1 I f |2 


1=0 k =1 


and it is a reproducing kernel Hilbert space with the reproducing kernel (</>*((>)(■,•). 

When ai ~ (l + l) _2s for l = 0,1,... and s > 1, we know that the native space A^ is 
norm equivalent to the Sobolev space H s . So A= f/js C H s = M+, where = denotes norm 
equivalence. Obviously, we see A/^*^ C A/^. 

The following Lemma |4.1| gives a crucial inequality, which is helpful to improve the global error 
estimates of the hybrid interpolation for a target function f G A 

Lemma 4.1 Let u G A/^*<^ and iix G Rx be the Af^-orthogonal project of u onto R.x ■ which has 
the property as in (4.16), then we have 


\\nx - u\\%-^ < ||u||^ 
where Rx is the same as in Theorem\4-l\ 


\ux ~ u ||i 2 (S 2 ), 


(4.21) 


Proof. By using (4.16), the definition of (•, , and Cauchy-Schwarz inequality respectively, 

we have 


„ “ Ul,k ■ (ui,k - («x), k ) 

\ux - = (u, ux - u)^ ----- — 


OO 2 Z + 1 


< EE 


I Ui,, 


1=0 k =1 
V 2 / oo 2Z+1 


1/2 


1=0 k =1 


E E (E fc - (^)m 


1=0 k =1 


< MW+.4, ■ ll«x - «|U 2 (S>) 


With this in place we can provide the following improved global error estimates. 


Theorem 4.3 Under the conditions of Corollary 4-1 and assume further that f G A we have 

(4.22) 


\\f ~ Ix,Lf\\ Lp ($2) < C 7 i£ + 2S ^l/lkw, pe[ 2 ,+oo), 


and 


11/- Ix,Lf\\ Lp <p) < PG [1,2), 

where the constant C is independent of f and hx ■ 

Proof. First we have, from Theorem 1 3. 1[ with p = 2, that 

\\ux - w|| L 2 (§2) < Ch s x \\u x - w||aV 


(4.23) 
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Substituting this into (4.21) gives 


\\ux - < Ch' x \\uU^ ■ || u x - u\\^. 

So, 

W^x -ulk, < Ch'xWuW^. 

Using the same procedure as in the proof of Theorem |4.2[ we see that 

11/ - Ix,Lf\Wt ^ H u “ u x,l\W^ + \\p-Px,l\W^ < C\\ux - m|Ua < Ch a x \\u\\j^^ 
Clearly, 


(4.24) 

(4.25) 


Mkw = \\f-p\Wt.t = inf ll/-?lk^ < \\f\W^, 


which implies 


\\f-Ix,Lf\W,<Ch s x \\f\\^. 
With the help of Theorem |3.1| we see 


and 


2. _i_2«5_1 

||/-Uy,l/Hl p (s 2 ) < Ch p x ll/lk^, pe[ 2 ,+oo), 


\\f - I X ,Lf\\L A !P) <Ch%\\f\\^, pel 1,2), 
where the constant C is independent of / and hx- 


(4.26) 

(4.27) 


5 Hybrid interpolation for rough native space 

In order to generate a larger native space than TV^, we should give a new kernel defined in the form 

oo 2Z+1 

i/)(x,y) = Yi, k (x)Y l>k (y), (5.28) 

1=0 k -1 


with bi> 0 for all l , and YiLo < °°- 

With respect to the inner product expressed as (/, g)u, i: = YaLo Yk=i the native space 

may alternatively be characterized as the following set 


f °° 21 + 1 | r 12 

Mp := / e U 2 (S 2 ) : ||/||^ = E £ HT" < 00 


1=0 k —1 


Assuming that bi > ai, for all / = 0,1,..., we then see that C A+ 

Next, we will consider the error estimates for the hybrid interpolation of a target function 
/ € A//, D Obviously, if we take the hybrid interpolation associated with the le ss sm ooth 

above 


kernel ip in the form I x ,L,^f = Y+=i Xj) + Yi=o Yk=i Pl,kYi,k> then Theorem 
still holds for / € A+ However, motivated by the idea in El, we still take the initial 
interpolation I x ,L,<t>f in the form 


-v2Z+l 


3.1 


hybrid 


N L 21+1 

= ^2 Otj(p (•, Xj ) + ££ 0i,kYt, k , (5.29) 

j =1 Z=0 fc=l 

and consider the error estimate \\f — I X ,L, 4 >f\\L p (§ 2 )- 

Lemma 5.1 Let a be a nonnegative real number, and let M be the multiplier operator defined 
on V L (embedded in C(S 2 )) by M(p) = Yb=o(Y) a Yk=i ci,kYi,k, where p = Yi=o Yk=i Ci,kY,k- 
Then we have ||M(p)|| < C'(Al)“||p||, where C is a constant independent of p and L. 
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Lemma 5.1 is a special case of Theorem 3.2 in [1]. 


Lemma 5.2 Let X = {jci, ..., xjy} C S 2 satisfying hx < 1/(2L), then for any linear functional 
a on Vl (embedded in C(§ 2 )), such that ||oj|* = 1, there exist N real numbers ctj := otj{x) (x is 
fixed) with \ a j\ — 2 , so that cr(f) = JT =1 f or / £ Pl> where 6j denotes the point 

evaluation functional at the point Xj in X. 

The proof of the following Lemma [5.3| can be found in [23 Corollary 17.12]. 


Lemma 5.3 Suppose that X = {xi ,..., Xn} C S 2 has mesh norm hx < ijj- for some integer 


L > 1. Then there exist functions a 


(i) = p ( x )> Vp £ Vl, Va; £ S 2 , 


3 * 1 


for j = 1,..., N such that 


( ii )T,f= 1 K'Oe)! < 2, Vx€S 2 . 


The following Theorem 5.1 is about the pointwise error estimate \f(x) — Ix,L,rj>f{x )\ 1 by which 
we can obtain the global error estimate ||/ — 7 y,l,0/||l p (S 2 )- 

Theorem 5.1 Let (f> £ C(S 2 x S 2 ) be a strictly positive definite kernel defined by JOJ, let if £ 
C (§ 2 xS 2 ) be a strictly positive definite kernel on S", having the representation in (5.28), bi/ai = A i 
for l > 1 and bi ~ (l + l)~ 2s , s > 1, l > 0. Assume that integer L > 1 and X = { 27 ,..., xjv} C S 2 
is a set of distinct points on § 2 with mesh norm XflflL + 2) < hx < 1/(2L). For f £ A let 
Ix,L,<f>f £ Vx ,l be the hybrid interpolation defined in (5.29). Then for a fixed x £ § 2 , we have 

\f(x) - Ix M f[x )I < Ch^Wf - Ix,L, 4 fhr*- 

Proof. For V/ £ Afp, we simply take the hybrid interpolation associated with the smooth kernel 
(t> by Ix,L,4>f{x) = u x ,l,4> + Px,l, where u x ,l,^> = J 2 p=i x j € X = {x 1 ,x 2 , ■ ■ ■ ,x N }, 

and p x ,L = E;=o E l=i Pi,kYi,k , such that I x ,L,<t>f{xj) = f{xj)(J = 1, 2,... ,1V). 

However, if we just use the hybrid interpolation associated with the less smooth kernel ip, we 
have I x ,L,i,f(x) = u x ,l,^ +p' x ,li where u x ,l,i> = EjLi x j), x j € X = {x 1 : x 2 , ■■■, a; at}, and 

Px,L = E;=oEfei P'l,kYl,k- 

First, we consider the estimate of ||^(-,x) — u x ,l,^ Ha/L,- Using the same method as that in 13. 
we have 


\\ip(-,x) - u x ,l^\\jV^ = sup (ip(-,x)-u x ,L^,v) M 

veAf^ 

\\v\\^=i 


2Z+1 


N 


= sup ^2 b[ 1 ^2 U.fc b i E Tj Y hk{xj) - biYi tk (x) 


ueA/i 


* 1=0 


k= 1 


3 =1 


IMIa/^=i 

oo 2Z+1 

= sup EE ME 7 jYi tk (xj) - Yi tk (x) I . 


N 


1=0 k =1 


i 


By using Lemma 
such that 


5.3 


for a fixed x, we see that there exist N real numbers 7 j with Ep=i l7il < 2 


N 


E TjYi,k(xj) = Y h k(x), l = 0 , 1 ,..., L, 

3 =1 


(5.30) 
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which yields 


oo 2/+1 


N 


\\4>{-,x) - U X ,L, 1 > IIa/V = sup Y Y Vl,k Y^ Y iA x j) - YlAx) 




l=L +1 fc=1 




= sup 
veA 

1I«IIjv^=i 


< sup 
vga 

lhllw^,=i 


N oo 21+1 oo 21 + 1 

E^ E Y vi,kYi t k( x j ) - E E Vl,kYl,k{%) 

j =1 /=L+1 fc=l /—L+l k =1 


N 

Y It/] 

i=i 


oo 2/+1 

E E vi,kYiA x i) 

/—L+lfc=l 


sup 

veMip 

IMU^ =1 


oo 2/+1 

E E vi,kYi,k(x) 

/ — L + l /c=l 


By using the Cauchy-Schwarz inequality, (5.30) and the relation in (2.1), we see that 

i 

N 


oo 2/+1 


oo 2/+1 -2 \ 2 


||V’(-,a:)-Mx,A > v-l|A^ < ^| 7 j|max ( ]T biY Y i 2 k i x j )] sup ( E E 


i=i 


/ OO 21 + 1 \ 2 

+ ( Y bi Y Y i 2 k ( x )) * sup 


VZ —L + l /c=l 




/—L+l Zc—1 


oo 2/+1 f 2 \ 2 

£ E + 


eW, 


IMIa/+=i 


* \Z=L+1 fc=l 


||i2||w =1 


^ \1=L+1 fc=l 


< 2 E 


s,/=L+l 
/ oo 


2 / + 1 
47T 


E ^ <cj f](2 I + l)>i 


Sv/=L+1 


VZ=L+1 


< cA Y v +!) 


< Ci(L + l ) _s+1 < Cih 


X • 


(5.31) 


\l=L +1 


Next we consider the estimate of || i/)(-,x) — Ux,lA\^i i n which we will use Lemma 5.1 and 
Lemma 15.21 


A 4 


N 


H(-, x ) - Ux.lAWi, = SU P - ux,L, 4 „v) 

vEAf^i 




oo 2/+1 

EEE 

^ _ 1=0 k—1 

2/+1 


sup EEE ^/,fc I Q/ ^ ^ ^/^/,fe(*^) 

/> 7 —n —i \ j —i 


IV 


= sup +1 ui,fc ( Y a j Y iA x j) - —Yi,k( x ) I ■ 


UGM/i £_| 


0 


fe=l 


U =1 


a/ 


Let X+ be the multiplier operator defined on "P+ (embedded in C(S 2 )) by TfJYip) = ^Yi t k, for 
each l = 0,1 ,,L and all k = 1, 2,..., 21 + 1, and extended linearly throughout "P+. Let cr be the 
linear functional on 7^ defined by cr = <5 X o 2+ That is a(p) = (T L (p))(x) for each p £ Vl- By 
Lemma 5.1 with a = 1 and the assumption that 6 ;/ct/ = A;, l > 1, we have 

\a{p)\ = \(T L (p))(x)\ < \\T L (p)\\ < CX L \\p\\ = C—||p||, 
in which C is a constant independent ofp and L. Then by Lemma |5.2[ there exist N real numbers 


atj with J2j =i \ a j\ — suc h that 

N 


Y a jYiA x j ) = ~Yi,k(x), l = 0 , 1 ,...+. 

i=i 


(5.32) 
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With the help of (5.321, we see that 


21+1 


N 


|| - U X ,L,<f,\W^ = SUp ^ b l E W* ( ~ Y l,k( X ) 


v+M, 


IWII^=l 


* l—L+l 


k= 1 


= sup 
i|I«IIa^=i 


< sup 

veW/, 

1 WIIa^ =1 


oo 2Z+1 


ai 


N oo 2Z+1 

E b i 1q i E vi,kYi, k (xj) - E E vi t kYi,k( x ) 

j=l Z=L+1 fc=l Z—L+l k—1 


N 

Ei 

i=i 




oo 2Z+1 

E ^E vi,kY kk (xj) 

l=L+1 1 k =1 


+ sup 

veATif, 

IMUfy=i 


oo 2Z+1 

E E vi,kYi,k(x) 

Z=L+1 fc=l 


Using the Cauchy-Schwarz inequality, we see that 

n / oo _ 

U(-,x)-u x ,l,4>\w+ ^Ei a ii™|f( E ^E^w] sup ( E Er 


oo o 2Z+1 

af 


oo 21+1 -2 \ 2 

O; 


J =1 


\J=L +1 1 k =1 




XZ=L+1 Zc—1 


^Z 


oo 2Z+1 


+ e b > E 


VZ—L+l fc=l 


sup 

veAfip 

“lk + =i 


' oo 2/+1 f 2 \ 2 

E El 

xZ—L+l fc=l 4 / 


With the help of V. =x |a^| < 2C^-, 6 / > ai and the relation in (2.1), we have 


ii+.,,)-^ik, < ^ h i{t At ^ 

L \Z=L+1 1 / \Z=L+1 


< 


2C h (£> a + 1 

a L ' ^ 


\l=L+l 


47T 


E *. 

\l —L+l 


21 + 1 

47T 

2,1 + 1 ^ 

47T J 


< C 2 i J2 ( 2l + !+ < C 2 ( E (* + !) 


— 2s+l 


U=L+1 


VZ=L+1 


< C2(L + l)" a+A <C2^ A . 

With the above obtained results, we can provide the following pointwise error estimate: 
\f{x) - Ix,L+f(x)\ = (/ - 

(/ ~ -+L,<++(•+ - U X ,L,<j>)x + {f ~ Ix,L,4>f,Ux,L,^)x 


(5.33) 


+ (/ — Ix,L, 4 >f, Ux,L,<j> — Ux,L,^)tf 


:= \h + I 2 + h\ ■ 


It is easy to verify that 

h' = (f - Ix,L,^f,Ux,L,i,)^ = I f 


N 


3 =1 


W/, 


N 


= E (/ + ) - Ix,L,<t>f{Xj )) = 0. 

J =1 

With the help of ( |5.33 l, we have 


+ 1 := 


(/ - Ix,L,<pf,i>(-,x) - u x ,L,<t>) M < 11/ - Ix,L,4,f\W^\\i’(-,x) - Ux,L,<l>\W^ 


<C 2 h S x L \\f-I Xl L^f\U^ 
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We denote I 4 := (/ — I x ,l, 
With the help of (15.311 


4,f, i[>(-, x ) - u x ,l,$)jj- so that we have I 3 = J 4 
we can see that 


~h- 


\h\ = 

< C\h 


s x 1 \\f ~ Ix^tflWj,, 


Ux,L ,V-)a^ 


< 11/ - Ix,L,^f\W^\\fp(-,x) 


UX,L,^ || A4 


which yields |J 3 | < (Ci + C 2 )h s x 1 \\f - I x ,L,<t>f\\M'*■ Then 


I f(x) - Ix,L,*m | <\h\ + \h\ + |/ 3 | < (Ci + 2C 2 )h s x 1 \\f - Ix,L,4.f\Wi 
^Ch^Wf-Ix^fW^. 

This completes the proof of Theorem |5.1| 

Having the pointwise error estimate in Theorem |5.1[ we can perform the same steps in Theorem 
|3.1[ where the local-global strategy is the key to establish the error estimates. So we are now ready 
to state the error estimates of the hybrid interpolation for a target function / € A//, for L p norm. 

Theorem 5.2 Under the conditions of Theorem \5.1\ we have 

11/- IX'Ljfh'.QP) <c4 +S_1 ||/- Ix, L ,+fU+, P€[2,+ 00 ), (5.34) 

and 

II / - Ix,L,<i>f ||l p (s 2 )< Ch s x || / - I x ,L,<t>f ||a/V,) V S [1,2), (5.35) 

where the constant C is independent of f and h x ■ 
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Abstract 

In the paper, the authors established two best approximation formulas for the Bateman’s 
G— function. Also, they studied the completely monotonicity of some functions involving 
G(x). Some new inequalities are deduced for the function and its derivative such as 



. 2 x + a 

x 2 + 2x + | 


< G(x + 2) < - In 


1 + 


2 x + b 


x 2 + 2x + | 


x > 0 


where a = 3 and b = e ' 1 f 6 are the best possible constants. Our results improve some recent 
inequalities about the function G{x). 


2010 Mathematics Subject Classification: 33B15, 26D15, 41A25, 26A48. 


Key Words: Digamma function, Bateman G— function , best approximation, completely 
monotonic, monotonicity, bounds, rate of convergence, best possible constant. 


1 Introduction. 

In 2010, Mortici [21] presented the following Lemma which is considered as a powerful tool to 
constructing asymptotic expansions and to measure the rate of convergence: 

Lemma 1.1. If {t s } s£ n is convergent to zero and there exist h in R and k > 1 such that 

lim s k (r s - r s+ 1 ) = h, (1) 

s —»oo 
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then we get 


lim s fc-1 T, = 


h 


k-l 


It is clear from lemma (1.1) that, the sequence {r s } se Ar will converge more quickly when the 
value of k is large in the relation (1). This Lemma has been applied successfully to produce 
several approximations and inequalities in several papers such as [ 6 ], [7], [11], [15], [16], [22], [24], 
[28]. In this paper, Lemma (1.1) will be an effectively tool in producing best approximations of 
the Bateman’s G —function defined by [9] 


G{x) = ^ (|) , x ± 0,-1, -2, ... 


where ip{x) is the digamma or Psi function which is defined by 

ip(x) = — lnT(x) 
ax 

and r(x) is the classical Euler gamma given for x > 0 by 

noo 

T(x) = / e-V-'dw. 

Jo 

The hypergeometric representation of the function G(x) is given by 

G(x) = — 2 -F 1 ! (1) 1; 1 + x; 1/2) 


x 


and it satisfies the following relations [9]: 


( 2 ) 


(3) 


G(x + 1) + G(x) = — 


x 


and 


G(x) = 2 


r*oo ^—xw 


dw, x > 0 . 


Jo 1 + e 

Qiu and Vuorinen [30] established the inequality 

a;+ (6-4 In 4) . x+ 1/2 

-1 5 1 < G(x) < - x > 1/2 

x 2 x 2 

and Mortici [23] presented the general inequality 

0 < i])(x + i) - ^{x) < Ip(j) +7 ~j+ j~\ x > 1 ; j e ( 0 , 1 ) 
where 7 is Euler—Mascheroni constant (also called Euler’s constant) defined by 


(4) 

(5) 

( 6 ) 

(7) 


7 = lim — In m + > - 

m —>00 \ ' W 

w=l 
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Mahmoud and Agarwal [17] deduced the following asymptotic formula for x —> oo 

G(x) - - ~ V {22W ~ 1)B2 “ x- 2 “, (8) 

K ' X ^ w w 

U)=l 

where .Bj/s are the Bernoulli numbers [1] defined by the generating series 

v w v 

w\ e v — 1 

They also presented the following double inequality 

l + 2xbi <G(x)<x - ± ^ 1 ’ x>0 (9) 

1 /2 

which improves the lower bound of the inequality ( 6 ) for x > ( fg)*^-n ) • I 11 [18] Mahmoud 

and Almuashi proved the following inequality 



Y ( 2 2w - 1 ) b 2w 

/ J 7/1 rp2w 


< G(x) — x 1 


< 


v - 1 (2 2w - 1) B 2w 

/ J 7/1 rp2w 


re N 


( 10 ) 


/ 92 iu_1 \ 

where -———- B 2w are the best possible constants. In [19], Mahmoud, Talat and Moustafa pre¬ 
sented the following approximations of the Bateman’s G —function 


G(x) ph In (l + + - 2 , ce[l,2 ], x>0 

\ X + c / + 1) 

and they deduced the following double inequality 

In [ 1 -| -J H—y- — < G{x) < In [ 1 H-J H—-—r, 

\ x + a 2 J x{x-\-l) V x + J x{x +1) 

where the constants a± = 1 and a 2 = ^4 are the best possible constants. 


( 11 ) 


( 12 ) 


by 


Recently, Mahmoud, Talat, Moustafa and Agarwal [20] improved the double inequality (9) 


1 

x 


1 

2x 2 + a 


< G(x) < 


1 1 

x 2x 2 + b ’ 


a; > 0 


(13) 


where a — 1 and 6 = 0 are the best possible constants. 


A function T defined on an interval / is said to be completely monotonic if it possesses 
derivatives T^ s \x) for all s — 0 , 1 , 2 ,... such that 

(-l) s T^\x) > 0 x G /; s = 0,1,2,... . (14) 

Such functions occur in several areas such as numerical analysis, elasticity and probability theory, 
for more details see [2], [5], [12]-[14], [26], [27], [29]. According to Bernstein theorem [31], 
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the necessary and sufficient condition for the function T(x) to be completely monotonic for 
0 < x < oo is that 

/»oo 

T{x) = / e~ xt d\{t), (15) 

Jo 

where A (t) is non-decreasing and the integral converges for 0 < x < oo. 

In this paper, we presented two best approximation formulas of the Bateman’s G —function 
and some completely monotonic functions involving it. Some new inequalities of G(x) and its 
derivative will be deduced, which improve some pervious results. 

2 Auxiliary Results 

We can easily prove the following simple modification of Lemma (1.1): 

Lemma 2.1. If {r s } s£ isr is convergent to zero and there exist h e R, m e N and k > 1 such that 
lim^oo s k (r s - r s+m ) = h, then we get lirn^oo s k ~ l r s = 

Proof. Using the relation 


m— 1 


m— 1 


lim s k (r s - T s+m ) = lim s k VVs+j - r s+i+ i) = lim V7— — ) k (s + i) k {r s+i - r s+i+1 ) 

S— >• OO S—>• OO Z — J S—>• OO Z —* S X 

i =0 i =0 

m— 1 77i—l 

= V lim (— ) k (s + i) k (r s+i - T s+i+ 1 ) = V lim (s + i) k (r s+i - r s+i+1 ) 

' J s — yoo S L —* s—>-oo 

i =0 i =0 

m—1 

E lim t> fe (T„ - t v+ i) = m lim v fc (n> - t„+i), 


i =0 
h 


then lim v k {r v - t„+i) = Applying Lemma (1.1) to get lim S ^, 00 s k 1 t s = 

v —S'-OO * x 

Lemma 2.2. 


□ 


1. For x > x 0 ~ 4.02361, we /lave iV(x) = In 

2. For x > x\ ze 2.02059, we have M(x) = In 


(x+l)(3—V6+3x) 
(x+2) (—\/6+3x) 


(x+ ) ( 3 + vT+Sx) 
(x+l+ ) (V(i+3x) 


(i+v/i) 

x(x+l) 


< 0 . 


x(x+l) 


> 0 . 


3. For x > 0, we have H(x) = In ( ) + 2 - , > 0. 

’ v 1 \ (3+V6+3a;) 2 (4+6x-|-3x 2 )/ x(x+l) 

Proof. 

1. For x > fl, N'(x) = = Si, where the polynomial „ 2 (x) 

is positive for x > and n\{x) is a polynomial of degree 3 has only one positive real 
root xi ~ 5.49455 and n\(x) > (<) 0 for x > (<) X\. Then N'(x) > 0 for x > X\ with 


121 


Ahmed Hegazi ETAL 118-135 



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 27, NO.1, 2019, COPYRIGHT 2019 EUDOXUS PRESS, LLC 


linx^oo N(x) = 0 and hence N(x) < 0 for x > X\. Also, N(x) is decreasing on ^y/|, a;^ 
with 1V(4.023) ps 0.0000005 > 0 and 7V(4.024) ps —0.0000003 < 0. Then N(x) has only 
one real root Xq ~ 4.02361 G ^y/|, and N(x) < 0 for xq < x < x\. Hence, N(x) < 0 


for x > xo- 

2 "For T 0 A— - m(x) - 

Z. rui X U, 1V1 [XJ ^ 2 ( 1 + ^ ) 2 (v ^ + 3 :r)( 3 + ^ + 3 ;r)( 4 +(e 2_4 ):r)(e 2 +(e 2_4 ):c)5 Wlieie 

m(x) = 4^2+(^-16v / 6 + (-12 + 20v / 6)e 2 + v / 6e 4 )a;+(576 - 216e 2 + 18e 4 )a; 5 
+ (l44 - 16\/6 - (72 + 20V6)e 2 + (3 + Ov^e 4 ) a ; 2 
+ ^384 + 224^ - (144 + 160v/6)e 2 + (12 + 20v / 6)e 4 ) a ; 3 
+ (432 + 384^ - (252 + 144\/6)e 2 + (27 + 12v / 6)e 4 ) a ; 4 

and 

m!(x) = 5 (576 - 216e 2 + 18e 4 ) x 4 + (-16^ + (-12 + 20\/6)e 2 + v^e 4 ) 

+ 4 (432 + 384^ + (-252 - 144^)62 + (27 + 12\/6)e 4 ) a: 3 

+ 3 ^384 + 224^ + (-144 - lhOv^e 2 + (12 + 20v / 6)e 4 ) a; 2 

+ 2 (l44 - 16\/6 + (-72 - 20^)62 + (3 + Ov^e 4 ) x. 

The polynomial m\x) of fourth degree has only one positive real root x a ~ 2.57862 also 
m\x ) < 0 for x > x a and rn'(x ) > 0 for 0 < x < x a . Hence m(x) is increasing on (0, x a ) 
and is decreasing on (a; Q ,oo) with m( 0) > 0, m(3.453) ~ 22.157 > 0 and m(3.455) ~ 
—6.01919 < 0. Then m{x ) has only one positive real root xp ~ 3.45457 with m{x) < 0 
for x > xp and m(x) > 0 for 0 < x < xp. Now M(x) is decreasing on (xp,oo) and 

lim M(x) = 0, then M(x) > 0 for x > xp. Also, M(x) is increasing on (0,3^) with 

M(2.0205) ~ —0.0000006 < 0 and M(2.0206) ~ 0.0000001 > 0, then M(x) has only one 
positive real root x\ ps 2.02059. Hence, M(x) > 0 for x > x\. 


H'(x) = 


x 2 (l + x) 2 (VQ + 3a;)(3 + V6 + 3a;)(4 + 6a; + 3a; 2 )(13 + 12a; + 3a; 2 ) ’ 


where 


h(x) = 26V6 + (-78 + 193^)3; + (-300 + 477v / 6)a; 2 + (-324 + 498v / 6)a; 3 

+ (-126 + 234v / 6)a; 4 + Shv^a; 5 >0, x > 0. 

Hence H'(x) < 0 for all x > 0 with lim H(x) — 0 , then H(x) >0 for x > 0 . 
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The following result is considered as a method presented by Elbert and Laforgia in [ 8 ] (see 
also, [4], [25] and [32]): 

Corollary 2.3. Let K be a real-valued function defined on x > a, a £ M with Hindoo K(x) = 0. 
Then K(x) > 0, if K(x) > K(x + 1) for all x > a and K{x ) < 0, if K{x) < K{x + 1) for all 
x > a. 

This result has the following simple modification [20]: 

Corollary 2.4. Let K be a real-valued function defined on x > a, a G M with lim^oo K[x) = 0. 
Then form G N, K(x) > 0, if K(x) > K(x+m) for allx > a and K(x) < 0, if K[x) < K(x+m) 
for all x > a. 


3 First formula of the best approximations and some its 
related inequalities 


With the help of Mortici’s technique in Lcmma(l.l), we provide the first best approximation 
formula of the Bateman’s G— function. 


Lemma 3.1. The best approximation 


G(n ) ~ ln(l H--—) + 


holds for 


+ 9-2 — 5 

a = ---, o = a + l and c = 

9 


n + a n(n + c) 

dl + &l + 2 e 1 + 29-2 - 21 


54 

where $i, 9 2 = \/9r±~63v^ and the sequence G(n) — ln(l + ^4_) — converges to zero with 

speed estimated by n~ 5 . 

Proof. Define the error sequence by v n = G(n) — In (l + Using the functional 

equation (4), we get 


(16) 


(17) 


^n+2 


E 


-i) 


r —1 


n 1 


{b[c r ~ l + 2 r_1 - (2 + c) r - 1 ]/c + [{a + 3) r - (a + 2) r - (a + l) r 


r =3 

+ a r ]/r- 2 } 

4(a — 6+1) 2(7 + 3a(a + 3) -36(c + 2)) 


n° 


rr 


4(a(16 + a(9 + 2a)) - 2(-5 + 6(4 + c(3 + c)))) 




326/3 + 10a(3 + a)(7 + a(3 + a)) - 106(2 + c)(4 + c(2 + c)) 


+ 0(n 7 ). 


n u 


According to Lemma (2.1), the three parameters a, b and c which produce the fastest convergence 
of the sequence v n satisfy the system 


a — b + 1 = 0 
3a 2 + 9a — 3 6(c + 2) + 7 = 0 
9 

a 3 + -a 2 + 8a + 5 — b(c 2 + 3c + 4) = 0. 
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Now, the values of a, b and c determined in (17) form solution of this system and the sequence 
v n converges to zero with speed estimated by n~ 5 . □ 

Now we will prove the complete monotonicity of some functions involving the function G(x) 
depending on the approximation formula (16). 

Lemma 3.2. 


1. For the values of a and c in (17), the function L\(x) = In (l + — G{x ) is 

completely monotonic on (0, oo). 


2. The function L 2 (x) = In ^1 + +^7(7+p — G(x) is completely monotonic on /|, ooj , 

3. The function L 3 (x) = G(x) — In ^1 + is completely monotonic on (0, oo). 


Proof. 1. Using the formula [1] 


t k ~ l e~ xt dt, keN 


x k (k — 1)! j 
and the integral representation (5) of G'(x), we get 

fOO e ~(x+a+l)t 


(18) 


L'i(i) = 


1 + e l 


ui (t)dt, 


where 


Z'l 


w = E 


(2 - ++« + 2)‘ + ^±11 [(„ + 1 - c) k + (a + 2 - c)‘ - (a + 1)‘] - TV 


fc =0 


k\ 


k +1 


~ (a + 2) k [CUk)] - ^(a + l) k - ^ 

—0.0316f 5 - 0.0381f 6 - 0.243t 7 + ^ t fc+i 

k=7 


k! 


with 


, ,,, . a + 1\ a + 1 

Gi(k) = 2-] + 


a + 1 — c 
a + 2 


+ 


a "f 2 — c 
a + 2 


The sequences 


a+1—c\k (a+2—c\k 


a+2 


a+2 


n n \ I r, U + l\ n+l 

C\(k) < 2-) + 


are decreasing for k > 7, hence 


cl H - 1 — c\ ( a 2 — c 


a + 2 


+ 


a + 2 


-0.05248 < 0 


and consequently zq(t) < 0. Then — L[(x) is completely monotonic. The function L\(x) 
is decreasing on (0, oo) and lim Li(x) = 0, then Li(x) > 0 and hence L 3 {x) is completely 

x—>oo 

monotonic on (0, oo). 
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2 . 


L'Jx) = 


'■oo e -(x+l )t 

- (t)dt, 


'0 


1 + e b 


where 


2 k +i 


u 2 


w = E 


('_lV ' +1 _ ( J_ 


+1 r +(i+ D( A+ 1) 


i./c+l 


k =3 


(k + 1 )! 


Now, consider the following sequence for k — 3,4, 5,... 

«<*> = ^f i ^4 + ir + (* + Di^^ 


V6 


\/6 2 


r=0 

2 


Em(^) 


vti 2 


< -E(“) (^) + (^1)(2=^)<-^-2)(*-3)<0 


r=0 


Vv/6 2 


Hence u 2 (t) < 0 and —L' 2 {x) is completely monotonic. The function L 2 (x ) is decreasing on 
|,oo) with lim L 2 (x) = 0 and then L 2 (x) > 0. Hence L 2 (x) is completely monotonic 

^ / x—>oo 


on 




3. 


— (x+ 


L 3 (x) = 


1 + e* 


-u 3 (t)dt, 


where 


2 k+i 




V6 


^ + 4 1 + 4 + ^ 


vT 


(fc+i) 


2 + x/e) (de) 


k =3 


k\ 


U k+l . 


The sequence 


c 3(k) - ( — + —=)(! + —=) + 


V6 


V6 


-1 1 

k + 1 l 2 y^6 J 


£(f) 


r =0 


1 

Vq 


+ 


k+ 1 


< 


-1 


T+^)Ee)(dH + 


r=0 


1 Y 


\/6 / k + 1 


(k - 3)((v / 6 - 3)k 2 + (3 - 3a/6)/c - (12 + 4^/6)) 

< 72 (h + 1) <0, 


k = 3,4,5,... . 


Then is 3 (t) < 0 and hence —L' :i {x) is completely monotonic . The function L :i (x) is de¬ 
creasing for all x > 0 with lim L 3 (x) = 0. and hence L 3 (x) > 0 for all x > 0. Then L 3 (x) 

X —^OO 

is completely monotonic on ( 0 , 00 ). 

□ 
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From the complete monotonicity of the functions Li(x), L 2 (x) and L 3 (x), we deduce the 
following result: 

Lemma 3.3. 1. 


In 



+ 



x(x + 1) 


< G(x) < In 



+ 



x(x + 1) 


(19) 


where the upper bound holds for x > | and the lower bound holds for x > 0. 


2 . 


G{x ) < In ( 1 + 


+ 


1 -I -a 


x + a J x(x + c) ’ 


x > 0 


( 20 ) 


where the values of a and c are in (17) 


Remark 1. From Lemma (2.2), we can conclude that the inequality (19) improves the lower bound 
of the inequality (12) for x > x\ ~ 2.02059 and improves its upper bound for x > xq ~ 4.02361. 


Lemma 3.4. The following inequality holds 


In 



( 1+ VT> ! 1 

x{x + 1) 6\/6x 4 


< G(x) < In 



+ 



x(x + 1) 


1 

6\f6x 4 ’ 


where the upper bound holds for x > 
Proof. Consider the function 


and the lower bound holds for x > 2. 


T(x) — In 1 + 



x[x + 1) 6y/6x 4 


G(x), 


and use the functional equation (4) to obtain 



where 

l(x) 


T\x + 2) - T'{x) 


2 l(x) 

81a; 5 (l + x) 2 (2 + a;) 5 (3 + x) 2 )T) 3 =0 (x + i - 


= (25920 - 10080^) + (l97856 - 75408^) x 

+ (677952 - 257008^) x 2 + (l367472 - 520800^) a; 3 
+ (y 777284 - 666478^) x 4 + (l535268 - 502094^6) a; 5 
+ (879720 - 127639^) x 6 + (321960 + 145938^) x 7 
+ (66960 + 180403^) a; 8 + (4596 + 95742^) x 9 

+ (-864 + 28431^) a; 10 + (-144 + 4590^) a; 11 + SlSv^a; 12 >0, x > 0. 
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Then T’(x + 
that T'{x) < 
T(x) > 0 for 


2) — T'ix ) > 0 for x > and also lim T'(x ) = 0. Using Corollary (2.4), we get 

V 6 x^-oo 

0 for all x > |. Hence T(x ) is decreasing on (y^|, oo) with lim T(ai) = 0 , thus 


all x G ( \ /|, oo ). Now consider the function 


Q(a;) = G(x) — ln(l + 



( 1 + \Jl) _ 1 

x(x + 1) 6^/6x 4 ’ 


Then 


where 

u(x) 


Q'(x + 2) - Q'(x) 


2u(x — 2) 

8Lc 5 (l + x) 2 (2 + x) 5 (3 + x) 2 JfLo ( x + * + ]/§) 


= (-207466560 + 113432160^) + (-585268704 + 582357840^) x 

+ (-729011328 + 1250421968^) ir 2 + (-523396080 + 1539421184^) x 3 
+ (-235893516 + 1231511026^) x 4 + (-67175076 + 680979590^) x 5 
+ (-10943256 + 268473813^) x 6 + (-465384 + 76331554^) x 7 
+ (l95912 + 15574939^) x 8 + (44364 + 2228562^) a: 9 
+ (4032 + 212571^) a; 10 + (l44 + 12150^) x 11 + S^v^a; 12 >0, x > 0. 


Thus Q\x + 2) — Q'(x ) > 0 for x > 2 and also lim Q'(x ) = 0. Using Corollary (2.4), we obtain 

x —^oo 

that Q'(x ) < 0 for all x > 2. and then Q(x ) is decreasing on [2, 00 ) with lim Q(x) = 0. Then 

X —S'-OO 

Q(x) > 0 for all x >2. □ 


4 Second formula of the best approximations and some 
of its related inequalities 

In this section, we will present the best constants of the approximation of formula 


G(n) 


-In 

2 


1 + 


Piin) 

P*{n) 


+ 


n{n + 1) ’ 


n e N 


where P\ (n) and P 2 (rt) are two polynomials of degrees one and two (resp.). Also, some inequalities 
of the function G(x) will provided, which improve some results of the previous section. 


Lemma 4.1. The best approximation of the formula 

an + ft 


G(n ) 


-In 

2 


1 + 


n 2 + px + a 


+ 


n(n + 1) ’ 


n e N 


( 21 ) 
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holds for a = 2, /3 = 3, p = 2 and a = 4/3 and the sequence G(n) — | In 1 + n f^f +a — 
converges to zero with speed estimated by n~ 5 . 

Proof. Consider the error sequence \n = G(n) — | In 1 + — n ^ +1 ^ , then we have 

Xn — Xn+2 = ~t( 2 —ct)H —t ( _ 2(5 + f3) + a(2 + a + 2p)) 
rP rP 

+ —(38 — a 3 — 3a 2 (l + p) + 3/3(2 + p) + o(—4 + 3/3 — 3p(2 + p) + 3cr)) 
n 4 

+ —^-(cr 4 + 4a 3 (l + p) + 2(—65 + /3 2 — 2/3(4 + p(3 + p) — <r)) 

+ o; 2 (8 — 4/3 + 6p(2 + p) — 4cr) + 4o(2 — /3(3 + 2p) + p(4 + p(3 + p) — 2cr) — 3<r)) 

+ —(422 — o: 5 — 5a 4 (l + p) + 5/3(2 + p)(4 — /3 + p(2 + p) — 2cr) 

+ 5/3a 3 (—8 + 3/3 — 6p(2 + p) + 3cr) + 5cr(/3(4 + 3p) — 2(1 + p)(2 + p( 2 + p)) 

+ (4 + 3p)cr) - a(16 + 5/3 2 - 5/3(8 + p(8 + 3p) - 2a) - 40 a + 5(p(2 + p)(4 

+ p(2 + p)) - p(8 + 3p)cr + a 2 ))) + 0(n~‘). 


According to Lemma (2.1), the fastest convergence of the sequence Xn satisfies if a — 2, (3 — 3, 
p = 2 and a = 4/3 with speed estimated by nr 5 . □ 

Lemma 4.2. For x > —l, the function 

R(x) = ( e 2G{x+2) - l)(x 2 + 2x + - 2x (22) 

o 

is strictly decreasing and convex. As consequence, we have 


- In 1 + 


2x + 3 
x 2 + 2x + | 


i 2r -I- e 

< G(x + 2) < - In 1 + ^^ 


x > 0 


where the constants 3 and e4 19 16 are 3he best possible. 

Proof. 

\b!(x) = -x - 2 + [(a; 2 + 2a; + ^)G"(a; + 2) + (x + l)]e 2G(a:+2) , 

Z o 

\b!\x) = -1 + 2[(a; 2 + 2a; + ^)G'(a; + 2) + (x + l)]G'(a; + 2)e 2G( * +2) 

Z o 

+ [2(a; + 1 )G'(x + 2) + (a; 2 + 2a; + \)G"{x + 2) + l]e 2G(a;+2) 

o 

and 

2 e 2 G(x+ 2 ) = 4(a; 2 + 2a; + -)(G'(x + 2)) 3 + 12(a; + l)(G"(a; + 2)) 2 

+ 6(x 2 + 2x +-)G'(x + 2)G"(x + 2) 

3 

+ 6(a; + 1 )G"{x + 2) + 6G"(a; + 2) + (a; 2 + 2a; + ^)G"'(a; + 2) = U(x). 

o 
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Now, 
U (x 


+ 2) - U(x) = 16(x + 2 )(G'(x + 2)) 3 + 4(x + 2 )G"\x + 2) + 24(a; + 2 )G\x + 2 )G"(x + 2) 
, 8(4 + x)(62 + 66x + 24x 2 + 3x 3 ) , 2 


(a; + 2) 2 (a; + 3) 2 
8(1448 + 2564a; + 2008a; 2 + 915a; 3 + 258a; 4 + 42a; 5 + 3a; 6 ; 
(x + 2) 4 (a; + 3) 4 

4(4 + x) (62 + 66a; + 24a; 2 + 3a; 3 ) „ o 
(x + 2) 2 (a; + 3) 2 j 


■G"(a; + 2) 


+ —--—4(—33056 - 88128a; - 92112a; 2 - 46976a; 3 - 10548a; 4 

3(2 + a;) 6 (3 + x) 6 V 

+ 360a; 5 + 705a; 6 + 138a; 7 + 9a; 8 ). 

Also, let V(x) = U(x t^) {x) "■> then 

-4 


V(x + 2) — V(x) = 


7 -T 77 - 777 —-—-—(34576 + 91136a; + 105392a; 2 + 68520a; 3 

(2 + a;) 3 (3 + a;) 2 (4 + a;) 3 (5 + x) 2 1 

+27152a; 4 + 6698a; 5 + 1005a; 6 + 84a; 7 + 3a; 8 ] (G' (x + 2)) 2 

- 7 -—-r—-—-- (376528768 + 1642942016a; + 3297590048a; 2 

(2 + a;) 5 (3 + a;) 4 (4 + a;) 5 (5 + x) A [ 

+ 4031614688a; 3 + 3354474592a; 4 + 2010658592a; 5 + 896184192a; 6 
+ 302070808a; 7 + 77457190a; 8 + 15051780a; 9 
+ 2183975a; 10 + 229624a; 11 + 16548a; 12 + 732a; 13 + 15a; 14 ]G'(a; + 2 ) 

- 7 - 777 -- 777 - 77 (34576 + 91136a; + 105392a; 2 

(2 + a;) 3 (3 + a;) 2 (4 + a;) 3 (5 + x) 2 y 

+ 68520a; 3 + 27152a; 4 + 6698a; 5 + 1005a; 6 + 84a; 7 + 3a; 8 )G"(a; + 2) 

+ —- 777 -Jt-—- 77 ((331346962432 +5157549202432a; 

3(2 + a;) 7 (3 + a;) 6 (4 + a;) 7 (5 + xf LV 

+ 24078469545984a; 2 + 60544326323200a; 3 + 99175110059776a; 4 

+ 116067402353280a; 5 + 102360341211232a; 6 + 70356164081536a; 7 

+ 38541166023024a; 8 + 17080773307136a; 9 + 6184124004420a; 10 

+ 1839407553792a; 11 + 450403876283a; 12 + 90669453918a; 13 + 14930598072a; 14 

+ 1992453932a; 15 + 212255598a; 16 + 17635104a; 17 + 1101756a; 18 + 48708a; 19 

+ 1359a; 20 + 18a; 21 )] 


2m— 1 


Using the completely monotonicity of the functions X\(x) = ^ — G(x) + (2 r ~ an d 

k =1 

X 2 (x) = G(x) — 9t . 2 +1 for x > 0 (see [20]), we get the following inequalities: G\x) > — 


{G\x)f > 


4rr 4 +4x 3 +Ax 2 +1 
x 2 (2x 2 +l) 2 


and G"(x) > 2(8j4, + 12 ^+^ i 2 ^ j +6 J :-+i) for a; > Hence, 


V(x + 2) — V(x) < F(x), x > 0 
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where 


with 


F(x) 


-2A(x + l) 

3(2 + a;) 8 (3 + a;) 6 (4 + a;) 7 (5 + a;) 6 (9 + 8a; + 2a; 2 ) 4 


A{x) = 74586749184 + 1263034988928a; + 9398610597600a; 2 + 42943724513952a; 3 
+ 138441396784472a; 4 + 339577282357568a; 5 + 663837528239296a; 6 
+ 1065966556249164a; 7 + 1434284269631783a; 8 + 1638094930661455a; 9 
+ 1600662870950288a; 10 + 1344078197917456a; 11 + 971670315225407a; 12 
+ 604754235543331a; 13 + 323563802759956a; 14 + 148404632743888a; 15 
+ 58109372496201a; 16 + 19315095938361a; 17 + 5408999070416a; 18 
+ 1263403407224a; 19 + 242838160053a; 20 + 37707313393a; 21 + 4608156812a; 22 
+ 426325500a; 23 + 28044100a; 24 + 1167972a; 25 + 23136a; 26 . 


Using A{x) > 0 for all x > 0, then we obtain F(x) < 0 for all x > — 1 and hence V(x+2)—V(x) < 
0 for all x > —1. Using the asymptotic expansion (8) and its derivatives, we have 



G '( x ) ~ “ ^3 + ^5 “ ^7 + ^9 + °( x U ) 

(24) 


s 2 3 5 21 153 12 . 

G - Ts + Us “ TIo )’ 

(25) 

and 

s -6 12 30 168 1530 13 . 

G (x) = — -- + —— + 0(x 13 . 

' ' rp 4 rp O rp 1 rp 9 rp 1 1 ' 

it/ it/ it/ it/ it/ 

(26) 

Then 

hm V(x) = lim + 0(x 9 ) ) = 0 

z-s-oo i^oo y (^2 + xp' (3 + xp J 


and hence V(x) 

> 0 for all x > —1. Now, U(x + 2) — U(x) >0 with 



/ _R4 r 2i \ 

Jiin C/(x) = Jim ( 3(x + 2)27 + 0(x- 7 ) j = 0 
and so U(x) < 0 for all x > —1. Thus, R!"(x) < 0 and 


lim R"(x) 

rr—>-oo 


lim 

x->oc ylSa ; 5 


448 2368 

9a; 6 21a; 7 


+ 0(x~ 


0. 


Then R"(x) > 0 for all x > —1 and so the function R(x) is convex for x G (—1, oo). Also, 


lim R'(x) 

x—>oo 


lim 

x—>oo 


-32 448 

15a; 4 45a; 5 


1184 688 11104 9 

63a? 6 ~~ 63aT + 81a; 8 + ^ 


0 


and thus R\x) < 0 for all x > —1. Hence we conclude that R(x) is decreasing on (—l,oo) with 
R( 0) = and 


lim R(x) 

#—>•00 


lim 

x —^OO 



112 | 1184 
45ad + 315a; 5 


+ 0( x 


- 6 ' 


3. 
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Then 


3 < (e 2G( * +2) - l)(x 2 + 2x + \) - 2x < 6 

o 


4 - 16 
12 ’ 


where the constants 3 and 


12 


are the best possible. 


Lemma 4.3. For every x > 0, we have 

1, r 4x + a 

o ln I 


(x 2 + 6x + y )e ( x + 2 ) (x+3) — (x 2 + 2x + |) 


< G(x + 2) 


< o ln [ 


4x + b 


(x 2 + 6x + y)e (^+2)(^+3) — (y 2 + 2x + |) 


10 4 

where a = 7e ~^~ e and b = 12 are the best possible constants. 


□ 


(27) 


Proof. For x > 0, consider f{x) = /?(x + 2) — R(x), where R(x) defined in (22). Then fix) = 
R!(x + 2) — R'(x) and R(x) is convex function for x e (—1, oo). Hence f(x) is increasing with 


10 , 10 . 

/(0) = 7el L~ e -12 and lim /(x) = 0, where lim i?(x) = 3. Then 7el T~ e -12 < fix) < 0 or 

iZ x —s*-oo :r—)-oo 


7e 3 e ™.-v/ ,o\ r / ■ > 28,_ a _ . r. 4.. 

-—- < e 2G< - :+ ^[(x 2 + 6x + — )e (*+2)(*+3) _ ( x 2 + 2x + -)] — 4x < 12, 

1 ^ o o 

10 4 

where 7e ^.-d e and 12 are the best possible constants. 

Lemma 4.4. For every x > 0, then we have 

(x + a)e~ 2G ^ +2) — (x + 1) ^ ,. o (x + f3)e~ 2G ( x+2 ) — (x + 1) 

(x 2 + 2x + §) < ^ + > < (x 2 + 2x +J) ’ 

where a = — 1 ~ ] [ o)e and j3 — 2 are the best possible constants. 

Proof. The function R(x) defined in (22) is convex for x G (—1, oo) and hence R\x) is increasing. 
Then R'(0) < R'(x) < lim R'(x) with R'(0) = (2?r ~ 2 15)e -4 and lim R'(x) = 0. Hence 


□ 


(28) 


K ~ X+ [(x2 + 2a; + t^ G '( x + 2 ) + ( x + l)]e 2G( " +2) < 2, 

where ^ 2n ff^ e and 2 are the best possible constants. 

Lemma 4.5. The following inequality holds 


-In 

2 


2x + 3 2 1 

1 T ——- t T —7 -r <C Gix) <C — In 

x 2 + 2x + |J x(x +1) 2 


1 + 


2x + 3 


x 2 + 2x + 


48 


e 4 —16 


+ 


x(x + 1) ’ 


□ 


(29) 


where the upper bound holds for x > xs ~ 0.575833 and the lower bound holds for x > 0. 
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Proof. Consider the function F(x) = G(x + 2) 


In 


1 + 


2x+3 
x 2 +2x +1 


then 


F'(x + 2) -F\x) = G'(x + 4) — G\x + 2) 

54(5 + 2x) (56 + 140a: + 103a: 2 + 30a: 3 + 3a: 4 ) 

(4 + 6a: + 3a: 2 ) (13 + 12a: + 3a: 2 ) (28 + 18a: + 3a: 2 ) (49 + 24a: + 3a: 2 )' 


Using the functional equation (4) and its derivative, we get 


F\x + 2) - F\x) = 

32(5 + 2a:) (1057 + 1680a: + 1011a: 2 + 270a: 3 + 27a: 4 ) 

(2 + a:) 2 (3 + a:) 2 (4 + 6a: + 3a: 2 )(13 + 12a: + 3a: 2 )(28 + 18a: + 3a: 2 )(49 + 24a: + 3a: 2 )' 

Thus F'(x + 2) — F\x) > 0, for x > 0 and also lim F\x) = 0. Using Corollary (2.4), we get 

£—>■00 

that F\x) < 0 for all x > 0. Then F(x) is decreasing function on (0, oo) with lim F(x) = 0, 

x — >oo 

thus F(x) > 0 for x > 0. Now, let 


S(x) = G(x + 2) — - In 


1 + 


2a: + 3 


x 2 + 2a: + 


48 
—16 


and then 

S'(x + 2) - S'(x) 


-8(5 + 2a:)hU(a:) 


(e 4 - 16) 4 (2 + a:) 2 (3 + x) 2 (x 2 + 2a: + ^T^)(a: 2 + 4a: + -4^)D(x) ’ 


where 

D(x) = ^(a: + 2) 2 + 2(a: + 2) + + ^ + 4 ( x + 2 ) + fTZ 1(j ^) > 0, x > 0 

and 

W(x) = (21233664 - 6856704e 4 + 720576e 8 - 28944e 12 + 324e 16 ) 

+ (100270080 - 26173440e 4 + 2361600e 8 - 84240e 12 + 900e 16 ) x 
+ (152764416 - 35570688e 4 + 2920320e 8 - 96948e 12 + 1005e 16 ) a: 2 
+ (106332160 - 23142400e 4 + 1795200e 8 - 57040e 12 + 580e 16 ) a: 3 
+ (37257216 - 7818240e 4 + 587520e 8 - 18204e 12 + 183e 16 ) x 4 
+ (6389760 - 1320960e 4 + 97920e 8 - 3000e 12 + 30e 16 ) a: 5 
+ (425984 - 88064e 4 + 6528e 8 - 200e 12 + 2e 16 ) a: 6 . 


Then 

W\x ) = (100270080 - 26173440e 4 + 2361600e 8 - 84240e 12 + 900e 16 ) 

+2 (152764416 - 35570688e 4 + 2920320e 8 - 96948e 12 + 1005e 16 ) x 
+3 (106332160 - 23142400e 4 + 1795200e 8 - 57040e 12 + 580e 16 ) a: 2 
+4 (37257216 - 7818240e 4 + 587520e 8 - 18204e 12 + 183e 16 ) a: 3 
+5 (6389760 - 1320960e 4 + 97920e 8 - 3000e 12 + 30e 16 ) x 4 
+6 (425984 - 88064e 4 + 6528e 8 - 200e 12 + 2e 16 ) a: 5 
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and 


W"{x) = 2 (152764416 - 35570688e 4 + 2920320e 8 - 96948e 12 + 1005e 16 ) 

+6 (106332160 - 23142400e 4 + 1795200e 8 - 57040e 12 + 580e 16 ) x 
+12 (37257216 - 7818240e 4 + 587520e 8 - 18204e 12 + 183e 16 ) x 2 
+20 (6389760 - 1320960e 4 + 97920e 8 - 3000e 12 + 30e 16 ) a; 3 
+30 (425984 - 88064e 4 + 6528e 8 - 200e 12 + 2e 16 ) x 4 > 0, x > 0. 

Thus W'{x) is increasing on (0,oo) which implies that XV'{x) > XV'{ 0.1) > 0. Then W(x) is 
increasing on (0.1, oo) with XV(0. 57583) ss —475.425 < 0 and IU(0.57584) ps 1147.33 > 0. Hence 
XV (x) has only one positive root on (0.57583, oo) say x$ ~ 0.575833 and then XV (x) >0 for 
x > 0.575833. Now, S'(x + 2) — S'(x) < 0 for x > 0.575833 and also lim S'(x) = 0. Using 

X —S'-OO 

Corollary (2.4), then S'(x ) > 0 for all x > 0.575833 or S(x) is increasing on (0.575833, oo) with 

lim S(x) = 0. Thus S(x) < 0 for all x > 0.575833. □ 

£—>•00 

Remark 2. Using the inequalities 

1 + (2x + 3)/(x 2 + 2x + 48/(e 4 - 16)) < (1 + l/(x + l)) 2 , x > 0 

and 

1 + (2x + 3)/(x 2 + 2x + 4/3) > (1 + l/(x + 4/(e 2 — 4))) 2 , x > x^ 

where Xfi = -ii2+68e 2 -7 e 4 -+52go-30208g+66^^ ~ 0.465586, we can conclude that the 

inequality (29) improves the lower bound of the inequality (12) for x > x^ and improves its 
upper bound for x > 0. 

Remark 3. The inequality (29) improves the lower bound of the inequality (19) for x > 0. 
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A new (/-extension of Euler polynomial of the second kind 
and some related polynomials 

R, P. Agarwal \ J. Y. Kang 2 *, C. S. Ryoo 3 


Abstract : We define (/-Euler polynomials of the second kind using (/-analogue within exponential 
function. We have some basic properties of this polynomials such as addition, alternative finite sum, 
and symmetry property. We also investigate some relations of (/-Euler, (/-Bernoulli, and (/-tangent 
polynomials using (/-Euler polynomials of the second kind including two parameters. 

Key words : (/-Euler polynomials of the second kind, (/-Euler polynomials, (/-Bernoulli polynomials, 
(/-tangent polynomials 

2000 Mathematics Subject Classification : 11B68, 11B75, 12D10 

1. Introduction 


The main aim of this paper is to extend Euler numbers and polynomials of the second kind, 
and study some of their properties. Our paper is organised as follows: in Section 2, we define (/-Euler 
numbers and polynomials of the second kind. From this definition we investigate some interesting 
properties of these numbers and polynomials using (/-analogue of exponential function. In Section 
3, we consider g-Euler polynomials of the second kind in two parameters and make some relations 
between (/-Euler polynomials of the second kind and g-Euler , (/-Bernoulli, (/-tangent polynomials. 
Furthermore, we derive a symmetric relation, multiple (/-derivative, and multiple (/-integral. 

For any n£ C, the (/-number is defined by 

i _ „n 

[n] q = T ^-= Y, <? = l +q + q 2 + --- + q n - 1 . 

^ 0 <i<n 


An intensive and somewhat surprising interest in (/-numbers appeared in many areas of mathematics 
and applications including (/-difference equations, special functions, (/-combinatorics, (/-integrable 
systems, variational (/-calculus, (/-series, and so on. In this paper, we introduce some basic definitions 
and theorems (see [1-18]). 

Definition 1.1. [1,3-5,10-13] The Gaussian binomial coefficients are defined by 



0 

(i-<r)(i-<r- i )-(i- g ™-’-+ 1 ) 

(l-9)(l-g2)...(l — g r ) 


if r > to 
if r < to 


where to and r are non-negative integers. For r = 0 the value is 1 since the numerator and the 
denominator are both empty products. Like the classical binomial coefficients, the Gaussian binomial 
coefficients are center-symmetric. There are analogues of the binomial formula, and this definition 
has a number of properties. 
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Theorem 1.2. [5] Let n,k be non-negative integers. Then we get 

n— 1 n 

a) n (nvt)=x> (5) 

.. i 

(n) 


k —0 


k—0 
n— 1 

n (l — qkf'j 

k- 0 v y ' fc=0 


= E 


n + k — 1 
k 


t k . 


Definition 1.3. [1,4,12-13] Let 2 be any complex numbers with |;z| < 1. Two forms of q- 
exponential functions are defined by 


e q {z) = 


00 

\ ' Z 


n —0 


n 


e q -i(z) = 


<?' 


OO 

E 

n—0 


Ng- l! 


= E? 

n =0 


( 3 ). 


19- 


Definition 1.4. [4,10-11,13] The ^-derivative operator of any function / is defined by 

f(x) - f(qx ) 


D q f (x) = 


x^O, 


(i - q)x 

and D q f( 0) = /'(0). We can prove that / is differentiable at 0, and it is clear that D q x n = 
Definition 1.5. [4,10-11,13] We define the g-integral as 

r b 


[ f(x)d q x = (l-q)bY]q :l f(q J b). 
Jo j=o 


If this function, f(x), is differentiable on the point x, the g-derivative in Definition 1.4 goes to the 
ordinary derivative in the classical analysis when q —> 1. 

In 1961, L.Calitz introduced several properties of the Bernoulli and Euler polynomials of the 
second kind(see [6]). Euler numbers of the second kind was expanded, and C. S. Ryoo have studied 
these numbers and polynomials of the second kind in [17]. He also developed several properties of 
these numbers and polynomials. 

Definition 1.6. [7-8, 6, 17] The classical Euler numbers, E n , and the classical Euler polynomi¬ 
als, E n (x), of the second kind are defined by means of the generating functions 


x 4.n 9 °° 4.n 9 

E^" - ! = t I -V E-^^H = ~T7T 

' n! e l + e r ' n! e T +1 

n—0 n =0 


Theorem 1.7.[17] For any positive integer n, we have 


(i) 


(ii) 

(hi) 


For any positive integer m(=odd), 

= m" X](-1)‘K ( 2i + I+1 ~ m ) for n > 0, 

Ei(x + y) = ( l ')En(x)y l ~ n , 

n =0 ' ’ 

E n (x) = (-1 ) n E n (-x). 
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2. Some basic properties of the q-Euler polynomials of the second kind 


In this section, we define the g-Euler numbers and polynomials of the second kind, and investi¬ 
gate basic properties of these numbers and polynomials. Furthermore, we find the alternative finite 
sum which is related to the g-Euler numbers and polynomials of second kind. 

Definition 2.1. Let n be any non-negative integer. For |g| < 1,1 £ C, we define g-Euler 
numbers and polynomials of the second kind as 


n—0 


t n 


q [n] q \ e q {t) + e q {-ty 


El £n,q{x) 


n—0 


Mg! e g (t) + e g (-t) 


e q (tx) 


Substituting x = 0 in the g-Euler polynomials of the second kind, they can be simplified as follows: 


°°^ _ °°^ _ £ 


n—0 


n—0 


2 1 
[n\q\ e q (t) + e q (-t) cosh q {t)' 


where £ n ,q is g-Euler numbers of the second kind. If q —> 1, then we can find the classical Euler 
polynomials of the second kind in £ n ^ q (x)(see [6,17]). 

Theorem 2.2. Let |< 7 | < l,x be any complex numbers. Then, we have 


£n,q(x) — El 


k= o 


£k.qX 


i—k 


Proof. From the generating function of the g-Euler polynomials of second kind, £ n ^ q (x), we can find 

°° ~ j.n o °° _ j.n °° y.n 

= + e,M)' e,(tx ' v '” ^ " 

oo / n 

= £ £ lnl 

n—0 \ k=0 


Mg! 


n 


I 


£k,q( x )x n k 


t n 


Mg! 


which gives the required result. 

Theorem 2.3. For \q\ < 1, the following holds: 

Dq£ n ,q(x') = [n] q £ n —l j q(x'). 

Proof. Considering g-derivative of x n ~ k in Theorem 2.2, we get 


Dq£n,q(x) — El 


k =0 


[n - k} q £ k ,qX 


n—k — 1 


Transforming a binomial operation of q and using Theorem 2.2 again, we obtain 


Pq£n+l.q{x) — [n T l] q ^ ] 


fc=0 


£k. q x n = [n + l] q £ n>q (x). 


The required relation now follows at once. 
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Theorem 2.4. Let n be any non-negative integer. Then, the following holds: 


£n,q(x)dq X = 


^n+l,q (*t) £n-\-l,q 

[n + l]q 


where £„ j9 (0) = £ n ^ q is g-Euler numbers of the second kind. 
Proof. Using g-integral in Theorem 2.2, we have 

/* fC /» X ^ ^ 

/ £ n , q (x)dqX= / Y] ” £ ki qX n ~ k dqX = "52 ™ £k ,, 

islAL 


[n - k + l]q 


^ n+1 

[ n + !]« S 


p n—fc+1 _ 1 

o [n+l] 9 


^£n+l,g (^0 


-'n+1,9 I ? 


and we obtain the required relation at once. 
Corollary 2.5. In Theorem 2.4, we get 

f £n,q{%')dqX — 


£n+l.q {b) £ n +l,q (a) 

[n + 1], 


Now we find some properties of g-exponential function to obtain the next theorem. From Definition 
1.3 and Theorem 1.2, we find that 


[n\ q -i\ = q ^ 2 >[n] q \, 


°°^ j-n °°^ j.r i 


j{t)e q -i(t) - Y E 


n\ (k\\ t 


ee ; 


—' \nU ' [nL- 1 ! -j' 1 

=0 L iq n =0 L iq n =0 \ k—0 


n—0 \k =0 


E in.Li’ 


,(t)e 9 -i( *)-E[ n ] iE[ n ] I 

n—0 L J£ * n—0 L 


=e nc-?‘) 

n—0 \ k—0 


e e : 


r 


n—0 \ /c—0 


_°°_ / y-\n °° j-n _°°_ / n ^ ... 

(-‘)"E l A-U' 

n—0 n=0 m ’ n.=n\ fc=fl K „ 


= E (-DTK'-Y) sn. 


-Mv(-^E^E^i = E Hi’E ; o®' ‘ 

n=0 ^ ' q ’ n=0 ^ ^ ' n=0 \ fc=0 IYJ o 


= E (- 1 )"II( 1 +« fc ) 
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(i) 

(ii) 


E 

k=0 
^ n—l 

E 

> k—0 


Theorem 2.6. For \q\ < 1, we find 

n 

E 

z=o 

n 

E 

1=0 

= 2E 


n — l 
k 

n — l 
k 


1 — 1 


(-i) fe + E 

k =0 
n—l 

(-i ) fc + E 


k —0 


n — I 
k 

n — l 
k 


( £l,q = 2(—l)”j 


(-I)””' S,,(*) 


1=0 


(-l)"-y. 


Proof, (i) Loading e q (t)e q (—t) + e q (—t)e q (—t) ^ 0 for the generating function of g-Euler numbers of 
the second kind, one obtains 

°°^ fU 

^ 1 £n,q r i | i e q(t) e q{—t) + e q{^0 e q(~0) = 2e g ( —t), 
n=0 [nJ «' 


and we can transform such as 


E ^<?rT7^ e 9^ e 9( _t ) + ^MKM)) 

n—0 ^9- 


oo / n 


E^>9[ n ] g! E (E 

oo [ n 

= E E 

n—0 ^ /—0 
oo 

= 2 E<-o' 

n=0 


n —l 

E 

, fc =0 


n 

k 

n — I 
k 


n 


(-i ) fc + E 


/c—0 
n—l 


(-i r 


(~i) fc + E 

i fc=o L 


q 

n — l 


[n]q\ 


(-l)”-‘ s. 





[ n ]<?! 


The required relation now follows at once. 

(ii) We omit a proof of the g-Euler polynomials of the second kind due to its similarity to (i). 
Corollary 2.7. For q —» 1, in Theorem 2.6, one holds 


(i) 

(ii) 



n — I 
k 

n — l 


n — l 
k 


(-1 ) n ~ l Et = 2(-ir 


(-i) fc + E 

k =0 

(-D fc + E (" ~ k 1 ) (-!)”-*) E 1{X ) = 2 ± (”) (-1) 

k—0 ' ' J 1=0 ' ' 




where E n (x) is the classical Euler polynomials of the second kind and E n is the classical Euler 
numbers of the second kind(see [16]). 

Theorem 2.8. Let |g| < 1. Then we have 

/n—l — 1 n—l — 1 


(i) 

(ii) 


E 

1=0 

n 

E 


n 


[] (l + q k ) + (-l)"-‘ n (l-« fc ) U«,, = 2g(S), 

fc=0 k= 0 / 

^n— l— 1 n— l— 1 \ n 

n (i+ 9 fc )+(-ir- ; n (i-<? fc ) £,,(*)=2E 


=0 L J O \ fc =0 


k=0 


1=0 


n| (n-q j 

gl 2 /arc 
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Proof, (i) For e q (t)e q -i(t) + e q (—t)e q -i(t) ^ 0, we have 

t n 

n =0 

To obtain the result, we can calculate the above equation as 

t n 

n=0 


^ _ -f-n 

^ ' £n,q r -i | ( e q{t) e q ~ 1 {t) + e q{~ t) e q~ 1 (t)) = 2e q -l (t). 
,,-n 1 n \l- 


^ ~ t n 

y ( £n,q r -1 | ( e g(0 e <? _1 if) + e qi~f e q~ 1 if)) 

,,-n l n l9- 


-Y. £r >-<i\, n ]\ e (n (i+9 fc )+(-irn (!-«*) 


oo / n— 1 


n— 1 


n—0 
oo n 


n—0 \/c—0 
-Z-l 


k—0 
n—l — 1 


[«]«! 


= EE , 

n—0 0 IE 

oo 

= 2^,0 


n (l+Y)+(-i)”-‘ n i 1 - Y) a. 


fc=0 


fc=0 


>],! 


n=0 [ n ^ ! 

The required relation now follows on comparing the coefficients of t n on both sides. 

(ii) Using the same method as (i) we can find the required result, so we omit the proof. 

Corollary 2.9. In Theorem 2.8, we can see 

^ n T 1 /n—l—1 n—l—1 


(i) 

(ii) 


2 E 

1=0 


II (1 + 9*) + (-!)"-' LI (i-^) 


k—0 


k—0 


E 

1=0 


AV = 5 £ 


z=o 


T— l — 1 


1 — 1 — 1 




k=0 


fc=0 


Theorem 2.10. For |g| < 1, fc G N, one holds 

n 

« E 


(ii) 


1=0 


E 

1=0 


( n—l—1 n—l—1 \ 

n (i - ? fc )+(-I)"-* n (i+<? fe ) 4 9 =2 (-w=), 

/c—0 /c—0 / 


7.— l — 1 


1 — 1—1 


n a -? fc )+(-i) n -' n (i+« fc )Vi, 9 w= 2 ^ 




I q \ fc=o fc=o / 1=0 

Proof, (i) Let e q {t)e q - 1 (—f) + e q (—t.)e q -i (—t) ^ 0. From the generating function of g-Euler numbers 
of the second kind, we can find 

°°^ _ -j.n 

y 1 f'n,q7~r~\i e qi^) e q~ 1 i ~0 + e 9 (— t)e q -i {—t)) = 2e q -i (—i)> 


n—0 


J <7 ; 


or, equivalently, 


| ( e qf) e q~ 1 ( 0 + e g( ^) e <? _1 ( 0) 


n=0 

oo <r) oo / n—1 


n—1 


= E^hi£ no-U + f-irllo+U Up 

n—0 ^ n—0 \k—0 k=0 ' ^ * q ' 

oo I n 

= E E 

n—0 ^ /—0 


q ' n—0 \k—0 
-l-l 


—L— 1 n— l— 1 \ I n oo 

n (i-« fc )+(-i> n -' n (i+9 fe )U i 4 m =2E(-i) n ?® 


k—0 


k=0 


J ‘ | [ n ]« ! n=0 


[n] 9 ! ‘ 
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Comparing the coefficients of A-t, the proof is complete. 

(ii) We omit the proof of the g-Euler polynomials because we can derive it in the same method as 

(i)- 

Corollary 2.11. In Theorem 2.10, we get 

i n T 1 / n—l—l n—l—1 \ 

(i) (-1 ) n qW = -Y J n IT (l-9 fc ) + (-l)”-' IT (1 + 9*) 

l —0 _ _ a V k—0 k—0 / 


(ii) 


E 

1=0 


(_i = 


1=0 


1—1 — 1 


1—1 — 1 


n (!-«*)+(-I)"-* n ( i+ ^') 


k—0 


k =0 


Theorem 2.12. For x G C, we hold 

n 

« E 

k=0 
n 

(^ E 


(1 + (-1 ) k )£ n - k , q = 


2 if n = 0 
0 if n 7 ^ 0 


k =0 


(1 + (-l) k )£ n _ k , q (x) = 2x r ‘ 


Proof, (i) From Definition 2.1, we can represent g-Euler numbers, £ n ,q, as 

00 _ xn 00 xn 

E £n ’ q DjT7 E( X + = 2 ‘ 

n=0 n=0 [ J 9' 

Now using the Cauchy’s product, we find the relation, 


00 / n 

EE 

n —0 \ k—0 


(1 + ( — 1 ) k )£n-k,q 


[n} q \ 


= 2 , 


and the proof is done. 

(ii) We omit a proof of (ii) since we can obtain (ii) using Cauchy’s product and the method of 
coefficient comparison for Definition 2.1 using the same method (i). 

Theorem 2.13. Let x £ C and \q\ < 1. Then, the following holds: 


« E 


k—0 


(l + (-l) fe )£„_ fc , ? = 2 J2 


k—0 


n 

n — 2k 


f 

^n— 


n—2k,q-> 


(W £ 


k—0 


(1 + (-l) k )£ n ~ k , q (x) = 2 


k—0 


-2 k 


£n—2k,q(%)i 


where [x] is the greatest integer not exceeding x. 

Proof, (i) In Theorem 2.12. (i), the left-side is changed as: 


j.n °°^ j.2 n 


_ _ _ f-n _ _ +n _ _ _ , _ _ 

E^^EfuHnm^E^mE,, i , 
N ? ! t'o t'o t'o t 2n ^ ! 


oo In 


= 2 E E 

n =0 \ k—0 


2 n — k 
k 


x2 n—k 


£k,< 


[ 2 n -k\ q \ 


= 2 E e 

77=0 k =0 


n 

n — 2k 


f 


n—2k.q 


J Q * 
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The required relation now follows on comparing the coefficients of t n on both sides. 

(ii) Now following the same procedure as (i), we find (ii). 

Corollary 2.14. From the Theorem 2.12 and Theorem 2.13, the following relations hold: 


0 ) E 


n — 2k 


£n—2k.q — 


1 if n = 0 
0 if n ^ 0 


(a) E 


n — 2 k 


£n— 2 k,q(.x) — X , 


where [a:] is the greatest integer not exceeding x. 

Theorem 2.15. For x £ C, the following relation holds 

£n, q {x) = (-I) n £ n , q (-X). 


Proof. Replacing t, x with —t, —x, respectively, we get 


El £n,q( x )~ 


[n] q \ e q (-t) + e q (t) 


l(tx) — E £n,q(x) r -j , > 


which on comparing the coefficients immediately gives the required relation. 

Corollary 2.16. Putting x = 1 in Theorem 2.15, we see 

E 9 (l) = (-l) n £nA~l). 

3. Some special properties of the g-Euler polynomials of the second kind 

In this section, we define the g-Euler polynomials of the second kind in two parameters. From 
these polynomials, we can find some relations between these polynomials and other polynomials. 
We can also observe a symmetric property of the g-Euler polynomials of the second kind. 

Definition 3.1. Let x, y £ C. We then define the g-Euler polynomials of the second kind in 
two parameters as: 


^ ~ t 


[n\ q \ e q {t) + e q (-t) 


e q (tx)e q (ty). 


For y = 0, we can see that £ nA (x,Q) = £ n ^ q {x). 


Theorem 3.2. Let x be any complex numbers. Then we hold 

n r 

(i) £n,q(x,y) = Y^ \l £ k ,q{x)y n ~ k , 

k= 0 L fc J a 


(ii) £ n , q (x,y) = E . 4-lE 


x l ~ k y k . 


Proof. From Definition 3.1, we find 

°°^ — 2 

'£f n * {X ’ y) W = e 9 W + e,H) 


e q (tx)e q (ty) 


00 + n 00 +n 00 / n „ 

= E £ ^ x ) Ljp E y n Ljp = E IE k £ k, g (x)y n 

n= 0 ^ ' q ' n=0 ^ ‘ q ‘ n=0 V fe=0 L^J 0 
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The required relation now follows immediately. 

Theorem 3.3. For x £ C, we hold 

£n,q(x , 1) + £ n , q {x, -1) = 2x n . 

Proof. Setting y = 1 and —1, we can get 

. __ \ t n 2 

^ \ y£n,q{x, 1) + £ n ^q(x, 1)J -j 

n =0 


- e,(t) + e,(-T)^ tx)e ^ + e,it) + «,(-()' 


~^e q {tx) (e q (t) + e q (-t)) = 2e q {tx) = 2]Ta;"-^y 


e q (t)+e q (-tj — 0 i<"j gr¬ 

and the proof is complete on comparing the coefficient of both sides. 
Corollary 3.4. From Theorem 3.3, we see 

{^£n,q(Xi 1) T £n,q(.Xi 1)^ • 


x n = - 
2 


To investigate some relations of other polynomials, we define q-Euler, (/-Bernoulli, and g-tangent 
polynomials. These polynomials have a lot of properties, applications, and identities. 

Definition 3.5. We define g-tangent polynomials, T{x); q -Euler polynomials, £{x)\ and q- 
Bernoulli polynomials, B(x) as 

OO 

£n,q {%)'j 

n =0 I 

oo 

n—0 
oo 

J2 B n,q( a ; )r^n = e ( t )- i eq ^ tX ^ 1*1 < 2?r ’ ^ I 7 ’ 14 - 15 D- 


n—0 


t n 


Ng! 

- e 

e q{t) + 1 

t n 

[2] g 

[«]? ! 

e q (2t) + 1 

t n 

1 

t 

[»],! 

e q(t) ~ 1 


Theorem 3.6. For x,y £ C, the following relation holds: 


1 n 

£n.q(x,y) = 


1=0 


&n—l,q (*^) 


rrr 


n—l 

E 

k =0 


n — l 
k 


&k,q (%) 


m‘ 


i—k 


£i, q (my), 


where £ n , q (x) is g-Euler polynomials. 

Proof. Transforming the g-Euler polynomials of the second kind containing two parameters, we have 


eg{t) + e q {-t) 


e q (tx)e q (ty) = 


[ 2 ], 


^) + l 


i(ty) 


+ 1 

[ 2 ], 


eq(t) + e q (-t) 


i(tx) 


For the relation between (/-Euler polynomials of the second kind containing two parameters and 
g-Euler polynomials, we get 


^2£n,q{x,y) 


P 


1 


n—0 


oo / n 


l 


£i,q( m y) E 


1 oo ( n 

m-E E 

n—0 V 1=0 


k =0 


n — l 
k 


£k,q(x) \ t n 


n n—k 


[«]«! 


£i, q (my) 


£ n -l, q {x) \ P 


[n)qV 
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which, on comparing the coefficients, immediately gives the required relation. 
Corollary 3.7. For q —> 1 in Theorem 3.6, we have 

1 — 1 


E n (x,y) = -^2 


1=0 


n\ / £■„_ 


^ + E (V)§S 

k =0 V 7 / 


where E n (x) is the classical Euler polynomials of the second kind, and E n (x) is the classical Euler 
polynomials(see [17]). 

Theorem 3.8. Let x,y £ C and \q\ < 1. Then we get 


y) — pj E] 


1=0 


2 l £ n -l,q(x) + 

m l ^ 

k =0 


n — l 
k 


2 n ~ k £ k , q (x) ,m 


n—k 


Ti, q {-^y), 


where T n , q {x) is g-tangent polynomials. 

Proof. To obtain the relation between q-Euler polynomials of the second kind and q-tangent poly¬ 
nomials, we can make 


J2 £ n, q ( x ,y) 


t n 


[ 2 ], 


n =o H ! \e g (i) + l 

From the above equation, we hold 


e q (ty) 


[2] g 


e q (t) + e g ( t) 


i(tx) • 


oo In 


__ j-TL 1 

= pjrE (E 


n—0 




n= o \i=o L J 


n 




OO / 71 


n—l 

7I„(?y)E 

fc=o L 


n — l 
k 


2 n ~ k £ k , q (x) t" 


n n—k 


&n—l,q (^) 


2 ; 7I,9(fy)\ t r - 


[n]q\ 


q\-"J i 


lq n=0 \i=0 L" J 

which, on comparing the coefficients, the required relation at once. 
Corollary 3.9. For q —> 1 in Theorem 3.8, we see 


ln]q'. 


E n (x, y) = (, 


1 / n \ / 2 l En-l( x ) 


1 =0 


n—l 

E 

k=0 


n—l\ 2 n ~ k E k (x) \ .to 




where E n (x) is the classical Euler polynomials of the second kind, and T;(x) is the classical tangent 
polynomials (see [6, 13-14, 17]). 

Theorem 3.10. Let |g| < 1 and x, y be any complex numbers. Then we hold 


q£n—l,q{x,y) — ^ ] 


r n—l 

E 


1=0 L Jo \ k=0 L 


n — l 
k 


&k,q{x ) [ri l,q{.X) 


m 


i — k 


m L 


Bi,q(my). 


Proof. Multiplying the generating function of g-Euler polynomials of the second kind in two param- 
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eters by a suitable function, we have 


'^2,£n,q{x,y)- 


n—0 


n a'. 




i(ty) 




e ?W + e ?H) 


j(te) 


= ( J2 B n , q {my) 


\n —0 


to" [n] q \ 


E 




1 ' ( Y.e n , q {x^ 


TO"[nl„! t 
\ n =o 1 ,q 


\n—0 


n) q \ 




n—0 


n—l 




fc =0 


n — l 
k 


£k,q{x) \ t n 


m‘ 


i-k i [ n _ i] 5 ! 


oo / n 

"SIhSki 




rrr 


\n-\} q \' 


Comparing the coefficients of both sides leads to 

°o „ oo f n f 1 / n-l ' 

^H,^- lt ,(i,!/)rr| = 1 E i (E 

n=0 n=0 I ;=0 l/J* \fc=0 L 


n — l 
k 


£k,q( x) [n ~ l\ q £ n -l,q(x) 


-jU—k 


&i,q(my) 


J q 


[nW- 


which gives the required result. 

Corollary 3.11. For q — > 1, in Theorem 3.10, we see 


( n—l 


l —0 —0 


,-t\£ k (x) (n-l)£ n -i(x) 


1 n—k 


Bi(my ), 


where E n (x) is the classical Euler polynomials of the second kind, and B n (x ) is the classical Bernoulli 
polynomials (see [6-9, 12, 15, 17]). 

Theorem 3.12. For q,x and y £ C, the g-Euler polynomials of the second kind have 


E 

k—0 L 


n—2k 


&n—k 


Proof. Consider that 

The form A can turn to 

A = 


* (hr (^-±[:l © 

fc=0 L J q 
4 e q (tx)e q (ty) 


n—2k 


&n—k 


’ q ■ 


A = 


(e q (^t) + e,(-£i)) (e,(ft) + e,(-ft))' 

2 e q (tx) _ 2 e q (ty) 

i e q(at) + e q(~aty) ( e q(b^ + e «( — ©)) 

00 , ^ ( b A n 00 /; \ ! a A 


n—0 
oo ( n 

= E E 

n—0 \ fc—0 L 


9* n=0 
n—2k 


a / [n] q \ 


(3-1) 


/ 7 \ n—ZK 

(-) ( j*) 4 



<? -V 


a / / n 
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or, equivalently, 


A = 


2 e q (tx) 


2 e q (ty) 


(eq( b t)+ e q{ b t)) { e q{ b a t) + e q{ *t)) 


n =0 x 7 L iq r ).=n L J 

oo / n [ 

= E E 


(!*)’ 


n—0 
i—2 k 


(3.2) 




n —0 y/c—0 

and the theorem is proved in (3.1) and (3.2). 

Corollary 3.13. If q -A 1 in Theorem 3.12, then we see 




E 


i-2 k 




fc =0 v ' v v ' k =0 

where E n (x) is the classical Euler polynomials of the second kind(see [6, 17]). 
Theorem 3.14. For k £ N, we get 


D^£ n , q {x) = 


k 

L J q 


[k\q\£n—k,q(,%')' 


Proof. To make this result we have to remember Theorem 2.2, 


£n,q{%) — 


fc=0 




,n—k 


and Theorem 2.3, 


D^£ n , q (x) = [n] q £ n -i tq {x). 

Repeating ^-derivative for Theorem 2.3, we can see 

D^£ n , q (x) = [n\ q [n - l] q £ n - 2 ,q{x) 

D ( q 3) £ n ,q(x) = [n\ q [n - 1 ]q[n - 2) q £ n _ 3 ,q(x) 
D q ^£ n ,q(x) = [n]q[n - 1 } q [n - 2] q [n - 3 ] q £ n -i, q {x) 


For k £ N, we find ^-derivative of k -times such as 

D q k) £n,q(x) = [n] q [n - l] q [n - 2 } q [n - 3 ] q ■ ■ ■ [n - k + l] q £ n - k , q (x) 
n ~ 

= \h\ q \£ n —} iq (x') 1 

k 

L J q 

and it is proved. 
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Abstract 

This paper proposes a pointwise approximation scheme on the unit sphere § 2 , which aims 
to handle spherical scattered data with high level noise by using a regularized moving least 
squares (RMLS) approximation with Laplace-Beltrami operator. The pointwise errors of ap¬ 
proximation by the RMLS are estimated, and some numerical examples are designed to ex¬ 
amine the obtained theoretical results. Also, the given numerical examples illustrate that the 
different choices for the order of Laplace-Beltrami operator and regularized parameter can 
provide different pointwise approximation results. 

MSC(2000): 65D32, 65H10, 41A17 

Keywords Sphere; Moving least squares; Pointwise approximation; Laplace-Beltrami op¬ 
erator 


1 Introduction 

In recent years, scattered data approximation on the unit sphere § 2 has been widely applied to 
astrophysics, meteorology, geodesy, geophysics, and other areas (see B ED US)- In the approxima¬ 
tion, spherical polynomials and spherical radial basis functions are usually taken as approximation 

tools. We refer the reader to mmmmmmmmmmmm- 

Moving least squares (MLS) scheme for scattered data approximation in Euclidean space R n 
was proposed in 31] and [35] several years ago, which is actually a scheme to approximate target 
functions by using polynomials. Its simplest form coincides with Shepards interpolation method 
[23] . And, in terms of Backus-Gilbert method and constructive way of computing MLS approx¬ 
imation, it is also called as Backus-Gilbert optimal HEUaiH]. Afterwards MLS was extended 
by McLain I2U |22], Franke [TO] , and Lancaster pA]. Meanwhile, MLS approximation has been 
frequently applied to potential energy surfaces [2D], surface reconstruction BE and partial dif¬ 
ferential equations [7]. In addition, several errors of approximation of MLS were estimated by 
different ways in [2] [3] [TS1 |3H 053 • 

In the MLS method, the highlight is process of MLS approximation involving the local polyno¬ 
mial reproduction property and the key ingredient in depriving error estimates. Based on the idea, 
Wendland |35] studied MLS approximation on the sphere to estimate the function value f(x ) by 
solving a local weighted least squares problem for every point x on the sphere which seems to be 
better than the method of spherical radial basis functions (SBFs) interpolation, because it does not 
require solving a large linear system. Li m developed a theoretical analysis of the generalization 
performances of regularized least square regression algorithm with spherical polynomial kernels. 
An et al. [lj considered regularized least squares scheme by using spherical designs, which can 
be used to handle the data set with high level noise when the regularized operator is chosen as 
spherical Laplace-Beltrami operator. 

Based on the denoising effect of the Laplace-Beltrami operator and the superiority of MLS 
approximation, this paper proposes an approximation scheme of regularized moving least squares 
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(RMLS) with the Laplace-Beltrami operator. A pointwise approximation issue on the unit sphere 
§ 2 , which aims to handle data set with high level noise, is considered, and the errors of approxi¬ 
mation by the proposed RMLS are estimated. The numerical experiments are designed to further 
show the effectiveness of the proposed new method. 

This paper is organized as follows. In Section 2, the necessary backgrounds about spherical 
harmonics, sphere function spaces, and Laplace-Beltrami operator are reviewed. The MLS approx¬ 
imation on the sphere is stated in Section 3. In Section 4, we propose the RMLS approximation 
scheme. Section 5 devotes to give the error estimation for RMLS approximation. Numerical ex¬ 
periments are given in Section 6 to demonstrate the effectiveness of RMLS approximation scheme 
for data with high level noise. 

2 Preliminaries 

2.1 Spherical harmonics, sphere function spaces, and sphere point sets 

In this section, we introduce some notations about spherical harmonics, sphere function spaces, 
and sphere point sets, which can be found in [23] and [33] . 

Let § 2 be the unit sphere embedded in the Euclidean space R 3 , i.e., 

§ 2 := {x := (xi,X 2 , x 3 ) G R 3 : ||x||| := x\ + x\ + x 2 = l} . 

For integer l > 0, the restriction to § 2 of a homogeneous harmonic polynomial with degree l 
is called a spherical harmonic with degree l. The class of all spherical harmonics with degree l is 
denoted by Hi , and it is well-known that spherical harmonics of different degree are orthogonal 
with respect to the inner product (f,g) L '■= / g2 f(x)g(x)duj(x ),where du> denotes surface measure 
on § 2 . Hence, if we choose an orthogonal basis {Yi,k ■' k = 1,..., 21 + 1} for each Hi, then the set 
{Ei.fc : / = 0,1,..., k = 1,..., 21 + 1} is an orthogonal basis for L 2 (§ 2 )- The class of all spherical 
harmonics with total degree l < L is denoted by Vl- Of course, Vl — ®^h 0 and the dimension 
of Hi is 21 + 1 and that of Vl is (L + l) 2 . The well-known addition formula is given by (see 231 1 

21+1 91 4 - 1 

^2 Yi,k( x ) Y iAy) = y)> C 2 - 1 ) 

fc—1 

where Pi is the Legendre polynomial with degree l and dimension 3, which is normalized such that 

^(i) = i. 

For every p G Vl, we have 

L 2Z+1 

P( x ) = XI 51 a ‘^Yi,k(x), (2.2) 

1=0 k= 1 

where ai t k — Is 2 p(y)Yi, k (y)du(y). 

We denote by C(S 2 ) the space of continuous functions on § 2 endowed with the uniform (supre- 
mum) norm ||/||c(S 2 ) := sup a , e §2 |/(x)|.The geodesic distance between two points on the unit 
sphere § 2 is defined by d(x, y) := arccos((x, y))(x, y € S 2 ),where (x, y) denotes the Euclidean inner 
product. 

Let xi, X 2 ,..., xjv G § 2 , which are pairwise distinct. Then X := {xi, x’ 2 ,..., Xat} is called as a 
centers set. The mesh norm of A' is denoted by 

^A‘,s 2 := sup min d(x, Xj), 

XGS 2 

and the separation radius is defined to be 

Qx,§ 2 ■= - min d(xi,Xj) 

2 1^3 

that is half of the smallest geodesic distance between any two distinct points in X. It is easy to 
see that h x s 2 > Qx s 2 j where equality can hold only for a uniform distribution of points on the 
circle S 1 . 


150 


Chunmei Ding ET AL 149-161 




J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 27, NO. 1,2019, COPYRIGHT 2019 EUDOXUS PRESS, LLC 


C. Ding et al.: Regularized moving least squares approximation on the sphere 


For a given point set X , if there exists a constant C\ > 1, such that 

9.y,s 2 < ^jy,s 2 < c i QxS 2 ; (2-3) 


then X is called quasi-uniform. 

In addition, the set X is said to be TT-unisolvent (see [32]), if 

PGVl, p{xi) = 0 for i = 1, 2,..., N => p = 0. 


2.2 Laplace-Beltrami operator 

In this subsection, we introduce Laplace-Beltrami operator on S 2 (see [231 [33]). The Laplace- 
Beltrami operator is defined by 


A/:=£ 


d 2 g(x) 

dx\ 


IM|2=i 


g(x) ■= f 



In fact, the Laplace-Beltrami operator is the angular part of the Laplace operator in three dimen¬ 
sions 


d 2 d 2 d 2 

dx\ + dx\ + dx\' 

Giving point x := (aq, £ 2 , £ 3 ) on S 2 , then the related spherical polar coordinate system is (6, p), 
O< 0 < 7 r, 0<yi< 27 t, in terms of polar coordinate transformation 


aq = sin0cos<p, aq = sin 0 sin yi, X3 = cos 0, 

the Laplace-Beltrami operator acting as a differential operator can be written by 

a 1 d . d 1 d 2 

^ede^ m9 de^ + sin 2 e W 

The literature has pointed an intrinsic characterization of spherical harmonics, which is every 
element of Hi is an eigenfunction corresponding to the eigenvalue —1(1 + 1) of the Laplace-Beltrami 
operator A, namely that 

A Yi tk (x) = -1(1 + l)Yi t k(x). 

In fact, A is a semi-positive operator, and for any s > 0 we can define (—A) s as 

(-A ) s Y ltk = (1(1 + l)) s Y hk (x) = m,k(x)- 
So, for p(x) £ Vl, (— A) s p(x) can be represented by 

l 21+1 L 

(-A ) s p(x) = £A £ Y ltk (x)(Yi >k ,p) = £ (3 1 
1=0 k —1 1=0 

where /3 M = (p(n + l)) s , p, = 0,1,... ,L, and Pi is the Legendre polynomial with degree l. 


> s 2 


21 + 1 
An 


Pi(x,y)p(y)dw(y), 


3 Moving least squares 

Moving least squares (MLS) approximation has been frequently applied to potential energy sur¬ 
faces ESI, surface reconstruction HE and partial differential equations [7]- I n order to propose 
regularized moving least squares (RMLS) in the next section, we should first review some details 
about MLS approximation on the sphere [35] . 

The issue of MLS approximation on the sphere has been given some detailed discussions by 
Wendland in [3H 33, 20- Suppose an unknown continuous function / £ C(S 2 ) and x £ § 2 , 
we can construct an approximation of f(x) from values {f(xi)}fL ± of / on a given point set 
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X = {xi, ..., Xn} C S 2 . Then the approximate value p*(x) of f(x) can be obtained by the solution 
of following minimization problem 


min 


N 


£(/(*,) - p(xi)) 2 w{x, Xi) :p£V 


. i= 1 


(3.4) 


where V C C(S 2 ) is a finite dimensional subspace, usually spanned by spherical harmonics, and 
w : § 2 x S 2 — > [ 0 , oo) is a continuous function. Since we consider a local process, we choose w(x, y) 
as a radial and compactly supported function, even if it is not really necessary. So Wendland 
[Ml HISl Rlil] chose continuous function <j) : [0, oo) —> [0, oo) with 

• </>(r) > 0,0 < r < 1, 

• (j){r) = 0, r > 1, 
and define 

Ot{x,y) := , 1 v , x,y £ S 2 , (3.5) 

where 6 > 0 is a scale. Then above weight function w(x,Xi) has the following form 


w(x,Xi) 


1 

&s(x,Xi) 


^ d(x,y) ^ 


For X = {xi,X 2 , ■ ■ ■, £jv}, we further dehne the index set I(x) as 


I{x) := I{x, <5, X) = {i £ {1,2,..., N} : d(x, Xi) < 5}, 


(3.6) 


which contains the subscripts of points within the spherical cap of radius 5 centered at x. And we 
choose V = Vl ■ Then the MLS approximation ( |3.4| ) takes the form (see PS M E3123) 

Sf,x{x)= a i(x)f(Xi), 

where the coefficients a* (x) are determined by minimizing 

\ Y a 2 (x)0s(x,Xi) (3.7) 

i£l(x) 

under the constraints 

Y a i{x)p{xi) =p(x), p £ V L - (3.8) 

iei(x) 

If X satisfies certain conditions, then we have the following theorem [55] . 


Theorem 3.1 Assume that Z = {Xi £ X : i £ I(x, 5, X)} is Vl- unisolvent. Then the minimiza¬ 


tion problem (3.1) with constraint (T5. <§U has an unique solution a*(x): 


a* ( x ) = (j) 


d(x, Xi) 


L 2 /i+l 

fi—0 iz=l 


where i £ I(x),Xi £ Z, and the Lagrange multipliers A i t k have unique solution by solving the 
following system of equations: 

Y X! -W Y $ Yn tU (xi)Yi ik (xi) = Yi }k (x) 

u —o v—t i£l(x) ' 


with 0 < l < L, 1 < k < 2p + 1. 


Since Z = {xi x , Xi 2 ,..., Xi M } = {xi,i £ I (a;)} C X involves the choice of scale S, so it is also an 
interesting research direction. From |36j we know that if x lies in a region with a high data density, 
then the <5 should be chosen small. However, we should choose a bigger S, since our method is 
local. Therefore, we often choose 

S = 6x = Cihx, (3.9) 

where C\ is a constant. 
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4 Regularized moving least squares with Laplace-Beltrami 
operator 

In this section, we propose a category of local polynomial approximation on the unit sphere § 2 in 
terms of an improvement of MLS, and give the model of the RMLS. 

For an unknown continuous function / £ C '(§ 2 ),X = {£ 1 , 2 : 2 , • • • ,Xn} C S 2 , and x £ § 2 , we 
can get an approximate value p(x) of f(x) from values {f{xi)}fL 1 by the solution p of following 
minimization problem 


' N 

^2 ( (f(xi ) -p(xi)f + A((-A) s p( 2 ; i )) 2 ) <j> 


d{x,Xi) 


■ V £ V L 


(4.10) 


where (—A) s and <j> is defined as above, A > 0 is a regularization parameter. 

Similar to m m issi m, we want to use polynomial local reconstruction to estimate approx¬ 
imation order. So, the new approximation form can be constructed and it is the same as the 


solution of (4.101. We construct the new approximation form: 


s f ,x(x)= a *i(x)f(xi), 

iei(x) 


where the coefficients are determined by minimizing 


under the constraints 


where 


\ a i( x )9s(x, Xi) 

iei(x) 

^2 o,i(x)p(xi) = q(x), p£V L , 

iGl(x) 

L 2/1+1 

q(x) = Y1 H <4 + x Pl)~ l p^ Y +A x ), 

fi—0 is=l 


(4.11) 

(4.12) 

(4.13) 


p^ v is the Fourier coefficient of p , and /3 M = (/r(/i + l)) s . The following (2) of Theorem 4.1 shows 
that the constructed approximation form (4.11) and constrained optimization problems (4.12)- 
( |4T3 \ are valid. 


In the following, we focus on how to solve the new constrained optimization problem, where 
Z = {xi x ,Xi 2 ,... ,Xi M } = {xi,i £ I(x)} C X. We need the following notations: 

/ = (f(x l), fix 2), ..., /( xm)) t ; 

a = K(i),a)(a:),...,a* M (i)) T ; 

a = ( a 0 ,l) • • • j o-l, 2 L + i) T \ 

<p = (Y 0 ,i(x),.. .,Y Lt2L +i(x)) T ; 


W = diag < (j) 


d(x, X\) 


d(x,x 2 ) 


5 J V 5 
B = diag{/3 0 , /3i, /3i, /3i,..., (3 ^,..., /? M , 

V_ v _/ 

2^+1 

[Y 0> i(xi) Fi,i(xi) Yi, 2 ( 2 : 1 ) 

Yb, 1 ( 2 : 2 ) Yi 4 ( 2 : 2 ) 14 , 2 ( 2 : 2 ) 

Y = 


d(x, x M ) 


> P 2 L+ 1 , • • • j ^ 2 L+i}; 


Yl,2L+i(Xi) \ 


Yi 


L. 2 L +1 


( 2 : 2 ) 


\Yq,i(xm) Yi^xm) Y\p(xm) ••• YL'2L+i(xm)J 

The following Theorem |4.1| will give the concrete form of the solution of RMLS approximation, 


and proves that the solution of (4.10) is equivalent to the solution of the minimization problem 


(4.12) with constraint (4.13). Namely, the constructions (4.11)-(4.13) are valid. 
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Theorem 4.1 The following statements hold. 

(1). For a given point set X = {xi C § 2 , if Z = {xi G X : i G I(x,5,X)} is Vl- 
unisolvent, then the minimization problem (f. 12) with constraint \f.lS) has unique solution a*(x): 


;( x ) = </> 


d(x,Xi ) 


L 2^+1 


yy , % g i{x), 

H =0 i>—l 


(4.14) 


where z+k can be obtained by solving the following system of equations: 

' d(x,Xi)' 


S 


Y^A x i) Y i,ki.Xi) = (1 + a Pi) YiA x ) 


(4.15) 


L 2/i+l 

E E Z W E 

[i=0 i/=l i+I(x) 

with 0 < l < L, 1 < k < 21 + 1, A > 0; 

(2). The solution of (f.10) is equivalent to the solution of the minimization problem (f.12) with 
constraint (f.13). 

Proof. We first prove (1). Similar to [31], [35] and 35]. we introduce Lagrange multiplies 
2 = (20,1 > • • • Al,2L+ i ) to solve the optimal problem (4.12) with constraint (4.13). Let 

^ L 2/x-f-l 

J = ? Z a 2 i {x)0 s (x,x i ) -J2Y1 -W ( E a i(x)Y^( x i) - (! + ^1)~ 1y uA x ) 


iei(x) 


fi—0 i/=l 


\i+I(x) 


where z= z /Jl ^Pu+- We solve partial derivatives about dj( x) and zi t k for J, respectively, 

L 2/x+l 


dJ v T \ 

—— = ai (x)9s(x,Xi) -^2^2 Zp,vYnA x i) = 0, i G I(x), 

**■ ' fi=0 v=l 


da 


d.J 

dz, 


Lk 


= - 51 ) + (i + A fi)~ lY iA x ) = 0, o < l < L, 1 < k < 21 + 1, 


i+I(x) 


then, solving the above equations, we can get (4.14) and (4.15). 

In order to prove equivalent conditions, the solution (4.14) of the optimal problem (4.12) under 
constraint (4.13) can be written as matrix form 

a = WY(Y T WY + \B T Y T WYB)~ 1 p- 

Next, we prove the uniqueness of the solution. In fact, we only need to prove that Y T WY + 
\B T Y T WYB is a positive definite matrix. For any vector 

r = (r 0 ,i,.. • ,r Li 2 L+i) T £ ffi (i+1)2 , 

and for i G I(x),w(x,Xi ) > 0, 

r T (Y T WY + \B T Y T WYB)r = (Yr) T W(Yr) + r T XB T Y T WYBr 


= E< 

i£l(x) 

> 0 . 


d(x,Xi) 

6 


/ L 21 + 1 \ 

E E Yi x 

\l =0 k =1 / 


E ■ 

ie/(x) 


d(x,Xi) 

S 


( L 2Z+1 

E E r i,k&i Y i,k 

Ki =o k =i 


Since the entries of diagonal line of matrix B are not all 0, and Z is Vl~ unisolvent, we see that 

£*(^)(x:X>y+£' 

iei(x) v y \i= o k= 1 / iei(x) 


d(x,Xi) 

S 


( L 2Z+1 

E E r l,kPl Y l,k ) = 0, 

W=0 k =1 / 


implies r = 0. So Y T WY + \B T Y T WYB is a positive definite matrix. 
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We now prove prop erty ( 2). Let {F 0jl ,..., Y l ^l+ i} 
Then the minimizer of (4.10) can be written as 


be a set of the spherical harmonics in Vl ■ 


Thus 


hence 


L 2/t+l 

p*A) = E X! a w Y »A x )- 

fi —0 u —1 


a T = fWY(Y T WY + XB t Y t WYB)~\ 

L 2/i+l 

p*A) = E E a uA r vA x ) = aT ^ 

fi —0 y —1 

= f T WY(Y T WY + \B t Y t WYB)~ 1 v = f T a 
= Sf,x{ x). 


The proof of Theorem |4.1| is complete. □ 


The following Theorem 4.2 devotes that p(x) of the solution of the minimization problem (4.12) 


with constraint (4.13) uniformly converges to “s-smootlied” solution f s : 

1 


fs(x) ■■= E 


1 


l=o 1 + AK l + !)) 2s fe=1 


2Z+1 oo 

E kkYiAA = E 


i 


1=0 


l + A(^ + l)) 2s 4 t r 


's 2 


Pi(x ■ y)f(y)du(y), 


where the last equation uses the addition theorem ( 2 . 1 ). 

Theorem 4.2 Assume that the order of Laplace-Beltrami operator s > 1/2, p{x) is the solution 
of the minimization problem (4-12) with constraints and L is the order of p{x), then we 

have liniL^oo ||p - / s ||c(S 2 ) = 0. 


This theorem has been proved in [T]. 


5 Error estimates 


In this section, we will give an error estimate for RMLS approximation, which ensures the fact 
that RMLS approximation scheme is reasonable (see Theorem 6 below). But before starting the 
error analysis, we need to collect a few auxiliary results. The following Lemma 4 indicates the 
local polynomial reproduction on the sphere, which is quoted from 3ol . We also refer the reader 
to [US] and [34] for a general form of the local polynomial reproduction property, and it plays an 
important role in the error estimates for RMLS approximation. 


Lemma 5.1 There exist constants ho, C 2 , C 3 > 0 such that for every point set X = {aq, X 2 , • ■ ■, Xn} C 
§ 2 with hx,s 2 < ho and every igS 2 , there exist mf (x),a'f (x),... ,a^(a;) satisfying that 

(!) Eili A ( x)p(xi ) = q(x),for any p G V L \ 

(2) a?(x) = 0, if d(x,Xi ) > C 2 h x )S 2 / 

(3) Eh\A( x )\<c 3 , 

where 

L 2/i+l 


<lA) = E A 

fl — 0 12=1 


A/? m ) p^Y^ v (x). 


The following Lemma 5.2 is quoted from |35| . which shows that |/(x)| is uniformly bounded 


in terms of packing argument from EH, and it plays an important role in the error estimates for 
RMLS and MLS approximation. 
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Lemma 5.2 Assume that X = {xi,X 2 , ■ ■ ■ ,x x } C S 2 is quasi-uniform with h x , s 2 < h 0 , /( x) := 
{i £ {1,2,..., IV} : d(x, xf) < 5}, and 5 = Cih x §2 • Then 

\I(x)\ < < (1 + dCi), 

Qx 

where the c\ and C\ are constants which associate with [2.5 fl and \3.$\), respectively. 


From Lemma 5.1 and Lemma 5.2 we use the similar techniques of [35], and obtain the following 
Theorem |5.1[ which is an error estimate for RMLS approximation. 


Theorem 5.1 Let C\,C^,5 be given in (3.9), Lemma 5.1 and Lemma 5.2 Suppose that X = 
{xi, X 2 , ■ ■ ■, Xn} C S 2 is quasi-unifoi'm, and s X j is the RMLS approximation of f £ C (§ 2 ) by 
minimization If. 12 ) under the constraint (f.13). Then there exist constants ho and C which are 
independent of f and X , such that for every X with h x , s 2 < ho and every x £ S 2 , the error between 
f and s x .j can be bounded by 

I/O) ~ Ay,/0)I < Cc f C[ +1 h l +^. 

Proof. Let q £Tl and B(x,S) = {y £ S 2 ;d(x,y) < <5}. We adopt the standard arguments to 
estimate the error of RMLS approximation: 

I/O) - s x ,f(x)\ = |/0) - q{x) + q(x) - s XJ (x)\ < |/0) - 90)1 + l«0) ~ s x,f{x)\ 

< ll/O) — q( x )\\oo,B(x,S) + 55 l a *0)lll/0) ~ P( x )\\oo,B(x,S) 

ie/(x) 


where the relationship between p(x) and q(x) is q(x) = + A/3 2 ) p 

is the Fourier coefficient of p , and /3 M = (p(iu + l)) s . So we can write 

max {ll/O) - 90)lloo,s(x,5), ll/O) - pO)IIoo,b(x,< 5) } : = ll/O) ~ G{x)|| 00iB(X;5) , 

then 

I/O) -SX,/0)l < 0 + 51 l a i 0)1)11/0) - G0)Hoo,B(x, 6)- 

ie/(x) 

For £ ie /(x) | a* 0) |, using Cauchy inequality we have 


1/2 


55 KO)| < 55 l°iO)| 2 00 , x i) 


±( d i X i X i)s 


1/2 


(5.16) 


iai(x) 


\ i£l(x) 


yi£l(x) 


Now we prove that the first term of the right of (5.16) is bounded. According to h x ,§2 < ho, 
we can get a,0) that reproduces spherical harmonics and vanishes if d(x,Xi) > |. We set /( x) = 
{i : d(x,Xi) < then, by the minimization condition it is not difficult for us to obtain that 


55 |a*0)| 2 00> Xi) < 55 l a *0)l 2 0s{x,Xi)< -— 


iei(x) 


d(: 


iei(x) 

/ N N 

< 55oo)i 


■^j) \ 
<5 / 


55 moo 

iei(x) 


K i=l 


M ^ <C 3~ 

< d(x,y) \ ~ J 


min yeZ u miii 9 eZ (i(fe l i)’ 


and 


f d(x,Xi). 

5 


55 < t > c K ~ Y > ) ^ i j o 


iei(x) 


From Lemma 5.2 we see that |/(a:)| is uniformly bounded, which implies that (5.161 is bounded. 
Therefore, there exists a constant C, such that ^1 + /(X) K0)|) <C. 
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Next, we prove that \\f {x) — G(x)\\ 00: z is bounded. According to [55] . without loss of generality, 
we suppose that x = (0,0,1) T . Then 


B(x, 6 ) = {y £ S 2 : d(x,y) < 6 } = {y £ S 2 : y 3 > cos5}. 


We define the bijective map T : U —> B(x , S) by y — » (y, \J 1 — ||y|||) T , where U = {y £ R 2 : \\y\\\ < 
1 — cos 2 5}. Obviously, the inverse of T is T _1 (y) = y = (yi,y 2 ) T - Then, the Taylor expansion of 
g around x = 0 is 


g(y) = E 


? («)( 0 ) 


a\ 


£ 


rv 


H<i 


|a|=i+l 


So 


and 


Hence 


f(y) = goT- i ( y )=j2 c -y a + E 9 ~^r 

|q|<Z |q:|=Z+1 


G (y) = E Caya - 

\a\<l 


\f(y)-G(y)\ < c/||y|| 2 +1 = c f (l - yl ) {l+1)/2 < c/(l - cos 2 <5) (i+1)/2 = Cf (sm 6) l+1 

< c f 6 l+1 = CfC^. 

Therefore, 

I f(x) - SA'./WI < C\\f - G||oo,B(x,«) < Cc f C[ +1 h l +l 2 . 

The proof of Theorem |5.1| is complete. □ 


6 Numerical experiments 


In order to further validate our theoretical results derived in the previous sections, this section 
presents some numerical experiments handling data set with high level noise. In our experiments, 
we choose two test functions, where the Franke function f(x, y, z) is chosen as the first test function 
which has been frequently used in the other literature (for example, [251 [35] ), 


(9a; - 2) 2 (9 y - 2) 2 (9z - 2) 5 


4 

4 

4 ; 

(9x + l) 2 

(9y + l) 2 

(9z + 1) 2 

49 

10 

10 

CN 

tE 

1 

0 

(9y — 3) 2 

(9r - 5) 2 

4 

4 

4 


fi(x,y,z) = - exp ( — 

3 

+ 4 e 

1 

+ 2 e 

-Exp (-(9a; - 4) 2 - (9 y - 7) 2 - (9* - 5) 2 ) , (x, y, z) £ S 2 . 

This function is shown in the Figure[2] (a), and it is C'°°(S 2 ). The second test function is spherical 
cap function which is a sum of the Franke function /i and an other function /cap (see [38] I. which 
is defined by f 2 ~ fi + /cap,where 


/cap : — 


p cos 
0 , 


7rarccos((x c ,x)) 
2 r 


, x £ C{x c ,r)\ 
otherwise, 


and p is a positive number. We set x c 
function is shown in the Figure [3] (a). 


(— — o, \f 2)1 P = 2, and r = \ in the experiment. This 
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C. Ding et al.: Regularized moving least squares approximation on the sphere 


In the RMLS approximation, the weight function plays an important role. We choose a famous 
radial basis function 4>{r) as weight function in our numerical experiments, that is 

H r ) = (1 — r)^_(4r + 1), 

which is called Wendland function (see E3). The uniform error of the approximation is estimated 

by 

11/ -alleys 2 ) « max| f(xi) -p(xi)\. 

In our numerical experiments, we choose X to be a set of 1024 points generated from the equal 
area algorithm [30] , which is shown in Figure [l] 



Figure 1: A set of 1024 points generated from the equal area algorithm 

Next, we consider two groups of numerical experiments reconstructing the test function fi and 
/ 2 in terms of RMLS and MLS, where the data set X has been contaminated by high levels of noise. 
In the experiment 1 and 2, A' = {xi,X 2 , • ■ ■, Xjv}, and N = 1024, meanwhile, 30% noise have been 
used in X , where the noise is a sample of a normal random variable with mean 0 and standard 
deviation a = 0.1. In order to achieve uniform standard of comparison, we take polynomial degree 
L = 2 and scale 5 = 0.25. 

Experiment 1. We want to reconstruct the Frank function /) from contaminated data and 
compare approximation results of RMLS (A = 0.2) and MLS (A = 0), meanwhile, s is set as 2. 

Figure [2] illustrates that RMLS exists more obvious advantages than MLS when we reconstruct 
test function fi from data set with high level noise. The Figure [ 2 ] (a) shows original function / 1 , 
the Figure [ 2 ] (b) reports fi with high level noise, and the Figure [2[(c) reveals approximation result 
of RMLS for reconstructing / 1 , and the uniform error of RMLS approximation is 0.0868. At last, 
the Figure [ 2 ] (d) shows approximation result of MLS for reconstructing / 1; and the uniform error 
of MLS approximation is 0.1363. 

As we known, the test function fi called Franke function is C 00 ^ 2 ), however, test function f 2 
is continuous on the unit sphere 3 2 but not differentiable on the boundary of spherical cap C{x c , 7 '). 
In order to show the effect of RMLS approximation for reconstructing function, we reconstruct /2 
from data set with high level noise in the following experiments. 

Experiment 2. Test function /2 is reconstructed from data set with high level noise, and its 
designing approach is similar with Experiment 1. First of all, we fix the order of Laplace-Beltrami 
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C. Ding et al.: 


Regularized moving least squares approximation on the sphere 



Figure 2: A result of test function f\ in experiment 1 


(a) original spherical cap function (b)noise spherical cap function 



Figure 3: A result of test function /2 in experiment 2 
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C. Ding et al.: Regularized moving least squares approximation on the sphere 


Table 1: The uniform error of MLS and RMLS for /i and / 2 when A and s were changed 


A 

uniform 

error for fi 

uniform 

error for / 2 

s = 2 

5 = 4 

s = 2 

5 = 4 

0 

0.1363 

0.1363 

0.1303 

0.1303 

0.2 

0.0868 

0.0805 

0.0991 

0.0958 

0.4 

0.0909 

0.0881 

0.0990 

0.0818 

0.6 

0.0936 

0.0839 

0.0851 

0.0755 

0.8 

0.0936 

0.0832 

0.0836 

0.0801 

1.0 

0.0900 

0.0933 

0.0905 

0.0829 

1.2 

0.0983 

0.0929 

0.0932 

0.0932 

1.4 

0.0847 

0.0902 

0.0934 

0.0758 

1.6 

0.0834 

0.0845 

0.0899 

0.0791 

1.8 

0.1033 

0.0854 

0.0982 

0.0863 

2.0 

0.0900 

0.0844 

0.0833 

0.0830 


operator s = 4. Secondly, in order to compare RMLS with MLS, we let A = 0 (MLS) and A = 1.4 
(RMLS). At last, we show the superiority in terms of uniform error. 

Figure [3] illustrates that RMLS exists more obvious advantages than MLS when we reconstruct 
test function / 2 from data set with high level noise. The Figur e |3| (a) shows original function / 2 , 
the Figure [3] (b) reports / 2 with high level noise, and the Figure |3| (c) reveals approximation result 
of RMLS for reconstructing / 2 , and the uniform error of RMLS approximation 0.0758. Finally, 
the Figure [3] (d) shows approximation result of MLS for reconstructing / 2 , and the uniform error 
of MLS approximation 0.1330. 

Table [l] gives the values of uniform error for Experiment 1 and 2, when we choose different 
regularized parameter A and order of Lplace-Beltrami operator s for (4.101. The results indicate 
that the choosing method of A and s are uncertain, and the optimal combination of A and s is A = 
0.2, s = 4 for approximation f\. However, the optimal combination of A and s is A = 1.4, s = 4 for 
approximation / 2 . The different choices for the order of Lplace-Beltrami operator and regularlized 
parameter can provide different pointwise approximation results. 

From what has been discussed above, the RMLS is better than the MLS for recoving a function 
from data set with high level noise. However, the choice of A and s is critical. How to automatically 
choose the proper A and s is a challenging problem. 
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ABSTRACT 

In this paper, a Noval chaotic dynamical system is proposed and the basic properties of the system are investi¬ 
gated. Linear feedback control technique is used to suppress chaos. The controlled system is stable under some 
conditions on the parameters of the system determined by Lyapunov direct method. In addition, a function 
projective synchronization of two identical Noval system is presented. Lyapunov method of stability is used to 
prove the asymptotic stability of solutions for the error dynamical system. Numerical simulations results are 
included to show the effectiveness of the proposed schemes. 


1. INTRODUCTION 

Chaos has been developed and thoroughly studied over the past two decades. A chaotic system is a nonlinear 
deterministic system that displays complex and unpredictable behavior. The sensitive dependence on the initial 
conditions and on the system’s parameter variation is a prominent characteristic of chaotic behavior. Research 
efforts have investigated chaos control and chaos synchronization problems in many physical chaotic systems. 

Controlling chaos has become a challenging topic in nonlinear dynamics. Feedback control methods are used 
to control chaos by stabilizing a desired unstable periodic solution which is embedded in a chaotic attractor 
[ 1 - 12 ]- 

Generalized synchronization is another interesting chaos synchronization technique. Li considered a new type 
of projective synchronization method, called a modified projective synchronization (MPS). Chen et al. introduced 
another new projective synchronization which is called a function projective synchronization (FPS), where the 
response of the synchronized dynamical states synchronizes up to scaling function factor [11-29]. 

The object of this paper is to study the function project synchronization (FPS) of two identical Noval chaotic 
system with known parameters. 

The paper is organized as follows. In Section 2, presented the model of Noval chaotic system. In Section 3, the 
dissipation, symmetry, equilibrium points and lyapunov exponents. In Section 4, the feedback control method 
is applied to Noval system and numerical simulations are presented to show the effectiveness of the proposed 
method. In Section 5, the proposed scheme is applied to function projective synchronize two identical Noval 
chaotic systems. Also numerical simulations are presented in order to validate the proposed synchronization 
approach. Finally, in Section 6 the conclusion of the paper is given. 
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2. THE MODEL OF NOVAL CHAOTIC SYSTEM 

The Noval chaotic system [30] is described by the following system of differential equations: 

, T 

x = (— a + j)x + xy + z 

V = -by-x 2 (1) 

z = —x — cz 

Where the parameters a, b, c are positive real constants. 

A new chaotic attractor for the parameters a = 2, b = 0.1, c = 1 is shown in Fig. 1. 



3. DYNAMICAL BEHAVIOR OF THE NOVAL CHAOTIC SYSTEM 


3.1. The dissipation 

The divergence of Noval system is given by; 


„ T , dx dy 

W =-h — 

dx dy 


dz 1 , 


When y < a + b + c— -g, then Noval system is dissipative. 


3.2. Symmetry 

The relation of (x, y, z) —► ( — x, y , —z) is transformed, the system remains unchanged. The system trajectory in 
the x,z plane symmetry of y axis. 


3.3. Equilibrium points and stability 

By putting the right side of equation of system (1) equal to zero, that is; 


( — a + -)x + xy + z = 0 

—by — x 2 = 0 

—x — cz = 0 


This system has three equilibrium points: 

Pi = (0, 0, 0), P 2 . 3 = ( ± \/l - ab-b/c , a- 1/6+ 1/c, T \y/l- ob-b/c) 


The eigenvalues at each equilibrium point can be obtained as shown in Table 1. And all the equilibrium 
points are unstable, since at least one eigenvalue has positive real part for each equilibrium point. 
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Table 1. Eigenvalues and stability of equilibrium points 
Equilibrium points Eigenvalues Stable/Unstable 

Pi Ai = —0.1 , A 2 = —0.887 , A 3 = 7.887 Unstable 

P 2 Ai = —0.7446 , A 2 = 0.32 + 1.33* , A 3 = 0.32 — 1.33* Unstable 

P 3 Ai =-0.7446 , A 2 = 0.32 + 1.33* , A 3 = 0.32 - 1.33* Unstable 


3.4. Lyapunov exponents and its dimension 

By using singular value decomposition method and we may get three Lyapunov exponents of system,Ai = 
0.13, A 2 = 0, A 3 = —0.52. and the Lyapunov dimension of the new chaotic system is as follows: 


D L =j 


lAi+il 


5 A,=2+ nur =2 


0.13 + 0 
| — 0.52| 


2.254 


Thus, the Lyapunov dimension is the fractal dimension, shows that the system is a chaotic system 


4. CONTROLLING NOVAL SYSTEM 

In order to control the Noval system to the unstable fixed point ( 2 + yi, Zi), we introduce the feedback control 
to guide the chaotic trajectory ( 21 (f), y(t), z(t)) to the unstable fixed point ( 2 + y.;, Zi). 
let system (1) be controlled by the following form: 


x = (- a+ -)x + xy + z — kn(x — Xi) 

y = -by - x 2 - k i2 (y - y*) (2) 

Z = —X — cz — k i3 (z — Zi) 

where * = 1, 2, 3. 

4.1. First 

For i = l, the controlled system (2) has one equilibrium point (x\, yi, Zi) = (0, 0, 0). Let system (2) be 
controlled by a linear feedback control of the form: 

x = ( — a + -)x + 2 iy + z — kn(x — x\) 

y = -by-x 2 - fci 2 (y-yi) (3) 

z = — X — CZ — kis(z — Z\) 

The controlled system (3) has one equilibrium point ( 2 q, yi, Z\). We linearize (3) about this equilibrium point. 
Then the linearized system is given by: 

Y = ( — (z+ — — fcn + yi )X + 2q Y + Z 
< Y = -(b + k 12 )Y-2 Xl X ( 4 ) 

. Z = -X - (c + k 13 )Z 

where ( 2 : 1 , yi, zi) = (0, 0, 0), that is; 

' X = (-a+^-k n )X + Z 

< Y = -(b + k 12 )Y ( 5 ) 

. Z = -X -{c+k 13 )Z 
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To prove the asymptotic stability we use the direct method of Lyapunov, 
system (5) by: 


V(X, Y, Z) = ^(X 2 + Y 2 + Z 2 ) 


Define the Lyapunov function for 


( 6 ) 


The function ^satisfied: 

i y(0, 0, 0) = 0 

ii V(X, Y, Z) > 0 for X , Y and Z in the neighbourhood of the origin. 

So, V(X, Y, Z) is positive definite. Also, we have: 

= — {(o ~~ ^ + k\\)X 2 + (b + ki 2 )Y 2 + (c + ki 3 )Z~} (7) 

therefore, the derivative 0 if, 

k n > ^ - a , ki 2 > -b, k 13 > -c (8) 

i.e. dV/dt is negative definite under condition (8). We deduce the following lemma, 

Lemma 4.1. The eqidlibriiLm solution (aq, y 3 , zi) of the controlled system (3) is asymptotically stable such that 
the feedback control gain K satisfy: kn > | — a and k \2 = k\ 3 = 0. 

4.2. Second 

we introduce the conventional feedback control to guide the chaotic trajectory (x(t), y(t), z(t)) to the second 
unstable equilibrium point (x 2 , 1 / 2 , Z 2 ) = (-^/l — ab — b/c , a — f , — \\J 1 — ab — b/c) 

x = ( - a+ ^)x + xy + z - k 2 i(x — x 2 ) 

y = -by-x 2 -k 2 2 {y-y 2 ) ^ 

, Z = -x - cz - k 23 {z - Z 2 ) 

The controlled system (9) has one equilibrium point (aq, 2 / 2 , Z 2 ). We linearize (9) about this equilibrium point. 
Then the linearized system is given by: 

X = ( — a + -— /C 21 + y 2 )X + X 2 Y + z 
< Y = -(b + k 22 )Y -2x 2 X 
. Z = -X- (c+k 23 )Z 

where (a; 2 , 1 / 2 , ^ 2 ) = (y/l-ab- b/c, a - \ + -1 - ab - b/c), that is; 

' X = (^~ k 2 i)X + (v 7 ! -ab-b/c)Y + Z 

< Y = -(b+ k 22 )Y - 2(y/l -ab- b/c)X 
. Z = -X^{c + k 23 )Z 

To prove the asymptotic stability we use the direct method of Lyapunov. Define the Lyapunov function for 
system(10) by: 

V(X, Y, Z ) = ^(X 2 + Y 2 + Z 2 ) (12) 

The function V satisfied: 


( 10 ) 


( 11 ) 
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i V (0,0,0) = 0 

ii V(X, Y, Z) > 0 for X, Y and Z in the neighbourhood of the origin. 


So, V(X, Y, Z) is positive definite. Also, we have: 


— { 2 (A: 2 i — ~)X 2 + (6 + k 22 )Y 2 + 2 (c + k 23 )Z~} 


therefore, the derivative ^-< 0 if, 


k 2 i > — j ^22 > —b, k 23 > 

c 


( 13 ) 


(14) 


i.e. ^7 is negative definite under condition (14). We deduce the following lemma, 

Lemma 4.2. The equilibrium solution ( X 2 , y 2 , 22 ) of the controlled system (9) is asymptotically stable such that 
the feedback control gain K has the simple choice k 2 \ > | and /c 2 2 = ^23 = 0. 


4.3. Third 

we introduce the conventional feedback control to guide the chaotic trajectory (x(t),y(t),z(t)) to the third unstable 
equilibrium point {x 3 , y 3 , z 3 ) = ( - ^1-ab- b/c, a -\ + \, \ - ab - b/c ) 


x = ( — a + -)x + xy + z - k 3 i(x — x 3 ) 

V = -by - x 2 - k 32 (y - y 3 ) ( 15 ) 

. Z = -x - cz - k 33 {z - z 3 ) 

The controlled system (14) has one equilibrium point {x 3 ,y 3 ,z 3 ). We linearize (14) about this equilibrium point. 
Then the linearized system is given by: 


X — ( — a + -— k 3 \ + y 3 )X + x 3 Y + Z 

' Y = -(b + k 32 )Y-2x 3 X 
. Z = ^X-(c+k 33 )Z 

where (x 3 ,y 3 , z 3 ) = ( - y/l-ab- b/c, + y/l-ab- b/c), that is; 

' X = (- - k 31 )X - (Jl-ab-b/c)Y + Z 
c 

' Y = -(b + k 32 )Y + 2(Vl -ab- b/c)X 
. X — X (c T k 33 )Z 

To prove the asymptotic stability we use the direct method of Lyapunov. Define the Lyapunov function for 
system(16) by: 

V(X, Y, Z) = ^(X 2 + Y 2 + Z 2 ) (18) 

The function V satisfied: 

i V (0,0,0) = 0 

ii V(X, Y. Z) > 0 for X, Y and Z in the neighbourhood of the origin. 


(16) 


(17) 


166 


El-Dessoky ET AL 162-172 



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 27, NO.1, 2019, COPYRIGHT 2019 EUDOXUS PRESS, LLC 


So, V(X, Y, Z) is positive definite. Also, we have: 


—r~ — —{2(/c3i- )X 2 + (b + k 3 2 )Y 2 + 2 (c + k 33 )Z~} 

dt c 


therefore, the derivative ^jr< 0 if, 


^31 > —) k 32 > —b, 

c 


k 33 > ~c 


( 19 ) 


( 20 ) 


i.e. is negative definite under condition (20). We deduce the following lemma, 

Lemma 4.3. The equilibrium solution (x 3 , y 3 , z 3 ) of the controlled system (15) is asymptotically stable such 
that the feedback control gain K has the simple choice k 3 \ > A and k 3 2 = k 33 = 0. 


5. THE SCHEME OF GENERALIZED FUNCTION PROJECTIVE 
SYNCHRONIZATION OF CHAOTIC SYSTEMS 

The chaotic (master and slave) systems can be given in the following form: 


X = F(X) (21) 

Y = G(Y) + U(X,Y,t) (22) 

Where X = (x 3 , X 2 , ■ ■ ■, x n ) T , Y = (y lt y 2 ,... ,y n ) T € R n are state vectors of the system (20) and (21), 
respectively; F. G : R” —► R" are two continuous vector functions and U : (R n ,R",R") —> R" is a controller 
which will be designed later. 


Definition 5.1. For the master system (20) and the slave system (21), there is said to be generalized function 
projective synchronization (GFPS) if there exists a vector function U (X , Y, t)such that; lim t ^ +00 ||Y — A(A)A|| = 
0 where A(X) = diag{h\{X), h 2 {X ),..., h n (X)} where h.fX) are continuous functions, ||.|| represents a vector 
norm induced by the matrix norm. 

Remark 1. We define e = Y — A(X)X which is called the error vector between systems (20) and (21 ) for GFPS, 
where e = (ei, e 2 ,..., e n ) T ,and 
ei = Yi- hi(X)Xi, (i = 1,2,..., n) 

Remark 2. 

If A = crl, a £ R, the GFPS problem will be reduced to projective synchronization, where I is an n x n 
identity matrix. In particular if a = land — 1 the problem is further simplified to complete synchronization and 
antiphase synchronization, respectively. And if A = diag{a 3 , 02 , ■ ■ ■, a n },the modified projective synchronization 
will appear. 

We will study the FPS of novel system with known parameters and determine controller function for the FPS 
of the derive and response systems. Our aim is to design a controller and make the response system trace the 
drive system and become ultimately. The Noval system as a drive system is given as below; 

xi =(-a+\)x 1 +x 1 y 1 +z 1 

< di = ~byi - x\ (23) 

ii = —x\ — cz\ 

the Noval system as the response system is also given by; 

X2 - ( - a + k)x 2 + x 2 y 2 + Z2 + «i 

< y 2 = —by 2 -xl+u 2 (24) 

_ = ~X 2 - CZ 2 + U 3 
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According to the FPS scheme presented in the previous section, without loss of generality,we choose the 
scaling function matrix 

A(X) = diag{dnXi + d\ 2 ,d 2 \yi + d 22 ,d 33 zi + ^ 32 } where dij(i = 1,2,3; j = 1,2) are constant numbers. The 
error vector can be defined as 

e x = x 2 - {duxi + d 12 )xx 

< e y = y 2 - (d 2 iyi + d 2 2 )yi (25) 

£ z = - {d 3 lZ 3 + d 32 )zi 

The error dynamical system between (23) and (24) is; 

e x = ( — a + \)e x + X 2 J /2 + ^2 — dn{ — a + l) x i ~ 2d\\X\Z\ 

-2dnx\yi - di 2 xiyi - di 2 Zi + ui 

< „ „ „ „ (2b) 

e y = -be y - X 2 + d 2 iby( + 2d 2 iyia:i + d 2 2 x( + u 2 

, e z = —ce z -x 2 + d^iczl + 2d 3 iz 3 xi + d 32 xi + u 3 
we can get the controller 

ui = =^e x - x 2 y 2 ~ z 2 + d n (~ a+ \)x\ + 2d 11 x 1 z 1 + 2d 11 x\y 1 + d 32 x 3 yi + d 12 z 3 
< u 2 = x\- d 2 ibyl - 2d 2 iyixf - d 2 2 x \ (27) 

u 3 = x 2 - d 31 czf - 2d 31 z 1 x 1 - d 32 X! 

then the error dynamical system is described by 

&X (^ T 

< e y = —be y (28) 

e z = -ce z 

for this choice, the closed loop system (28) has three negative eigenvalues — (a + ^), —6, —c which implies that 
the error state e x , e y and e z converge to zero as time t tends to infinity. 

Hence the FPS between the identical Noval chaotic system is achieved. 

5.1. Numerical Results 

In this section, some numerical simulation results are presented to verify the previous analytical results where 
a = 2, b = 0.1, c = 1. Figure 2: shows the convergence of the trajectory of the controlled system to the unstable 
equilibrium point (aq, tq, z 3 ) = (0, 0, 0) of the uncontrolled system (1). Figure 3: shows the convergence of 
the trajectory of the controlled system to the unstable equilibrium point (x 2 , 2/2 > 22 ) = (-\/l — ab — b/c, a — £ + 
i, — - yjl — ab — b/c) of the uncontrolled system (1). Figure 4: shows the convergence of the trajectory of thee 
ontrolled system to the unstable equilibrium point (, x 3 , y 3 , z 3 ) == (— — ab — b/c, a—\ + ^, -\J 1 — ab — b/c ) 

of the uncontrolled system (1). 



Figure 2: The time responses for the states of the controlled Noval system to a fixed point (aq, 1 / 1 , 21 ). 
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Figure 3: The time responses for the states of the controlled Noval system to a fixed point (x 2 , y 2 ,z 2 ). 



Figure 4: The time responses for the states of the controlled Noval system to a fixed point (x 3 , 2/3 , 23 ). 

The initial values of the drive system and response system are taken as: 

(£ 1 (0),y 1 (0)^ 1 (0)) T = (l,-6,0.1) T ,(£ 2 (0),y 2 (0)^ 2 (0)) T = (10,12,-3) T . 

We choose the scaling function factors as: 

hi = xi + 2, h 2 = —2 yi — 2 and h 3 = Zi — 2. 

Figure 5: show the FPS between two identical Noval systems. When the scaling factors are simplified as 
hi = 1 {i = 1,2,3), the complete synchronization between two identical Noval systems are shown in Figure 
6. Furthermore, when the scaling factors are simplified as hi = — 1 (i = 1,2,3), the anti synchronization 
between two identical Noval systems are shown in Figure 7. Finally, when the scaling factors are simplified 
as hi = 1.5, h 2 = 2 and h 3 = 2.5, the modified projective synchronization (MPS) between two identical Noval 
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systems are shown in Figure 8. 



Figure 5: The behaviour of the trajectories e x ,e y and e z of the error system tends to zero for FPS. 



Figure 6: The behaviour of the trajectories e x ,e y and e z of the error system tends to zero for complete synchronization 



Figure 7: The behaviour of the trajectories e x ,e y and e z of the error system tends to zero for anti synchronization 
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Figure 8: The behaviour of the trajectories e x ,e y and e z of the error system tends to zero for MPS. 

6. CONCLUSION 

The paper has studied the noval chaotic dynamical system, including some basic dynamical properties, Lyapunov 
exponents, Lyapunov dimension. A feedback control lias been proposed to the noval chaotic dynamical system. 
The controlling conditions are derived from the Lyapunov direct method. The function projective synchronization 
has been used to synchronize two identical chaotic systems with known parameters. By the Lyapunov stability 
theory, the sufficient condition of the function projective synchronization has been obtained. Finally, numerical 
simulations are provided to verify the effectiveness of the results obtained. 
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UMBRAL CALCULUS APPROACH TO r-STIRLING NUMBERS 
OF THE SECOND KIND AND r-BELL POLYNOMIALS 

TAEKYUN KIM 1 , DAE SAN KIM 2 , HYUCK-IN KWON 3 , AND JONGKYUM KWON 4 ’* 


Abstract. In this paper, we would like to use umbral calculus in order to 
derive some properties, recurrence relations and identities related to r-Stirling 
numbers of second kind and r-Bell polynomials. In particular, we will express 
the r-Bell polynomials as linear combinations of many well-known families of 
special polynomials. 


1. Introduction 

The Stirling numbers S 2 (n. k) of the second kind counts the number of partitions 
of the set [n] = {1, 2, • • • , n} into k nonempty disjoint subsets. 

The S 2 ( n , k) ,(n,k> 0) are given by the recurrence relation 

^(n, k) = kS 2 {n — 1 ,k) + S 2 (n — 1, k — 1), (n, k > 1), (1.1) 

with the initial conditions 

S 2 (n,0) = S On ,S 2 {0,k) = 8 0k - (1-2) 

They are also given by 

n 

x n s 2 (n, k)(x)k, (1.3) 

k =0 

with (x)o = 1, (x)k = x(x — 1) • • • (x — k + 1), for k > 1, and by 

-j 00 j-n 

= (1-4) 

n—k 

More explicitly, they are given by 

k 

hi'y 

J=0 (1.5) 

= ^yA fc 0", (n > k), 

where A fe 0" = A k x n \ x = 0 , and A f(x) = f(x + 1) — f(x) is the forward difference 
operator. For these well known facts, one may refer to [3,4]. 


2010 Mathematics Subject Classijication. 05A19, 05A40, 11B73, 11B83. 

Key words and phrases. r-Stirling numbers of the second kind, r-Bell polynomials, umbral 
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2 Umbral calculus approach to r-Stirling numbers of the second kind and r-Bell polynomials 

Let r be any positive integer. These ’classical’ Stirling numbers S 2 (n, k) of the 
second kind were generalized to the r-Stirling numbers S 2 r (?i, fe) of the second 
kind (see, [1,2,7]). The S 2 , r (n, fc) enumerates the number of partitions of the set 
[n] = {1, 2, • • • , n} into k nonempty disjoint subsets in such a way that 1,2, • ■ -,r 
are in distinct subsets. 

They are given by the recurrence relation 

S 2 ,r{n, k) = kS 2 , r {n — 1, k) + S 2 , r {n — 1 ,k — 1), (n > r), (1.6) 

with the initial conditions 

S 2 , r {n, k) = 0, (n < r); S 2 , r (n, k ) = S kr , (n = r). (1.7) 

The S 2 , r (n, k) are also given by 

n 

(•X + r) n = ^ S 2 ,r(n + r,k + r)(x) k , (1.8) 

k—0 

and by 

1 00 j.n 

_ e rt {e t -l) k = J2 S 2 ,r(n + r,k + r y-. (1.9) 

n—k 

Analogously to the classical case, they are explicitly given by 

S 2 , r (n + r, k + r) = ^ ^ ) k ~ J {r+j) n 

3 =0 (1.10) 

= ^A k r- n , (n > k), 

where A k r n = A k x n \ x - r . 

For more details about r-Stirling numbers of the second kind, one may refer to 
[1,2,7]. 

The Bell polynomials Bel n ( x ) (also called exponential or Touchard polynomials) 
are defined by 

°° fU 

e x(e - 1 ) _ Bel n (x) — , (see [3,4,8,9]). (1.11) 

71=0 

Then it is immediate to see that 

n 

Bel n (x) = S 2 (n, k)x k . (1.12) 

k =0 

For x = 1, Bel n = Bel n { 1) = X^fc=o k) are called Bell numbers so that 

00 j-fl 

ee ‘ _1 = E Bel n - r (1.13) 

' n! 

71=0 

Further, the Bell polynomial is given by Dobinski’s formula 

AO j^Tl 

Bel n (x) = e~ x ^2—x k . (1.14) 

k— 0 
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On the other hand, the r-Bell polynomials Bel n , r (x) are defined by 

°° fn 

e rt e x( - e -l) _ Bd n r (x)— (see [5]). (1-15) 

z —' ’ n! 

n—0 

Then it is easy to see that 

n 

Bel n ^ r (x) = S 2 , r (n + r,k + r)x k . (1.16) 

k -o 

Moreover, they satisfy the generalized Dobinski’s formula 

Bel n>r (x) = e-*jr ik+ J r x k - ( 1 - 17 ) 

fe =0 

When x = 1, Bel n<r = Bel n , r ( 1) = Ylk-o ^,r( n + r, k + r) are called r-Bell 
numbers so that 

00 j. n 

e e*_ 1+rt = y^ Bel 1 (its) 

' n\ 

n—0 

We note here, in passing, that r-Bell numbers were called in another name, 
namely extended Bell numbers,(see [6]). 

In this paper, we would like to use umbral calculus in order to derive some prop¬ 
erties, recurrence relations and identities related to r-Stirling numbers of the second 
kind and r-Bell polynomials. In particular, we will express the r-Bell polynomials 
as linear combinations of many well-known families of special polynomials. 


2. Review on umbral calculus 


Here we will go over some of the basic facts about umbral calculus. For a 
complete treatment, the reader may refer to [4], 

Let T be the algebra of all formal power series in the single variable t, with the 
coefficients in the field C of complex numbers: 


r={m = Yl 


ak 


k —0 


k\ 


ttk € 


( 2 . 1 ) 


Let P = C[x] denote the ring of polynomials in x with the coefficients in C, and 
let P* be the vector space of all linear functionals on P. For L £ P*, p(x) £ P, 

< L\p(x) > denotes the action of the linear functional L on p(x). For f(t) = 
Z)fe°=o ak M ^ J 7 , the linear functional < f(t) \ ■ > on P is defined by 

< /(f) | x n >= a n , (n> 0). (2.2) 

ForL £ P*, let /l( 1) = X)fclo e ■ Then we evidently have ^/^(t)|a: n ^ = 

(^L\x n ^j 1 and the map L —► /^(t) is a vector space isomorphism from P* to J. Thus 
T may be viewed as the vector space of all linear functionals on P as well as the 
algebra of formal power series in t. So an element /(f) £ T will be thought of as 
both a formal power series and a linear functional on P. T is called the umbral 
algebra, the study of which is the umbral calculus. 
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4 Umbral calculus approach to r-Stirling numbers of the second kind and r-Bell polynomials 


The order o(f(t)) of 0 ^ f{t ) G T is the smallest integer k such that the coeffi¬ 
cients of t k does not vanish. In particular, for 0 ^ f(t) G T it is called an invertible 
series if o(f(t)) = 0 and a delta series if o(f(t)) = 1. 

Let f(t),g(t) G J 7 , with o(g(t)) = 0, o(/(t)) = 1. Then there exists a unique 
sequence of polynomials S n (x) (degS n (x) = n) such that (g{t) f {t) k \S n {x)^j = 
n\8 n ,k , for n, k > 0. Such a sequence is called the Sheffer sequence for the Sheffer 
pair (g(t),f(t)), which is concisely denoted by S n (x) ~ ( g(t),f(t )). 

It is known that S n (x) ~ {g(t), f(t)) if and only if 


r xf(t) - 


^ -f-TL 

^2S n {x)- 

' n\ 

n —0 


(2-3) 


where f(t) is the compositional inverse of f(t) satisfying /(/(f)) = /(/(f)) = t. 
Let p n (x) ~ (1 , f(t)),q n {x) ~ (1 ,l(t)). Then the transfer formula says that 


»(*) = x (f^) x 1 Pn{x), (n> 1). 


Qn{X) = ■ 

Let S n (x) ~ (g(t)), f(t)). Then we have the Sheffer identity: 


S n (x + y) = ^2 (j^jS k (x)p n _ k {y), 


where p n (x) = g(t)S n (x ) ~ (1 ,f(t)). 
The derivative of S n {x) is given by 


/ n ~ 1 / \ 

-j-S n ( x ) = Yl \ x1l ~ k ) s k{x), (n>l). 

k—0 ' ' 


Also, we have the recurrence formula: 


S n+ i(x) = [x - 


9_W\ 1 

g(t) 




Assume that S n (x) ~ ( g(t),f(t )), r n (x) ~ ( h(t),l(t )). Then 

n 

S n (x) = ^ Cn,kr k (x), 

where 


k—0 


Finally, we also need the following: for any h(t) G T, p(x) G 
[h(t)\xp{x)) = (d t h(t)\p(x)\. 


(2.4) 

(2.5) 

( 2 . 6 ) 

(2.7) 

( 2 . 8 ) 

(2.9) 

( 2 . 10 ) 
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3. Main Results 

As we can see from (1.15) and (2.3), we see that 

1 


Beln,r (x) 


,(i + ty 

Let n> 1. Then, using (2.10), we have 

OO . 

Bel nt r(y) = ( Bel m,r{y) rr ^\ xn ) 

m—0 

= (e rt e y ^- 1 '>\x n 


,log((l + t) = (. g(t),f(t )). 


= (dtie^e^-^)\x n ~^ 

= (re rt e y ( et ~V+e rt e y ( et -Vye t \x n ~ 1 } 

= r(e rt e^ et - 1) \x n - l ^+y(e (r+1)t e y{et - 1) \x n - 1 ^ 

= rBel n -i t r(y) + yBel n -i, r+ i(y). 

Thus we obtain the following recurrence relation for r-Bell polynomials. 
Theorem 3.1. For all integers n > 1, we have the recurrence relation. 

Bel n , r {x) = rBel n -i tr (x) + xBel n -i tr +i(x), (n > 1). 

From (2.6), we have 

^Bel n , r (x) = J2 Cl) ( e ‘ - 1 \x n ~ k )Bel k , r (x) 

h —n \ / 


k =0 
n—1 


= E 

o 

n—l 

= £ 


k—0 


n 


(1 3n,k')Belk,r(x') 


Belk, r (x), (n > 1). 


Using (2.7), we obtain 


Bel n + (x) — (x T v ^ ^) (1 A l^Beln^r (x) 

= x(l + t)Bel ntr {x) + rBel n<r (x) 


= xBel n r (x) + x—Bel n r (x) + rBel n r (x), 
ax 


from which it follows that 
d 


Bel n r(x) 
dx 

Bel n+ i, r (x) rBel n<r (x) 


Bel nr (x). 


(3.1) 


(3.2) 


(3.3) 


(3.4) 


(3.5) 


This agrees with the result in [2]. 
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6 Umbral calculus approach to r-Stirling numbers of the second kind and r-Bell polynomials 


Noting that p n (x) = g(t)Bel nyr (x) ~ (l,log(l + 1)), we have p n (x) = Bel n (x). 
Hence from (2.5), we get the following Sheffer identity 


Bel ntr (x + y) = y; yy[Belk, r { x )Bel n - k {y). (3.6) 

k =o ' ' 


Bel n , r (y) = (e rt e"( et - 1 V*) 


= <e r V (e ‘- 1) s r 


E Bel m (y) 

ml 

= E (2) Be,M 

m—0 x 7 

= E (l) Bel m(y) 


e rt \x n ~ m 


771=0 


(3.7) 


Hence we get 


Beln : r(x) = ^2 f m Belm(x). 

m=0 


(3.8) 


Here we apply the transfer formula in (2.4) to x n ~ (1 ,t), ^ t y Bel n ^ r {x) 
(l,log((l + i)). 

For n > 1, we have 


(1 + i) 


Beln t r(x) = X ^ 


Vlog(l + <) 

(n)t k 


x~ 1 x n 




fc =0 
n— 1 




/c—0 


(3.9) 


Here are the Bernoulli numbers of the second kind of order n defined by 


log(l + £)) 


= E 6 


k =0 



(3.10) 
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7 


Here, as is well known, = s[, fe n+1 -*(l), with B^ix) denoting the Bernoulli 
polynomials of order n. Thus we obtain 

n—1 


Bel n ^ r (x) = ^ 

k—0 
n —1 

= £ 


n — 1 


b ( k\l+t) 


r x n ~ k 


n — 1 


fc=o 
n—1 r 

= ££ 

/c—0 1=0 


Z=0 

n —1\ /r 


l x n ~ k 


(3.11) 




As ^ t y Bel n r (x) = Bel n (x ) = J2j=o ^ 2 (n,j)x\ we can proceed as follows. 
Bel n>r (x) = (1 + t) r Bel n (x ) 

= ^ Bel n (x) 

n / \ n 

= £uV £ 52 ( n >-?> J 


fc =0 


1=0 


r j~k 


/c—0 ' ' j=k 
n / \ n—fc 

-e;e fc + Z)(fc + l)kX l 

k—0 ' 2 i=0 

n ( n ~ l / A \ 

= £ £ (! ) (fc + l)kS2(n, k + l) 

i -o Vfe=o' ,y/ y 

Also, from Bel n ^ r (x) = (1 + t) r Bel n (x), 

(1 + t) s Bel n , r (x) = Bel n , r+S (x ), (s > 0). 
In particular, for s = 1, we have 

Bel n r+iix) — Bel nr {x) T , Bel n r (x). 

ax 


(3.12) 


(3.13) 


(3.14) 


Hence in addition to (3.3) and (3.4) we obtain another expression for the deriv¬ 
ative of Bel n ^ r (x), namely 


-j-Bel n r (x) = Bel n , r+ i(x) - Bel n r (x). 
ax 


Combining this with (3.3), we get 

Bdn,r-\- 1 (*r) — ^ ^ l jj Belk : r(x'). 
k =0 ' ' 


(3.15) 


(3.16) 


We are now going to summarize the results obtained so far as the following three 
theorems. Theorem 2 follows from (3.3), (3.5) and (3.15), Theorem 3 from (3.6), 
(3.8) and (3.16), and Theorem 4 from (3.11) and (3.12). 
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Theorem 3.2. For all integers n > the derivative of r-Bell polynomials can be 
given as follows: 

d n_1 fn\ 

—j—Bel n ^ r (x') — ^ ^ , ) Belk^ r (x) 

k—0 ' ' 

Bel n+1:r (x) r Bel nr {x) 

=- Bel nr {x) 

x x 

— Bel nr ^.\(pc) Bel nr {F). 

Theorem 3.3. For all integers n>0, the following identities hold true. 

Bel n ^ r (x + 2/) — ^ ^ I , J Belk^ r (x')Bel n —k(y'), 

k—0 ' ' 

Bel n , r (x) = £ ( n )r n - mB el m (x), 

m =0 ' ' 

Bcl n ,r+ i(*t) — ^ ' f , J Bel k ,r (*r)• 

fe =0 ' ' 

Theorem 3.4. For all integers n > 0, we have the following expressions of r-Bell 
polynomials. 


Bel n , r {x) = ( n k (?) ( n - k)ib[ n) x n k 1 

k= 0 Z=0 ' / \ / 

n / n—l 

= £ £ 

Z=0 \k—0 

where b ^ are f/ie Bernoulli numbers of the second kind of order n given by (3.10). 

From now on, we will apply the formula (2.9) in order to express Bel n ^ r {x) as 
linear combinations of well-known families of special polynomials. For this, let us 
remind you of the fact in (3.1), namely 



Bel n , r {x) 


(i + ty 


:,log(l +t) 


(3.17) 


Noting that the Bernoulli polynomial B n (x ) is Sheffer for we wr ^e 

Bel n>r (x) = J2k=o C n,kB k {x).Then 


c.., t = 

/ pF — l _ 1 OO \ 

= ( t_ 1 lJ2 S2 ’r( l + r ’ k + r )ji X / 

l—k 

= "Fj C &2,r {l + T, k + 


(3.18) 


i=k 


D e r -1 


- 1, 


e 4 — 1 
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Here we observe that 


,e — 1 


— 1, 


„n—l 


e* - 1 


-1, t 


t 1 e* - 1 

-1 i °° j.m 

—-i E B ™—* n ~ l 

t z —' m! 

m— 0 


i—l 


= E 

m—0 
n—l 


.-i 


TO 




- 1, 


m—L—m 


m —0 

Thus we see that 


m—0 x 7 

n—l 1 

= y —— 

1 n — l — to + 1 


n — l 
to 




C n .k = 


1 n n—l 


n + 1 


n +1\ /n — Z + 1 


l 


l—k m—0 

X BmBel n —l—m+ 1- 


m 


<S 2 ,r(i + r, k + r) 


Finally, we obtain 


n n n 


-l 


i 


Beln t r{x) — J E(E E 

/c—0 l—k m—0 

X BmBdn—l—m +1 )H fc (ai). 


n + 1\ (n — l + 1 


TO 


S^r- + r, k + r) 


(3.19) 


(3.20) 


(3.21) 


Let Bel ntr (x) = Y^ik=o Cn,kEk(x). Here E n [x) are the Euler polynomials with 

_J, -A mm 
2 


E n (x) ~ (^y ,t). Then 


C„, fc = ^(e 6 *- 1 + l|^e rt (e‘- l) fc z") 

1 71 / \ 

= 2^1 "l&.rtf + r.fc + r^e'^ + ll*"- / (3 22) 

Z—/c ' ' 

1 n fn\ 

= b E (/ ) + r > k + r )(Bel n -i + 6 n j). 

1 i=k ' ' 


Hence we get 


5e/ n , r (x) — ^ e(e( n ^jS 2 , r {l + r,k + r){Bel n _i +Sn,l)J E k (x). (3.23) 

k —0 \ l—k / 

We summarize the expressions of Bel n}r (x ) in (3.21) and (3.23) as a theorem. 
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Theorem 3.5. For all integers n > 0, we have the following expressions. 


1 


Bel n , r (x) = — £(££ 


k —0 l—k m —0 


n + 1\ fn — l + 1 

l 


S 2 , r (l + r,k + r) 


= \ , r {l + r ,k + r)(Bel n -i + 8nJ) ] E k (x). 

Z k =0 \l=k ' ' J 

Write Bel ntr (x) = Y^k=o C n ,k{x)k, where (x) n are the falling factorials with 
(x)n ~ (1, e‘ - 1). Then 


C n , k = {e rt |-(e e-1 -l)V 


CXJ 

= (e rt |^5 2 (/,fc)-(e‘-l)^) 


l=k 


= £S 2 (Z,fc)(e rt |£S 2 (m,0 ! 


l=k 


(3.24) 


= £&(*>*)£ ( 5 2 (m,0(e rt ^ 

Z=/c m—l ' ' 

n n / \ 

=££: 5 2 (/,fc)5 2 (rn,Z)r n - m . 


/—/c m—l 


Thus we have 


n / n n / \ \ 

BeJ niI .(*) = £ £ £ ( ? n j5 2 (Z,fc)S 2 (m,Z)r"- ro (*) fc . (3.25) 

\l—k m=l ' ' ) 

As in (3.24), we let Bel ntr (x) = Yl'k =o Cn.tWfc' But here we compute the 
coefficients in a way different from (3.24). Then 

On* = ^(e^- 1 - 1)V* N 


= s( e ' 


;=o 


£ (-» 




1=0 

k 


= ^£U(- 1 ) fc -^ i£^(o^ 


m—0 


(3.26) 


;=o 

k 




■glB-': 


k-l 


m—0 

/ n 


1=0 m =0 


l J V to 


Hence we obtain 


Bel nt r{x ) = £ ( £ £ 


(_!)« /fc\ /n 


k =0 \ i=0 m=0 


fc! V l J V TO 


r n ~ m Bel m (l). 


r n - m Bel m (l) (x) k . (3.27) 
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Combining (3.25) and (3.27), we get the following theorem. 


Theorem 3.6. For all integers n > 0, we have the following expressions. 

n / n n / \ \ 

Bel n , r (x) = J2 E E ( n )S 2 (l,k)S 2 (m,l)r n - m (x) k 
k —0 \l—k m—l ' ' J 


= EEE 

k —0 \l=0 TTi—0 


(_ 1 )« ' (k\( n 


k\ \i 


r n - m Bel m (l) (x) k . 


We recall here that the Abel polynomial A n {x\a)(a ^ 0) is the associated se¬ 
quence for te at , namely A n (x;a ) ~ (1 ,te at ). Let Bel ntr (x) = Y^k=o^'n,kA k (x;a). 
Then 


C ntk = (f t e ak V- 1 '>\±{e t -l) k x n ) 

OO i 

= (e rt e ak ^-^\Y J S2{l,k)\x n ) 

l—k 

n / \ 

= ^( n i J s 2 {l, k )( K e rt \e ak ^- 1) x n - 1 ) 


l—k 
n n—l 


n—l 


77, / \ OO J.777, 

= E "Wi,fc)(e rt | E Bel m (ak)-x 

l — k ' ' 771—0 

Bel m (ak)r n ~ l ~ rn 
S 2 (l 1 k)r n - l - m Bel m (ak). 


= E(,)^(^)E 

m=0 

n\ /n — l 


771=0 

n — l 
m 


= EE 

Z—fc m—0 

Thus we have the following result. 


m 


(3.28) 


Theorem 3.7. For all integers n > 0, we have the following expression. 

n / n 7i—l / 

BelnAx) = E ( E E (" 

fc=0 \l=k m =0 '■ 

where A n (x;a) are the Abel polynomials. 


n — l 
m 


S 2 (l, k)r 


7,—l—r, 


'Bel 

771 ( ak) ] A k {x ; a), 


The ordered Bell polynomials Ob n (x) are the Appell polynomial with Ob n {x) ~ 
(2 - e 4 ,t). Write Bel nyr (x) = J2k=o C ntk Ob k (x). Then 


C n ,k = ( 2 -e et - 1 \l ] e rt (e t -l) k x n ) 

= E + r,k + r )( 2 ~ e e ‘ _ 1 | a ; n_Z ) 

= E (j) S2 x( l + r,k + r) (2S n j - Bel n -i). 


(3.29) 


Hence we obtain the following theorem. 
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Theorem 3.8. For all integers n > 0, we have the following expression. 

n / n 

Bei n , r {x) = y i y, 

k —0 V l—k 

where Ob n {x) are the ordered Bell polynomials. 

In (3.29), we saw that the ordered Bell polynomials Ob m (x) are given by gener¬ 
ating function 


^S 2 , r (l + r, k + r) (2S n j - Bel n -i)j Ob k {x), 


2 — e 4 


— 'y \ Ob m {x) 


m =0 


TO! 


(3.30) 


More generally, the ordered Bell polynomials Obm (x) of order a are defined by 


1 

2 — e 4 


e xt = J^Ob^ix) 


m—0 


ml 


(3.31) 


For x = 0, Ob^ = Ob^ (0) are called the ordered Bell numbers of order a and 
given by 


2 — e 4 


-Lilt, 

= y ob (“>— 


m—0 


(3.32) 


Let Bel ntr {x) = Y^k=o^n,kL^\x). Here L\ff\x) are the Laguerre polynomials 
of order a with Ll?\x) ~ ((1 — f) -Q_1 , jzj). Then 


C n ,k — k\{{^ e 4 ) 

= (-l) fc ((2^e 4 ) 


a l ert 


e 4 - 1 
e 4 -2 
^-(fc+a+1) 

' fcf 


- l) V) 

= ("I)*E (?Wtf + r ’ k + r >(( 2 ~ e ‘> 

1-k ' ' 

= (-!)" E (") S *Al + r,k + r)0b£ 


t \-(k+a+ 1) 


„n—l 


(3.33) 


(fc+a+l) 
l 


Then we have the following theorem. 


Theorem 3.9. For all integers n > 0, we have the following expression. 

n / n 

BelnAx) = E E(-b fc 

k =0 V l—k 
xOb { n k y +1) ^L[ a \x), 

where Ob{f\x) and Ll?\x) are the higher-order ordered Bell polynomials and the 
Laguerre polynomials of order a, respectively. 


S 2 , r (l + r,k + r) 
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Let Bel n}r (x) = X4=o C n ^Dk(x), where D n (x) are the Daehee polynomials with 
D n {x) ~ (^f+e* - l). Then 

t e e± ~ x — 1 


Cn.k = TT 


1 / t 


-(e e ‘- 1 -l) fc |z") 


k\ \ e l — 1 t 

^7 —T(- 7 ^-re ri (e e ‘ _1 - l)(e et_1 - l) k x n+1 ) 
fc! n + 1 \ e* — 1 v ; / 

fc + 1 / t t \ 


n + 1 \ e* — 1 
fc +1 / t 




n + 1 

k + 1 
n +1 

k +1 
n +1 


(fc + 1)! 

oo . 


/—/c+1 


n+1 


(3.34) 


E &(i,fc + 


Z=/c+l 

n+1 


£ 


E S 2 (m,l) — 

L ' 771.1 


e* - 1 

n+1 


„n+l 


i=l 


l=k +1 
n+1 n+1 


n-i-i nj-i / | i \ 

^ 5 2 (i,fc + l)53 ( )s 2 (m,o( 

—/c+1 m—l ' 7 


m! 

t 


e* — 1 


n+1 —m 


n~l-i n-t-i 7 i / _i_ 1 \ 

= 51 EwETl ) S 2 (l,k + l)F 2 (TO,Z).B„ + i_ m (r). 

Thus we have the following theorem. 

Theorem 3.10. For all integers n > 0, we have the following expression. 


n / n+1 n+1 


fc + 1 /n + 1 


n + 1 V to 


F 2 (fc fc + l)S 2 (m, l)B n+1 - m (r) D k (x), 


Bel n , r {x) = 55 I E E 

k—0 \l—k-\-l m—l 

where D n {x) are the Daehee polynomials. 

Write Bel nt r(x) = Y^k=o C n ,kH^\x). Here Hn\x) are the Hermite polynomi¬ 
als with Hn\x) ~ (eE+t). Then 




C n .k = ( e 2 

f n 
l 


- 1) V) 


l=k 


~ 'y ] f 7 5*2, r{l r,k + \ 




r ( e 2 


„n—l 




l—k 


m—0 

n-Zi 


% — l 


= EC)^(/ + r. t + r)t ++( + ( C '-ir + ) 

Z=/c x 7 m—0 v ' 


(3.35) 


L 2 /O \I OO i ^ 

= E(',>v(i+^ + e E ++>”( E 

m—0 i—2m 


l—k 


i—l 


= E E 

Z=fc m—0 


n\ (2m)! n 


l m\ y 2 


(+”^ 2 ,+ + r, fc + r)S 2 (n - Z, 2m). 
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Hence we obtain the following result. 

Theorem 3.11. For all integers n > 0, we have the following expression. 


n / n [ ~ 2 ~ ] 


Beln t r(%) — E EE 


k —0 \ 0 m—0 


nM 2 m )j (, ( ( + i . fc + r) 


l ml 2' 


x S 2 (n — l , 2m)\ 


where Hn ( x ) are the Hermite polynomials. 

Let Bel n , r (x) = YJk=o G n,kPk(x). Her e p n (x) = x n y n - i(^) ~ (1,£ — \t 2 ), where 
a/„(a:) = ELo (n—Jc)iki (f) are called Bessel polynomials and satisfy the differential 
equation 

a; 2 ^" + (2a: + 2)y' + n(n + 1 )y = 0. (3.36) 


' ' l = k ' ' 



m =0 
k 


m—0 


\k—m^mt 


x " 1 1 (3.37) 


) k ~ m m n ~ l 


E £ (")(;^-‘^V + r,k + r). 

1 — b m— n \ / \ / 


Hence we have the following result. 

Theorem 3.12. For all integers n > 0, we have the following expression. 


n ' n k f n \ fk\ /3\ fc , 1, 


Bei n , r {x) = Yi EE(7)(to) li) 

k —0 \ l—k m—0 ' ' ' ' ^ 

x S 2 , r (l + r, + 




where p n {x) — x n y n _ i(-), with y n (x) the Bessel polynomials. 
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Let Bel n , r (x) = X)fc=o C n ,kbk( x )i where b n (x) are the Bernoulli polynomials of 
the second kind with b n (x) ~ {pzi , e 4 — l). 


C n .k = 


e‘ - 1 
e*- 1 - 1 
e* - 1 




(^=TTTTe-1 21 (I, fc)^(e , -l)V>) 


n , p t _ 1 , 00 « 

= E g 2 ft fc )( e eM_ 1 ert |E^ m , t )- 3; ' 

Z=/c m—l 


).! 


= Y^S 2 (l,k)Yl (™)S 2 (rn,l)(e 


l=k 


1 = 1 


e* — 1 


- 1 


n n / \ oo 

= E &a, *o E u) 52(m> 0 ( ert I E ii ( et -1)’ 

l=k m=l ' ' 2=0 


(3.38) 


l=k m=l 
n n 


= ££( 777 . ) ^ ^ ^ ^ ’ DYBje-lySM^ 


2=0 j=i 

n—m n—m 


=££ S 2 {l,k)S 2 {m,l) E^E 


l=k m=l 
n n n—m n—m 


j 


S2(j,i) 


= EE E E 

Z=fc m=Z 2—0 j =2 


5 2 (Z,fc)5 2 (m,Z)5 2 (j,iK- m -^ i 


2=0 J =2 

n\fn — m ^ 

v"V V J J 

Thus we get the final result of this paper. 

Theorem 3.13. for all integers n > 0, we have the following expression. 


n / n n n—mn—m 


BeLAx )=E EEE E 

k =0 \ l=k m=l i—0 j—i 


n \ /n — m 

™) V 3 


x s 2 (l, k)S 2 (m, l)S 2 (j, i)r n - m - j BiJ b k (x), 

where b n {x ) are the Bernoulli polynomials of the second kind. 
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An iterative algorithm of poles assignment for LDP systems * 

Lingling Lv } Zhe Zhang f Lei Zhang f Xianxing Lin ^ 


Abstract 

The problem of poles assignment and robust poles assignment in linear discrete-time periodic (LDP) 
system via periodic state feedback is discussed in this paper. Based on a numerical solution to the 
periodic Sylvester matrix equation, an iterative algorithm of computing the periodic feedback gain can be 
obtained. By optimizing the free parameter matrix in the proposed algorithm, according to robustness 
principle, an algorithm on the minimum norm and robust poles assignment for the LDP systems is 
presented. Two numerical examples are worked out to illustrate the effect of the proposed approaches. 

Keywords: Linear discrete-time periodic (LDP) systems; poles assignment; robustness. 


1 Introduction 


Linear discrete-time periodic (LDP) systems are important bridges connecting time-varying systems and 
time-invariant systems. In fact, Many natural and engineering phenomena can be reduced to a composite 
of periodic systems thus applications of periodic systems would be found in different field, where periodic 
controllers could be used to dealing with the problem in which time-invariant controllers is helpless(for 
example, [1-3]). Moreover, another major role of the periodic controller is to improve the performance of 
the closed-loop system, which has also been extensively studied(one can see [4, 5] and references therein). 
Therefore, researches on LDP systems have attracted more and more attentions. 

Since poles assignment techniques to modify the dynamic response of linear systems are the most studied 
problems among modern control theory, the above mentioned advantages of periodic systems and periodic 
controllers provide sufficient impetus for the researchers to carry out the study of poles assignment for 
periodic systems (see [6-9] and literatures therein). Due to the constraints of the constant controller in the 
periodic system, it is advocated in [6] that linear periodic output feedback is adequate to assign poles of a 
linear periodic discrete-time system. By utilizing a computational method on Sylvester equation, [7] proposes 
a complete parametric approach for pole assignment via periodic output feedback, in which parameter existed 
in the feedback gain could be used to accomplish some properties of plant system, robustness for instance. 
Using gradient search methods on the defined cost function, a computational approach is proposed in [8] to 
solve the minimum norm and robust pole assignment problem for linear periodic discrete-time system. Based 
on the proposed algorithm for parametric pole assignment problem, [9] considers the robust and minimum 
norm pole assignment problem and an explicit algorithm is proposed. 

In this paper, the problem of poles assignment and robust poles assignment in LDP systems via state feedback 
is considered. Based on an iterative algorithm proposed in [13] for periodic Sylvester matrix equation, an 
algorithm on the problem of poles assignment in periodic linear discrete-time system with periodic state 

“This work is supported by the Programs of National Natural Science Foundation of China (Nos. 11501200, U1604148, 
61402149), Innovative Talents of Higher Learning Institutions of Henan (No. 17HASTIT023), China Postdoctoral Science 
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feedback is presented. The algorithm can realize accurate configuration of the closed-loop poles and obtain 
the numerical solution of the control gain. After solving the basic poles assignment problem, it is tempting 
to think: can we improve this algorithm to achieve the robustness of the system? The answer is positive. 
By optimizing the free parameter matrix in the proposed algorithm, this paper presents an algorithm on the 
minimum norm and robust poles assignment for the periodic linear discrete-time system. This algorithm can 
significantly improve the robust performance of closed-loop system. Two numerical examples are worked out 
to illustrate the effect of the proposed approaches. 

Here, we give descriptions of some symbols which will be encountered in the rest of this paper. tr(A) means 
the trace of matrix A. Norm ||A|| is a Frobenius norm of matrix A. A(A) means the eigenvalue set of matrix 
A and $, 4 ,. denotes the monodromy matrix Ak-\Ak ~2 ■ • • Aq. 


2 Main Discussions 

2.1 Poles Assignment with Periodic State Feedback 

Consider the completely reachable LDP systems as: 

Qk+i = A k q k + B k u k , (1) 

where state matrix A k £ K” xr! and input matrix B k £ K" xr are AT-periodic. Based on the periodic feedback 
law in the form of 

^k = B k Q k , ( 2 ) 

where F k is the A-periodic control gain, the closed-loop system can be obtained as 

Qk+1 = A-c^kQk , ( 1 ) 

where A Ctk denotes (A k + B k F k ). Then the problem of poles assignment for periodic discrete-time linear 
system by control law (2) can be represented as 

Problem 1 Consider the completely reachable periodic discrete-time linear system (1), seek the periodic 
state feedback gain F k € R mx ™, k £ 0, K — 1, such that the poles of corresponding periodic closed-loop system 
(3) are set to the predetermined position T = {Ai, - - - , A„}, where T should be symmetrical about the real 
axis. 

In the following, we will first present a new poles assignment algorithm via periodic state feedback, then give 
strict mathematical argument to show the correctness of the proposed algorithm. 

Algorithm 1 (Poles assignment with periodic state feedback) 


1. Choose the appropriate K -periodic matrices A k £ R raxn , k £ 0, K — 1, satisfying A(<3>jj fc ) = T. Further, 
choose G k £ R rxn , k £ 0, K — 1 such that periodic matrix pairs ( A k , G k ) are completely observable and 

n A($aJ = 0; 

2. Set tolerance e, for arbitrary initial matrix X k (0) £ M nx ™, k £ 0, K — 1, calculate 

Qk( 0) = B k G k + A k X k ( 0) — X k+ i(f))A k \ 

R k ( 0) = -AlQ k (0) + Q fe _!( 0)lj_ i; 

P k ( 0) = -14(0); 
j := 0; 
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3. While ||i?fc(j)|| < e, k £ 0, K — 1, calculate 


<*U) 


X k {j + 1) 

Qk(j + 1 ) 
R k (j +1) 

PkU + 1) 


Efe=o tr [ p kti) R kti)] 


EfcL o ~A k P k (j) + Pk+l(j)A k 


2 ’ 


X k (j)+a(j)P k (j)€R nxn -, 

B k G k + A k X k (j + 1) — X k+ i(j + \)A k £ 
~A^Q k (j + 1) + Q k -i(j + 


—B k (j + 1) + 


Ek=o\\RkU + m 2 p( . )r 

EfE 1 \\Pk(j )\\ 2 k 


j = j + 1; 


Let X£ = X k (j), calculate the periodic state feedback gain F k by 

F k = G k (X* k )~ 1 ,k£0 1 K-l. 


To verify the validity of the above algorithm, we would provide several necessary lemmas for the problem 
under discussion, whose correctness can be easily checked by detail computation or derivation, and their 
proof is omitted due to space limitations. 


Lemma 1 For k > 0, the following equation holds: 


T -1 

tr [Rj{j + l)Pfc(j)] = 0 

fc=o 

for all {R k {j)} and {P k (j)} derived from Algorithm 1. 


Lemma 2 For k > 0, the following equation holds: 

Y tr [ R kU) p kU)\ =~Y \\ R kti)\\ 2 

k —0 j —0 


for all {R k {j)} and {P k (j)} generated by Algorithm 1. 


Lemma 3 For k > 0, the following relation holds: 

(eUwmm 2 ) 2 

h EfcEo 1 ll p fc(i)ll 2 

for all {R k (j)} and {P k (j)} generated by Algorithm 1. 


Based on these lemmas, we can further draw the following conclusion. 


Theorem 1 The matrices X£, k € 0,T — 1 generated by Algorithm 1 satisfy periodic Sylvester matrix equa¬ 
tion 

A k X k - X k+1 A k + B k G k = 0, k € 0,K-1. (4) 


Proof. To explain matrices X k ,k £ 0, K — 1 generated by Algorithm 1 are solutions to equation (10), 
we first illustrate that this problem is related to the convergence of matrix sequence {R k (j)},k £ 0,T — 1 
generated by Algorithm 1. 
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According to equation (10), construct the following index function: 


K -1 


k -0 


J — x BkGk + A k X k — Xk+iAk 


( 5 ) 


It is easily obtained that for k G 0, K — 1, 


dJ 

dX~k 


= —A{ 


( B^Gk + A k X k — Xk+iAk^ + ^ Bk-iGk-i + A k ~\X k -i — XkAk-i^j A 


k -1 


So far, if we can find matrices X£, k £ 0, K — 1 such that 


dJ 

dXk 


= 0, 

Xh=x; 


then matrices X% ,k £ 0, K — 1 must be the solution to equation (10) in the meaning of least squares. From 
the formulation of sequence {R k (j)}, k £ 0, T — 1 in Algorithm 1, we can see 


Rk(j) 


dJ 


dX k 


X k =X k (j) 


That is to say, if matrix sequence {R k {j)},k £ 0, T — 1 can converge to zero, matrices X *., k £ 0, K — 1 
generated by Algorithm 1 must satisfy periodic matrix equation (10). 

In the remaining, we only need proof that, for k £ 0, K — 1 


lirn ||i? fc (j)|| = 0. 


J-^oo 


By Lemma 1 and the expressions of Pk(j + 1) in Algorithm 1, we have 


K -1 


K -1 


Eii p ^ + 1 )ii 2 = E 


k =0 


k—0 


n (i , u , Ek=o\\Mj + m 2 p(j] 

-RkU + 1 ) + K-! 2 Pk G) 

Ek=0 \\ R k(j) II 


, zJfc=o ll p fcU)ll / fc=o fc=o 


Let 




Ek=o \\Pk(M 2 
(Ek=o\\MM 


2 ' 


Then the preceding relation can be written as 

tj+i = tj 


Ef=o 1 ll^(i + 1 )ir 


equivalently. 

We now proceed by contradiction and assume that 


K -1 


lirn E II R k(j)f ¥= 0. 


J^-oo 


k—0 


This relation implies that there exists a constant 5 > 0 such that 

K -1 


E \\ R kU)\\ 2 >s 


k =0 


for all j > 0. It follows from (6) and (7) that 


tj+i < to + 


3 + 1 


( 6 ) 


(7) 
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And it shows that 


So we have 


> 


tj +i Sto + j + 1 


OO -i OO r* 

1 . 0 


tj ^0 + j + 


= OO. 


However, it follows from Lemma 3 that 




3 = 1 


This gives a contradiction. 

Thus, the correctness of the theorem has been proved. ■ 

As for the effectiveness of Algorithm 1, we have the following conclusion: 


Theorem 2 Consider completely reachable periodic discrete-time linear system (1), the K-periodic matrix 
F k generated from Algorithm 1 is a solution of the problem of poles assignment with periodic state feedback. 


Proof. Notice that the poles of LDP system (1) are the poles of the monodromy matrix §A k - According to 
algorithm 1, <1> ~ possesses the desired pole set T. To assign the poles of the closed-loop system (3) to set 
T, we just need find n-order invertible matrices X k , k G 0, K — 1, such that 

Xkh A c kXk = A k , ( 8 ) 

namely 

X k +i (Ak + B k F k )X k = A k , (9) 

Pre-multiplying the above equation by matrix X k+ \ gives 

A k X k — X k+ i A k + B k F k X k = 0, k S 0, K — 1, 


Let 


G k =F k X k , 


then Problem 1 is converted to the problem of solving the periodic Sylvester matrix equation in the form of 


A k X k — Xk+xAk + B k G k — 0, k £ 0, K — 1. 


( 10 ) 


The step 2-3 in Algorithm 1 involve the solution of this matrix equation, and its correctness has been proved 
in [13]. By solving the solution matrix X kl the periodic feedback gain can be obtained as 

F k = G k X k \k G 0,K-1. (11) 

That is, the periodic feedback gain F k derived from (11) is a solution to Problem 1. ■ 


Remark 1 For the periodic matrix A k , it should satisfy A(<f>^) = P. This requirement can be achieved by 
letting Fq be the real Jordan canonical form of the desired pole set and F k , k G 1, K — 1 be unit matrices of 
corresponding dimension. 

Remark 2 If system (1) is completely reachable and A($^)nA($ 7 4 ) = 0, then X k will be invertible naturally. 
That’s why the algorithm requires condition A($^) fl A^^) = 0. 
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2.2 Robust Consideration 


In the previous subsection, the iterative algorithm can provide infinite numerical solutions for the pole 
assignment problem via periodic state feedback by choose different parameter matrix G k ■ Therefore, by 
adding some additional conditions to the feedback gain matrix F k ,k £ 0,K — 1 and transforming matrix 
X k ,k £ 0,-ftT— 1, the free parameter matrix Gk can be used to achieve the robustness of the system. In 
general, the small feedback gain is robust. Because small gain means small control signals, that is beneficial 
to reduce noise amplification. At the same time, in the sense of poles assignment, the closed-loop poles to be 
configured should be not as sensitive as possible to disturbances in the system matrix. Thus, the following 
robust and minimum norm pole assignment problem via periodic state feedback is proposed. 

Problem 2 Consider the completely reachable linear periodic discrete-time system (1), seek the K-periodic 
state feedback gain Fk £ R mxra , such that 

1. the poles of corresponding periodic closed-loop system are set to the predetermined position T = 

{Ai, • • • , A„}; 

2. The periodic feedback gain is as small as possible and the closed-loop poles are not as sensitive as 
possible to disturbances in the system matrix. 

In order to solve Problem 2, the index function in [8] is introduced as follows: 

j(G k ) = 7 * E 4(**) + a - t)\ E m 2 * ( 12 ) 

k -0 fc=0 

where 0 < 7 < 1 is a weighting factor. It is noted that when 7 = 0 , J(G k ) degenerates into the index 
function of the minimum norm problem; when 7 = 1 , J(G k ) becomes a purely objective function to solve the 
robust problem. Obviously, the weight 7 leads to the combination of these two problems. [8] gives explicit 
analytical expressions for the index function J and its gradient. So it’s easy to minimize J(G k ) by using any 
gradient-based search method. Therefore, we can present an algorithm for the problem of periodic robust 
and minimum norm poles assignment. 

Algorithm 2 (Robust and minimum norm poles assignment) 


1. Choose the appropriate K-periodic matrices Ak £ K" xn satisfying A(<f>jj ) = T, and initialize Gk £ 
R rxrl such that periodic matrix pairs (Ak, Gk) are completely observable and A($^ fc ) fl A($ 7 4 fc ) = 0; 

2. Set tolerance e, for arbitrary initial matrix X^O) £ R nxn , k £ 0 ,K — 1, calculate 

Qk( 0) = B k Gk + A fc A fc (0) — -A fc+ i(0 )A k \ 

R k ( 0) = -AjQ k ( 0) + Q k - i(0)I£_i; 

Pk( 0) = -Rk( 0); 

j ■■= 0; 


3. While ||f?fc(j)|| <e,k£ 0,A'— 1, calculate 


a(j) 

X k (j + 1 ) 
Qk(j + 1) 
Rk(j + 1) 

PkU + 1 ) 

j 


Efo tr [Pl(j)RkU)] 


Ek=0 || — + Pk+l(j)Ak 

X k (j) + a(j)P k (j)£R nxn ; 

BkGk + A k Xk(j + 1) — Xk+i(j + 1 )Ak £ R" xn ; 

—■^kQk(j + 1) + Qk—i (j + l)A£_i; 

-R k (j +1) + e R ” x " 


EkJWR^m 2 


j +1; 
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4- Based on gradient-based search methods and the index (12), choosing the appropriate weighting factor 
7 , solve the optimization problem 

Minimize J(G*). 

Denote the optimal decision matrix by G op t,k> 

5. Substituting G op t,k into step 2-3 gives optimization solution X opt ^{j); 

6. Let X op t,k = X opt> k{j), calculate the robust and minimum norm periodic state feedback gain F optt k by 

F op t,k G op t.^kXk E 0, A 1. 


3 Numerical examples 

Example 1 Consider the completely reachable system described by 

q(t + 1) = A(t)q{t) + B(t)u(t) 

with 


0 

e 

0 

0 

0 ' 


' 0 

0 

1 

0 

0 ' 

1 

0 

0 

0 

0 


0 

1 

0 

0 

0 

0 

0 

e 

0 

0 

> tIi — 

1 

0 

e 

0 

0 

0 

0 

0 

e -1 

0 


0 

1 — e -1 

0 

e -1 

0 

0 

0 

0 

0 

1 


0 

0 

0 

0 

1 


1 

0 


1 

0 ' 

0 

1 


0 

1 

e — 1 

0 

,B 1 = 

e — 1 

0 

0 

1 — e -1 


0 

1 

1 

l 

o 


1 

1 

o 


Find 2-periodic control law u(t) = F(t)q(t) such that the poles of the periodic close-loop system are assigned 
at r = {0.5 ± 0.5*, 0.7 ± 0.7*, —0.6}. Specially, let 


G(t) 


A(t ) 


e 0 2 

0.5 -e" 1 0 

0.5 0.5 

-0.5 0.5 

0 0 

0 0 

0 0 


0 0 0 

0 0 0 

0.7 0.7 0 

-0.7 0.7 0 

0 0 0.6 


< 


1 0 0 0 0 
0 10 0 0 
0 0 10 0 
0 0 0 1 0 
0 0 0 0 1 


,t = 1 


,t = 0 


The proposed Algorithm 1 applied to the example gives the following 2-periodic feedback gain: 


F( 0) = 


2.8249 

1.1033 


-0.4278 

0.2796 


-2.6334 

-0.8349 


2.3210 

1.4695 


0.4035 

0.2045 


F(l) 


-0.2648 -1.0196 -0.7015 -0.2593 -0.0573 
1.0698 -1.7859 1.4382 -0.7656 -0.2827 


What can be verified is that the poles assignment is valid. 
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Example 2 This example is borrowed from [12]. The desired close-loop eigenvalues set is 
r = {0.5, 0.6, 0.7, —0.6, —0.7}. Arbitrarily assigning the parameter matrix Gk as 


G(t) 


0.3 0.5 2.1 0 1.1 

0.6 1.1 0.7 1.2 0.2 ’ 


gives a group of feedback gains as follows: 


^rand(O) 


A lan d(l) 


1.0000 - 0.0000 0.0000 0.0000 0.0000 

36.9007 -19.7886 93.1374 19.1142 -9.4571 ’ 


-0.0045 0.0419 -1.3397 -0.0351 0.0476 
-0.8356 0.1582 1.9971 0.4532 -0.5408 


Applying Algorithm 2 with 7 = 0.5 gives the following robust feedback gains: 


^robu(O) 

-Fi-obu(l) 


1.0000 

0.0000 

0.0000 

- 0.0000 

- 0.0000 1 

-0.0289 

-2.6601 

-0.0603 

2.9199 

0.0054 

J 

-0.0332 

0.0005 

-1.2358 

-0.0004 

0.0200 ' 


0.0042 

-0.8145 

-0.0068 

1.0742 

0.0029 



Let the close-loop system matrices be perturbed by A*, £ W nxn ,k = 0,1, which are random perturbations 
satisfying || Afe || = 1, k = 0,1. Then the close-loop system with perturbations can be represented as: 


Ack A /J.A k, k — 0 , 1 , 


where p > 0 is a factor representing the disturbance level. According to [If], the following index can be 
adopted to measure the robustness of the corresponding close-loop system: 


d^Ak) = max {| Ai{(^4 c i + f.iAi)(A c0 + /xA 0 )}|}, 

l<i<5 


where Ai{Yl} denotes the i-th eigenvalue of matrix A. 3,000 randomized trials were performed at p, equal to 
0.002, 0.003 and 0.005, respectively. The worst and the average value of d^(Ak) corresponding to F r D b u and 
-Frand respectively are listed in Table 1. Polar plots of the trials are depicted in Fig.l, where the left hand 
side refers to F, 0 b u and the right hand side refers to F r an( j. As we can see, in the presence of disturbances, 
the robust periodic feedback gain A 10 b u always performs better than A ranc j. 


Table 1: Comparison between K rQ bu and A" ran <j 


0 

^= 0.002 

^=0.003 

^=0.005 

d^ 

-^robu 

-^rand 

-^robu 

-^rand 

-^robu 

-^rand 

Worst 

1.0237 

3.3798 

1.0197 

4.7927 

1.1561 

10.9309 

Mean 

0.7262 

1.3667 

0.7244 

1.5881 

0.9022 

2.5102 


In terms of minimum norm, we compute the robust periodic feedback gains by minimize the index J{Gk) at 

7 equal to 0,0.5 and 1 respectively and the feedback norm ||A 0 || ; ||F’ 1 || together with ||A|| = ^/||A 0 || 2 + ||Fi|| 2 . 
The results can be see in Table 2. 


Table 2: Comparison between A" ro bu and A" ra „d 


Factor 

\\Fo\\ 

ll*i|| 

11*11 

7 = 0 

2.2230 

2.2549 

3.1665 

7 = 0.5 

4.0751 

1.8292 

4.4668 

7 = 1 

4.0727 

1.8289 

4.4645 
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(a) Perturbed eigenvalues of the close-loop system with // = 0.002 


120 


90 2 


90 2 


150 


60 120 
30 150 


60 


180 


) 150 1 30 

i8 °^g|^. C 


210 


330 210 


330 


240 300 

270 


240 300 

270 


(b) Perturbed eigenvalues of the close-loop system with // = 0.003 



(c) Perturbed eigenvalues of the close-loop system with // = 0.005 

Figure 1: Perturbed eigenvalues of the close-loop system with different disturbance levels 
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4 Conclusions 


Poles assignment with periodic state feedback and periodic robust and minimum norm poles assignment are 
discussed in this paper. Through mathematical derivation, the poles assignment problem is transformed into 
the solution to the periodic Sylvester matrix equation. Based on the recent method of solving the equation, 
an algorithm for solving the problem of poles assignment is presented. In this algorithm, the parameter 
matrix Gk can be used for further discussion on robustness. By analyzing the theory of robustness and the 
minimum norm, an index function of matrix Gk is adopted. Based on the gradient search algorithm, the 
optimization decision matrix is finally given, and the robust and minimum norm gain is thus obtained. Two 
examples demonstrate the effectiveness of the proposed approaches. 
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(7*- ALGEBRA-VALUED MODULAR METRIC SPACES AND 
RELATED FIXED POINT RESULTS 

BAHMAN MOEINI 1 , ARSLAN HOJAT ANSARI 2 , CHOONKIL PARK 3 AND DONG YUN SHIN 4 


Abstract. In this paper, a concept of C*-algebra-valued modular metric space is 
introduced which is a generalization of a modular metric space of Chistyakov (Folia 
Math. 14 (2008), 3-25). Next, some common fixed point theorems are proved for 
generalized contraction type mappings on such spaces. Also, to support of our results 
an application is provided for existence and uniqueness of solution for a system of 
integral equations. 


1. Introduction 

One of the main directions in obtaining possible generalizations of fixed point results 
is introduced in new types of spaces. The notion of modular spaces, as a generalization 
of metric spaces, was introduced by Nakano [18] and was intensively developed by Koshi 
and Shimogaki [12], Yamamuro [23] and others. Also, the theory of fixed points in the 
content of modular spaces was investigated by Kharnsi et al. [11] and many authors 
generalized these results [1,2,9,10,15,22], 

In 2008, Chistyakov [3] introduced the notion of modular metric spaces generated by 
E-modular and developed the theory of this space. In 2010, Chistyakov [4] defined the 
notion of modular on an arbitrary set and developed the theory of metric spaces gener¬ 
ated by modular which are t called the modular metric spaces. Recently, Mongkolkeha 
et al. [16,17] have introduced some notions and established some fixed point results in 
modular metric spaces. 

In [14], Ma et al. introduced the concept of (7*-algebra-valued metric spaces. The 
main idea consists in using the set of all positive elements of a unital (7*-algebra instead 
of the set of real numbers. They showed that if (A, A, d ) is a complete (7*-algebra-valued 
metric space and T : X -A X is a contractive mapping, i.e., there exists an a £ A with 
||a|| < 1 such that 

d(Tx,Ty) A a*d(x,y)a, (\/x,y £ X). 

Then T has a unique fixed point in X. This line of research was continued in [7,8, 
13,21,24], where several other fixed point results were obtained in the framework of 
C-algebra valued metric, as well as (more general) (7*-algebra-valued 6-metric spaces. 
Recently, Shateri [20] introduced the concept of (7*-algebra-valued modular space which 
is a generalization of a modular space and next proved some fixed point theorems for 
self-mappings with contractive or expansive conditions on such spaces. 

In this paper, new type of modular metric space is introduced and by using some ideas 
of [19] some common fixed point results are proved for self-mappings with contractive 

Corresponding authors: baak@hanyang.ac.kr (Choonkil Park), dyshin@uos.ac.kr (Dong Yun Shin) 

2010 Mathematics Subject Classification. Primary 47H10; 54H25; 46L05. 

Key words and phrases, modular metric space, C*-algebra-valued modular metric space, common 
fixed point, occasionally weakly compatible, integral equation. 
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conditions on such spaces. Also, some examples to elaborate and illustrate our results 
are constructed. Finally, as application, existence and uniqueness of solution for a type 
of system of nonlinear integral equations is established. 


2. Basic notions 


Let A be a nonempty set, A £ (0, oo) and due to the disparity of the arguments, 
function co : (0, oo) x X x X —> [0, oo] will be written as ui\(x,y) = uj(X,x,y) for all 
A > 0 and x, y £ X. 

Definition 2.1. [3] Let A be a nonempty set. A function ui : (0, oo) xAxAa [0, oo] 
is said to be a modular metric on A if it satisfies the following three axioms: 

(?) given x, y £ A, co\(x, y) = 0 for all A > 0 if and only if x = y; 

(ii) ui\(x,y) = uo\(y,x) for all A > 0 and x,y £ A; 

(in) u\ +IJj (x, y) < u\(x, z ) + ijJ^(z, y) for all A > 0 and x, y, z £ A. 

Then (A, uj) is called a modular metric space. 

Recall that a Banach algebra A (over the field C of complex numbers) is said to be a 
C**-algebra if there is an involution * in A (i.e., a mapping * : A —> A satisfying a** = a 
for each a £ A) such that, for all a, b £ A and A, /i £ C, the following holds: 

( i ) (Aa + /jib)* = Aa* + fib*-, 

(ii) ( ab )* = b*a*; 

(in) ||a*a|| = ||a|| 2 . 

Note that, from (in), it follows that ||a|| = ||a*|| for each a £ A. Moreover, the 
pair (A, *) is called a unital ^-algebra if A contains the unit element 1 a- A positive 
element of A is an element a £ A such that a* = a and its spectrum a(a) C R+, where 
a(a) = {A £ M : AIa — a is noninvertible}. The set of all positive elements will be 
denoted by A + . Such elements allow us to define a partial ordering ‘A’ on the elements 
of A. That is, 

6 A a if and only if b — a £ A + . 

If a £ A is positive, then we write a A 9, where 8 is the zero element of A. Each positive 
element a of a (7*-algebra A has a unique positive square root. From now on, by A we 
mean a unital C'*-algebra with unit element 1^. Further, D + = {a £ A : a A 9} and 
(a*a)a = |a|. 

Lemma 2.2. [5] Suppose that A is a unital C*-algebra with a unit 1a- 

(1) For any x £ A + , we have iMa« ||.x|j < 1. 

(2) If a £ A + with ||a|| < then 1a — a is invertible and ||o(1a — a.) - 1 1| < 1. 

(3) Suppose that a, b £ A with a,b A 8 and ab = ba. Then ab A 8. 

(4) By A' we denote the set {a £ A : ab = ba,\/b £ A}. Let a £ A'. // 6 ,c £ A with 
b A c A 9 and 1a — a £ A' is an invertible operator, then 

(1 A - ar 1 ^ A (1 A - a)^ 1 c. 


Notice that in a C*-algebra, if 8 A a, b, one cannot conclude that 8 A ab. For ex¬ 


ample, consider the C'*-algebra M 2 (C) and set a = 
2 


3 2 
2 3 


,b = 


1 - 2 
-2 4 


Then 


ab = 


-1 

-4 


. Clearly a, 6 £ M 2 (C)+, while ab is not. 


In the following we begin to introduce and study a new type of modular metric space 
that is called a (7*-algebra-valued modular metric space. 
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Definition 2.3. Let X be a nonempty set. A function a; : (0,oo) x X x X -A A is 
said to be a C* -algebra-'valued modular metric (briefly, (7*. m.m) on X if it satisfies the 
following three axioms: 

(i) given x, y £ X, oj\(x, y) = 9 for all A > 0 if and only if x = y; 

(ii ) u\(x,y) = u\(y,x) for all A > 0 and 

(in) uj\ +I j,(x, y) A uj\(x, z ) + a; M (z, y) for all A, p > 0 and x,y,z £ X. 

The truple (X,A,u) is called a (7*. m.m space. 

If instead of (i), we have the condition 

(i') u\(x,x) = 9 for all A > 0 and x £ X, then ui is said to be a (7*-algebra-valued 
pseudo modular metric (briefly, (7*.p.m.m) on X and if u> satisfies (■ i'), (in) and 
(i") given x,y £ X , if there exists a number A > 0, possibly depending on x and y, 
such that u\(x, y) = 9 , then x = y, then u is called a (7*-algebra-valued strict modular 
metric (briefly, (7*.s.m.m) on X. 

A (7*.m.m (or CAp.m.m, (7*.s.m.m) oo on X is said to be convex if, instead of (in), 
we replace the following condition: 

(iv) wa+ ( 1 (t, y) A j ^j 1 ujx(x, z) + y) for all A, p > 0 and x,y,z £ X. 

Clearly, if oo is a (7*.s.m.m, then cu is a C*. m.m, which in turn implies that u is a 
C'*.p.m.m on X , and similar implications hold for convex oj. The essential property of 
a C* . m.m u on a set X is as follows: given x, y G X , the function 0 < A u\(x, y) G A 
is non increasing on (0, oo). In fact, if 0 < y < A, then we have 

u\(x, y) A u}\-n(x, x) + ujfj(x, y) = oj^(x, y). (2.1) 

It follows that at each point A > 0 the right limit u>\+o(x,y) := lim^+o u\ +e (x, y) 
and the left limit uj\-o(x,y) := \mi e ^ + Q 0 j\- e (x,y) exist in A and the following two 
inequalities hold: 

u x+0 (x,y) A u\(x,y) A cj A _ 0 (x,y). 

It can be checked that if xo £ X, then the set 

Xu = {x G X : lim ui\(x, xo) = 9} 

A—>oo 

is a C * - al ge 1.) r a- valued metric space, called a C^-algebra-valued modular space, where 
d^j : X u x X u -A A is given by 

= inf{A > 0 : ||wA(x,y)|| < A} for all x,y <E X u . 

Moreover, if u is convex, then the set X u is equal to 

X* = {x G X : 3 A = X(x) > 0 such that ||a; A (x, xo)|| < °°} 

and d* : X* x X* —> A is given by 

d* = inf {A > 0 : ||wa(£, y) || < 1} for all x,y € X*. 

It is easy to see that if X is a real linear space, p : X —> A and 

oj\(x, y) = p(- — - 1 -) for all A > 0 and x, y G X, (2-2) 

A 

then p is a C* -algebra valued modular (convex C*-algebra-valued modular) on X if and 
only if cu is C*. m.m (convex C*. m.m, respectively) on X. On the other hand, assume 
that ui satisfies the following two conditions: 

(i) u\(p,x, 0) = oj\ (x, 0) for all A, p > 0 and 
(ii) oj\(x + z, y + z) = oj\(x, y) for all A > 0 and x,y,z G X. 
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If we set p(x) = uji(x,0) with (2.2), where x G X, then X p = X u is a linear 
subspace of X and the functional ||x|| p = ^(x,0), x G X p is an F-norrn on X p . 
If uj is convex, then X* = X* = X p is a linear subspace of X and the functional 
IMIp = tC(®, 0), x G X*, is a norm on X*. 

Similar assertions hold if we replace C* .m.m by (7*.p.m.m. If c o is C*. m.m in X, 
then the set X u is a C* .m.m space. 

By the idea of property in C 1 *-algebra-valued metric spaces and C^-algebra-valued 
modular spaces, we define the following: 

Definition 2.4. Let X w be a C*. m.m space. 

( 1 ) The sequence (x„) n£ n in X u is said to be w-convergent tor £ X u with respect 
to A if 

oj\{x n , x) -A 6 as n —> oo for all A > 0. 

(2) The sequence (x' n ) n gN in X u is said to be cv-Cauchy with respect to A if 

w\(x m , x n ) -A 0 as m, n —> oo for all A > 0. 

(3) A subset C of X u is said to be w-closed with respect to A if the limit of the 
w-convergent sequence of C always belongs to C. 

(4) X u is said to be cu-complete if any cv-Cauchy sequence with respect to A is 
w-convergent. 

(5) A subset C of X u is said to be w-bounded with respect to A if for all A > 0 

Soj(C) = sup{||u;A(x,y)||; x,y G C} < oo. 

Definition 2.5. Let X u be a C*. m.m space. Let f,g be self-mappings of X u . A point 
x in Xu is called a coincidence point of / and g if and only if fx = gx. We shall call 
w = fx = gx a point of coincidence of / and g. 

Definition 2.6. Let X u be a C*. m.m space. Two self-mappings / and g of X u are 
said to be weakly compatible if they commute at coincidence points. 

Definition 2.7. Let X w be a C*. m.m space. Two self-mappings / and g of X w are 
occasionally weakly compatible (owe) if and only if there is a point x in X u which is a 
coincidence point of / and g at which / and g commute. 

Lemma 2.8. [6] Let X u be a C*.m.m space and f,g owe self-mappings of X u - If f 
and g have a unique point of coincidence, w = fx = gx, then w is a unique common 
fixed point of f and g. 


3. Main results 

Theorem 3.1. Let X u be a C*.m.m space and I, J, R, S,T,U : X u -A X u be self¬ 
mappings of Xu such that the pairs (SR, I) and (TU , J) are occasionally weakly com¬ 
patible. Suppose there exist a,b,c € A with 0 < ||a|j 2 + ||6|| 2 + ||c|| 2 < 1 such that the 
following assertion for all x, y G X u and A > 0 hold: 

(3.1.1) oj\(SRx, TUy) A a*co\(Ix, Jy)a + b*u>\(SRx, Jy)b + c*ui 2 \(TUy, Ix)c; 

(3.1.2) \\uj x (SRx,TUy) || < oo. 

Then SR,TU,I and J have a common fixed point in X u - Furthermore, if the pairs 
(S, R), ( S , I), ( R , I), (T, J), (T, U), ( U , J) are commuting pairs of mappings, then /, J, R, S, T 
and U have a unique common fixed point in X u - 

Proof. Since the pair (SR, I) and (TU, J) are occasionally weakly compatible, there 
exist u, v G Xu : SRu = Iu and TUv = Jv. Moreover, SR(Iu) = I(SRu) and 
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TU(Jv) = J(TUv). Now we can assert that SRu = TUv. If not then by (3.1.1) 

oj x (SRu,TUv) ■< a*LU\(I j u, Jv)a + b*u\(SRu, Jv)b + c*U 2 \(TUv, Iu)c 

= a*uj\(Iu, Jv)a + b*uj\{Iu , Jv)b + c*W 2 X (Jv, Iu)c (3-1) 

= a*L)\(Iu, Jv)a + b*u\(Iu, Jv)b + c*U 2 X (Iu, Jv)c. 

By definition of C*.m.m space and (2.1) and (3.1), we have 

u x (SRu, TUv ) ■< a*u\(Iu, Jv)a + b*w x (Iu, Jv)b + c*(iv x (Iu, Iu) + u x (Iu, Jv))c 

= a*ui\(Iu , Jv)a + b*uj\(Iu, Jv)b + c*oj x (Iu, Jv)c 
= a*(u x (Iu, Jv)) 2 ( u\(Iu, Jv)) 2 a + b*(w x (Iu, Jv))z(u> x (Iu, Jv))?b 
+c*(u x (Iu, Jv))*(oj x (Iu, Jv))?c 
= ( a{u\(Iu, Jv))^)*(a(u x (Iu, Jv))^) 

+{b{u\{Iu, Jv))^)*(b(u x (Iu, Jn))5) 

+(c(o;a(/r, Jv))^)*(c(wa(/m, Jf))5) ^ 

= |a(cjA(^, Jf)) 5 1 2 + |6 (wa(/m, Jn)) 2 1 2 + \c(u x (Iu, Jv)) 2 1 2 
^ ||a(w A (/w, Jn))2 || 2 1 a + ||6(o;a(/u, Jn))2 || 2 1 a + ||c(u;a(Tu, -Z^)) 5 || 2 1 a- 

Thus 

\\w x (SRu,TUv)\\ < \\w x (Iu,Jv)\\(\\a\\ 2 + ||6|| 2 + ||c|| 2 ) 

< \\u\(Iu, Jv) \\. 

So \\lu x (Iu, Jv) || < \\lo x (Iu, Jv) ||, which is a contradiction. Hence SRu = TUv and thus 

SRu — Iu — TUv = Jv. 

Moreover, assume that there is another point z such that SRz = Iz. Using (3.1.1), 

u\{SRz, TUv) < a*u\(Iz, Jv)a + b*w x (SRz, Jv)b + c*uj 2 \(TUv , Iz)c 

= a*co\(SRz, TUv)a + b*u x (SRz, TUv)b + c*lu 2X (SRz, TUv)c. 

(3.2) 

By a similar way, \\u x (SRz,TUv)\\ < \\u x (S Rz,TUv)\\(\\a\\ 2 + \\b\\ 2 + ||c|| 2 ), which is a 
contradiction. Hence we get 

SRu — Iu — TUv = Jv. (3.3) 

Thus from (3.2) and (3.3), it follows that SRu = SRz. Hence w = SRu = Iu, for some 
iu G X u , is the unique point of coincidence of SR and I. Then by Lemma 2.8, in is a 
unique common fixed point of SR and I. So SRw = Iw = w. 

Similarly, there is another common fixed point iu' G X u : TUw' = Jw' = w'. 

For the uniqueness, suppose w / w'. Then by (3.1.1), we have 

u x (SRw,TUw') = u x (w,w') 

^ a*w x (Iw, Jw'*oo x (SRw, Jw'*uj 2 X {TUw, Iw')c 
= a*w x (iu, iu'*u x (w, w'*U 2 X (iv, w')c. 

Thus ||cda(yc’, yc / )|| < \\lv x (w,w' 2 + 11611 2 + ||c|| 2 ), which is a contradiction. Hence iv = w'. 
So in is a unique common fixed point of SR, TU, I and J. 

Furthermore, if (S, R), (S,I), (R, I), (T,J), ( T,U ), (U, J) are commuting pairs, then 

Sw = S(SRw) = S(RS)w = SR(Sw) 

Sw = S(Iw) = S(RS)w = I(Sw) 

Rw = R(SRw) = RS(Rw) = SR{Rw) 

Rw = R(Iw) = (Rw), 

which show that Sw and Rw is a common fixed point of (SR, I), which gives SRw = 
Sw = Rw = Iw = w. 


215 


BAHMAN MOEINI ET AL 211-220 



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 27, NO.2, 2019, COPYRIGHT 2019 EUDOXUS PRESS, LLC 

B. MOEINI, A.H. ANSARI, C. PARK, D. SHIN 

Similarly, we have TUw = Tw = Uw = Jw = w. Hence in is a unique common fixed 
point of S, R, I, J, T, U. □ 

Corollary 3.2. Let X u be a C* .m.m space and I, J,S,T : X u -A X u be self-mappings 
of X u such that the pairs (S, I) and (T, J) are occasionally weakly compatible. Suppose 
there exist a, b, c £ A with 0 < |ja|| 2 + ||b|| 2 + ||c|| 2 < 1 such that the following assertions 
for all x, y G X u and A > 0 hold: 

(3.2.1) u>\(Sx,Ty) A a*uj\(Ix , Jy)a + b*u\(Sx, Jy)b + c*uj 2 \(Ty, Ix)c; 

(3.2.2) \\ujx(Sx,Ty)\\ < oo. 

Then S, T, I and J have a unique common fixed point in X u . 

Proof. If we put R = U := Ix u where Ix u is an identity mapping on X u , then the 
result follows from Theorem 3.1. □ 

Corollary 3.3. Let X u be a C* .m.m space and S, T : X u -A X u be self-mappings of X^ 
such that S and T are occasionally weakly compatible. Suppose there exist a, b, c G A 
with 0 < 11a11 2 + || 6|| 2 + ||c || 2 < 1 such that the following assertions for allx,y£X u and 
A > 0 hold: 

(3.3.1) u\(Tx,Ty) ■< a*uj\(Sx, Sy)a + b*uj\(Tx, Sy)b + c*u> 2 \{Ty, Sx)c; 

(3.3.2) \\uj\(Tx,Ty)\\ < oo. 

Then S and T have a unique common fixed point in X u . 

Proof. If we put I = J := S and S := T in (3.2.1) and (3.2.2), then the result follows 
from Theorem 3.1. □ 

Corollary 3.4. Let X u be a C*.m.m space and S,T : X u -A X u be self-mappings of 
X u such that S and T are occasionally weakly compatible. Suppose there exists a G A 
with 0 < ||a|| < 1 such that the following assertions for all x, y £ X u and A > 0 hold: 

(3.4.1) oj\(Tx,Ty) a*u\(Sx, Sy)a; 

(3.4.2) \\u\(Tx,Ty)\\ < oo. 

Then S and T have a unique common fixed point in X u . 

Proof. If we put b = c := 0a in (3.3.1), then the result follows from Corollary 3.3. □ 

4. Examples 

In this section we provide some nontrivial examples in favour of our results. 

Example 4.1. Let X = M and consider A = M 2 (M) of all 2 x 2 matrices with the usual 
operation of addition, scalar multiplication and matrix multiplication. Define a norm 

i 

on A by ||A|| = ^ Yll. j =l l a *il 2 ) * an< ^ * : A -» A, given by A* = A for all A 6 A, defines 
an involution on A. Thus A becomes a C*-algebra. For 

A=( “ u “ v ‘ ),B= ( ) €A = M 2 (R), 

V 021 022 J V b ' 21 fo 22 J 

we denote A A B if and only if (a*j — by) < 0 for all i , j = 1, 2. 

Define u : (0, oo) x X x X —> A by 

/ 15=1/1 o 
u\(x,y) = (^ 0 A ^ 

for all x, y 6 X and A > 0. It is easy to check that u satisfies all the conditions of 
Definition 2.3. So (X, A, uj) is a C*. m.m space. 
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Example 4.2. Let X = {^ : n = 1, 2, • • • } where 0 < c < 1 and A = A/ 2 (M). Define 
oj : (0, oo) x X x X -A A by 


u\(x,y) 


i x ~y i 

i a i 

0 


a\ 


0 

x-y | 
A I 


for all x, y € X, a > 0 and A > 0. Then it is easy to check that w is a C*.m.m. space. 


Example 4.3. Let X = L°°(E ) and H = L 2 (E ), where E is a Lebesgue measurable 
set. By B(H ) we denote the set of bounded linear operators on the Hilbert space H. 
Clearly, B(H ) is a C*- algebra with the usual operator norm. 

Define c o : (0, oo) x X x A —> B(H ) by 

u\{f,g) = 7T| (\/f,geX). 

Here nh : H -A H is the multiplication operator defined by 

= h-4> 

for <f> £ LA Then w is a C Y *.rn.in and B(H),u ) is an w-complete C'*.m.m space. It 
suffices to verify the completeness of J u . For this, let {/ n } be an co-Cauchy sequence 
with respect to B(E[), that is, for an arbitrary e > 0, there is N € N such that for all 
m, n > N, 


\\u\(fm, fn)\\ 


fm ~ fn I 11 


I fm fn 

1 A 


< e. 


So {f n } is a Cauchy sequence in Banach space X. Hence there are a function / e X 
and N\ G N such that 


which implies that 



< £ 


(n > iVi), 


II^A(/n,/)H = ||7T|/r^z| II = || — ^ ~ |oo < e, {n> Ni). 

Consequently, the sequence {/„} is an co-convergent sequence in X u and so X u is an 
cu-complete C Y *.m.iri space. 


Example 4.4. Let (X, A,co) be C'* .m.rii space defined as in Example 4.1. Define 
S,T,I,J:X U ->X U by 


Sx = Tx = 1, Jx = 2 — x, lx 


x 

2 

1 

0 


if x € ( oo, 1 ), 
if x = 1 , 
if x 6 ( 1 , oo) 


for all r,j /6 X w = M and A > 0 . Then we have 
° ° ^ 11 = \\ux(Sx,Ty)\\ < oo. 


® " 1 0 0 

/ 

For all a, 6 , c £ A with 0 < IMI 2 + 
0 0 

0 0 


+ ||c || 2 < 1 , we get 


f q q ^ = u\(Sx,Ty) A a*u\(Ix, Jy)a + b*u\(Sx, Jy)b + c*u 2 \(Ty, Ix)c for all 


i,t/€ and A > 0. Also clearly, the pairs (5,1) and (T, J) are occasionally weakly 
compatible. So all the conditions of Corollary 3.2 are satisfied and x = 1 is a unique 
common fixed point of S, T, I and J. 
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5. Application 

Remind that if for A > 0 and i,j /6 L°°(E), we define uj : (0, oo) x L°°(E) x L°°(E ) —> 
B(H) by 

u\(x,y) = 

where Tih '■ H —> H is defined as in Example 4.3, then B(H),ui) is an u>- 

complete C Y *.m.m space. 

Let E be a Lebesgue measurable set, X = L°°(E ) and H = L 2 (E) be the Hilbert 
space. Consider the following system of nonlinear integral equations: 

x(t) = w(t) + ki(t, x(t)) + p / n(t,s)hj(s,x(s))ds (5-1) 

J E 

for all t £ E, where w £ L°°(E) U is known, ki(t,x(t )), n(t,s), hj(s,x(s)), i,j = 1,2 
and i / j are real or complex valued functions that are measurable both in t and s on 
E and n is a real or complex number, and assume the following conditions: 


(a) sup s( zE f E | n(t, s)\dt = Mi < +oo, 

(b ) ki(s,x(s)) £ L°°(E) W for all x £ L°°(E) U , and there exists Li > 1 such that for 
all s £ E, 

\ki(s,x(s)) - k 2 {s,y(s))\ > Li\x(s) - y(s)\ for all x,y £ L°°(E) U , 

(c) hi(s,x(s )) £ L°°(E)u for all x £ L 00 (E) aJ , and there exists L 2 > 0 such that for 
all s £ E, 

|^i(S) x(s)) - h 2 (s,y(s))\ < L 2 \x(s) - y(s)| for all x,y £ L°°(E ) U , 

(d) there exists x(t) £ such that 


x(t) — w(t) — n / n(t, s)hi(s, x(s))ds = k\(t, x(t)) } 

Je 

which implies 


ki(t, x(t)) — w(t) — y f E n(t, s)hi(s, k\(s, x(s)))ds 
= ki(t, x(t) — w(t ) — y f E n(t, s)h\(s, x(s))ds), 

(e) there exists y(t) £ L oc ’(£ , ) tJ such that 


y(t) — w(t) — n / n(t, s)h 2 (s,y(s))ds = k 2 (t,y(t)), 
Je 

which implies 


k 2 (t,y(t )) - w(t) - [i J E n(t, s)hi(s, k 2 (s, y(s)))ds 
= k 2 (t, y(t) - w(t ) - nf E n(t,s)h 2 (s,y(s))ds). 


Theorem 5.1. With the assumptions (a)-(e), the system of nonlinear integral equations 
(5.1) has a unique solution x* in L°°(E) W for each real or complex number p with 

l+HLgMi ^ 

Li 


Proof. Define 


Sx(t) = x(t) — w(t) — p / n(t, s)h\(s, x(s))ds, 

Je 

Tx(t) = x(t) — w(t) — p / n(t, s)h 2 (s,x(s))ds, 

Je 
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Ix(t ) = ki(t,x(t)), Jx(t ) = k 2 (t,x(t)). 

Set a = . \ B ^ H ^ 6 = c = 0 b(H)- Then a G B(H) + and 0 < ||«|| 2 + ||6|| 2 + 

ii i |2 _ I+HM1L2 < ^ 

ll ll Li 

For any h & H, we have 

|K(Sz,Ty)H = sup|| h .|| =1 (7T! ga;—Ta/ !/t, h) 


= su P||h|j=i Ie J (x - y) + fJ,J E n(t,s)(h 2 (s,y(s) - hi(s,x(s))ds h{t)h(t)dt 


< sup||h||=i Ie J ( x - y) + d f E n (t,s)(h 2 (s,y(s) - h,i(s,x(s))ds \h{t)\ 2 dt 


< J supj| h || =1 f E \h(t)\ 2 dt ||s - y||oo + |/i|AfiL 2 ||x - : 


< ( 1 + M A M|fa )U-i/||eo 

^ ( 1 +\h\M 1 L 2 ^ 11 k 1 (t,x(t))-k 2 (t,y(t)) n 
— I h hi A ll°° 

= Jy)|| 

= II«I! 2 I! w a(^, Jy) II- 

Then 

\\u\(Sx,Ty)\\ < \\a\\ 2 \\u x (Ix,Jy)\\ + || 6 || 2 ||o;a(S'x, Jy)\\ + \\c\\ 2 \\u 2 x(Ty, Ix)\\ 

for all x,y G L 00 (E) U and A > 0. Also by conditions (d) and (e) the pairs ( S,I ) and 
(T, J ) are occasionally weakly compatible. Therefore, by Corollary 3.2, there exists a 
unique common fixed point x* G L°°(E) U such that x* = Sx* = Tx* = lx* = Jx*, 
which proves the existence of unique solution of (5.1) in L°°(E) U ,. This completes the 
proof. □ 
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Abstract 

We introduced new viscosity rule for nonexpansive mappings in Hilbert Spaces. 
The strong convergence theorem of the new rule is proved under certain assumptions 
imposed on the sequence of parameters. Moreover, applications of proposed viscosity 
rule are also given. 

2010 Mathematics Subject Classification: 47H09 

Key words and phrases: viscosity rule, Hilbert space, nonexpansive mapping, varia¬ 
tional inequality 


1 Introduction 

In this paper, we shall take H as a real Hilbert space, (•, •) as inner product, || • || as the 
induced norm, and Casa nonempty closed subset of H. 

Definition 1.1. Let T : H —> H be a mapping. T is called nonexpansive if 

\\Tx — Ty\\ < \\x — y\\, Vx,y <E H. 

Definition 1.2. A mapping / : H —> H is called a contraction if for all x,y £ H and 

0 G [0,1) 

\\fx- fy\\ < 9\\x — y\\. 

* Corresponding authors 
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Definition 1.3. P c : H —> C is called a metric projection if for every x E H there exists 
a unique nearest point in C. denoted by P c x , such that 

\\x — P c x || < \\x — y ||, My E C. 

The following theorem gives the condition for a projection mapping to be nonexpansive. 

Theorem 1.4. Let C be a nonempty closed convex subset of the real Hilbert space H and 
P c : H —> H a metric projection. Then 

(a) || P c x - P c y || 2 < (x-y, P c x - P c y) for all x,y E H. 

( b ) P c is a nonexpansive mapping, that is, \\x — P c .t|| < ||x — y|| for all y E C . 

(c) (x — P c x, y — P c x) < 0 for all x E H and y E C. 

In order to verify the weak convergence of an algorithm to a fixed point of a nonex¬ 
pansive mapping we need the demiclosedness principle: 

Theorem 1.5. (The demiclosedness principle) ([2]) Let C be a nonempty closed convex 
subset of the real Hilbert, space H and T : C —> C such that x n —*■ x* E C and (I — T)x n 
0. Then x* = Tx*. (Here —> and —denote strong and weak convergence, respectively). 

Moreover, the following result gives the conditions for the convergence of a nonnegative 
real sequence. 

Theorem 1.6. ([9]) Assume that {a n } is a sequence of nonnegative real numbers such 
that a n .|_i < (1 — 7 n )a n + S n , Vn > 0, where { 7 n } is a sequence in (0,1) and {<5 n } is a 
sequence with 

(1) E“ 0 7n = OO, 

( 2 ) lim, woo sup ^ < 0 or Yl™=o Kl < °°- 
Then a n —> 0 as n —> oo. 

The following strong convergence theorem, which is also called the viscosity approxi¬ 
mation method , for nonexpansive mappings in real Hilbert spaces is given by Moudafi [8] 
in 2000 . 

Theorem 1.7. Let C be a noneempty closed convex subset of the real Hilbert space H. 
Let T be a nonexpansive mapping of C into itself such that F(T) := {x E H : T(x) = x} 
is nonempty. Let f be a contraction of C into itself. Consider the sequence 

x n +i = — 7 —f(x n ) + — T(x n ), n > 0, 

1 + e n 1 + e n 

where the sequence {e n } E (0,1) satisfies 

( 1 ) lim n — yry^ e n — 0 , 

( 2 ) 0 ^ = 00, 

(3) lim, woo |^ - ^1 = 0. 

Then {x n } converges strongly to a fixed point x* of the nonexpansive mapping T, which 
is also the unique solution of the variational inequality 

((l-f) x ,y-x)> 0, V E F(T). 
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In 2015, Xu et al. [9] applied the viscosity method on the midpoint rule for nonexpan- 
sive mappings and give the generalized viscosity implicit rule: 

x n +i = ot n f{x n ) + (1 - a n )T , Vn > 0. 

This, using contraction, regularizes the implicit midpoint rule for nonexpansive mappings. 
They also proved that the sequence generated by the generalized viscosity implicit rule 
converges strongly to a fixed point of T. Ke and Ma [ 6 ], motivated and inspired by the 
idea of Xu et al. [9], proposed two generalized viscosity implicit rules: 

Xn-\-l — Q: n /(x n ) T (1 Oin)T (s n X n T (1 £’n)-£n+l) 


and 


Xn+ 1 — QtnXn T Pf{%n) T 'JnT (s n X n T (1 S n )x n - |-l). 


In [3], Jung et al. presented the following viscosity rule 


2-n+l — 'Pi.Vnji 

< Vn = a n (w n ) + /3 n f(w n ) + 7 n T(w n ), 

— x n+ x n+l 
UJ n ~ 2 

In [7], Kwun et al. proved the strong convergence of the following viscosity rule 


I x n -j-i — T(y n ), 

\Vn = a n (x n ) + Pnf(Xn) + InT ( X " + * n+1 ) . 

Our contribution in this direction is the following new viscosity rule 

( x n~\~ x n+l\ Q f (X n + Xn+l r r ( x n J ^X n +l\ 

Xn+i = a n I ---J + fi n f\ --- I +777^1 --- 1. (1.1) 

2 New viscosity rule 

Theorem 2.1. Let C be a nonempty closed convex subset of the real Hilbert space H. 
Let T : C —► C be a nonexpansive mapping with F(T) / 0 and f : C —► C a contraction 
with coefficient 9 £ [0,1). Pick any xq £ C, let { x n } be a sequence generated by the 
new viscosity rule (1.1), where {a n }, {/3 n } and { 7 n } are sequences in (0,1) satisfying the 
following conditions: 

(i) T fin T 7t7 — 1) 

(ii) lim, woo a n = 0 = lim, woo (3 n and lim, woo 7 „ —> 1, 

(iii) I 2 n =0 K+l - a n\ < OO, 

( iv ) E“=0 IA»+1 - Pn\ < OO. 

Then {x n } converges strongly to a fixed point x* of the nonexpansive mapping T, which 
is also the unique solution of the variational inequality ((/ — f)x, y — x) > 0, \/y £ F(T). 

In other words, x* is the unique fixed point of the contraction Pp(T)fi that is, Pp(T)f( x *) 
= x*. 
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Proof. This proof is divided into five steps. 

Step 1. ({ x n } is bounded) 

Taking an arbitrary point p of F(T ), we have 


IK+i ~P II 


X n H - %n -\-1 \ n n ( %n+l \ rri ( %n %n +1 \ 

-j-I +A./I-j-) +7 " r (-2- ~ P 


a , 


fx n + x n+ l\ fx n +x n + 1 \ a 

■ I -2-J “ CinP + Pnf I -2-J “ ^ 


+ 


T-rf 1 " + 2 C ” +1 )+(«„ +A,-i)p 


< OV 


X, 


+ Y' n +1 \ 


/ 


■ Pn 


X n T T n _|_i 


+ 7n 


T l ^'n + ^n+1 \ 

rl — 2 —J- p 


< ^IK-p|l + ylK+i-p|l + A 


x n + 


^n +1 \ 


X n %n +1 


+ Ai||/(p) ~P || +7n 


< ^||x n -p|| + ^ || X„ + l -p | |+^ 


X n + ^n+1 


f{p) 


■P\\f(p ) - pH 


^ll*n -P|| + ^||*n+l -P|| 


It II | ( «n+7n+0/?n > » II 

I x n P 11 i l 0 I || x n+l P| | 


+ 7 n 

OL n +7 n + @Pi 
2 

+ y|K+i -p|| +^n||/(p) -P|| 

l-/3 w +fl/? n V / ! -Pn + OPn ,, 

2 I ll x ™ P\\ ' l o / ll x ™+i /'ll 

+ ^||x n +l -p|| + Pn\\f(p) ~p\\- 


It follows that 

1 — Pn + dPn 


1 - 


||Zn+l “PH < ( -- f3 ' l n + — ) Ikn -P|| + /?rc||/(p) -P|| 


implies 


(1 + P n (l - 0))\\x n+ i -p || < (1 -p n ( 1 - 0))||x n -p|| +2/3 n ||/(p) -p||. (2.1) 

Since p n , 0 G (0,1), 1 - P n ( 1 — 0) > 0. Moreover, by (2.1) and a n + p n + y n = 1 we get 


IK+i -p|| 

^ l-Pn(l~0) H _ 

- i + p n (i-e) llXn ~ 

< - 2P n (l - 9) 

1 + Pn{ 1 — ^) 


P II + 


2 /?„ 


1 + Pn( 1 — 0) 

2/3n(l - 0) 


ll/(p) - pH 


|.T n -p|| + 


1+ /?„(!-0)Vl-0 


1 


;ll f(p) ~P II 
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Thus, we have 


IK+i -p|| < max<j \\x n -p||,— -g\\f(p) - pH t 


By induction we obtain 

IK+i ~P\\ < max|||x 0 -p||, J3 ^II/(p) ~p|| 

Hence, we concluded that {x n } is bounded. Consequently, {/( ^ n+ ^ n+1 )} and )} 

are bounded. 

Step 2. (lim n —11 ^ri- 1-1 t nil — 0) 

%n\\ 

x n + x n -^i \ 


OLr, 


&n— 1 


2 y 

X n H - X n —i 


Pnf 


X n H - X n -\.\ 


+ 7n^ 


X n + X n -\.\ 


+ Pn-lf 


X n + X n —\ 


+ 7t2-1^ 


Xn —1 


2 (*^n+1 «^n) “1“ 2 (^ n *^n—l) 2 ^72—1)^77, H - 2 (^ n ^72—1)^77—! 


+ Pn ( / 


X77, + Tt7_|_1 


)-'( 


X 77 , + Tt7_1 


+ 7 n 


7 / ^72+1 “ 1 “ ^ 7 ^ 


-T 


^ 77—1 + X Tl 


+ (/?72 _ /?72-l)/ 

+ (772 - 772-l)^ 


X n + X n —\ 


Xn —1 H“ T 7 ; 


2 (*^ 72+1 T77) + 2 (^72 T77,— l) + ^ (^72 ^ 72 —i)(Ttt, + X77,—l) 

+ ft.(/( I " + 2 I " +1 ) - /( ' T, ‘ + 2 1 '- 1 )) + (A - /3n-l)/( J ’" + 2 In ~ 1 ) 

/ Tt 7 _|_i + X n \ rn ( X n —1 H“ %r 


+ 772 


' 


- T 


(C^n ^72—l) “1“ (/?72 /?72—1 ) 


.. 11 ll ^72 || I 

— ~ 2 ^ 11 *^72+1 *^72 11 H ^“11*^72 ^72—1 I 


Xn — 1 H - %r 


1 . 

H“ ~ | 0^72 ^72—1 | 


Xn— 1 %n 2X 1 


+ Pn 


f 


X n ~\~ Tt 7 _|_i 


\Pn Pn— 11 


M 


T 77 + ^77—1 


Xn —1 H“ ^ 7 ^ 


X77 + X n —1 


-T 


X 77 + Xtt,—! 


H - 7t2 


r 


/" 2-n+l T H77 ^ f .11)7—1 T %n 


V 


— 2 ll*^ n +l ®n|| T 2 || 2I71 .1-77— ill T ( r) | < T)7 CI77—1| + 1/3)7 /3)7—1 | ) Tf 


+ 


Tt 7-|-1 + X n 

3 

1 

H 

3 

+ 7 n 

^72+1 + X n 

T77, T77,—1 

2 

2 

2 

2 
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a■ 


a 


1, 


“ 2 ,K+1 X " II+ 2 IK ^-i||+(^ 2 K “n-ll + lft* Pn-l\)M 

. 9 fin n II 9fi n n || | In ,, n . In ,, I 

T 2 ll‘^'fi+1 X n \\ “I - 2 ll^-n 2-n—1|| “I - ^ ll^ra-Tl *^n|| “I - ^ II 2-71 X n — \ 

o n T 9fi n T n f n .. a n + 9fi n -t- 7 n || ii 

= 2 || 2-71+1 2+|| H — ||%n *T n _i|| 

+ l a n — a n- 1| + \fin ~ fin-l\\^i 


where M > 0 is a constant such that 

x n “I - x n — i 2 T 


M > max \ sup 

n> o 


sup 

n> 0 


%n—l T 2+ 


f 


X n T X n —1 


-T 


Xn T X n — i 


It gives 


O n T 9fi n T 'Yn \ || 

1-r- I ||.T n+ i - X r 


< 


0+ 0P n T 'Yn | 


Xn X n — 1 || “I - ( 2 \ a n O n — 1 1 “1“ | fin fin— 1 | jM 


implies 


1 — fin + 9 fin 1 n _ 

1 _ I ||®n+l X r 


< 


1 ~ fin 9 fin 


| X n x n -l\\ ( 2 \On O n — 1| T | fin fin— 1 I )M 


implies 


(1 + fi n ( 1 - 9))\\x n+ i - X n || < (1 - finifi ~ 9))\\x n - X n -\\\ 

+ (| Ot n ~ Otn- 1| + 2| fin — fin-l\)M. 

Thus we have 


112-71+i x n 11 T 


f l-fi n (l-9) 

V 1 + fini 1 — 9) 
M 

+ 


1 + finifi ~ 9) 
Since 9 , fi n G (0, 1), 1 + finifi — 9) > 1 and hence 

1 - fin[ 1 - 9) 


\\%n %n— 1|| 

Otn On— 1| 21 fi n fin— 1| 


1 + fini 1 — 9) 


<l-fi n (l-9). 


Thus 


112-n+i x n | T 


+ 


1 - fi n { 1 - 9) 
M 

1 + fini 1 — 9) 


| X n 2+_l|| 

[\o n On — 1 1 2| fin fin— 1 I 
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Since 

OO OO OO 

y fin = OO, y \a n +i - a n \ < oo, and y \fi n +\ - fi n \ < oo, 
n =0 n =0 n =0 

by Theorem 1.6, we have ||x n+ i — x n \\ —> 0 as n —> oo. 

Step 3. {\\x n — Tx n \\ — ■> 0 as —> oo) 

Consider 


I x n T x n 11 

x n x n +i T x n +\ T 


x n T x n -\-i \ _ f x n -\- x n +i ^ 

2 J 


P | X n X n _)_l|| + 


T \\x n x n -\-\ | -T 


Xn +1 T 


X n + X n +1 \ 

2 ) 


+ 


2 J 

Xn T ^-n+l \ 

2 J 


- Tx n 

- Tx n 


OL r 


Xn T x n ~ri \ 

2 J 


+ finf 


x n T x n -\-i 


+ InT 


X n + ^71+1 \ 


— ||Xti 3^71+1 || 

- (1 - ln)T 


2 J 

OL n 


-T 


^Xn ^7i+l^ 


+ 


X n + 3^71+1 


— X r 


{x n + X n _|_i) + (3 n f 


X n + X n -\-\ \ 
2 ) 


X n + 3^71+1 \ 

2 ) 


1, 


2 11*^+1 


— 2 ll^n 3^71+11| + 


— {oi n + f3 n )T 


ct 


2 (*^ 7 i “ 1 “ *^ 71 + 1 ) “ 1 “ finf 


X n + 3^71+1 \ 

2 ) 


X n + 3 ^ 71+1 \ 

2 J 


3 11 11 CXj 

— _ ^n+lll H 2 


+ fir 


f 


Xn T X n -\-\ 2 T 

Xn T x n +i \ „ / x n T X n +1 


Xn ~k X n -\-\ \ 

2 J 


J 


OLr 


- T 


— 2 H* Cn + 1 — Xn W ^ ^ n )M- 

Then by lim, woo ||x n+ i - x n \\ =0 and lim n _» 0O y n = 1, we get 

11 x n T x n 11 * 0. 


Step 4. (linx^oo sup(x* — f(x*), x* — x n ) < 0, where x* = PF(T)fi x *)) 

Indeed, we take a subsequence {x ni } of { x n } which converges weakly to a fixed point 
p of T. Without loss of generality, we may assume that {x Ui } —*■ p. From lim, woo \\x n — 
Tx n || = 0 and Theorem 1.5 we have p = Tp. This, together with the property of the 
metric projection, implies that 

lim sup(x* — fix *), x* — x n ) = lim sup (a:* — f(x*), x* — x nj ) 

71—>00 71—>00 

= (x* - fix*), X* -p) 

< 0. 
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Step 5. (x n — > x* as n —> oo) 

Now we again take x* £ F(T) as the unique fixed point of the contraction Pp(T)f- 
Consider 


112-71+1 -T1*|| 2 

( %n Xn+1 \ n r f *^n+1 \ m f Xn X n -\-l \ 

" { -2- ) + M { -2-j + 7 " r (-2- ) 


— X 


Qt-r 


X n + %n -\-1 \ 


+ 7t iT 


2 J 

X n ~k X n J r \ \ 

2 


~ a n X* + Pnf 


X n + X n -\-l \ 

2 y 

2 


- /?77.T* 


+ (<Tn + Pn ~ F)X* 


= a r 


X n ~k 3^77+1 \ 


— X 


+ 7 


2 y 

Xn “k X n -\.\ \ 


Pi 


Xn ~k 


31,7+1 \ 


2 y 


2 y 

+ 2a„f?„ ^" + 2 I ” +1 ^x-,/( J " + 2 X " +1 ) -x-y 


. 0 , X n + X n _|_l * 

+ 2a n 7 n ( x ,T 


Xn “k H-n+1 


— X 


+ ^Pnln\ f 


Xn 7 Xn+l \ rp f Xn ~k X n _|_l \ 


2 y 


2 y 


< «n 


Y'n ~k X n _|_i \ 


— X 


P 


j, ^Xn ~k X n -\-l ^ 


— X 


2 y 

+ 2a„+^ J ’" + 2 In+1 ) -^,/( X " + 2 I ” +1 )-^) 


■7n 


Xn+1 “1“ * 

--- X 


+ 2 a n 7 n ||x n x 
+ 2/3 n 7,7 / / 


37 ■ 1 \ 


2 y 

+ 2/3„7„^/(x*) - .+*, T 

< (« 2 + ll) 


2 y 

X 77 + x n+ i ^ f(x*) t( ^ x 


2 y 


Xn ~k +n+1 \ 

2 J 


— x 


X n ~\~ %n+ 1 

* 

2 

x 77+1 H~ X„ 

2 

— X 

+ 2a n ^j n 

-X 

2 


+ 2/3 n 7n / 

£ (CK 77 + 7t7) 2 


Xn “k X n+ i \ »/ *\ 

- 2 - 

2 


377+1 ~k x n * 

---x 


+ K n 


X 77 +I + x. 


77 * 

— X 


+ ‘ZOPn'Jn 


31,7+1 -k x„ 

---X 


+ 


< ^(<3+ + 7t7) 2 + ‘ZOPn'ln 

< ((l-p n ) 2 + 26Pn7n 


31,7+1 ”k x n 

---X 


31,7+1 + X 


77 * 

— X 


+ Kn 


+ -Kn 1 
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where 


K n = A 


— x 


j ^ J' a ■ 1 “I - X n ^ 

+ 2 a ,A^ ' T " +1 2 +I " ) 

( ^-n+l T X n 


— X 


+ 2f3 nln (^f(x*)-x*,T 


■ 


— x 


It follows that 


(1 — An) 2 + 20/?n7n 


%n+l T X r , 


— X 


implies 


V(1 - An) 2 + 20An7n 


X n+ l + .T 


n * 
— X 


^ ||*Tn+l 2-n|| Kn 


^ \/1| Y‘n+1 -7/ 11 ^ K n 


implies 


^\/(l - An) 2 + 26»An7n(||^n+l ~ Z*|| + \\x n ~ X*||) > \/\\x n+ i - X n \\ 2 - K n 


implies 


* II2 


implies 


|((1 - An) 2 + 26>An7n)(||Zn+l ~ K|| 2 + \\x n ~ X 
+ 2\\x n+1 - x*||||a: n - x*||) 

^ IAn+1 X n \\ K n 

^((1 - An) 2 + 26>An7n)(||Zn+l ~ || 2 + \\x n - X* || 2 

+ (\\x n +l - x* ||” + \\x n - X *" 2 
— | Y‘n+1 X n 11 K n 


implies 


l-^((l-An) 2 + 20An7n) 


||x n+ i - X 


* 112 


< 


:((1 — An) 2 + 20An7n) 


h n - Kll 2 + K n . 


Thus we have 
IAn+1 - X 


* 112 


2 ((1 An) 2 T 2$An7n) n *n2 , 
< - ^--- IZn-X + 


Kn 


l-i((l-An) 2 + 20An7n) 


l-i((l-An) 2 + 20An7n) 

1 — ^((1 — An) 2 + 2#An7n) ~ 1 + ((1 — An) 2 + 2$An7n) , 


l-i((l-An) 2 + 20An7n) 


+ 


Kn 


l-i((l-An) 2 + 20An7n) 

1 - ((1 - An) 2 + 20An7n) 


1 - 


1 ~ l((l - An) 2 + 20An7n)J 


\x n - K|| 2 + 


LT„ — X 


Kn 


„* 112 


1 - 3((1 - An) 2 + 20An7n) 
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Note that 


implies 


Thus we have 


o < l-^((l-/y 2 + 20/?„7„) < 1 


1 ((1 PnY + 20/3 n7n ) .. \ 2 


l-i((l-/3 n ) 2 + 20/3 n7n ) 


112 


> l-((l-/9nr + 20/9„7n)- 


Fn+i - a; 

<[!_(!_ ((i _ /3 n )2 + 20/? n7n ))] ||x n - x*|| 2 + 


K n 


= [(1 - p n y - 20(3 n / y n ]\\x n -x*\\ 2 + 


l-i((l-/3 n ) 2 + 2 ep nln ) 

Kn 


< (1 ~ PnY \\ x n - X *\\ 2 + 


l-i((l-/3„) 2 + 20/3 n7n ) 
Kn 


l-U(l-P n ) 2 +29Pnln)' 


Since 0 < 1 — /3 n < 1, this give (1 — /3 n ) 2 < (1 — fi n ) and 
\\x n +l X* || 2 < (1 — Pn)\\x n ~ X*\\ 2 + 


Kn 


l —i((i-/? n ) 2 + 2 ep nln Y 


( 2 . 2 ) 


By lim, woo a n = lim, woo (3 n = 0 and lim, woo 7n = 1 we have 


lim 


K n 


00 1 — 4((1 — PnY + 2#/3 n7 n) 


= lim 

n —>00 


Pi 11 / ( Xn+ \ +Xn ) - X*|| 2 + 2 OnPn ( ( Xn+ \ +Xn ) - S*, / ( Xn+1 2 +X " ) ~ X* ) 

p n y + 2op nln ) 

* rp / n N 


(2.3) 


+ 


2/?n 7 n(/(^)-X*,r( X " +1 2 +X " ) - 

l-\{{l-p n Y + 2dpnln) 


< 0. 


From (2.2), (2.3), and Theorem 1.6 we have lim, woo ||x n +i — x*|| 2 = 0, which implies that 
x n —> x* as n —> oo. This completes the proof. □ 


3 Applications 

The scheme can be used to solve problems of system of variational inequalities and con¬ 
strained convex minimization. Moreover, it can be applied to find a fixed point in K- 
mappings. 

3.1 A more general system of variational inequalities 

Let C be a nonempty closed convex subset of the real Hilbert Space H and {Ai}^L 1 : 
C H be a family of mappings. In [1] Cai and Bu considered the problem of finding 
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(x'|. a? 2 , • • •, x* N ) G C x C x • • • x C such that 

' (A n A n x* n + x\ - x* N , x - x\) > 0, 

(Xn-iAn^x^^ +x* N - x* N _ ly x - x* N ) > 0, 

< : (3.1) 

(X2A2X2 + X3 — x'2, x — X3) > 0, 

(X\A\x\ + X2 — x\, x — X2) > 0, Vx G C. 

The equation (3.1) can be written as 

(x\ - (I - Aa tA n )x* n , x - x\) > 0, 

(x* N - (I - \ n _iA n _i)x* n _ v x - x* N ) > 0, 

< : 

( x 3 - i 1 - X2A 2 )x*2, X - x* 3 ) > 0 , 

(x* 2 — (I — Ai^ 4 i)x^, x — X2) > 0, 

which is a more general system of variational inequalities in Hilbert spaces with A, > 0 
for all i 6 {1, 2, 3,..., N}. Moreover, we have some useful results: 

Lemma 3 . 1 . ([ 1 ]) Let C be a nonempty closed convex subset of the real Hilbert spaces H. 
For i € { 1 , 2 , 3 , • • v, N}, let A4 : C —> H be 5 i-inverse strongly monotone for some positive 
real number Si, namely, 


{AiX - Aiy, x -y)> Si\\AiX - Aiy\\ 2 ,\/x,y <E C 

Let G : C —> C be a mapping defined by 

G(x) = P c (I - XnAn)Pc(I ~ Xn-iAn-i) • • • 

P C (I - \ 2 A 2 )Pc(I - XlAJx, Vxec. 

If 0 < Aj < 2 Si for all i 6 {1, 2, 3, • • • , N}, then G is nonexpansive. 

Lemma 3.2. ([5]) Let C be a nonempty closed convex subject of the real Hilbert Spaces 
H. Let A 4 : C —> H be a nonlinear mapping,where i G {1, 2, 3,..., IV}. For given x* G C, 
i G {1, 2, 3,..., N}, (x}, X2, X3, ..., x* N ) is a solution of the problem (3.1) if and only if 

x*\ = P C (I — X n A n )x* n , x* 

= P C {I - Ai-i^-Ox?.!, i = 2, 3,4,..., N, 


that is, 

x\ = Pc (I - XnAn)Pc{I - Xn-iAjst^) ■ ■ ■ 

P C (I - A 2A 2 )P C (I ~ A 1 H 1 )x}, Vx G C. 

From Lemma 3.2, we know that x} = G(x}), that is, x\ is a fixed point of the mapping 
G, where G is defined by (3.2). Moreover, if we find the fixed point x\, it is easy to get 
the other points by (3.3). Applying Theorem 2.1 we get the result. 
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Theorem 3.3. Let C be a nonempty closed convex subject of the real Hilbert spaces H. 
For i £ {1, 2, 3, N}, let T* : C —> H be 5i-inverse-strongly monotone for some positive 
real number Si with F(G) / 0, where G : C —> C is defined by 

G(x) = P c (I - \nAn)Pc(I ~ Av-iAv-i) • • • 

P C (I - \ 2 A 2 )Pc(I ~ XiAi)x, VxeC. 

Let f : C —► C be a contraction with coefficient 6 £ [0,1). Pick any xq £ C, let { x n } be a 
sequence generated by 

f x n T x n -\-\ \ f x n T x n +i \ ( x n T x n -\-± A 

x n +i = a n I --- I + p n f I --- J + 7 n G I --- I , 

where {a n }, {P n } and {^ n } are sequences in (0,1) satisfying the conditions (i)-(iv). 

Then {x n } converges strongly to a fixed point x* of the nonexpansive mapping G , which 
is also the unique solution of the variational inequality ((/ — f)x, y — x) > 0, Vy £ F(T). 

In other words, x* is the unique fixed point of the contraction Pp(G)f- that is, Pp(G)f( x *) 
* 

= x. 

3.2 The constrained convex minimization problem 

Now, we consider the following constrained convex minimization problem; 

min <t>(x), (3.4) 

xec 

where <f> : C R is a real-valued convex function and assumes that the problem (3.4)is 
consistent. Let LI denote its solution set. For the minimization problem (3.4), if <f> is 
(Frechet)differentiable, then we have the following lemma. 

Lemma 3.4. (Optimality Condition) ([5]) A necessary condition of optimality for a point 
x* £ C to be a solution of the minimization problem (3.4) is that x* solves the variational 
inequality 

{V(j)(x*),x — x*) > 0, V.x £ C. (3.5) 

Equivalently, x* £ C solves the fixed point equation 

x* = P c (V - W(f>(x*) 

for every constant A > 0. If, in a addition <f> is convex, then the optimality condition (3.5) 
is also sufficient. 

It is well known that the mapping Pc {I — AT) is nonexpansive when the mapping A 
is ci-inverse-strongly monotone and 0 < A < 25. We therefore have the following result. 

Theorem 3.5. Let C be a nonempty closed convex subset of the real Hilbert Space H. 
For the minimization problem (3.4), assume that <f> is ( Frechet ) differentiable and the 
gradient is a 5-inverse-strongly monotone mapping for some positive real number 5. 
Let f : C —> C be a contraction with coefficient 6 £ [0,1). Pick any xq £ C. Let { x n } be 
a sequence generated by 

f x n + x n +\ A / x n + x n +i A , . f x n + x n -|_i A 

Xn+l = a n I --- J + Pnf I --- I + 7 nPc(I ~ AV</>) I --- I , 
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where {a n }, {/3 n } and { / "/ n } are sequences in ( 0 , 1 ) satisfying the conditions (i)-(iv). 

Then {x n } converges strongly to a solution x* of the minimization problem (3.4), which 
is also the unique solution of the variational inequality {(I — f)x, y — x) > 0, Vy £ fi. 

In other words, x* is the unique fixed point of the contraction Pnf, that is, Pnf(x*) = 
x*. 

3.3 A'-mapping 

Kangtunyakarn and Suantai [4] in 2009 gave AT-mapping generated by T\. T 2 , T 3 , ...,Tjv 
and Ai, A 2 , A 3 ,..., Xn as follows. 

Definition 3.6. ([4]) Let C be a nonempty convex subset of real Banach Space. Let 
{Tj}A 1 be a family of mappings of C into itself and let Ai, A 2 , A 3 ,..., Xn be real numbers 
such that 0 < A, < 1 for every i = 1, 2, 3,..., N. We define a mapping K : C —> C as 
follows; 

’U x = AiTi + (l-Ai)I, 

U 2 = A 2 T 2 Ai + (1 -A 2 )Ai, 

< : 

U N -1 = \ N —\T N —\U N —2 + (1 — Xn-i)Un-2, 

Un = X N T N U N -! + (1 — Xn)Un-i- 

Such a mapping is called a AT-mapping generated by T\, T 2 , T 3 ,..., Tjy and Ai, A 2 , A 3 ,..., 
Xn- 

In 2014, Kangtunyakarn and Suwannaut [10] established the following result for K- 
mapping generated by Ti, T 2 , T 3 ,..., T N and Ai, A 2 , A 3 ,..., Xn- 

Lemma 3.7. ([10]) Let C be a nonempty closed convex subset of the real Hilbert space 

H. Fori = 1,2,3, ...,1V, let {AjW 1 be a finite family of K{-strictly pseudo-contractive 
mapping of C into itself with Ki < Ui and A(T*) / 0, namely, there exist constants 
Ki £ [ 0 , 1 ) such that 

\\T iX - T iy \\ 2 < \\x — y\\ 2 + ATj||(/ — Tf)x — (I — A)y|| 2 , \/x, y eC. 

Let Ai, A 2 , A 3 ,..., Xn be real numbers with 0 < A, < u ; 2 , Vz = 1, 2 , 3,..., N and u)\ +uj 2 < 

I . Let K be the K-mapping generated by Ti, T 2 , T 3 ,..., Tn and X\, A 2 , A 3 ,..., Xn- Then the 
following properties hold: 

(a) F(K) = f]l 1 F(T l ). 

( b ) K is a nonexpansive mapping. 

On the bases of above lemma, we have the following results. 

Theorem 3.8. Let C be a nonempty closed convex subset of the real Hilbert space H. For 
i = 1,2,3, ...,1V, let {Ti\P =l be a finite family of Ki-strictly pseudo-contractive mapping 
of C into itself with Ki < c Oi and A(T*) / 0. Let Ai, A 2 , A 3 ,..., Xn be real numbers 

with 0 < A i < lu 2 , Vz = 1, 2, 3,..., N and + uj 2 < 1. Let K be the K-mapping generated 
by Ti, T 2 , T 3 ,..., Tn and Ai, A 2 , A 3 ,..., Xn- Let. f : C —> C be a contraction with coefficient 
6 £ [0,1). Pick any xq £ C, let { x n } be sequence generated by 

( x n x n +i A ( x n T x n +i 
x n +1 = a-n I ---J + Pnf I --- 


+ hn,K 


X r 


^n+1 \ 

2 j 
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where {a n }, {/3 n } and {'J n } are sequences in ( 0 , 1 ) satisfying the conditions (i)-(iv). 

Then {x n } converges strongly to a fixed point x* of the mappings {Tj}^ 1 , which is also 
the unique solution of the variational inequality ((I — f)x , y—x), \/y £ F(K ) = F(Ti). 

In other words, x* is the unique fixed point of the contraction F ( T .\f, that is, 

P r\^ =1 F (Ti)f( x *^ = x *- 
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Abstract. We introduce a generalized cubic functional equation with an au¬ 
tomorphism and investigate the generalized stability of the cubic functions as 
solutions to the generalized cubic functional equation on a quasi-/! Banach 
space by the fixed point of the alternative method. 


Keywords: Hyers-Ulam Stability, Cubic functional equations, Quasi-fd normed 
space, Fixed Point, Functional equations 

1. Introduction 

In a talk before the Mathematics Club of the University of Wisconsin in 1940, 
a Polish-American mathematician, S. M. Ulam [25] proposed the stability problem 
of the linear functional equation f(x + y) = f(x) + f(y) where any solution f(x) of 
this equation is called a linear function. 

To make the statement of the problem precise, let G\ be a group and Gn a metric 
group with the metric <?(•,•)• Then given e > 0, does there exist a S > 0 such that 
if a function f : G\ —> Gi satisfies the inequality d(f(xy),f(x)f(y)) < 6 for all 
x,y £ G\, then there is a homomorphism F : G i —> G 2 with d(f(x),F(x)) < e 
for all x £ Gi ?. In other words, the question would be generalized as “Under what 
conditions a mathematical object satisfying a certain property approximately must 

2000 Mathematics Subject Classification. 39B52. 
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2 GENERALIZED STABILITY OF CUBIC FUNCTIONAL EQUATIONS 

be close to an object satisfying the property exactly?”. 

In 1941, the first, affirmative, and partial solution to Ulam’s question was provided 
by D. H. Hyers [10]. In his celebrated theorem Hyers explicitly constructed the 
linear function (or additive function) in Banach spaces directly from a given ap¬ 
proximate function satisfying the well-known weak Hyers inequality with a positive 
constant. The Hyers stability result was first generalized in the stability of additive 
mappings by Aoki [1] allowing the Cauchy difference to become unbounded. In 1978 
Th. M. Rassias [16] also provided a generalization of Hyers’ theorem with the possi¬ 
bly unbounded Cauchy difference for linear mappings. For the last decades, stability 
problems of various functional equations, not only linear case, have been extensively 
investigated and generalized by many mathematicians (see [4, 7, 9, 11, 17, 20, 21]). 
The functional equation 

(1-1) f(x + y) + f(x-y)=2f(x) + 2f(y) 

is called a quadratic functional equation and every solution of this functional equa¬ 
tion is said to be a quadratic function or mapping (e.g. f(x) = cx 2 ). The Hyers- 
Ulam stability problem for the quadratic functional equation was first studied by 
Skof [23] in a norrned space as the domain of a quadracitc mapping of the equa¬ 
tion. Cholewa [ 6 ] noticed that the results of Skof still hold in abelian groups. In 
[7] Czerwik obtained the Hyers-Ulam-Rassias stability (or generalized Hyers-Ulam 
stability) of the quadratic functional equation. See [2, 15, 27] for more results on 
the equation (1.1). Also the quadratic equation (1.1) was generalized by Stetkaer 
in [24] introducing an involution a of an abelian group G , i.e., an automorphism 
a : G —> G with a 2 = I (I denotes the identity) and considering the following 
functional equation 

( 1 . 2 ) f(x + y) + f(x + a(y)) = 2 f(x) + 2 f(y) 

for all x, y € G. As we already notice the equation ( 1 . 1 ) corresponds to the equation 

( 1 . 2 ) with (t = —I. 

Jun and Kim [11] considered the following cubic functional equation 

(1.3) /( 2x + y) + /( 2x -y) = 2f(x + y) + 2 f(x - y) + 12 f(x) 
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since it should be easy to see that a function f(x) = cx 3 is a solution of the equation 

(1.3) as the quadratic equation case. In a year they [12] proved the generalized 
Hyers-Ulam stability of a different version of a cubic functional equation 

(1.4) f(x + 2 y) + f(x - 2 y) + 6 f{x) = f(x + y) + 4 f(x - y). 

Since then the stability of cubic functional equations has been investigated by a 
number of authors (see [5, 14] for details). In particular, Najati [14] investigated 
the following generalized cubic functional equation 

(1.5) f(sx + y) + f (sx -y) = sf(x + y) + sf(x - y) + 2(s 3 - s)f(x) 
for a positive integer s > 2 . 

As we might notice there are various definitions for the stability of the cubic 
functional equations and here we consider the following definition of a generalized 
cubic functional equation 

f{ax + y)~ f(x + ay) + a{a - 1 )f{x - y) 

( 1 . 6 ) 

= (a ~ l)(a + 1 ) 2 f(x) - (a - l)(a + 1 ) 2 f(y) 

for all a £ Z (a ^ 0 , ± 1 ) and generalized the equation ( 1 . 6 ) with the involution a 
of a linear space X when a = 2; 

(1.7) f(2x + y)- f(x + 2 y) + 2 f(x + a(y)) - 9 f(x) + 9 f(y) = 0. 

In this paper we will study the generalized Hyers-Ulam stability problem of the 
equation (1.7). 

In order to give our results in Section 3 it is convenient to state the definition 
of a generalized metric on a set X and a result on a fixed point theorem of the 
alternative by Diaz and Margolis [ 8 ]. 

Let X be a set. A function d : X x X —> [0, oo] is called a generalized metric on 
X if d satisfies 

( 1 ) d{x , y) = 0 if and only if x = y; 

( 2 ) d(x,y) = d(y,x) for all x, y £ X ; 

(3) d(x, z) < d(x, y) + d(y, z) for all x,y,z £ X. 

Theorem 1.1. Let (X, d) be a complete generalized metric space and let J : X —> 

X be a strictly contractive mapping with Lipschitz constant 0 < L < 1. Then for 
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4 GENERALIZED STABILITY OF CUBIC FUNCTIONAL EQUATIONS 

each element x £ X, either d(J n x, J n+1 x) = oo for all nonnegative integers n or 
there exists a positive no such that 

(1) d(J n x, J n+1 x) < oo for all n > no; 

(2) the sequence {J n x} converges to a fixed point y* of J; 

(3) y* is the unique fixed point of J in the set Y = {y £ X\d(J n °x,y) < oo}/ 

( 4 ) d{y, y*) < (1/(1 - L))d(y,Jy) for all y € Y. 

In 2009, Rassias and Kim [18] investigated the Hyers-Ulam stability of Cauchy 
and Jensen type additive mappings in quasi-/3-normed spaces with the following 
definition of a quasi-/3-norm: 

Definition 1.2. Let /3 be a real number with 0 < /3 < 1 and K be either R. or 
C. Let X be a linear space over a field K. A quasi-fi-norm || • || is a real-valued 
function on X satisfying the following properties: 

(1) ||a:|| > 0 for all x £ X and ||x|| = 0 if and only if * = 0 

(2) ||Ax|| = |A|^||x|| for all A G K and all x € X 

(3) There is a constant K > 1 such that ||x + y|| < Jl(||*|| + ||y||) for all 
x,y e X. 

The pair (X, || • ||) is called a quasi-fd-normed space if || • || is a quasi-/3-norm on 
X. A smallest possible constant K is called the modulus of concavity of || • ||. A 

quasi-/3-Banach space is a complete quasi-/3-normed space. A quasi-/3-norm || ■ || is 

called a (/3,p)-norm (0 < p < 1) if the property (3) of the Definition 1.2 takes the 
form ||x + 2 /|| p < ||x|| p + ||y|| p for all x,y G X. In this case, a quasi-/3-Banach space 
is referred to as a (/3, p)-Banach space; see [3, 18, 19] for datails. 

In this paper, using the Fixed Point method we prove the generalized Hyers-Ulam 
stability of the generalized cubic functional equation (1.7) in a quasi-/3-normed 
linear space we just defined above (Definition 1.2). In Section 2 we establish the 
general solution of the cubic functional equation (1.7) applying the symmetric 71- 
additive mappings for the cubic functional equation (1.7) that will be explained in 
detail in the Section. Finally, we obtain, in Section 3, the generalized Hyers-Ulam 
stability of the generalized cubic functional equation (1.7) with the Fixed Point 
theorem of the Alternative. 
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2. The General Solution with a = —/ 

In this section we study the general solution of the cubic functional equation 
(1.7) with a = —I by introducing and applying ?r-additive symmetric mappings 
and their properties that are found in [22, 26]. Before we proceed, let us give 
some basic backgrounds of n-additive symmetric mappings. Let X and Y be real 
vector spaces and n a positive integer. A function A n : X n —> Y is called n- 
additive if it is additive in each of its variables. A function A n : X n —> Y is 
said to be symmetric if A n (xi, x 2 , ■ ■ ■ ,x n ) = A n (x a ^, x a ^, ■ ■ ■ ,x a ^) for every 
permutation {<r(l), er(2), • • • , cr(n)} of {1, 2, • • • , n}. If A n (x i,X 2 , ■ • • , x n ) is an 71- 
additive symmetric map, then A n (x) will denote the diagonal A n (x,x, ■ ■ ■ ,x) and 
A n (rx) = r n A n (x ) for all x G X and r G Q. Such a function A n (x) will be called 
a monomial function of degree n assuming A n (x) ^ 0. Moreover, the resulting 
function after substituting x\ = X 2 = ■ ■ ■ = x s = x and x 3 +i,x s + 2 , • ■ • = x n = y in 
A n (xi,X 2 , ■ ■ ■ ,x n ) will be denoted by A s ’ n ~ s (x,y). 

Theorem 2.1. A function f : X —> Y is a solution of the functional equation 
(1.7) with a = — I if and only if f is of the form f(x) = A 3 {x) for all x G X, where 
A 3 (x) is the diagonal of the 3-additive symmetric mapping A 3 : X 3 —► Y. 

Proof. Assume that f satisfies the functional equation (1.7). Taking x = y = 0 in 
the equation (1.7) it’s not hard to have /(0) = 0 since u(0) = 0. Substituting y — 0 
in (1.7) also gives 

/(2a;) - f(x) + 2 f(x) - 9 f(x) = 0, 

that is, 

( 2 . 1 ) /( 2 x) = 2 3 f(x) 

for all x G X. Similarly, when x = 0 in the equation (1.7) we have 

2 f(y) + 2 f(a(y)) = 0, 

i.e., 

( 2 . 2 ) f(y) + f(-y)) = 0 

for all y G X since a(y) = —y. This observation leads us to f{—y) = —f{y) for all 
y G X and hence / is an odd function. Rewriting the equation (1.7) as 
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(2.3) f{x) - i/( 2x + y) + ^f(x + 2 y) - ?/( x - y) - f(y ) = 0 
and applying Theorems 3.5 and 3.6 in [26] we express / as 

(2.4) f(x) = A 3 (x) + A 2 (x) + A 1 (x) + A° 

where A° is an arbitrary element in Y and A l (x ) is the diagonal of the Uadditive 
symmetric mapping A t : X 1 — > Y for i = 1,2,3. Since / is odd and /(0) = 0 it 
follows that 

f(x) = A 3 (x) + A 1 (x) 

for all x £ X. By the property (2.1) of / and A n (rx) = r n A n (x) for all x £ X 
and r£ Q we should obtain A l (x) = 0 for all x € X. Therefore we conclude that 
f(x) = A 3 (x) for all x € X. 

Conversely, let us assume that /( x) = A 3 (x) for all x € X, where A 3 {x) is the 
diagonal of a 3-additive symmetric mapping A 3 : X 3 —»• Y. Noting that 

A 3 (qx + ry) = q 3 A 3 (x) + 3 q 2 rA 2 ’ 1 (x,y) + 3qr 2 A 1 ' 2 (x, y) + r 3 A 3 (y) 

and calculating simple computation for the equation (1.7) with a = —I in term of 
A 3 (a;), we show that the function / satisfies the cubic equation (1.7) with a = —I, 
which completes the proof. □ 

3. General Hyers-Ulam Stability in a Quasi-/? Banach Space: A Fixed 
Point Theorem of the Alternative Approach 

In this section we will investigate the generalized Hyers-Ulam stability of the cubic 
functional equation (1.7) which is introduced earlier in previous sections 

/(2x + y)~ /(x + 2 y) + 2 f(x + a(y)) - 9 f{x) + 9 f(y) = 0. 

for all x,y £ X by the approach of the fixed point of the alternative. As we used 
the notations in the previous sections we assume that A is a vector space and 
(Y, || ■ ||) is a quasi-/3-Banach space in this section. A set M + denotes the set of all 
nonnegative real numbers. 
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Theorem 3.1. Suppose that a function <f> : X 2 —»• M + is given and there exists a 
constant L with 0 < L < 1 such that 

(3.1) 4>(2x,2y) < 2L(j>(x,y) and <j>(x + cr(x), y + a(y)) < 2L<j>{x, y) 

for all x,y £ X. Furthermore, let f : X —> Y be a mapping such that /(0) = 0 
and 

(3.2) 11/(2a: + y) - f(x + 2y)+2f(x + a(y)) - 9/(x) + 9/(y)|| < (f(x,y) 

for all x, y £ X where a is an automorphism on X with a 2 = I where I is the 
identity. 

Then there exists the unique generalized cubic function C : X —► Y defined by 
C(x) := liiTin—too (/( 2 n x) + ( 2” - l)/(2 n_ 1 a: + 2 n ~ 1 a(x))) such that 

(3-3) \\f(x)-C(x)\\< [ 2 s\^ l) )Hx) 

for all x € X where $(a:) = max{^(i, 0), <j>( 0, x)} for all x € X. 

Proof. First, we put y = 0 in the inequality (3.2) to obtain 
(3.4) ||/(2x) — 2 3 /(x)|| < (j>(x, 0) 

for x € X since ct( 0) = 0. Similarly we substitute x = 0 into the inequality (3.2) 
again to have 

(3-5) 1110, f{y) - f{2y) + 2/(<r(y))|| < <t>{0,y) 

for all y £ X. Combining the two inequalities (3.4) and (3.5) we note that 
l |2 f(x) + 2/(<t(x))|| = || 10 /(x) - /( 2 x) + 2 /(cr(x)) + /( 2 x) - 2 3 /(x)|| 

< <j>(x, 0) + <j)(0, x) 
and hence we conclude that 

(3.6) II f{x) + f{cr(x ))|| < i (<t>{x, 0) + </>(0, x)) 

Then we let x = x + <r(x) in the above inequality (3.6) and we are able to get 

(3.7) ||/(x + cr(x))|| < ^ (0(x + cr(x),o) + ^(0,x + a(x))) < ^ (<j>{x, 0) + x)) 
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We also define a function T(f) from X to Y by T(f)(x) = ^3 (/( 2x) + f(x + cr(x))) 


and we then consider the following estimation 


\\T(f)(x)-f(x) || = 


(3.8) 


23 (/( 2 a:) + f(x + a(x))) - f(x) 


^(f( 2 x) - 2 3 f(x)) + ^f(x + <j(x)) 


< ^(a:, 0 ) + ^3 0 ) + 0 ( 0 , a:)) 

< ^(1 +L)$(x) 


This idea enables us to define a sequence {T n (/)} in Y for each x € X by 


T n (f)(x) = 23 ^(/(2"*) + (2 n - l)f(2 n ~ 1 x + 2 n ~ 1 a(x))) 


for a nonnegative integer n with T°(/) = / and we claim that it should be a Cauchy 
sequence in Y. In order to show this we use the inequalities (3.4), (3.7), and (3.8) 
to compute the following estimations; 

(3.9) 

\\T n (f)(x) - T n ~ 1 (f)(x)\\ = \\^(f(2 n x) + (2 n l)f(2 n ~ 1 x + 2 n ~ 3 a{x))) 


1 


2 3 b 


H)(/( 2 "- 1 *) + ( 2” _1 - l)f(2 n ~ 2 x + 2 n ~ z a(x)))\\ 


l 2 3r 


(/(2 n x) + f(2 n ~ i x + 2 n ~ L a(x)) + (2 n - 2 )f(2 n ~ l x + 2 n ~ 1 a(x))) 


2 3 (' 


^ tt (/( 2 - 1 x) + ( 2" _1 - l)/( 2 " _2 x + 2 ""V( a: )))|| 


2 3r 


(f(2 n x) + f(2 n ~ x + 2 n -V(*)) - 2 3 f(2 n ~ 3 x)) 


+ ^(( 2 " - 2 )f(2 n ~ 1 x + 2 n ~ 1 a(x)) - 2 2 ( 2 " - 2 )/( 2 "" 2 x + 2 n - 2 a(x)))\\ 
= \\^(f(2 n x) + f(2 n ~ 1 x + 2 n ~ 1 a(x)) - 2 3 f(2 n ~ 1 x )) 


1 / 2 n -2 
2 ^ 2 3t! 

1 


(2f(2 n ~ 1 x + 2 ”- 1 u 0 r)) - 2 3 f(2 n ~ 2 x + 2 n ~ 2 a(x)))\\ 
L 


< ^m n ~ l x,0) + -(0(2"-VO) + 0(0,2"-^))) 


< 


1 / 2 n — 2 

2 V 2 3n 

(2L)”" 1 
23 " 


(j){2 n ~ 2 x + 2 n ~ 2 a(x), 0 ) + ^(<t>(2 n ~ 2 x + 2 n ~ 2 a{x),0) + 0 ( 0 , 2 n “ 2 T + 2 "" 2 ct 


(1 + L)$(®) 


2" _1 - 1 


1 


2 3n 


(2L)" _i (l + L)<&(x) = ^3 (1 + L) ( — ) $(*) 


n—1 
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for all x £ X and all nonnegative integer n. Hence we note that 

i i t n ~ 1 / r \i 

(3.10) \\T n (f)(x)-T m (f)(x)\\ < -J- £ f 2 ) 

j—m ' ' 

for all x € X and n > m £ N. 

With this result in mind we consider the set fi = {g\g : X — > Y,g(0) = 0} and 
then define a generalized metric d on H as follows: 

d(g, h) = inf {A € [0, oo] : || g(x) — h{x) || < A$(®) for all® € X} 

with inf 0 = oo. Then ( S , d) is a complete generalized metric space; see Lemma 2.1 
in [13]. Now we define a mapping T : fi —> LI by 

(3.11) T(g) (x) = ^(g{ 2x) + g(x + er(®))) 

for all x £ X. We, then, will show that T is strictly contractive on f l. 

Given g,h £ LI, let A £ [0, oo] be a constant with d(g , h) < A. Then we have 
|| g(x) — h(x) || < A$(®) for all x £ X. 

By the equation (3.1) we have 

II T(g)(x) - T(h)(x )|| = ^||£f(2:r) - h{ 2®) + g(x + a(x)) - h(x + cr(®))|| 

< - h{2 ®)|| + ^|| g(x + cr(®)) - h(x + cr(®))|| 

< + a ( x )) ^ \ LX ^ LX 

for all x £ G, which implies 

d(T(g),T(h)) < LX. 

Therefore we may conclude that 

d(T(g),T(h)) < Ld(g,h) 

for any g, h £ LI. Since L is a constant with 0 < L < 1, T is strictly contractive as 
claimed. 

Also the inequality (3.8) implies that 

(3.12) d(T(f),f) < ^(1 + L) <oo. 
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By the Alternative of Fixed Point as we introduced in the Introduction Section, 
there exists a mapping C : X —► Y which is a fixed point of T such that 
d(T n (f),C) —> 0 as n -A oo, that is, 


C(x) = lim T n (f)(x) 


for all a; £ X. Then we will show that C is cubic and it would not be hard if we 
recall the approximation inequality (3.2) for / where we let x = 2 n x, y = 2 n y and 
x = 2 n ~ 1 (x + er(x)), y = 2 n ~ l {y + a(y)), respectably, as follows; 


\\C(2x + y)~ C(x + 2y) + 2 C(x + a{y)) - 9 C(x) + 9C(y)\\ 

1 2 n — 1 

< n lim o ^ 3 ^-^>( 2 n x, 2 n y) + Jim^ " 23 „ </>(2"~ 1 (x + a(x)),2 n ~ 1 (y + a{y))) 

(2L) n . (2 n — l)(2L) n . 

< lim + llm -R57T- 4>(x,y) 

n—>-oo 2° n—>-oo 2° 

= lim ( 77 ) y) = 0 

n—>-oo \ 2 J 

for all x,y £ X, which implies that C is cubic. 

By the Alternative of Fixed Point theorem and the inequality (3.12) we get 




1 + iv 

2 3 (l-£)' 


Hence the inequality (3.3) is true for all x € X. 

By the uniqueness of the fixed point of T, the cubic function C should be unique, 
which completes the proof. □ 


Let us give the classical Cauchy difference type stability of the generalized cubic 
functional equation (1.7) when a = —I from Theorem 3.1 as we see the following 
Corollary. 


Corollary 3.2. Let e>0, 0 < p < ^ 
function satisfying /(0) = 0 and 


be a real number. Suppose f : X —> Y is a 


11 /(2* + y) - f{x + 2y) + 2f(x -y)~ 9 f(x) + 9 f(y) \ \ < e(| |x| | p + | \y\ | p ) 

for all x,y £ X. Then there exists the unique cubic function C : X —> Y defined 
by 

C{x) = lim^oo /( 2 n x) 
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satisfying 

(3-13) \\f(x)-C(x)\\< ( ^(l + - L l) )W X W P 

for all x £ X. 


Proof. This proof follows from Theorem 3.1 by taking <f>(x, y) = e(| |x| | p + | \y \| p ) for 
all x,y £ X with L = |2| p/3_1 . 

□ 
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Two quotient 57-algebras induced by fuzzy normal subalgebras and 

fuzzy congruence relations 
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Abstract. In this paper, we discuss two quotient Bl-algebras induced by fuzzy normal subalgebras and induced 
by fuzzy congruence relations, which are useful in the study of the structural theory of fuzzy quotient Bi-algebras. 


1. Introduction 

Zadeh [14] introduced the notion of a fuzzy subset A of a set A as a function from X into [0,1]. Rosenfeld 
[11] applied this concept to the theory of groupoids and groups. Liu [7] introduced and studied the notion of the 
fuzzy ideals of a ring. Mukherjee and Sen [9] defined and examined the fuzzy prime ideals of a ring. The concept 
of fuzzy ideals was applied to several algebras: BA-algebras [2], BL-algebras [8], semirings [5] and semigroups 
[3]. Recently, Song et al. [13] discussed positive implicative superior ideals induced by superior mappings in 
BCIi-algebras. 

Saeid et al. [12] introduced a new algebra, called a BI- algebra, which is a generalization of a (dual) implication 
algebra, and they discussed ideals and congruence relations. Ahn et al. [1] introduced the notion of normal 
subalgebras in B/-algebras, and studied its analytic construction. 

In this paper, we discuss two quotient B/-algebras induced by fuzzy normal subalgebras and induced by fuzzy 
congruence relations, which are useful in the study of the structural theory of fuzzy quotient B/-algebras. 


2. Preliminaries 

We recall some definitions and results discussed in [12]. 

An algebra (A, *,0) of type (2, 0) is called a Bl-algebra [12] if 
(Bl) x * x = 0 for all x £ X, 

(B2) x * (y * x) = x for all x, y £ X. 

We introduced a relation “<” on a BI- algebra A by x < y if and only if x * y = 0. We note that the relation 
“ < ” is not a partial order, since it is only reflexive. A non-empty subset S of a B/-algebra A is said to be a 
subalgebra of A if it is closed under the operation “ * Since x * x = 0 for all x £ A, it is clear that 0 € S'. 

0 2010 Mathematics Subject Classification: 08A72. 

0 Keywords: BI- algebra; fuzzy (normal) subalgebra; fuzzy congruence relation. 

* Correspondence: Tel: +82 2 2260 3410, Fax: +82 2 2266 3409 (S. S. Ahn). 

°E-mail: cuiyh@ybu.edu.cn (Y. Cui); sunshine@dongguk.edu (S. S. Ahn). 
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Definition 2.1. Let {X, *,0) be a .Bl-algebra and let / be a non-empty subset of X. Then I is called an ideal 
[12] of X if 

(11) 0 € I, 

( 12 ) x * y £ I and y £ I imply x € I 

for any x,y £ X. Obviously, {0} and X are ideals of X. We call {0} and X a zero ideal and a trivial ideal , 
respectively. An ideal / is said to be proper if I ^ X. 

Example 2.2. Let X := {0,a, b, c} be a BI -algebra [12] with the following table: 


* 

0 

a 

b 

c 

0 

0 

0 

0 

0 

a 

a 

0 

a 

b 

b 

b 

b 

0 

b 

c 

c 

b 

c 

0 


Then it is easy to check that I\ := {0, a,c} is an ideal of X , but Ii := {0,a, b} is not an ideal of X , since 
c * a = b £ I 2 and a £ I 2 , but c ^ I 2 ■ 

Proposition 2.3. [12] Let I be an ideal of a Bl-algebra X. If y £ I and x < y, then x £ I. 

Proposition 2.4. [12] Let X be a BI-algebra. Then 

(i) x * 0 = x, 

(ii) 0 * x = 0, 

(iii) x * y = (x * y) * y, 

(iv) ify*x = x, then X = {0}, 

(v) if x * (y * z) = y * (x * z), then X = {0}, 

(vi) if x * y = z, then z * y = z and y * z = y, 

(vii) if (x * y) * (z * u) = (x * z) * (y * u ), then X = {0}, 

for all x, y,z,u £ X. 

Definition 2.5. A non-empty subset N of a BI- algebra X is said to be normal (or a normal subalgebra) [1] if 
(x * a) * (y *b) £ N for any x * y,a *b £ N. 

Definition 2.6. A f?/-algebra X is called a Bli-algebra [1] if x * y = 0 = y * x implies x = y for all x, y £ X. 

3. Quotient B/-algebras induced by fuzzy normal subalgebras 

Definition 3.1. A fuzzy set p in a BI- algebra X is called a fuzzy subalgebra of X if for any x,y £ X, 

(F0) p(x*y)>min{p(x),p(y)}. 

Example 3.2. Let X := {0,a, b, c} be a BI- algebra [12] with the following table: 
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* 

0 

a 

b 

c 

0 

0 

0 

0 

0 

a 

a 

0 

0 

0 

b 

b 

0 

0 

b 

c 

c 

0 

c 

0 


Define a fuzzy set y : X —> [0,1] by y(0) > y{a) = y(b) > y{c). Then y is a fuzzy subalgebra of X. 

Proposition 3.3. Let y be a fuzzy subalgebra of a Bl-algebra X. Then /i(0) > y(x) for all x £ X. 

Proof. By (Bl), we have x * x = 0 for all x £ X. Using (F0), y( 0) = y(x * x) > min{y(x), y(x)} = y{x) for all 
x € X. □ 

We denote a notation x * x by x * x := x * (x * (x *(•••* (x * x)) • • •) for any natural number n. 

'-V-' 

n 

Proposition 3.4. Let fi be a fuzzy subalgebra of a Bl-algebra X and let n £ N. Then 

(i) met x * x) > y(x) whenever n is odd, 

(ii) MIT x * x) = fi{x) whenever n is even. 


Proof. Let x £ X and n be an odd natural number. Then n = 2k — 1 for some positive integer k. Then 
^(j-[^(fe+ 1 )- 1 x * x ) _ /i(J| 2fc+1 x * x) = x * ( x * ( x * x ))) = M(n 2fc 1 x * x ) — f L ( x ) which proves (i). 

Similarly we can prove the second part, but we omit it. □ 

Definition 3.5. A fuzzy set fi in a BI -algebra X is said to be fuzzy normal if it satisfies the inequality 

fi{{x * a) * (y * b)) > min{/i(a; * y), y(a * b)} 


for all a, b, x, y GX. 

Example 3.6. Let X := {0,1, 2, 3} be a Bl-algebra [1] set with the following table: 


* 

0 

1 

2 

3 

0 

0 

0 

0 

0 

1 

1 

0 

1 

1 

2 

2 

2 

0 

2 

3 

3 

3 

3 

0 


Define a fuzzy set fi : X —> [0,1] by fi{ 0) > fi( 1) > y( 2) = /x(3). Then it easy to see that y is fuzzy normal of X. 
Theorem 3.7 Every fuzzy normal set y in a Bl-algebra X is a fuzzy subalgebra of X. 

Proof. Let x,y £ X. Since y is fuzzy normal, we have y{x * y) = y{{x * y) * ( 0 * 0)) > min{/i(a: * 0), y(y * 0)} = 
mm{y(x), y(y)}, which shows that y is a fuzzy subalgebra of X. □ 

The converse of Theorem 3.7 may not be true in general. 

Example 3.8. Consider a Bl-algebra X = {0,a, 6 , c} and a fuzzy set y as in Example 3.2. Then y is a fuzzy 
subalgebra of X, but not fuzzy normal, since y((c* b) * (c* c)) = y(c ) ^ y(b) = min{/i(c* c),y(b * c)}. 
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Definition 3.9. A fuzzy set ^ in a BI-algebra X is called a fuzzy normal subalgebra of X if it is both a fuzzy 
subalgebra and a fuzzy normal subset of X. 


Example 3.10. Consider a BI -algebra X = {0,1, 2, 3} as in Example 3.6. Define a fuzzy set v : X — > [0, 1] by 


v{x) := 


0.7 if x £ {0,1}, 


0.3 if x £ {2,3}. 

It is easy to show that v is a fuzzy normal subalgebra of X. 

Proposition 3.11. If a fuzzy set y in a BI-algebra X is fuzzy normal, then y(x * y) = y{y * a:) for all x, y £ X. 


Proof. Let x, y € X. Using Proposition 3.3, we have y{x*y) = y((x*y)*(x*x)) > mm.{fi(x*x:), y(y*x)} = y{y*x). 
Interchanging x with y, we obtain y(y * x) > y{x * y), which proves the proposition. □ 


Theorem 3.12. Let y be a fuzzy normal BI-algebra X. Then the set 

Xfj, := {a: £ X\y(x) = /z(0)} 


is a normal subalgebra of X. 


Proof. Let a,b,x,y € X be such that x * y £ X M and a * b £ X li . Then y(x * y) = y{0) = y(a * b). Since y is 
fuzzy normal, we have y((x * a) * (y * b)) > vn\n{y(x * y),y(a * b)} = y( 0). It follows from Proposition 3.3 that 
y((x * a) * (y * b)) = y( 0). Hence (x * a) * (y *b) £ X tl . This completes the proof. □ 


Theorem 3.13. The intersection of a family of fuzzy normal subalgebras of a BI-algebra X is also a fuzzy normal 
subalgebra of X. 


Proof. Let {y a \ct £ A} be a family of fuzzy normal subalgebras and let a,b,x,y £ X. Then 

Ll a eAha((x * a) * (y * b)) = inf y a ((x * a) * (y * b)) 

a£ A 

> inf {min{y a (x * y), y a (a * b)}} 

a£ A 

= min{ inf y a (x * y), inf y a (a * b)} 
aCA a£A 

= min{n ae A y a {x * y), n a oAy a (a * b)} 

which shows that n ae A y a is fuzzy normal of X. By Proposition 3.7, we know that n ae A y<x is a fuzzy normal 
subalgebra of A. □ 


Suppose that y is a fuzzy normal subalgebra of a BI -algebra X. Define a binary relation “ ” on X by 

putting x y if and only if y(x * y) = y{ 0) for any x, y £ X. 

Lemma 3.14. The relation is an equivalence relation on a BI-algebra X. 

Proof. Using (BI), y(x * x) = y{ 0) and so x x, which means is reflexive. Suppose that x y for any 
x, y £ X. Then y( 0) = y(x * y). By Proposition 3.11, y{y * x) = y{ 0). So y x, which means is symmetric. 
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Suppose that x y and y z for any x,y, z G X. Then p{x * y) = p{0), p{y * z) = p{0) = p{z * y) and 

p{x * z) =p{{x * z) * 0 ) = p{{x * z) * {y * y)) 

>min {p(x * y), p{z * y)} 

= min{^( 0 ),/z( 0 )} = /x( 0 ). 

Also since p{ 0) > p{x) for all x G X, p(0) > p{x * z) and so p{x * z) = p{ 0). Hence x z. Therefore is an 
equivalence relation on a BI- algebra X. □ 

Lemma 3.15. For all x, y, z in a Bl-algebra X, x y implies x * z y * z and z * x z * y. 

Proof. Let x y. Then p{x * y) = p{0). Since x * x = 0 and p(0) > p{x) for all x £ X, we have 

p{{x * z) * (y * z)) > min{/x(a; * y),p{z * z)} 

= min{/z( 0 ),/z( 0 )} = p{0). 

Since p{0) > p{x) for all x € X, p{0) > p{{x * z) * {y * z)). Therefore p{0) = p{{x * z) * (y * z)), so x * z y * z. 
By a similar way, we can prove that z * x z * y. The proof is complete. □ 

Lemma 3.16. Let X be a Bl-algebra. For any x, y, z,w € X, x y and z w imply x * z y * w. 

Proof. Let x y and z w for any x,y,z,w G X. Then p{x * y) = p{0) and p{z * w) = p{0). Hence 
p{{x * z) * (y * w)) > mm{p{x * y),p{z * w)} = min{/x(0),/j(0)} = p{0). Since p{0) > p{x) for all x G X, 
p(0) > p{{x * z) * (y * w )). Thus p{0) = p((x * z) * {y * w)), so x * z y * w. The proof is complete. □ 

The above Lemmas 3.14, 3.15 and 3.16 give the following theorem. 

Theorem 3.17. The relation “ ~ A1 ” is a congruence relation on a Bl-algebra X. 

Denote by p x the equivalence class containing x, and let X/p be the set of all equivalence classes with respect 
to that is, p x = {y G X\y x} and X/p = {p x \x G X}. Now we dehne a binary operation “ * ” in X/p by 
putting p x * p y := p x * y . Theorem 3.17 guarantees that this operation is well defined. 

Theorem 3.18. Let p be a fuzzy normal subalgebra in a BI t -algebra X. Then {X/p, *, po) is a Bli-algebra. 
Proof. Let p x ,p y ,p z G X/p. Then p x * p x = p x * x = p 0 and p x = p„( y 

*X ) — * Py*x — bx * {by * bx)- If 

bx * by = bo an< I by * bx = Po: then p xty = p 0 = p yt , x and so x*y = Q = y*x. Hence x = y and therefore 
bx = by Thus {X/p,*, po) is a H/i-algebra. □ 

Corollary 3.19. Let p be a fuzzy normal subalgebra in a Bl-algebra. Then {X/p; *,po) is a Bl-algebra. 

This algebra X/p is called the quotient Bl-algebra of a BI- algebra X induced by a fuzzy normal subalgebra p. 

If p is a fuzzy normal subalgebra in a BI- algebra X, then the set X y := {x G X\p{x) = /x(0)} is a normal 
subalgebra of X. 

Theorem 3.20. Let p be a fuzzy normal subalgebra of a Bl-algebra X. The mapping 7 : X —> X/p, given by 
y{x) = p x , is a surjective homomorphism, and kery = {x G X\y{x) = po} = X M . 
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Proof. Let p x G X/p. Then there exists an element xq G p x , so Xq G X such that 7 ( 2 : 0 ) = Px- Hence 7 is 
surjective. For any x,y G X, 7(2 * y) = p x * y = fix * Py = 7 ( 2 :) * 7 (y). Thus 7 is a homomorphism. And 
kerj = {x G X\y(x) = /xo} = {x G X\x 0 } = {2; G X\p(x) = /z( 0 )} = X^. □ 

Let X, Y be Hl-algebras. If we define (21,2/1) * (X2, 2/2) := (21 * 22,2/1 * 2/2) in X x Y, then (X x Y,*, ( 0 , 0 )) 
becomes a BI- algebra, and we call it a product Bl-algebra. 

Theorem 3 . 21 . Let n (resp., v) be a fuzzy normal subalgebra in a Bl-algebra X (resp., Y). If we define 
(p x v){x, y) := min{/i(a;), v(x)} in X xY for x G X,y then pxv is also a fuzzy normal subalgebra in X x Y. 

Proof. Let p (resp., v) be a fuzzy normal subalgebra in X (resp., Y). Then 

(p x v)((xi,yi)*(x2, j/ 2 )) = (h x v)(xi * 22,2/1 * 2/2) 

= min{/r(2 1 * cc 2 ), ^(j/i *2/2)} 

> nhn{nhn{/x(2i), /z(2 2 )}, min{i/(j/i), v(y 2 )}} 

= nhn{nhn{/x(2i), ^(2/1)}, min{/z(2 2 ), ^(2/2)}} 

= min {(p x r / )(x 1 ,2/1), (^ x ^(22,2/2)} 

for any (21,2/1), (22,2/2) G X xY. Hence p x v is a fuzzy subalgebra of I x 7 . And 
(M x z/ )((( a; i) 2/i) * (ai, 61)) * ((22,2/2) * (02, b 2 ))) 

=(p x v)((xi * ai, 2/1 * &i) * (®2 * a 2 , 2/2 * 62 )) 

=(M x i/)((2i * ai) * (22 * a 2 ), (2/1 * 61) * (2/2 * M) 

= min{/u((2i * ai) * (2 2 * a 2 )), ^((2/1 * 61) * (2/2 * M)} 

> min{min{/u(2i *x 2 ),p{ai * a 2 )}, min{i/(j/i *2/2), ^(61 *^2)}} 

= min{min{/u(2i *X2),v(yi * 2/2)}, min{/x(ai *a 2 ),v{bi *b 2 )}} 

= min{(p x v)((xi * 2 2 ), (2/1 * 2/2)), (m x i^)((ai * a 2 ), (61 * 62))} 

= min{(/i x ^)((2i,?/i) * (22,2/2)), (m x u)((ai,bi) * {a 2 ,b 2 ))}. 

So p x v is fuzzy normal. Therefore p x v is also a fuzzy normal subalgebra of X x Y. □ 

Proposition 3 . 22 . Let p be a fuzzy normal subalgebra of a Bl-algebra X. If J is a normal subalgebra of X, 
then J/p is a normal subalgebra of X/p. 

Proof. Let p be a fuzzy normal subalgebra of X and J be a normal subalgebra of X. Then for any x, y G J, 
x *y G J. Let p x , p y G J/p. Then p x * p y = p x * y G J/p. So J/p = {p x \x £ J} is a subalgebra of X/p. For any 
x * y,a * b G J, (x * a) * (y * b) G J. For any p x * p y , p a * pb G J/p , we have 

(Px * Pa) * {hy * hb) —Px*a * Py*b 

~t^(x*a)*(y*b) G J/p. 

Hence J/p is a normal subalgebra of X/p. □ 

Theorem 3 . 23 . If J* is a normal subalgebra of X/ p, then there exists a normal subalgebra J = U{2 G X\ p x G J*} 
in X such that J/p = J*. 
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Proof. Since J* is a normal subalgebra of X/y, we have fi x * hy = l Jl x*y £ J* for any y x , y y £ J*. Hence x*y £ J 
for any x, y £ J. And y x * a * y v *b = x*a)*(y*b ) € J* for any y x * v , y a *b £ J*■ Therefore (x * a) * (y * b) £ J for 

any x * y,a * b £ J. Thus J is a normal subalgebra of X. By Theorem 3.20, 

J/y ={y,\j £ J} 

={y,j\3y x £ J* such that j x} 

={y,j\3y x £ J* such that y x = y,j} 

={N\N e J*} = J*. 

This completes the proof. □ 


4. Quotient /i /-algebras induced by fuzzy congruence relations 

Definition 4.1. [10] A binary operation 6 from X x X — > [0,1] is a fuzzy equivalence relation on X if for all 
x,y, z,u £ X 

(FC1) 9(x, x) = sup{%, z)\y, z £ X} = 0(0,0), 

(FC2) 9(x,y) = 0(y,x), 

(FC3) 0(x,z) > min {0(x,y),0(y,z)}. 

Moreover, if it satisfies 

(FC4) 0(x * u,y * u) > 0(x, y),0{u * x,u* y) > 0{x 1 y) 
for all x,y,u £ X , we say that 9 is a fuzzy congruence relation on (X, *, 0). 

Let FCo(X) be the set of all fuzzy congruence relations on a B/-algebra X. 

Lemma 4.2. If 9 satisfies the condition (FC2) ~ (FC4) above, then (FC1) is equivalent to 0(0,0) > 9{x,y) for 
all x, y £ X. 

Proof. Suppose that 0(0,0) = 9(x,x). By (FC2) and (FC3), we have 0(0,0) = 0(x,x) > min {9(x,y),0(y,x)} = 
0(x, y) for all x,y £ X. 

Conversely, assume that 0(0, 0) > 0(x, y) for all x, y £ X. It follows from (FC4) that 0(0,0) < 0(x * 0, x * 0) = 
0(x,x) By assumption, we have 0(0,0) = 0(x,x). Hence (FC1) holds. □ 

Proposition 4.3. Let 9 be a fuzzy congruence relation on a Bl-algebra X. Then 9{x,y) = 9(x * y, 0) for all 
x,y £ X. 

Proof. By (FC4) and Lemma 4.2, we have min{0(x, y), 9(y, y)} = min{0(a;, y), 0(0,0)} = 0(x, y) < 9(x *y,y*y) = 
9{x * y, 0) for all x, y £ X. On the other hand, 0(x *y, 0) = 0(x *y,x*x) > 9(y , x). Hence 0{x, y) = 9{x *y, 0) □ 

For every element x £ X, we define 9 X := {y £ X\9(x,y) = 0(0,0)} of X and X/0 := {0^|a; £ X}. Define an 
operation “ • ” on the set X/0 by 

9 X * 9y • - 9 X *y. 
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This operation is well defined. In fact, if 9 X = 9 X > and 9 y = 9 y >, then we have 9{x,x') = 9{y,y') = 0(0,0). Since 
0(0,0) = min{0(T, x’),9(y, y')} < 9{x *y, x r * y') < 0(0,0), we have 6(x *y,x' * y') = 0(0,0) and so 0 x * y = 0 x /* y /. 
Hence • is well defined. 

Theorem 4.4. If 9 € FCo(X), where X is a Bl-algebra, then (X/9, *,0o) is a Bl-algebra. 

Proof. Straightforward. □ 

Proposition 4.5. Let f : X —> Y be a homomorphism of Bl-algebras. If 9 is a fuzzy congruence relation ofY, 
then 9(x,y) := 9(f(x), f(y)) is a fuzzy congruence relation of X. 

Proof. It is obvious that 0 is well-defined. Let x,y,z,u £ X. Then 

(i) 9(x, x) = 9{f(x),f(x)) = 0(0,0). 

(ii) 0(t, y) = 9(f(x), f(y )) = 9(f(y), f{x)) = 9(y, x). 

(iii) It can be shown that 9(x,z) = 9(f(x),f(z)) > nrin {9(f(x),f(y)),9(f(y),f(z))j = min (9(x,y),9(y,z)}. 

(iv) It can be shown that 9(x*u,y*u) = 9(f(x*u),f(y*u)) = 9(f(x)*f(u),f(y)*f(u)) > 9{f(x),f(y)) = 0(x,y). 

By a similar way, we have 9(u * x,u * y) > 9(x , y). Thus 0 is a fuzzy congruence relation. □ 

Proposition 4.6. Let 9 be a fuzzy congruence relation of a Bl-algebra X. Then the mapping 7 : X —> X/9, 
given by y(x) := 9 X , is a surjective homomorphism. 

Proof. Let 9 X £ X/9. Then there exists an element .To £ 9 X such that 7 (to) = 9 X . Hence 7 is surjective. For any 
t, y £ X, j(x * y) = 9 x * y = 9 X • 9 y = y(x) • 7 (y). Thus 7 is a homomorphism. □ 

Theorem 4.7. Let f : (X, *, Ox) —> (Y, *, 0y) be an epimorphism of Bli-algebras and let 9 be a fuzzy congruence 
relation ofY. If 9 = 0 o /, then the quotient algebra X/9 := (X/(0o/),» x , 9 0x ) is isomorphic to the quotient 
algebra Y/9 := (Y/0, »y, 9 0y ). 

Proof. By Theorem 4.4 and Proposition 4.5, X/(9 o f) := {X/{9 o /),*x,0Ox) I s a Bi-algebra and Y/9 := 
C Y/9 , •y,9o y ) is a B7-algebra. Define a map 

0 : X/(9 0 /) -> Y/9 , (0 o f) x h> 0 /(x) 

for all x £ X. Then the function 77 is well-defined. In fact, assume that (0 o f) x = (0 o f) y for all x, y £ X. 
Then we have 0(/( x) f{y)) = 9{f{x * x y)) = {9 o /)(x * x y) = {9 o f)(0 x ) = 9(f(0 x )) = 0(0 Y ) and 
0{f{y) *y f{x)) = 9{f(y * x x)) = (0 o f)(y * x x) = (0 o /)(Ox) = 0(/(Ox)) = 0(Oy). Hence 0 /(x) = 9 f{y) . 

For any (0 o f) x , (0 o f) y £ X/(9 o /), we have r}((9 o f) x » x (0 o /)„) =#o/) It9 ) =9 f ^ xv ) =df(x)* Y f( y ) = 
9f( x ) • 9f( y ) = r?((0 o f x )) » Y ?j((0 o f) v ). Therefore 77 is a homomorphism. 

Let 0 a £ Y/9. Then there exists x £ X such that /( x) = a, since / is surjective. Hence r]((6of) x ) = 9u x \ = 9 a 
and so rj is surjective. 

Let x,y £ X be such that 0 /(x) = 0 /(y) . Then we have {9of)(x* x y) = 9{f{x* x y)) = 0(f(x)* Y f{y)) = 0(0y) = 
B(/(0 jx)) = (0 o /)(Ox) and (0 o f)(y * x x) = 6(f(y * x x)) = 9(f(y) f(x)) = 9(0 Y ) = 0(/(Ox)) = (9 o f)(0 x )- 

It follows that (0 o f) x = (0 o f) y . Thus 77 is injective. This completes the proof. □ 
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The homomorphism n : X — > X/9, x —> 9 X , is called the natural homomorphism of X onto X/9. In Theorem 
4.7, if we define natural homomorphisms nx ■ X —»• X/9 o / and Try : Y —> Y/9 , then it is easy to show that 
T] o tt x = 7ry o /, i.e., the following diagram commutes. 

X —Y 

77 X i 

Wo/) y/ 0 . 

The fuzzy subset 9 X of a B/-algebra X, which is defined by 9 x (y) := 9(x,y), is called the fuzzy congruence 
class containing x and X/9 is the set of all fuzzy congruences classes 9 X . 

Proposition 4.8. Let 9 be a fuzzy congruence relation in a BI-algebra X. Then 0 O is a fuzzy ideal of X. 

Proof. Let x,y £ X. Then 0 o (O) = 0(0,0) > 9(x,y) by Lemma 4.2. Put y := 0 in above inequality. Then 
0o(0) > 9{x, 0) = 9q{x). By (FC3), (FC2) and Proposition 5.3, we have 9 0 (y) = 0(0, y) > min{0(O, a;), 9{x, y)} = 
min{0(x, 0), 9(x * y, 0)} = min{0 o (x), 0o(x * y)}. Thus 0 O is a fuzzy ideal of X. □ 
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Abstract. Let / : X —> y be a mapping where A is a quasi-a-normed space and y is a quasi-,0-normed space. 
The following quadratic functional equation 

n n 2 n 

+ = ■/’(**)* ( n > 3 ) ( 0 . 1 ) 

i= 1 j = l i= 1 


is introduced and solved by giving its general solution. 

Moreover, we prove the Hyers-Ulam stability of the functional equation (0.1) by using a direct method. 


1. Introduction and preliminaries 

Studying functional equations by focusing on their approximate and exact solutions conduces to one of the 
most substantial significant study brunches in functional equations, what we call “the theory of stability of 
functional equations”. This theory specifically analyzes relationships between approximate and exact solutions 
of functional equations. Actually a functional equation is considered to be stable if one can find an exact 
solution for any approximate solution of that certain functional equation. Another related and close term in 
this area is super stability, which has a similar nature and concept to the stability problem. As a matter of fact, 
superstability for a given functional equation occurs when any approximate solution is an exact solution too. In 
such this situation the functional equation is called superstable. 

In 1940, the most preliminary form of stability problems was proposed by Ulam [35]. He gave a talk and 
asked the following: “when and under what conditions does an exact solution of a functional equation near an 
approximately solution of that exist?” 

In 1941, this question that today is considered as the source of the stability theory, was formulated and solved 
by Hyers [13] for the Cauchy’s functional equation in Banach spaces. Then the result of Hyers was generalized 
by Aoki [1] for additive mappings and by Rassias [24] for linear mappings by considering an unbounded Cauchy 
difference. In 1994, Gavrufa [12] provided a further generalization of Rassias’ theorem in which he replaced the 
unbounded Cauchy difference by a general control function for the existence of a unique linear mapping. For 
more epochal information and various aspects about the stability of functional equations theory, we refer the 
reader to the monographs [10, 11, 14, 15, 18, 20, 25, 27, 29, 30, 31, 32, 33], which also include many interesting 
results concerning the stability of different functional equations in many various spaces. 

Now we present some brief explanations about the functional equation (0.1) and also generally about quadratic 
functional equations. Consider the functional equation 

f{x + y) + f(x-y) = 2f(x) + 2f(y) (1.1) 

°2010 Mathematics Subject Classification: 39B52, 39B72, 46Bxx, 39Bxx. 

°Keywords: Hyers-Ulam stability; functional equation; quadratic functional equation; superstability; direct 
method. 

‘Corresponding authors. 
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which is called the classic quadratic functional equation. Obviously, the function f(x) = cx 2 is its solution and 
so it is called quadratic. There are some other different types of quadratic functional equations. For examples, 
the following n-dimensional quadratic functional equations 

n k fc+l n n n —fc + 1 

£[£ £ - £ /( £ *•-£*..)] 

k =2 ii=2 i 2 =ii + l i 7l _fc_|_i=i T1 _fc + l l — 1 r=l 

’in-k + l 

n n 

+ ^(Xh) = 2 " 

i =1 i =1 

n n 

i =1 l<i<j<n i =1 

have been introduced in [9] and [3], respectively. These n-dimensional versions are generalized forms of (1.1), 
but each in a different way. 

In this paper, we introduce another n-dimensional version as follows: 

n n 2 n 

+ ( n > 3 ), (!-2) 

i=1 3 — l i =1 

3lti 

in which the simplest case (for n = 3) is the functional equation 

f (x + y- + f (x + z-^j + f (y + z-^j = | f{x) + f(y) + f{z) . (1.3) 

Note that (1.2), for each fixed integer n > 3, is symmetric with respect to any permutation of the variables. 

In the next section, we will show that (1.2) is equivalent to (1.1). Nevertheless (1.2) is not a generalization 
of (1.1), rather in fact it is a generalized form of (1.3). 

The stability problem for the classic quadratic functional equation was first proved by F. Skof [34] and then 
generalized by Cholewa [6], Czerwik [7, 8] and others [2, 4, 22, 23, 25, 26]. Many stability problems for some 
other versions can be found in [3, 5, 16, 17, 19, 21]. 

Now we give briefly some useful definitions, preliminary and fundamental results of quasi-/3-normed spaces. 
Throughout this paper /3 will be a fixed real number with 0 < (j < 1 and K denotes either R or C. 

Definition 1.1. ([28]) Let X be a linear space over K. A quasi-fd-norm || ■ || is a real-valued function on X 
satisfying the following conditions: 

(Ci) ||x|| > 0 for all x E X and ||a:|| = 0 if only if * = 0; 

(C 2 ) || A • *|| = | A| ^ • ||*|| for all A £ K and all x € X; 

(C 3 ) There is a constant JC > 1 such that ||* + y|| < Y(||*|| + ||i/||) for all x,y € X. 

The pair (X , || • ||) is called a quasi-/3-normed space and the smallest possible K, is called the modulus of concavity 

of HI. 

A complete quasi-/?-normed space is a quasi-fi-Banach space. 

Definition 1.2. ([28]) Let 0 < p < 1 be a real number. A quasi-/3-normed space (X, ||-1|) is called a (0, p)-normed 
space if 

\\x + y\\ p <\\x\\ p + \\y\\ p 

for all x,y £ X. In this case, a quasi-/3-Banach space is called a (/3,p)-Banach space. 

2. The general solution 

In this section, we give the general solution of the functional equation (0.1) by proving the fact that it is 
equivalent to the functional equation (1.1), which implies that it is quadratic too. 

First, we prove a useful lemma. 
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Lemma 2.1. Let X and y be linear spaces. If a mapping f : X —> y satisfies the functional equation 

fix + y) + f(x -y) = 2fix) + 2 f{y) 


for all x, y £ X, then 


for all x £ X and all r £ Q. 


firx ) = r fix) 


Proof. Let n > 2 be a natural number. Replacing (x,y) by (0,0), (0,—*) and (x, in — 1)*) respectively, we get 
/( 0 ) = 0 , fix) = f ( x) and 

finx) = 2 f{x) + 2 /((n - 1)*) - /((n - 2)x) 
for all x £ X. This simply implies that 

fi-2x) = f(2x) = 2f(x) + 2f(x)-fi0) = 4f(x), 

fi-3x) = f(3x) = 2f{x) + 2/(2*) -/(*) = 9fix), 

f{-4x) = f{4x) = 2fix) + 2f(3x) - f{2x) = 13 fix), 


fikx) = k 2 fix) 

for all x £ X and all k £ Z. Putting § instead of x in the above line, we obtain 

'(f) = p'W 

for all x £ X and all k £ Z. Therefore, we can conclude for any r £ Q that 

firx) = /(^®) = m 2 /(^) = ^7(*) = r 2 /(*) 

for all x £ X and all r £ Q, which ends the proof. □ 

Theorem 2.2. Let X and y be linear spaces and let n > 3 be a fixed positive integer. A mapping f : X —► y 
satisfies the functional equation 

n n 2 n 

£'(5> + ^) = t 2>*> <*» 

i=l J = 1 i=l 

for all x i, * 2 , • • • ,x n £ X if and only if f satisfies the functional equation 

fix + y) + fix -y) = 2 fix) + 2 fiy) (2.2) 

/or all x, y £ X. 

Proof. Sufficiency. For the ‘only if’ part of the proof, suppose that / : X —> y satisfies (2.1), we will show that 
/ satisfies the classic quadratic functional equation (2.2). 

First we except the cases n = 3,4 and investigate them separately. In the case n = 3, (2.1) is in the form 


f (x + y- + f (x + z ~7,) + f (y + z ~= \ fi x ) + fiv ) + fi z ) ( 2 - 3 ) 

for all x,y,z £ X. Replacing ix,y,z) in (2.3), by (0,0,0), (*,0,0), (*,*,0), (|x, |x, |x) and ^|*, — |*, y^j , 
respectively, we obtain /( 0 ) = 0 and 

/(^*) = ( 2 . 4 ) 

/Q*) = §/(*)-i/(2*), (2.5) 

/(|*) = ^/(*), ( 2 - 6 ) 

/(^v) +/(* + y) + /(2/-*) = | /(!*) +/(-^x) +/(y) (2.7) 


258 


Farhadabadi ET AL 256-268 



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 27, NO.2, 2019, COPYRIGHT 2019 EUDOXUS PRESS, LLC 


S. Farhadabadi, C. Park, S. Yun 


for all x, y £ X , respectively. By using (2.4) and (2.6), we can rewrite (2.7) as 

fix + y) + f(y -x) = f(x) + f(-x) + 2 f(y) (2.8) 

for all x, y £ X. Letting x = y in (2.8), we see that 

f(2x) = 3 f{x) + f{-x) (2.9) 

for all x £ X. From (2.4), (2.5) and (2.9), it follows that 

\fi~ x ) = fQ> x ) = - \fi 2x ) = |/(*) - \fi x ) - \fi~ x ) 

for all x £ X, which implies that f(x) = f(—x) for all x £ X. So (2.8) can be rewritten as 

f(x + y) + f{x -y) = 2 f(x) + 2 f(y) 

for all x, y £ X , which is exactly (2.2). 

Now the case n = 4. In this case we have the functional equation 

fix + y + z -w) + fix + y + w - z) + f(x + z + w - y) 

+fiy + z + w-x) = 4 [fix) + f{y) + f{z) + f(w)] (2.10) 

for all x, y,z,w £ X. Replacing ( x , y, z , w) in (2.10), by (0, 0, 0, 0), (x, 0, 0, 0), (§x, §x, 0, 0) and — \x, y, oj , 
respectively, we get /(0) = 0, f(x) = fi~x), fi\x) = \ fix) and 

fi~y) + fiv) + fi x + y) + fiy - x) = 4 fQx'j + /(^ a: ) + fiv) 

for all x, y £ X , respectively, which can easily be simplified to (2.2). 

Now we assume that n > 5. 

Replacing the variables in (2.1), by (0, • • • , 0), (x, 0, • • • , 0), (x, x, 0, ■ ■ ■ , 0), (— x, ■ ■ ■ , —x, 0, 0) and i^x, • • • , £x), 
respectively, we have /(0) = 0 and 

in-2) 2 


f(^ x ) = T /( ” a:)+ 2^ / ( (2 “ n)a: )’ 

f Q x ) = i f(x) 


( 2 . 11 ) 

( 2 . 12 ) 

(2.13) 

(2.14) 


for all x £ X, respectively. Note that n > 5 might be either an odd or an even number. In the cases of oddness 
and evenness, if we respectively put 




5 rt—i , X n -\-1 y 


^Xi, • • • 

in (2.1), then we get 

/(4N — 


\ 


( 2 

2 

-2 

-2 

l,x„ 

= 

-X, ■ ■ 

• , -x, 

— x, ■ ■ 

— 

J 


\n 

n 

n 

n 

\ 


( 2 

2 

-2 

-2 

l,x n 

= 

-x, ■ ■ 

• , -x , 

— x, ■ ■ 

— 

J 


\n 

n 

n 

n 


2 

n — 2 


f(x + y) + f(y - x) 
fix + y) + f{y - x) 


\n-l) 

8 

\n-2) 


Xbh'fr) 


+ fiv)i 


+ 


n l — 4 


fiy) 


for all x, y £ X, which both by using (2.11) and (2.14), are easily simplified to (2.8). From (2.8), we obtain (2.9) 
again. By using (2.9), we can rewrite (2.12) as 

„2 


'( 




(2.15) 
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for all x £ X. Subtracting (2.13) from (2.15), we get 

(2 - n)(n 2 - 6n+ 12) 


/((2-n)x) = 




for all x £ X. Putting | instead of x , and then applying (2.11), we obtain 


(n — 2) 2 


/(*) = 
/(*) = 


(2 — n)(n 2 — 6n+ 12) /x\ (n — 2 )(n 2 + 2n — 4) f (—x 


b(f) + 


'(?)• 


—n + 6n — 12 / x 


Hi) 


n + 2n — 4 r f—x 


2(n - 2) 


'(t) 


(2.16) 


(2.17) 


2 (n — 2) 

for all On the other hand from (2.9), we have 

/M = 3/(f)+/(^) 

for all x £ X. Comparing (2.16) and (2.17), we conclude that f(x) = f{—x) for all x £ X, which simply 
transforms the form of (2.8) to (2.2). 

Necessity. For the ‘if’ part of the proof, suppose that / : X —» 3^ satisfies the functional equation (2.2). We 
show that / satisfies (2.1) too. 

First, we prove the following 

./ 2 — n \ n ,, . /2 — n\ ,, . 

/ ( X 2 H-hx„H-— XI 1 = -/(X 2 H-h x n ) + ( - J f(xi 4-hx„) 

+ =(=->)/(*■) 

for all xi, • • • ,x n £ X and any fixed integer n > 3. 

Let k £ N. Replacing (x,y) in (2.2) by (x,kx i) respectively, we get 


(2.18) 


/(x - Xi) 

= 2/(x) + 2/(xi) -/(x + xi), 

(2.19) 

/(x - 2xi) 

= 2/(x) + 2/(2xi)-/(x + 2xi), 

(2.20) 

/(x - 3xi) 

= 2 /(x) + 2/(3xi) - /(x + 3xi), 

(2.21) 

/(x - 4xi) 

= 2/(x) + 2/(4xi) -/(x + 4xi) 

(2.22) 


for all x,Xi,E X. Replacing (x,y) in (2.2) by (xi +x,fcxi), respectively, we get 

f(x + 2xi) = /(xi + x + xi) = 2/(xi + x) + 2/(xi) -/(x), 

/(x + 3xi) =/(xi + x + 2xi) = 2/(xi + x) + 2/(2xi) -/(x - xi), 

f(x + 4xi) = /(xi + x + 3xi) = 2/(xi + x) + 2/(3xi) — /(x — 2xi), 


for all x,xi,£ X. Continuous process of the above equations (2.20), (2.21), ••• and Lemma 2.1 generally lead 
to 

f(x-kx i) = (k + l)/(x) + k(k + l)/(xi) - kf(x + xi) (2.23) 

for all x,xi £ A", and all k £ N. Replacing ( x,y ) in (2.2), by (x — |xi, |xi), using (2.23) and Lemma 2.1, we 
obtain 

= + ^f( x ~ kx i) ~ /(^i) 

k + 2 fc 2 + 2k . . k . . , . 

= —j—/(*) +- 1 - f(xi) ~ ^f(x + xi) (2.24) 

for all x, xi £ X, and all k £ N. 
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Now (2.23) and (2.24) imply that (2.18) holds. The first one proves it for any fixed even integer n e > 4, and 
the second one proves it for any fixed odd integer n 0 > 3. It is done simply by putting x = X 2 + ■ ■ ■ + x„ in both 
(2.23) and (2.24) and by k = ne 2 ~ 2 , k = n 0 — 2 in (2.23) and (2.24), respectively. 

It follows from (2.18) that 


f(x 2 H-h x n + ^x^ 

+ 

+ 

f(x 1 4-+ X„_l + 



fix 2 H-F Xn) 

+ 


' fix l) ' 
+ 

n 


+ 1 ( 1-0 


2 

+ 

/ \ 

+ 


/( xi H-+x„_ij 


. fiXn) _ 


+ — (2 — n) | /(xi + ■ 


+ X n ) 


for all x 1 , • • • ,x n E X and any fixed integer n > 3. This signifies that in order to get (2.1), it is just necessary 
to show the following 


/(X 2 H-hXn) 

+ 





' fix l) ' 
+ 

f(x 1 H-h Xn-lj 

+ (2 - n) 

fixi + ■ ■ 

• +X n ) 


H- 

. fiXn) _ 


for all , x n £ X and any fixed integer n > 3. 

As it is clear, the proof of (2.25) directly depends on the specific value of n > 3. Nevertheless, we try to 
provide a general idea to prove it. 

First assume that n > 3 is an odd number. In this case, by frequently using (2.2), the left hand side of (2.25) 
will be in the form 


f (#1 + + 2^3 + • • • + 2x n ) 

+ 

1 

1 

IT 
+ " 

to 

_I 

H- 

/ ^2X1 H-h 2Xn —3 + X„ —2 + Xn-1 + 2x„') 

+ 2 

+ 

f (Xn —2 - Xn —1) 


+/ ( 


xi 4- h Xn—i ) 4- (2 - n) 


f(x 1 4-h x n ) 

for all xi, ■ ■ ■ , x n £ X and any fixed odd number n> 3. Since we have 

^/(x 1 + X 2 + 2x 3 4-+ 2x n ) = f(x 1 H-h Xn) + f(x 3 H-+ x„) - ^/(xl + x 2 ) 

for all xi, • • • , x n £ A from (2.2), (2.26) is simplified to 


f (x 3 H-h X„) 


/(xi - X 2 ) - /(xi + x 2 ) 

+ 

f 

+ 


+ o 


+ 

/ \ 

z 

+ 

/( Xl H-h Xn —3 + Xn j 


/(x „-2 - X„-l) - /(x „-2 + X„-l) 


+ /(xi H-+ Xn —1 


»-( 


3 — n 


fix i + • 


+ Xn) 


(2.26) 


(2.27) 


for all xi,- • • , Xn £ Y and any odd fixed integer n > 3. For the case n = 3, (2.27) leads to the right hand side 
of (2.25), which means that the proof is complete for the case n = 3. So we assume that n > 5 and continue the 
proof. We come across two cases: 

a) V: ~y~ , which is the number of the terms in the first term of (2.27), is an even integer; 


261 


Farhadabadi ET AL 256-268 



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 27, NO.2, 2019, COPYRIGHT 2019 EUDOXUS PRESS, LLC 


General quadratic functional equations 


b) is an odd integer. 

In the case a), similar to the process in which we obtain (2.27) from (2.25), we get (2.28) from (2.27), as 
follows: 


/(x 5 H-F x„) 


/(xi - x 2 ) -/(xi+x 2 ) 

+ 

1 

+ 


+ n 


+ 

/ \ 

A 

+ 

/( Xl H-h Xn- S + Xn) 


f(x n -2 ~ Xn-l) ~ f(x n -2 + X n -l) 


fix i + x 2 - x 3 - x 4 ) - fix 1 H-+ X 4 ) 

+ 


+ 


1 

+ 2 


f(x n - 4 + In-3 - Xn -2 ~ X n -1 ) ~ f (x n - 4 H - + X„-l) 

-^- ) fi X l + ' • • + Xn) 


(2.28) 


for all ,x n £ X and any fixed n = 5,9,13, • • •. In the case n = 5, (2.28) is in the form 


fix s) + X 

fix 1 - x 2 ) - fix 1 + x 2 ) 

1 


+ 

+ 2 

fix 1 + x 2 - x 3 - x 4 ) + fix 1 H- + x 4 ) 

z 

. f (x 3 - x 4 ) - f (x 3 + x 4 ) . 

z 



for all xi, ■ ■ ■ ,X 5 £ X, which simply by using (2.2) gives the right hand side of (2.25). By continuing the process 
we can obtain the result for n = 9,13, 

Similarly in the case b ), we get (2.29) from (2.27), as follows: 


f (x 5 H-F x„) 


/(xi - x 2 ) -/(xi + x 2 ) 

+ 

1 

+ 

+ 

/ \ 

+ 2 

+ 

/( Xl H- + X„- 7 + Xn — 2 + Xn-l +X n \ 


/(X n _ 2 - Xn-l) - /(X n _ 2 + Xn-l) 


f(xi + x 2 - x 3 - x 4 ) - f(x i H-F x 4 ) 

+ 


f(Xn-6 + X n -5 - X n -4 ~ Xn-z) ~ f{x n -& H-+ X n ~z) 


+f{x 1 H-h Xn — 3 + X n ) + f ( x 1 H-+ 


. /3 — n\ 

l + (—) 


f{x i H-+ x„) 


for all Xi, • • • ,x n £ X and any fixed n = 7, 11,15, • • • . If we put n = 7, in (2.29), then we have 


f(x s + xe + X7) + 


/(xi - x 2 ) - /(x 1 + x 2 ) 

/(x 3 - x 4 ) - /(x 3 + x 4 ) 

+ 

L f(x 5 - *e) - /(x 5 + X 6 ) J 


+ 2 -f( Xl + *2 - x 3 - x 4 ) 


(2.29) 


--/(x 1 H-+ x 4 ) + f(x 1 H-h x 4 + x 7 ) + /(x 1 H-+ x 6 ) - /(xi H-+ x 7 ) 


for all xi, • • • , x 7 £ A 1 , which could be simplified to the right hand side of (2.25). For n = 11,15, • • •, we should 
continue the process. 

Even cases of n are similar and also easier and so we omit them and the proof is complete. □ 
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3. Superstability of the general quadratic functional equation (0.1) 

In this section, we provide a superstability theorem for the functional equation (0.1). In fact, / : X —\ y will 
be put in a normed functional inequality instead of an equality which is obviously considered a harder condition 
for /, in order to be quadratic. From this point of view, one can say that the obtained result in the previous 
section will be gotten stronger and improved in this section. 


Theorem 3.1. Let X and y be linear spaces and g < l < 1 be a fixed real number. If f : X 
functional inequality 


f(y 


y + z--x)+f[x + z--y]+f[x + y-^z 




f ( a 


f(y ) - \f( z )- l \f( x ) 


< 


(1 


y satisfies the 


(3.1) 


for all x,y,z £ X, then f is a quadratic mapping. 

Proof. Letting ( x,y,z ) = (0,0,0) in (3.1), we get 

18/ — 3 i 


m <o- 


Since l > |, 18i 4 3 > 0 and so /(0) = 0. Letting (x, y, z) = (0, x, y) in (3.1), we have 

f(x- \y ) +f(y- \ x ) +f{x + y) = \f( x ) + \ fiv ) 


(3.2) 


for all x,y £ X. Replacing (x,y) in (3.2) by (x,0), (a:,*) and (x,2x), respectively, we obtain 

f (-\ X ) = 

2 f(^+f(2x) = ?/(*), 

/(|*) +/( 3 *) = \fi. x ) + \f{2.x) 

for all x £ X, respectively. Using (3.3) and (3.4) we get f(x) = f(—x) for all x £ X. So (3.3) is rewritten as 
/(|x) = \f{x) for all x £ X. By using this, (3.5) could be simplified to /(3x) = 9 f(x), and so 

f(l x ) = g m 

for all x £ X. Replacing (x, y) in (3.2) by (* — y, —y) and (y — x, —x), we have 

/(*-\ y ) = \f( x ~y) + \f{y)-\f{ x + y)-fip-zy), 

/(■ v ~\ x ) = \f(. x -y) + \f{ x )-\f( x + y)-f{v~ 2x ) 

for all x, y £ X. By putting these two equations in (3.2), we obtain 


(3.3) 

(3.4) 

(3.5) 


(3.6) 


\f(x ~y) + \f{x + y) = f( x - 2 y) + }{y - 2 .x) 

for all x, y £ X. Now putting (x, y) = ( u +^ v ; J !±|-'j in the previous line, we get 

9 „/« — v ' 

2 J 

for all u, v £ X, which by (3.6) simply leads to (2.2) as desired. 


+ 


□ 


Theorem 3.2. Let X and y be linear spaces and n,k be fixed positive integers with n > 4 and 1 < k < n. If 
f : X —> y satisfies the functional inequality 


n n 

£/(£ 


X,' + 


2 — n 


3 = 1 




< 


-f( x k 


(3.7) 


i^k 


for all xi, X2, • • • , Xn £ X, then f is a quadratic mapping. 
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Proof. Note that the functional inequality (3.7) is symmetric with respect to each variable. So we can take k — 1 
and only prove this case and then conclude the statement for all cases with 1 < k < n. From now on, assume 
that k = 1 . 

Letting (xi,X2, • • • , x„) = (0, 0, ■ • • ,0) in (3.7), we obtain that 

n3 ~ (2 f + 4n) ||/(0)H <0- 

Since n 3 > (2n 2 + 4 n) for all n > 4, /(0) = 0. Letting xi = 0 (or Xk = 0) in (3.7), we get 


£/(£* +^ >+■ 


i =2 3 =2 


/(2>) = 


(3.8) 


for all X 2 ,X 3 , ,x n £ X. 

First we investigate the case n = 4 separately. In this case, by putting (x 2 , * 3 , * 4 ) = (x, y, z) in (3.8), we have 

f(y + z-x) + f(x + z- y) + f(x + y-z) 

+f(x + y + z)= 4 [fix) + f(y) + f(z )] 

for all x,y,z € X. Replacing ( x,y,z ) in the above equation by (a;, 0,0) and (x,y, 0), we obtain f(x) = f(—x) 
and 

f{y -x) + f{x -y)+ 2 fix + y) = 4 fix) + 4 f{y) 

for all x, y £ X, which simply mean that (2.2) holds. 

Now the case n > 5. Replacing (x 2 , * 3 , • • • , x n ) in (3.8) by = (x, 0,■ • • , 0), (a:, x, 0, • • • ,0) and (x, • 
respectively, we obtain 

(n — 2) 2 




-fix), 


\fi x ) + ^Y^f( 2 x), 


T f{x) + 2hi f ( {n ~ 2)x ) 

for all x £ X, respectively. In the case of evenness and oddness of n > 5, we respectively put 


, x, 0 ), 

(3.9) 

(3.10) 

(3.11) 


( 


( a 


in (3.8), to get 


/I 

( 2 ~ n v) 

n — 2 \ 

l 2 V ) 

1 + 2 

/I 

( 2 ~ n v) 

n — 3 [ 

l 2 V ) 

1 + 2 


•£2 5 * * * ? ^ , 5 — 15 *£r 

2 2 

X2, ‘ ^ n ~l , • • • 5 Xn — 25 %n — 1 ? 


fix + y) + fiy - x) 
fix + y) + f{y - x) 


( 2 

-x, ■ 

\n 

( 2 

-x, ■ 

\n 


2 

-2 

-2 

-x, 

—x, • • 

— 

n 

n 

n 

2 

-2 

-2 

-x, 

—x,-- 

— 

n 

n 

n 


\n- 2) 
8 

\n- 3) 


/ &) + / ( 
/ &) + / ( 


-2 

n 

-2 


x,y 

x,y, 0 

n 2 — 4 
4 

n 2 - 8 


/(3/)> 

/(</) 


for all x, y £ X, which both by (3.9) are simplified to 

n 2 

fix + y) + fiy - x) = — 
for all x, y £ X. Letting y — 0 in (3.12), we have 


f (l X ) +f (-£ X ) 

f { l X ) +f {^ X ) 


+ 2 fiy) 


(3.12) 


fix ) + /(-*) = -j- 
for all x £ Ah By this, (3.12) is equivalent to 

fix + y) + fiv -x) = fix) + fi-x) + 2 fiy) 


(3.13) 
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for all x, y £ X. Now by (3.10), (3.11), (3.13) and a similar argument used in the last part of the proof of Theorem 
3.2, we can obtain f(x) = f(—x) for all x, y £ X. This changes (3.13) to /(x + y) + f(y — x) — 2 f(x) + 2 f(y) 
for all x, y £ X , which finally ends the proof. □ 

4. Hyers-Ulam stability of the general quadratic functional equation (0.1) 

In this section, we prove the Hyers-Ulam stability of the functional equation (0.1). Throughout this section 
X denotes a quasi-a-normed space and y a quasi-/3-Banach space. For a given mapping / : X — > y, we define 
the difference operator: 


D\f (xi,x 2 , ■ ■ ■ ,x„) := £/(£ 
for all xi, X 2 , ■■■ ,x„ € X and all A £ R. 


Ax, -|- 


2 — n 


i=1 3 — l 


A Xi - 


\2 ‘2 
A n 




Theorem 4.1. Let : X n — > [0, oo) be a function with y(0, • • • , 0) = 0, where n > 3 is a fixed, integer. Denote 
by <j> a function such that 


<j>{xi,x 2 , ■■■ ,x n ) :=y^ 


r 4” 


In- 


2m f3 




' n n 

—xi, — x 2 , 


< oo 


for all xi,X 2 , ■ ■ ■ ,x n £ X. Suppose that f : X —» y is a mapping satisfying 

||Di/(xi,X 2 , • • • , X„)|| < ip(xi,X 2 , ■ ■ ‘ ,X n ) 

for all xi,X 2 , ■ ■ ■ ,x„ £ X. Then there exists a unique quadratic mapping Q : X —» y such that 


|/(*)-Q(*)|| y < n3/J 


V<i>( x ’ c 


(4.1) 

(4.2) 

(4.3) 


for all x £ X. 


Proof. Letting x\ = X 2 = ■ ■ ■ = x n = 0 in (4.2), we get /(0) = 0. 
Letting xi = X 2 = • • • = x n = x in (4.2), we have 


- \f( x ) 
fU) 


< <fi(x,x, 




for all x £ X. Replacing x by (f )'x, we get 


4 r (n i+1 \ 

Jn l \ 


'n* 

n i \ 

n?f\ 2 i+1 X ) 

- f {¥ x ) 

y ~ 

T^ x , ' ‘ 
>. 2* 

• . 2 T X J 


(4.4) 

for all x £ X and all nonnegative integers i. Assume that m, l are positive integers with m > l. From the 
iterative method and (4.4), it follows that 

m —1 


c (n m \ A 1 (n l \ * „ 41+1 r( ni+1 \ 4 ' *( ni \ 


i=l 

m — 1 


= E 


PPv 


piPp 


'(£•)-'(**) 


< 


4 Pp 

n 3Pp 


r 4^ (rP 

2 _^ n 2< ^ \2* 


(n 

n \ 

—tX, ■ ■ 

■ ■ rrX 

V 2* 

2* / J 


(4.5) 


for all x £ X, in which by (4.1) the right-hand side tends to zero as m,l —¥ 00. This clarifies that the sequence 
{&/(£«)} is Cauchy in the complete space y and therefore convergent. So we can define for all x £ X, 
the mapping Q : X — > y by 

4 m / ri m \ 

Q(x) ■■= lim —=—/(-—x). 
v ’ m — ^00 n 2m V 2 m / 


265 


Farhadabadi ET AL 256-268 



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 27, NO.2, 2019, COPYRIGHT 2019 EUDOXUS PRESS, LLC 


General quadratic functional equations 


Now letting l = 0, passing the limit m —> oo in (4.5) and then using (4.1), we obtain (4.3), as desired. 

Lastly, we prove that Q is unique. Let Q' : X — > y be another quadratic mapping satisfying (4.3). Then we 
have 

4"i/3 p 


\Q(x) ~ 2'0)1 


< 


< 2 • 


= 2 • 


= 2 • 


4"i/3p 4 Pp 


’ll' \ ’ll' 

2 ^ X ) 

■ ■ ■ > 

^ V 2 m 7 7 

£[£K 


p 4m/3p 

y n 2m Pp 




j^2m/3p n 3pp 

4"»/3p 4 Pp 


-)2mf3p y) 3 /3p 


2771 + S ’ ’ 2 m + S 


4 Pp 
n 3f3p 


r 4 sp i 

f n s 

n 3 y 

n 2spT\ 

,2^’" 



for all x £ X. Now by (4.1), the right-hand side tends to zero as m —> oo, and therefore Q : X —> y is unique 
and the proof is complete. □ 

Theorem 4.2. Let : X n —» [0, oo) be a function with ip(0, • • • , 0) = 0, where n> 3 is a fixed integer. Denote 
by <j> a function such that 


X - \n 2mp f 2 m+1 

4>(xi,X 2,--- ,x n ) := 2 ^ 


rjm+l 


< 00 


(4.6) 


for all xi,X 2 , ■ ■ ■ ,x n € X. Suppose that f : X —t y is a mapping satisfying (f.2). Then there exists a unique 
quadratic mapping Q : X —» y such that 


fix) - Q(«)H-y < \Jf>i x ,x, 


(4.7) 


for all x £ X. 


Proof. Letting xi = X 2 = ■ ■ ■ = x n =? 0 in (4.2), we get /(0) = 0. 
Letting xi = X 2 = ■ ■ ■ = x n = —x in (4.2), we have 


nf(x) 

n 3 „/ 

'2 \ 



(2 2 

2 \ 

-~r [ 

-x) 


< 

ipl -x, -x,--- 

, -*), 

4 \ 

>n ) 

y 


\n n 

n ) 

n 2 i 

f 2 \ 

fix) 


< 

1 (2 2 

2 A 

~rf I 

~ x ) ~ 


—-x, -x, 

• • • ,-x) 

4 ' 

Kn J 

y 


\n n 

n J 


for all x £ X. By the same method used in the previous theorem, we can obtain 


/ 2 m \ n 21 . f 2 l \ p ^ 1 v— \n 2ip (2 i+1 

^ \n m X ) 4 1 \n lX ) y ~ nPr .4*0 <fi [n i + 1 ‘ 


-)i+1 

Kii+1 


(4.8) 


for positive integers m,l with m > l and all x £ X, in which by (4.6) the right-hand side tends to zero as 
m, l —> oo. 

Now similar to the pervious theorem, the mapping Q : X —> y is definable as 

Q(x) := lim ——/( - *) 

v ' m—foo 4 m J \n m J 

for all x £ X, which by letting l = 0, passing the limit m —> oo in (4.8) and then using (4.6), satisfies (4.7). 

The proof of the uniqueness of Q is similar to the previous theorem. □ 

Corollary 4.3. Let d be a nonnegative real number and q a positive real number with q < 2 P . Let f : X —► y 
be a mapping satisfying 

\\D 1 f(x 1 ,x 2 , ■ ■ • ,*™)|| y < #(||a:i||* H-L II Xn II(4.9) 

for all xi,X 2 , ■ ■ ■ ,x n £ X. Then there exists a unique quadratic mapping Q : X —> y such that 

1 -aq-P 

\\f(x ) — Q(*) < 4 p d =||a;||y 

II Hy y n p(2/3-aq) _ 2p(2/3-aq) X 
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for all x £ X. 

Proof. Defining ip(xi, ■ ■ ■ , x„) := i?(||ah||* + • • • + ||*n||*) and applying Theorem 4.1, we get the result. □ 

Corollary 4.4. Let ft be a nonnegative real number and q a positive real number with q > 2 — . Let f : X — » y 
be a mapping satisfying (4.9). Then there exists a unique quadratic mapping Q : X —*• y such that 


\f{x) - Q(*)|| < 2 aq ft 


,1-3/3 


f/ n p(aq-2p) _ 2 P(aq- 2 p) 


for all x £ X. 

Proof. Defining ip(x i, • • • ,x n ) := $(||ah||^ + • • • + ||*„||^.) and applying Theorem 4.2, we get the result. □ 

Corollary 4.5. Let ft be a nonnegative real number and qi,... ,q„ positive real numbers with qi + • • • + q„ < 2 — . 
Let f : X —¥ y be a mapping satisfying 


\Dif(xi,X 2 , ■ ■ ■ ,x n ) < ft(\\xi\\ q f: ■ \\x 2 \\ q2 


y ^ \ .f? i.y ii^iix ■■■ \\ Xn nx , 

for all x\,x 2 , ■ ■ ■ ,x n € X. Then there exists a unique quadratic mapping Q : X y such that 


■) 


(4.10) 


/(*) - Q(«) L < 


4^1 9n~ a( - qi ~ t — tqn)-P 


fjriP( 2 P- a (<n-\ - \-qn)) — 2p( 2 / 3 -“(9i3- hqn)) 


x 


I (qiH-hq n ) 


for all x £ X. 

Proof. Defining ip(*i, •• • ,x„) := i?(||*i || x 


*2 


and applying Theorem 4.1, we get the result. □ 


Corollary 4.6. Let ft be a nonnegative real number and qi, - ■ ■ ,q n positive real numbers with qi + ■ ■ ■ + q n > 2 —. 
Let f : X —*• y be a mapping satisfying (4.10). Then there exists a unique quadratic mapping Q : X —» y such 
that 


f(x) - Q(x) 


< 


2 a(q l + -- + q„)fl n -3f3 


\/n p ( a ( q 1-1 -t9ji)-2/3) _ 2p(a(giH- \-q n )—2(3) 


I (giH-h9n) 


for all x £ X. 

Proof. Defining ip(xi. 


,Xu) := 


qi ■ \\xo\\ q2 ■ 
x U X2 nx 


and applying Theorem 4.2, we get the result. □ 


Note that in Corollary 4.5 and 4.6, we can put q\ = • • • = q n = q and make simpler results. 
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Abstract 

This paper aims to study the existence of the solutions for an Impulsive Sequential Fractional Differ¬ 
ential Equations of order 1 < q < 2 involving separate boundary conditions. Our analysis relies on some 
fixed point theorems. In addition, an example is provided to illustrate the results of this study. 

Keywords 

Impulsive sequential fractional differential equations, Caputo fractional derivative, fixed point theorem. 


1 Introduction 

Fractional differential equations have recently proved to be strong tools in the modeling of many physical 
phenomena. It gives a great application in nonlinear oscillations of earthquakes, many physical phenomena 
such as seepage flow in porous media and in fluid dynamic traffic model. Impulsive Fractional Differential 
Equations (IFDEs), and Sequential Fractional Differential Equations (SFDEs) have attracted the attention 
of many researchers, see [1]-[21]. To the best of our knowledge, the study of impulsive sequential fractional 
differential equations (ISFDE) supplemented with separated boundary conditions has yet to be initiated. 

In [15] Tian and Bai studied the existence solutions for the following IFDEs with boundary conditions, 
by using Banach’s fixed point theorem and Scliauder’s fixed point theorem: 

( c D q u(t) = f(t, u(t)), q g (l,2],t e [0.1] ,t ^ t k , 

< Ati| i=tfc = Ifc(u( 4 )), Au'\t=t k = i k (u(t k )),k = 1,2, k = l,...,p, 

[ u( 0 ) + u ( 0 ) = 0 , ii(l) + u (£) = 0 , 

with the Caputo fractional derivative c D q , / € [0,1] x R —> R is a continuous function, I*,, I* : R —> R, 0 = 

to ^ ‘ ‘ ^ tp tpo-i — 1 . 

In [16] Wang investigated the existence of the solutions of the problem which is given as follows : 

( c D q u{t) = f(t,u(t)), 1 < q<2,t G J', 

< A u(t k ) = Q k (u(t k )), Au'( 4 ) = Ifc(u(tfc)), k = 1 , ...,p, k = l,...,p, 

[ au{ 0) + bu (0) = Xq, cu( 1 ) + du ( 1 ) = X\. 

Mahmudov and Unul, [17] provided existence of solutions for the following IFDEs of order q with mixed 
BVP : 


( c D£u(t) = f(t,u{t)), 1 < q <2,t G J 1 , 

A u(t k ) = Ik(u(t k )) = u(t+) - u{t^),Au'(t k ) = J k {u{t k )) = u\tl) - u'(ifc), k = 1, ...,p, 

{ m(0) + piu (1) = cri,ar(0) + P 2 X (1) = cr 2 , 

with c D q is the Caputo derivative of order q, and f G (J x R, R) ,(p k ,Ik G C (R x R), J = [0,1], 0 = to < 
t\ < ■ ■ ■ < t k < ... < t p < t p+ 1 = 1 . A u(t k ) =u(t%) -u(t k ), A u'(t k ) =u (t£) -v! (u). 
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In [20], Ahmad and Ntouyas obtained new existence results by using standard fixed point theorems. 

( C D‘(D + A )x(t) € fi(t, x(t)), 0 <t < l,n < £ < n— 1, 

l x(0) = 0.x'(0) = 0, 

[ x (0) = 0, ...,x™^ 1 (0) = 0.a;(l) = ax(cr), 

where F : [0.1] x R —» T (R) is a multivalued map, T ( R ) is the family of all subsets of R. 

Sequential fractional integral-differential were studied, in [20]: 


{ (c D q + \ c D q ~ 1 )x{t) = f(t, x{t), c D?x (t), Hx (t)), t e [0, 1], 2 < q < 3,0 < /?, 7 < 1, k > 0, 

J x(0) = 0, x'(0) = 0, 

[ EH 1 o-ix(Q) = A / 0 ,? {v ~f g) x(s)ds, S > 1,0 < r) < C < ... < C < 1, 

Here / : [0, 1] x R 3 —> R is a given continuous function satisfying some natural conditions. 

Alsaedi, et al, [ 21 ], used fixed point theorems to develop the existence theory for the following problem: 


[ c D q + k c D q ~ 1 )u(t ) = f(t, u(t), 

Ot\U (0) + YT= 1 a i u (’?i) + 7lW (T) = Pi, 

a 2 u' (0) + YPiLi b i u ' (Vi) + 72 u' (T) = /? 2 , a 3 u' (0) + Y,7=i c i u " (Vi) + 73 u" (T) = /3 3 . 


1 < q < 2, t G [0, T\, 


This paper is motivated from some recent papers treating the problem of the existence of solutions for 
ISFDEs with separated boundary conditions: 


(7D« + A c D q ~ 1 )x{t) = f{t, x(t)), 0 < t < T 
aix(0) + fax (0) = rh,ai 2 x(T) + fax (T) = r] 2 , 
&x\t=t k = ipk(x(t k )), Ax'| t=tfc = ip%(x(t k )), 


1 <p< 2 , 


k = 1 , 


(1) 


where c D q is the Caputo derivative of order q e (1,2], and / : [0T] x R — > R, /3,q,rji,ai,a2,Pi,Pi,rii,ri2 G 
R, A e R + ,(p k ,tpl e C (R,R) , and Aa;| t = tfc = x (t£) - x (t^) , Ax'\ t = tk = x (tjf) - x' (t^) . x (t%) and 
x [t] 7) represent the right and the left hand limits of the function x{t), at t = ,r e sp e etively. 

The rest of the paper is organized as follows. In Section 2, we recall some basic concepts of fractional 
calculus and obtain the integral solution for the linear variants of the given problems. Section 3 contains 
the existence results for problem (1) obtained by applying Leray-Schauder’s nonlinear alternative, Banach’s 
contraction mapping principle and Krasnoselskii’s fixed point theorem. In Section 4, the main result is 
illustrated with the aid of an example. 


2 Basic materials 

The basic concepts of fractional calculus are presented in this section [13]. 

Denote that, J = [0,T\,t o = 0,t p+ i = T , J 0 = [0,ti], J\ = {h,t 2 \,-, J P = (t p ,T], J' = J\ {t x , ...,t p } , 0 = 
to < t\ < ■ ■ ■ < t p < t p+ \ = T, and insert the spaces: 

PC{J) = {x : J —> R | x € C(J'), and x(t£), x(t exist, and x(f£) = x(t k ), 1 < k < p} , 

with the norm ||a;||p C = sup 4gJ |x(t)| and PC{J) is a Banach space. 

Definition 1 The fractional integral of order q > 0 of a function p : [0, 00 ) —► R is given by 

1 f x n(r) 

lo +P( X ) = R7T / 7- \i-a dr ’ x > 0 ’ q > °> 

T(g) Jo (x - r) 1 q 

provided the right side is point-wise defined on [0, 00 ). 
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Definition 2 The Caputo fractional derivative of order q > 0, of a function p : [0, oo) —^ R is defined by 

V q 0+ p(x) = —'-—- f {x-r) n - q ~ 1 p n dr, 

T(n - q) J 0 

whenever the right-hand side is defined on [0,oo). 

Lemma 3 Let q > 0, then the differential equation 

c D q p(t) = 0, 

has solutions 

p{x) = a 0 + a\x + a 2 x 2 + ... + a n -\x n ~ 1 , 
where a, G R, i = 0,1,2,3, n — 1; n = \f3\ + 1. 

Lemma 4 The set F C PC ([0, T],i? n ) is relatively compact if and only if 
(i) F is bounded , that ||x|| < C for each x £ F and some C > 0; 


(ii) F is quasi-equicontinuous in [0,T]. That is, to say that for any £ > 0 there exist 7 > 0 such that 
if x G F\k G AT; si, s 2 G (4_i,4] ; and |si - s 2 | < 7 , |x(si) - x(s 2 )| < e. 

Lemma 5 For p G PC(J, R ), the solution of the following ISFDEs 

( c D q + A c D q ~ 1 )x(t) = p(t), 

Ax| t =t k = <Pk(x(t k )), Ax'\ t =t k = <pl(x(t k )), 
aix(0) + 0ix (0) = 771 , a 2 x(T) + /3 2 x (T) = 772 , k = 1 


is given by 


where 


{t)= f e- x(t - s) I q - 1 p{s)ds + v 1 (t) f e- x(T - s) I q - 1 p(s)ds 

Jo Jo 

p p 

+ v 2 {t)I q ~ 1 p{T) + v 3 (t) Y Tj(x(tj)) + v 4 {t) Y <Pj( x (tj) 


j =1 

P 


k =1 


+ Y Zl i (OTjixftj)) + Y j {t) y*{x{tj)) - Y Tj(x(tj))+z 3 (t). 

3 — 1 j=k+l j=k +1 

t G [4,4+l) , k = 0, 1, 

A = (ai — A/?i) a 2 - ( a 2 e~ XT - \/3 2 e~ XT ) ol\ ^ 0, 

( a\e~ xi — ai + A/3+) (a 2 — A/? 2 ) 

ui(t) = 

«2(t) = 


A 


(aie A * - Q+ + A/3i) /3 2 


. . aia 2 _ At ai (a 2 e AT - A/? 2 e AT ) 

”»<*) = -a- 

aia 2 _ xt ax ( a 2 e~ XT - A /3 2 e~ XT ) 


v 4 (t) = 


AA 


AA 


. M At, „-At a 2 («i — A/?i) xt, («i - A/30 (a 2 e AT - A/3 2 e AT ) 

j — 6 c a a I 6 


AA 


^W=e- At ^-J, 


* 3 (t) = e I- 


—At ^2 (« 2 e AT - A /3 2 e XT ) 


A 


’7i - e 


AA 


,-At^i _ («i ~ A/4) 
A A 


’?2- 


( 2 ) 


(3) 


3 
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Proof. Assume that a; is a solution of 

( c D q + X c D q ~ 1 )x(t) = p(t), 

on (tk,tk- n], (k = 1, 2 . .. ,p). Applying the operator I 9-1 operator to both sides of the above equation, we 
get 

I q ~ 1 ( c D q + A c £> 9 - 1 )a;(t) = l q ~ l p{t), 

(D + A) x(t) = c 0 + I q ~ 1 p(t). 

e xt ((£> + A) x (t)) = e xt (c 0 + I q ~ 1 p(t )), 


This can be expressed as 


Solving the above equation, we see that the general solution of (1) on each interval {t k , t k +i\, (k = 1,2 .. .p), 
can be written as 

x(t) = e~ xt Ak + Bk + f e~ x ^ t ~ s ^l q ~ 1 p{s)ds, t £ J. 

J o 

Next, solving the obtained linear equation on Jo, we get 

x(t) = e~ xt A 0 + B 0 + f e~ x{t ~ s ' l l q ~ 1 p(s)ds, t £ Jo, 

J o 

where Ao and Bq are arbitrary constants. Taking the derivative to (4), we get 

x\t) = -Xe~ xt A 0 - A f e~ x(t - s) I q - 1 p(s)ds + t £ J 0 . 

Jo 

Now, applying the boundary condition, we have 

{o>i — A/?i) Ao + oliBq = rji. 

In general, for t £ [tk,tk+ 1 ), we find 

x{t) = e~ xt A k +B k + f e~ x{ - t - s) \ q - l p{s)ds, 

Jo 

x {t) = — Xe~ xt A k — A f e~ x ^ t ~ s ^I q ~ 1 p{s)ds + I q ~ 1 p{t). 

Jo 

Now, applying the boundary condition at t k + i = T, we have 

(a 2 e~ XT - X(3 2 e~ XT ) A p + a 2 B p = p 2 - (a 2 - X(3 2 ) [ e~ x ^ T ~ s ' > I q ~ 1 p{s)ds - p 2 I q ~ 1 p{T). (8) 

Jo 

From A x'{t k ) = p* k {x{t k )), we have 


(4) 


(5) 


( 6 ) 


(7) 


tp%(x(t k )) = —Xe k k A k + A e k _\ k A k -i, 
A k - A k —\ = -je xtk ip* k (x(tk)), k = 1, 


(9) 


Similarly, from A x(t k ) = <p k {x(t k )), we get 


pk{%{t k )) — e xtk A k — e xtk A k _i + B k — B k _ i, 
B k - -Bfc-i = Pk{x{t k )) + jifl{x{t k )), k = 1, 


( 10 ) 
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Next, it follows from (9) and (10) that 


A p - A k = -- Y eXti Pj( x (tj))i 


j=k+l 


ft-ft = Y Vj(x(tj)) + - Y ))> * = 0,1.p- 1 . 

j=k+ 1 j—k+l 

It follows that for k = 0 from {a\ — Aft) A 0 + a±B 0 = 771 that 

l p p 1 p 

(ai - Aft) ft + cnft = 771 - - (ai - Aft) ^ e At ft*:(a;ft)) + ag Y Vjipttj)) + T a i ^lO^l))- 


(11) 

( 12 ) 


l=i 


i=i 


l=i 


Solving the last equation together( 8 ), for ft and B p , we get 
oi\ (c >!2 ^ Aft) x rT 


A p = 


A 


J o e- A(T ->i+(ft) 


+ (T)S«wy)+(^)E^*(-fe)) 

1=1 1=1 


1=1 
a 2 ai 
+ - ^2, 


a 2 («i - Aft) A ft At 


AA 


(ftl)) 

l=i 


and 


ft 


(ai-Aft)^^ 


= _ ^ («i - AftHa 2 - Aft) ^ ^ yf e -x(T-s) p-ft( s )d s _ ^ («i - Aft) ft ^ 


1=1 


1=1 




AA 


A 


V a 


where A = (oq — A ft)a 2 — (a 2 e AT — Afte AT ) oq 7 ^ 0. Now, from the equations (11) and (12) it follows 
that 

1 


A k = A p + - Y eAtj Vi(ftl)), 


j = fc+l 
V 


ft- = ft - ftftl)) - T XI ‘ftftlft k = 1> ->P - 1- 


l=fc+l 


l=fc+i 


So 


ft = 


ai (<T 2 — Aft) 

A 




+ (x)t»iWO) + (x) ftwo) - ( “ftftft (*te» 

1=1 i=l A / J=1 

+(?) m - (?) 772 + Q ) £ ^^(*(*1)). 


i=fc+i 
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Multiplying the above equation by e At , we get 
e _At o; 1 (a 2 — A/3 2 ) x ' T 


e~ xt A k = 


and 


A 

e "a \a .2 \ 

A” 


) l e ~ VT ~' ,p ~‘f , M <Is + ( e ^ 2 ) I q -'t>(T) 
)±*MW) + ( £Z ^ a ) !>;«*>» - (AfAAi) 

/ 7 — 1 ' ' 7 = 1 x ' 7 = 1 


e 

A 


m 


e xt a\ 

A 


^2 


„ — At\ P 


j=fe+i 


5/,- = — 


(ai — A/ 3 i) (a 2 — A/^) 

A 


)jT e- A(T - s) F~V(s)ds- 


an (a 2 e AT — Xfce AT ) 

““A 


j =i 

(ai - A/?i) (a 2 e _AT - X(32e~ XT ) ^ p 


/ (ai — A/ 3 i) p2 

V A 

ai (a 2 e _AT - Xp2e~ XT ) 
AA 


F-V(T) 


AA 


^2e xt *ip*{x(tj)) - 


j =i 

(a 2 e _AT - X/3 2 e~ XT ) 


j=i 


A 


f?i 


(«i - A/?i) 

A 


j=fe+i 

Combining the last two equations, we get 


/ o — 4.-U1 \ / j=k +1 


6 


/ Ofe)) 
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e ' A k + B k — 


+ 


e xt a\ (a 2 - A/3 2 ) 

A 


e At aia 2 x P 


'j j e- x(T - s) I q - 1 p{s)ds+ ^ 




A J* 

7 j=i 




e At aia 2 x P 


AA 




j =i 




AA 


j=i 


e At a 2 A / e At ai \ / e 

+ ( -x- I Vi - —i— % 


A 


A 


-A t \ P 


3=fc+i 


(ai — A/?i) (a 2 — A/3 2 ) 

A 


^ e- A(T - s) F-V(s)rfs 


A 


- ( ( °‘~ Aft)fe N ip-vm- f - ( ° 2e-AT A Afee " T> )E bW) 


7=1 


+ 


'a\ (a 2 e~ XT — A/3 2 e _AT ) \ „ 

—-xa - E^fe)) 

/ 7 = 1 

(«1 - A/?i) (a 2 e~ XT - X/3 2 e~ XT ) \ p 

/ 7=1 


AA 


V— At */ /, » / ( a 2e XT ~ \/3 2 e XT ) 

E e ^7'( x fe)) - ( A ^-- I ’7i 


+ ( >i_Aft)' |w 


J = fc +1 ' ' '•' — I *-«-1 


j = fc + l 


e-~ xt Ak +B k = Vl (t) [ T e-^ T - s h q - 1 p(s)ds + v 2 {t)l q ~ l p(T) + v 3 (t) V vMtj)) 
Jo j=1 

P P V 

+ ”4 (t) E l Pj( X ( t j ) + E *1-7 ‘Pj( x ( t j)) + E * 2 -7 (*) ( Pj( X ( t i')) 

j —i j=i i=fc+i 

p 

- E + z 3(t)- 

j=k +1 

Inserting (13) into (7), thus we obtain the desired formula (3). 

The converse of the lemma follows by direct computation. This completes the proof. ■ 


(13) 


3 Main results 

This section deals with the existence and uniqueness of solutions for the problem (1). Before stating and 
proving the main results, we introduce the following hypotheses. 

(Hi) the function / : J x R —> R is jointly continuous . 

(H 2 ) there exists a constant Lf > 0 such that 

\f(t,x)-f(t,y)\<L f \x-y\, t G J, x,y G R. 


7 
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(Ha) There exist a positive constants L v , L v *, M v , M v * such that 

\<Pk(x) - <Pk(y)\ <L v \x-y\, | ip* k (x) - <Pk(y)\ < L v* \ x ~y \; \<Pk{x)\ < m v ,\< p* k (x)\ < m v *. 

From (Gi)-(Ga) it follows that 

\f (t,x)\ < Lf\x\+ Mf, t £ J, x £ R, Mf := sup{|/ (t, 0)| : 0 < t < T} , 

\<Pk(x)\ < L v |x| + M v , \v* k {x)\ < L v . \x\ + M v ,. 

Theorem 6 Suppose that (Hi), (H 2 ) and (H 3 ) hold. If 

/ rpq -1 7^-i \ 

u := (aFm (1 - e ) 0 + IHD + r® IMl) L f («) 

+ (1 + ||^31 \)pL v + (11^411 + H^yll + \\zij\\)pL v * < 1, 
then the equation (1) has a unique solution on J. 

Proof. In view of Lemma 5, we can transform problem (1) into a fixed point problem. Consider the 
operator T : PC (J, R) —> PC ( J , R) defined by 

(Xx)(f) := f e- A(t - s) F- 1 /(s,x(s))ds + ui(t) / e~ xlT - a) I q - 1 f(s, x (s))ds (15) 

Jo Jo 

p p 

+ v 2 (t)I q ~ 1 f(T, x (T)) + V 3 (t) Y <Pj(x(tj)) + Vi(t ) Y 

i=i i~i 

P P P 

+ Y Zl A t ) c Pj( x (t j )) + Y XI ^j(a:fe)) + 23 (*) 

i=i j=fc+i j=fe+i 

,t G J k , k = 0,1, ...,p. 

It is obvious that T is well defined due to (Hi) and sends PC (J, R) into itself. 

Step 1. 'X maps B r = {x £ PC ([0, T ), R ), ||x|| < r} into itself for some r > 0. 

Let 

( r rq—l T'Q—l \ 

(1 - e~ XT ) (1 + |M|) + INI J E f 

+ (1 + |HI)p(V + M<p) + (INI + Ikijll + \\z2j\\)p(Lcp*r + M v *) + H^ll. 

For t £ J k , k = 0,1,...,p; x £ B r , we have 

|(Xx)(f)| < r ^_ ^ e ~ Ht ~ S) ( s ~ T ) q ~ 2 \f( T ’ x ( T ))\ dx ^ds 

+ J o e_A(T s) (/ ( S_T ) 9 ” 2 l/( T - ;E ( T ))l rfT ^ ds 

+ J o ( T - s) q ~ 2 \f(s,x(s))\ds + |t*(i)| Y\VjA(tj))\ 

+ \Mt )\+X (*)l kj(a;fe))| 

3=1 3=1 

+ X \ Z V 0)1 |^( X fe))I X I^O^Ol))! + 1 23 0)1 , 

J=fc + 1 j=fe+l 

8 
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Thus 

ft —i r rq-i 

|(Tx)(t)| < y-py-y (1 - e~ xt ) ( L f r + M f ) + |vi(i)| y-jvyyyy (l - e~ XT ) ( L f r + M f ) 

Jtq-l 

+ M*)| YJqj ( L f r + M f ) + M*)| P {L v r + M v ) + |u 4 (f)| p (Lr + M v ) 

+ \zij (t)\p(L v r + My) + \z 2 j {t)\p (L v r + M v ) +p(L v r + M v ) + \z 3 (t)| 

- (^Ar (q) ^ ~ 6 ) + IMI) + rjqj ^ V2 ^J + ^i) + (1 + IM \)p{L v r + M v ) 

+ (||^41| + ll^ijll + \\z 2 j\\)p (L^r + M v .) + || 2 3 || 

We use the following estimation in what follows 


1 


T(g-i) 

Jiq-l 

= atM 


J e A ^ (^J ( s ~ T ) q 2 p{j)dT^ds 

(l-e- AT ) ||H| PC ,pePC(J,i?) 


< 




Ar(g) 


(1 - e _At ) 


I PC 


We obtain that 


/ 79-1 79-1 \ 

IC&0(*)l < (1 - e" AT ) (1 + Ml) + ^ IMlJ (L f r + M f ) + (1 + IMIMV + M v ) 


VAr (q) 

+ (Ml + Mil + \\z2j\\)p(L v *r + M^) + ||* 3 || < r. 

This implies that Tcc £ B r . Thus %B r C B r . 

Step 2. T is a contraction operator on PC ( J, R). 

Let x, y £ B r . Then For each t £ J , we have 


|(Tx)(f) - CTy)(f)| := 


f e~ x ^ t ~ s ^I q ~ 1 f(s,x(s))ds + vi(t) [ e~ x ^ T ~ s ^I q ~ 1 f(s, x (s))ds 

Jo Jo 


+ v 2 {t)I q 1 f{T,x{T)) +v 3 (t)^2ip j (x(t j )) + v 4 (t)Y<Pj( x (tj) 

3=1 3 = 1 

p p p 

+ '52 z lj(t)‘Pj{x(t j ))+ Y ^2 j(t)<P*j(x(tj))- Y t Pj( X ( t 3)) + Z 3 (t) 

3=1 j=k+1 j=k +1 

f e - A (*-^F-i/( S) y ( S ))ds + Vl (t) [ T e-^^V- 1 f(s, y ( s))ds 
Jo Jo 

+ v 2 (t)I q ~ 1 f(T, y (T)) + v 3 (t) Y 'Pjiyfa)) + MO Y tfMO) 


3=1 


3 = 1 
p 


-Y Zl M0<p* j (y(t j ))+ Y Z2 i (OvjMO)) + Y VjMOO + z 3 (0 

3=1 j=fc+1 j—k+1 


9 


( 16 ) 
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\{^x){t) - := [ e A(t s) F 1 \f(s,x{s)) - f(s,y(s))\ds 

JO 

+ l«i(i)l / e" A(T ^ s) F _1 |/(s,ar(s)) - f(s,y(s))\ds 

JO 

+ \v 2 (t)\I q ~ 1 I f(T,x(T)) - f(T, y (T))| + \v 3 {t)\Y \<Pj(x(tj)) - ipj(y(tj))\ 


j =i 

+ MO Y kik(k) - Vj(y(tj))\ + Y \ z v\ (*) kjOkk)) - k*k(k')) 

3=1 3=1 


+ Y \ z v\( t )\ ( Pj( x ( t j)) 

j=k +1 


v*j(y(tj)) 1+ Y kik(k))l- 

i=fe+i 


Therefore, 


/ / rpq-l rjiq—\ \ 

l(£*)(f) - (£y)(*)l < ((atM (1 ■ e ) (1 + IHI) + r(g) 111/211 j ^ 

+ (! + INDp-^ + (INI + Iky II + II^IDpVO Ik-y||p C 
= i'x Ik — y\\pc ■ 

Thus, T is a contraction mapping on PC(J,R) due to condition (14). By applying the well-known Banach’s 
contraction mapping we see that the operator T has a unique fixed point on PC(J,R ). Therefore, the 
problem (1) has a unique solution. This completes the proof. ■ 

The second result is based on a known result due to Krasnoselskii. We state the Krasnoselskii theorem 
which is needed to prove the existence of at least one solution of (1). 

Theorem 7 . Let M be a closed convex and nonempty subset of a Banach space X. Let T-|, T 2 be the 
operators such that: 

1. TiX + T 2 y £ M whenever x,y £ M; 

2. Ti is compact and continuous; 

3. T 2 is a contraction mapping. Then there exists z £ M such that z = TiZ + T 2 z. 

Now, we replace (if 2 ) into the following condition: 

(H 4 ) | f(t, a:) | < n{t) for (t,x) £ J x R where p £ L° ( J ), a £ (0, q — 1). 

Theorem 8 Suppose that (H\),(Hs) and (Hj) hold. If 
(! + IN \)pL v + (|H| + |ky|| + \\z 2j \\)pL^ < 1. 

Then (1) has at least one solution on J. 

Proof. Let B r = {x £ PC(J,R), Ikllpc — r l- We choose 


r > ——pk 

“ r(g) 


| f T q ~ cr ~ 1 (l — e -AT ) 


A 


N) 


(i + IKI 


r nq—(T— 1 

-i^IM 


(N 


+ (1 + \\u 3 \\)pL v + (||t> 4 || + |ky|| + \\ z 2j\\) pL v * ■ 
The operators Ti and T 2 on B r are defined as: 


10 
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(Ti x)(t)= [ e A(t s) I 9 1 f(s,x(s))ds + v 1 (t) [ e X(T s) I 9 1 f(s,x(s))ds +v 2 (t) I 9 1 f(T,x(T)), 

Jo Jo 


and 


•— ^ 3 ^) ^ ^ + V4(t) 


i=i 


i=i 


j=i 


+ Z 2 X] e J fc ,/c = 0 ,l, ...,p. 

j=fe+i j=fe+i 


Step 1 . Tia; + T 2 2/ € B r whenever x,y £ B r . 

For any x,y £ B r and f € Jfc, using the assumption (H4) with the Holder inequality we get 


and 


Therefore, 


F (q- 


~Y)J 0 e A(t S) (J 0 ( S ~ T ) q 2 \f(T,x(T))\dT^j ds 


< 


0 -X(t-s) 


< 


r(q-l) Jo 

1 t q - a ~ 1 (l-e~ xt ) 

rfa)' 


(/ (s-r)l-o-drj |/(r, x(t))| o ds 


1 -O- MPII^ > 


,-HT- 


A(y^) 

/ r (s-r) q - 2 


1 0 r(g-l) 


/(r, x{r))dr ds 


< 


1 T q ~ a ~ 1 (1 - e~ XT ) 

fi' 


(^) 


1 — <T 


u 2 (t) 


r( 9 -i) Jo 


[ ( T-s) q 2 f(s,x(s))ds 
Jo 


< 


1 T q 


— a— 1 


r (q) (q-g-1 


(*&) 


l —a lieil L J 


1 / J'q-cr-l (l _ g-AT\ rpq-a -1 

11*1* + ^HpC < IMI L ± TT7-T - T 1 xl - CT j (l + INI) + 7-TT3F IN 

T q V A (^) (^) 

+ ((! + INI )pM v> + (IMI + ll^ijII + \\z 2j \\) pM v * < r. 

Thus, ||Tia; + 'l 2 y\\ < r, so lix + T 22 / € H r . 

Step 2. ‘Xi is compact and continuous. 

The continuity of / implies Xi is continuous, also Ti is uniformly bounded on B r as 

1 I T q ~ a ~ 1 (l — e~ XT ) nnq-cr- 1 

l|lix|| PC < MU = 7-7 - - 1 V + IMD + --n^lHI I U. 


r(?) 


(t?) 


N) 


11 
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For equicontinuity on [0, t \], let x £ B r and for any si, s 2 G [0, fi], si < s 2 , we have 

S {s-ry~ 2 


|(Xix)(s 2 ) ^ (Xix)(si)| = 


„ —A(s 2 —«) 


+ 


-Ul(S2 ) J 
V2(s 2 ) 

r(q-i)J 0 

si 


o-HT-8 ) 


o r(g-i) 

/ ’ s (a - r) 9-2 


/o r(g-i) 


/( T j x(r))drJ ds 

f(T,x(T))dr \ ds 


[ (T — s) 9 2 f(s, x(s))ds 
Jo 

■ s (s-r) 9-1 


'0 


Vl(si) 


a —A(si —s) 


= -A(T- s 


/o r (</ -1) 

/ r (s - r) 9_1 


/o r(g-l) 


/(T,x(r))drJ ds 
f(T,x(T))dr \ ds 


+ 


f2(si) 

r(g-i) A 


/ (T- s) 9 2 f{s,x(s))ds 
Jo 


ICTraOte) - (Ii*)(«i)| < (e" A(s2) - e"^) jT e As ^ 


(s-r) 


9-1 


F(g-i) 


■dr ds 


0 -A(s 2 --S 


(s-t) 


9-1 


/o r( g -i) 


-dr ds 


(s-r) 


r (<? - 1) 


+ |«l(S2) - «l(Sl)| j 6 ^ S) iyj 

+ |u2(s 2 )-V2(si)| fJ~J) J o ( T-s) q - 2 ds. 


■dr ds 


It tends to zero as si —* s 2 . This implies that Xi is equicontinuous on the interval [0, ti]. In general, for 
the time interval (tk,th+i\, we similarly obtain the same inequality, which yields that Xi is equicontinuous 
on interval (tk,tk+ 1]- Together with the PC- type Arzela-Ascoli (Lemma 4) theorem, we can conclude that 
Ti : B r —> B r is continuous and compact. 

Step 3. It is clearly that X 2 is contraction mapping. 

Thus all the assumptions of the Krasnoselskii theorem are satisfied. In consequence, the the Krasnoselskii 
theorem is applied and hence the problem (1) has at least one solution on J. ■ 

Our second existence result is based on the nonlinear alternative of Leray-Schauder type. Assume that 
(H 5 ) There exist d/ € PC ( J,R ) and T : R + —+ R + continuous and nondecreasing such that 


\f(t,x)\ < d/(t)4'(||a;||),for all (t,x) £ J x R, 
(He) There exist an number N > 0 such that 


Li ||'d|| 'f'(N) • 

Theorem 9 Suppose that (H\), (H 2 ), (Hg),(Hg) are hold. Then our BVP in (1) has at least one solution 
on J. 

Proof. Consider the operator X : PC (J, R) —> PC (J, R) defined by (15). It can be easily shown that X is 
continuous and compact, maps bounded sets into bounded sets in PC ( J,R ). Repeating the same process 
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in Step 2 of Theorem 8, we get 


|(Tx)(<)| < [ e A( * s) I 9 1 \f(s,x(s))\ds + |vi(t)| [ e X(T s) l q 1 \f(s,x (s))| ds 
Jo Jo 

+ \v 2 (t)\ I 9 " 1 |p(T)| + |l*(t)|£ \<Pj( x (tj))\ + M*)|£ I 


3 =1 
V 


3 =1 


+ £ Nij 0)1 + £ l^2j 0)| \<p*j(x{tj))\ + £ \<Pj(x(tj))\ + \z 3 (t)\. 

j=i j=fc+i i=fe+i 


Theorem 10 Proof. 


< f e x ^ S -I 9 1 ^/(s) \1/(||a;||) (is + | f e X ^ T s 4 9 1 ti/ (s) 'f' (||x||) cis 

Vo Jo 

+ \v 2 (t)\ I 9-1 |p(T)| i?/ (s) T (||x||) + \v 3 (t )\£ |^(a;(i j ))| + |^ 4 (t)| £ \<Pj(x(tj) 


i=i 


i=i 


+ £ |^-(i)| |< / 9*(a;(i i ))| + £ l^y 0)| |<^*(a;(i i ))| + £ \<Pj(x(tj))\ + \z 3 (t)\, 

j —i j=fc+i j=fe+i 


|x(i)| < |(Tx)(t)| < 


! ( T 9 "' 7 " 1 (1 - e~ XT ) 


r(g) 


A 


(fe 1 ) 


(i + IHI) + 


£9 


— cr— 1 


(^) 


t^im iiwimd 


+ (1 + \\v 3 \\)pM v + (||^ 4 || + ||zij + \\z 2 j\\)pM v * + ||z 3 || ■ 


Now, construct the set A = {x £ PC ( J,R ) : ||x|| < N} .The operator T :A —> PC (J,R) is continuous and 
completely continuous. From the choice of A, there is no x £ dA such that x = ATx, 0 < A < 1. As a 
consequence of the nonlinear alternative of Leray-Schauder type, we deduce that T has a fixed point x £ dA, 
which implies that the problem (1) has at least one solution. This completes the proof. ■ 


4 Example 

In this section we give some examples to illustrate the usefulness of our main results. 
Example 1. Consider the following ISFDE: 


( C D 2 + 2 C D 2 )x (t) = 0.01 (i 2 + sin t + 1 + tan 1 x(t)) , t £ [0,1], 
x(0) +x (0) = 7? 2 ,x(l) +x (1) = 772 , 

Ax{\) = A x(t k ) = O.Ol-l 3 ^, Ax'(^) = 0.01-j^L, k = 1,2, (17) 

4 1 + IMI 4 l + ||x|| 

Here t £ [0,1], let a- t = l,a 2 = l,fli = l,/3 2 = 1, fi = |,A = 2,T = 1 , 771,772 = 0, L V ,L V ,,= 0.01, 
f(t,x)) = L ( t 2 + sin t + 1 + tan -1 x) . 

A simple calculations show that 


L% 



(1 — e -2 ) (1 + 2.312) 



2.312 


0.01 + (1 + 1.312) 0.01 + (0.656 + 1.152 + 0.002) 0.01 < 1, 
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where we used the inequality 0.88 < T(|) < 0.89. 

To apply Theorem 6 we need to show conditions (Hi) —(H 3 ) are satisfied. Indeed, / is jointly continuous 
and 

(Hi) | f(t,x) — f(t,y )| = 0.011 tan~ l x — tan~ 1 y\ < 0.01|x — y\. 

(H 2 ) L% = 0.042 + 0.248 < 1. 

Therefore, by ( 6 ), ISFDE (17) has a unique solution on [0,1], 
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The Differentiability and Gradient for Fuzzy Mappings 
Based on The Generalized Difference of Fuzzy 

Numbers * 


Shexiang Hai] Fangdi Kong 

“ School of Science, Lanzhou University of Technology, Lanzhou, 730050, P.R. China 


Abstract In this paper, the concepts of differentiability and gradient for fuzzy mappings are presented 
and discussed using the characteristic theorem for generalized difference of n dimensional fuzzy numbers. 
The relationships of gradient, support-function-wise gradient and level-wise gradient are characterized. 
Keywords: Fuzzy numbers, Fuzzy mappings, Differentiability, Gradient. 

1. Introduction 

Since the concept and operations of fuzzy set were introduced by Zadeh [1], many studies have focused 
on the theoretical aspects and applications of fuzzy sets. Soon after, Zadeh proposed the notion of fuzzy 
numbers in [2, 3, 4]. Since then, fuzzy numbers have been extensively investigated by many authors. Since 
then, fuzzy numbers have been extensively investigated by many authors. Fuzzy numbers are a powerful 
tool for modeling uncertainty and for processing vague or subjective information in mathematical models. 

As part of the development of theories about fuzzy numbers and its applications, researchers began to 
study the differentiability and integrability of fuzzy mappings. Initially, the derivative for fuzzy mappings 
from an open subset of a normed space into the n dimension fuzzy number space E n was developed by 
Puri and Ralescu [5], which generalized and extended the concept of Hukuhara differentiability for set¬ 
valued mappings. In 1987, Kaleva [6] discussed the G-derivative, and obtained a sufficient condition for 
the H-differentiability of the fuzzy mappings from [a, b\ into E n as well as a necessary condition for the H- 
differentiability of fuzzy mapping from [a, b] into E 1 . In 2003, Wang and Wu [7] put forward the concepts of 
directional derivative, differential and sub-differential of fuzzy mappings from R n into E 1 by using Hukuhara 
difference. However, the Hukuhara difference between two fuzzy numbers exists only under very restrictive 
conditions [6] and the H-difference of two fuzzy numbers does not always exist [8]. The (/-difference proposed 
in [8, 9] overcomes these shortcomings of the above discussed concepts and the (/-difference of two fuzzy 
numbers always exists. Based on the novel generalizations of the Hukuhara difference for fuzzy sets, Bede 
[10] introduced and studied new generalized differentiability concepts for fuzzy valued functions in 2013. 

The purpose of the present paper is to use the fuzzy (/-difference introduced in [10] to define and study 
differentiability and gradient for fuzzy mappings. First of all, we give the preliminary terminology used in 
the present paper. And then, in Section 3, the differentiability and gradient were presented and the relations 
among gradient, support-f unction-wise gradient and level-wise gradient for fuzzy mappings are examined. 

2. Preliminaries 

In this section, basic definitions and operations for fuzzy numbers are presented [11, 12, 13, 14]. 

Throughout this paper, F(R n ) denote the set of all fuzzy subsets on n dimensional Euclidean space R n . 
A fuzzy subset u (in short, a fuzzy set) on R n is a function u : R n —> [0,1]. For each fuzzy sets u, we 

*This work is supported by National Natural Science Fund of China (11761047). 
tCorresponding author. Tel.: +86 931 2973590. E-mail address: haishexiang@lut.cn. 
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denote its r-level set as [u] r = {x € R n : u(x) > r} for any r € (0,1]. The support of u is denoted by 
supptt = {x € R n : u(x) > 0}. The closure of suppu defines the 0-level of u, i.e. [u]° = cl (suppu). Here 
cl(M) denotes the closure of set M. Fuzzy set u £ F(R n ) is called a fuzzy number if 

( 1 ) u is a normal fuzzy set, i.e., there exists an xq £ R n such that u(x o) = 1 , 

(2) u is a convex fuzzy set, i.e., u(\x + (1 — A )y) > min{w(;r), u(y)} for any x, y £ R n and A € [0,1], 

(3) u is upper semicontinuous , 

(4) [u]° = d(suppu) = cl(U rg ( 0 1 j[u] r ) is compact. 

We will denote E n the set of fuzzy numbers [11, 12, 13]. 

It is clear that any u £ R n can be regarded as a fuzzy number u defined by 


i(x) = 


1 , x — u, 

0 , otherwise. 


In particular, the fuzzy number 0 is defined as 0(ai) = 1 if x = 0, and 0(:r) = 0 otherwise. 

Theorem 2.1. [ 6 , 13] If u £ E n , then 

(1) [u] r is a nonempty compact convex subset of R n for any r € (0,1], 

(2) [u] ri C [ u] r 2 , whenever 0 < r 2 < »T < 1, 

(3) if rfc > 0 and r is a nondecreasing sequence converging to r £ (0,1], then n^Li]^] 1 " = [w] r - 
Conversely, if {[T] r C JP : r £ [0,1]} satishes the conditions (l)-(3), then there exists a unique u £ E n 

such that [n] r = [A] r for each r £ (0,1] and [u]° = cZ(U rg ( 0 1 ][u] r ) C A 0 . 

Let u, v £ E n and k £ R. For any x £ R n , the addition u + v and scalar multiplication ku can be defined, 
respectively, as: 

(u + v)(x)= sup min{u(s), n(<)}, 

s-\-t=x 

{ku)(x) = ^ 0, 


(0u){x) = 


0, X 0, 
1 , x = 0 . 


It is well known that for any u, v £ E n and k £ R, the addition u + v and the scalar multiplication ku have 
the level sets 

[u + v\ r = [u) r + [v] r = {x + y : x £ [u\ r , y £ [vf}, 

[ku} r = k[u] r = {kx : x £ [S] r }, 

for any r £ [ 0 , 1 ]. 

The Hausdorff distance D : E n x E n -£ [0, +oo) on E n is defined by 


D(u,v)= sup d([u\ r ,[v} r ), 

re[o,i] 

where d is the Hausdorff metric given by 

dilWAW) = inf{£ : [u} r C N(fi} r , e), [d] r C IV([5] r ,e)} 

= max{sup a6[5] r inf fee [p] r ||a - 6 ||, sup 6 e[ q. inf ae[2] r ||a - 6 ||}. 

1V([u] t ',£) = {x £ R n : d(x, [u] r ) = inf^gpjr d(x,y) < e} is the £-neighborhood of \u[ r . Then ( E n ,D ) is a 
complete metric space, and satisfies D(u + w,v + w) = D(u,v), D(ku,kv) = \k\D(u,v) for any u,v,w £ E n 
and k £ R. 
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Let S" 1 = {x G R n : ||x|| = 1} be the unit sphere of R n and (-,■) be the inner product in R n , i.e. 
(x,y) = YJi=i x iVi’ where x = (x 1 ,x 2 ,- ■ -,x n ) G R n , y = (j/i, 2 / 2 ,- ■ -,y n ) G R n ■ Suppose u G E n , r G [0,1] 
and x G S'" -1 , the support function of u is defined by 

u*(r,x ) = sup (as,a:). 

a£[u] r 

Theorem 2.2.[14] Suppose u G E n , r G [0,1], then 

[w] r = {y G R n : (y,x) < u*(r,x),x G S" -1 }. 

The theorem below will give some basic properties of the support function. 

Theorem 2.3.[14, 15] Suppose u G E n , then 

( 1 ) u* (r, x + y) < u* (r, x) + u* (r, y ), 

(2) u*{r,x) < sup ae j S ]r || a ||, i.e. u*(r,x) is bounded on S ” -1 for each fixed r G [0,1], 

(3) u*(r,x) is nonincreasing and left continuous in r G [0,1], right continuous at r = 0, for each fixed 
x G S" -1 , 

(4) u*(r,x) is Lipschitz continuous in x, i.e. 

I u*{r,x) - u*(r, y)\ < ( sup ||as||)||x - y||, 
aG[w] r 


(5) if u, v G E n , r G [0,1], then 

d([u\ r ,[v] r ) = sup \u*(r,x)-v*(r,x)\, 
xes "- 1 

(6) (u + v)*(r, x) = u*(r, x) +v*(r, x), 

(7) (ku)*(r,x) = ku*(r,x), for any k > 0, 

( 8 ) — u*(r, — x) < u*(r,x), 

(9) (— u)*(r,x) =u*(r,—x). 

Definition 2.1. [10] The generalized difference (^-difference for short) of two fuzzy numbers u, v G E n is 
given by its level sets as 

[u Q g v\ r = cl( [J {[uf e gH [x]' 3 )), r G [0,1], 

/3>r 

where the glL-difference Q 9 h is with interval operands [u] 13 and [x]^. 

Remark 2.1. A necessary condition for uQ g v to exist is that either [u] r contains a translate of [x] r or [x] r 
contains a translate of [u\ r for any r G [0,1]. 

Theorem 2.4. [15] Let u, v G E n . If the ^-difference u Q g v of u and v exists, then for any r G [0, 1] and 
x G S'" -1 , we have 

( 1 ) sup / 3 > r (w*(^,x)-x*(/3,x)), 
or ( 2 ) sup j 3 > 1 ,((—x)*(/3, x) - x)), 

( 1 ) sup / 3 > r (u*(^,x)-x*(/3,x)), 
or (2) sup^ > r (v*{P,-x)-u*{P,-x)). 


(■ uQ g v)*(r,x ) = 


Theorem 2.5.[15] Let i,?G E n . Then 

( 1 ) if the ^-difference exists, it is unique, 

( 2 ) u Q g u = 0 , 

(3) (u + v) Q g v = u, (u + v) Q g u = v, 

(4) uQ g v = -(v Q g u). 
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3. The differentiability and gradient for fuzzy mappings 


In [5], Puri and Ralescu defined the ^-derivative of fuzzy mappings from an open subset of a normed space 
into n-dimension fuzzy number space E n by using Hukuhara difference. In [7], Wang and Wu defined the 
directional ^-derivative of fuzzy mappings from R n into E 1 . Based on the generalizations of the Hukuhara 
difference for fuzzy sets, Bede [10] introduced and studied new generalized differentiability concepts for fuzzy 
valued functions from R into E 1 . The new generalized differentiability concept is a useful and applicable 
tool dealing with fuzzy differential equations and fuzzy optimization problems. In the following, using the 
characteristic theorem for generalized difference of n dimensional fuzzy numbers introduced in [15], we define 
and study differentiability and gradient for fuzzy mappings. 

Definition 3.1. Let F : M —>■ E n , t 0 = , t^) € int M and t = {t\,t 2 ,--- ,t m ) G int M. If 

^-difference F(t) Q g F(to) exists and there exist Uj G E n (j = 1, 2, • • • , m), such that 

Inn --- i - — = 0, 

t—*t o d[t , to) 


then we say that F is differentiable at to and the fuzzy vector (iq, u 2 , ■ ■ • ,u m ) is the gradient of F at to, 
denoted by VF(fo), i.e., VF(f 0 ) = (■ Ui,u 2 , • • • , u m ). 

Remark 3.1. Let F : M —► E n , to = (t?,--- ,, - - - ,t^) € int M and h G R with t = (t?,--- , + 

h, ■ ■ ■ , t%) G int M. Then the gradient VF(t 0 ) exists at to if and only if F(t) Q g F(to) exists and there are 
Uj G E n (j = 1,2, ■ • • , m), such that 


u-j = lim 
J o 




, + h, 


A 


i) ©s F(ti , 


t° ■ 

> > 


t° ) 

i L m) 


Here the limit is taken in the metric space ( E n , D). 

Theorem 3.1. The gradient VF(<) of fuzzy mapping F : M E n is unique if it exists. 

Proof. Suppose we have two gradients (u\, u 2 , ■ ■ ■ , u rn ) and (vi, v 2 , ■ ■ ■ , v m ) for fuzzy mapping F at to- 
For any e > 0, according to Remark 3.1, there exist two positive real numbers 5\ and 5 2 , when \h\ < di, we 
have 


D(F(t ?, • • • , + h, ■ ■ ■ , t° m ) Q g F{t\, • • • , t°j, ■ ■ ■ , t° m ), huj ) < 0' = !» 2 r • - , rn), 


when \h\ < S 2 , we have 


I h\ 


D(F(ti, ■ ■ ■ ,t” + h,--- ,0 e g F(tr m ),hvj) < —e (j = 1,2,--- ,m). 


Setting \h\ < min(<5i,^ 2 ), we obtain, 


D(uj, Vj ) 




= D{huj,hvj) 

< jj^D(F(ti, ■ ■ ■ ,t° + h,-- 

• iO ©s F(ti,- ■ ■ 

■ t° ■■ 

, I'j, 


+ \k\ D A{ti,'“ + h,-■ 

‘ >*m) ©9 F(tir ' ' 

■ t° •• 

5 V 

• > tm),hVj) 


< £. 


Then Uj = Vj (j = 1,2, • ■ • , m), which implies that the gradient VF(f) of fuzzy mapping F at to is unique. 

Definition 3.2. Let F : M E n , to = {t^t®,--- ,G intM and t = (ti,t 2 ,--- ,t m ) G int M. If there 
exist Uj G E n (j = 1 , 2, • • • , in), such that 

\F(t)*(r, x) ^ F(to)*(r, x) - fy I _ 

d(t,to) 
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uniformly for any r G [0,1] and x £ S n then we say that F is support-f unction-wise differentiable (s- 
differentiable for short) at 4 0 and the fuzzy vector (Sq, u 2 ,--- ,u m ) is the support-function-wise gradient 
of F at t 0 , denoted by V S F(4 0 ), he., X7 s F(t 0 ) = (u lf u 2 ,--- ,u m ). 

Remark 3.2. Let F : M E n , to = (t?,--- , ■ , 4^) £ int M and h £ R with t = (4?,--- , 4° + 

h, ■ ■ ■ ,4^) £ intM. Then the support-f unction-wise-gradient V s F(to) exists at to if and only if there are 
Uj € E n (j = 1,2, ■ ■ ■ , to), such that 


■ (r, x) = lim 




>tj + h,-- 


,tl)*{r,x)-F{t\,---, 4° 




h-> 0 


h 


uniformly for any r £ [ 0 ,1] any x £ S " -1 . 

Theorem 3.2. The support-function-wise gradient \7 s F(t) of fuzzy mapping F is unique if it exists. 

Theorem 3.3. If fuzzy mapping F : M -£ E n is s-differentiable at to £ intM , then —F is s-differentiable 
at to and 


V s (-F(4 0 )) = -V a F(t 0 ). 


Proof. If F : M —> E n is s-differentiable at to, then there exist Uj £ E n (j = 1,2, • • • , to), such that 

| F(t)*(r,x) - F(t 0 )*(r,x) £”1* S* (r, *) (4, ~ *°)l n 

lim - 77 --—--= 0 , 

t—d(t, to) 

uniformly for any r G [0,1] and x G 5 n_1 , where t = (ti, 1 2 , • • • , t m ) G intM, then 

m 

F(t)*(r,x) - F(t 0 )*(r,x) = '^u*(r,x)(t j - tf) + o(d(t, t 0 )), 

j -1 

uniformly for any r £ [0,1] and x £ S'" -1 . It follows from Theorem 2.3 that 

{-F(t))*{r,x) - (~F(t 0 ))*(r,x) 

= F(t)*(r,-x) - F(t 0 )*(r,-x) 

= ££L i - fy + °( d 0> *o)) 

= E^=i(-«j)*(r,*)(tj -1§) + o(d(t,t 0 )), 

uniformly for any r £ [0,1] and x £ S'” -1 . Thus 

|(-F(4))*(r,z) - (-F(to))*(r,x) - E^=i(-«j)*(n*)(*j - *?)| n 
t—>to d(t, to) 

uniformly for any r £ [0,1] and x £ S n ~ 1 , which implies that —F is s-differentiable at to and V s (— F(to)) = 

— V s F(to)- 

Theorem 3.4. Let F : M —> E n , t 0 = (t®, - ■ ■* ,4°, ••• , 4°J £ int M and h £ R with t = (4°,--- ,4° + 
ft, ■ ■ • ,4^) G intM. If the support-function-wise gradient V S F(4) exists at 4o G intM and (/-difference 
P(4 q + ft) Q g F(to) exists, then the gradient VF(4) of F exists at 4 q and we have 


b = v i ti = 1,2, -- ,to), 


where VF(4 q) = («i, u 2 


5 5 


), V S F(4 0 ) = (ill, t> 2 , 


0 - 


Proof. Let 

sets 


F(t)e ^ f(to) = O = G E n . We can show that the class of 

A r = {y£ R n : (y,x) < lim( ^^ ^^ )*(r,x),x £ S’" -1 } 
h-t o n 
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satisfies the conditions of Theorem 2.1. 

(1) It follows from Theorem 2.1 that 

{(u^Y = {y £ R n : (y,x) < ( F{t) e ° F[to) y(r,x),x e S^ 1 } 
is a nonempty compact convex subset of R n for any r € (0,1], then 

A r = {y £ R n : {y,x} < \im( F ^ 99 (r,x),x £ S’" -1 } 

o ft 

is also a nonempty compact convex subset of R n for any r £ (0,1]. 

(2) When 0 < r 2 < n < 1, [{uj) h ] ri Q [{uj)h] r2 , then 

me'9Fit,) < F(t)e g nt 0 ) 

h h 

for any x G S n_1 . Thus, 


,F{t) &g F(t 0 ), 


f R(t) ©s F(t o). 


lim( - " g -— )*(n,a;) < lim(-- s ' )*(r 2 , a;), 




ft 


h-y 0 


which implies that 


A-i = {yg^*: (y,s) < lim/ 1 _ > .o( ^ (t)e ^ F( ' n) )*(ri,x),x € 5 1 " *} 

C {y £ R n : (y,x) < \im h ^ 0 ( ^ We ^ (ta) )*(r 2 , x), x £ S'" -1 } 


— A 2 ■ 


(3) For any increasing to r £ (0,1], since flfcLi[( u j)/i] rfc = that 


, F(t) Q g F(t 0 ) 

k—yoo h 


inn ( - ^' Y(r k ,x) = ( - ^ ^ )*(r,x), 


/Fit) Qg F(t 0 ), 
ft 


for any x £ S n i . Thus 


,F{t)e g F(t 0 ) F(t)Q g F(t 0 ) 

hm lim(- f -) (r fc ,®)= lim(-f-) (r,x) 

k—>o o /i—>-0 h h —>0 ri 


which implies that 


f"') A„ — A r . 


k=l 


Then, there are Uj £ E n , such that [ujY = A r and [uj]° = Ure(oi][“l r — A ( j = 1 , 2 , 
re (0,1]. 

When ft, > 0, it follows from Theorem 2.3 that, 


, m) for any 


F{t) Q g F(to) 


y(r,x) = -(F(t) Q g F(t 0 )y(r,x), 


for any r £ [0,1] and x £ S n . For any r £ [0,1] and x £ S n , if taking 

(F(t) Q g F(t 0 )y(r,x) = sup (F(t)*(P,x) - F(t 0 )*{l3,x)), 

(3>r 


then 


u*(r,x) = lim fe _>o( F(t)e . gF( * Q) )*(r, x) 


lim, F(t)*(M-F(toy(0,x) 

— llTR-h-tO ^^P/3>r h 


= sw Pp> r Vj{P,x). 
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According to Theorem 2.3, for any e > 0, there is <5 > 0, when h < 8, we have 
D( F{t)e ° FU °) ,Uj) 

= sup r6[oa] sup xeS n-r \ ( FWe Z F{lo) )*(r,x) - u*(r,x)\ 

F{t)* (p,x)-F(t 0 y {P,x) 


su Pre[o,i] su Pxes>-i | su P)3 > r -.. f '. - sup^ V*(/3, x)| 


< £. 


Then, the gradient VF(fo) = (ui, « 2 , • • • , u m ) of F exists at to and we have 


u* (r, x ) = sup v* (/?, x) = v* (r, x), 

(3>r 

for any r £ [0,1] and x € S'™” 1 . On the other hand, for any r € [0,1] and x £ S™” 1 , if taking 
(F(t) Q g F(t 0 ))*(r,x) = sup (F(t 0 )*(P, -x) - F(t)*{P , -x)), 

(3>r 

we have from Theorem 2.3 and Theorem 2.5 that 

u* (r, x) = lim h ^ 0 ( F(t)e ° Fl - ln) )*{r,x) 

= lim h _> 0 \ ( Fit) Q g F(t 0 ))* (r, x) 

= lim/,_> 0 Qg F(t))]*(r,x) 

= lim h _> 0 \ (F{to) Qg F(t))* (r, -x) 

— lim, -nn F(' t T(P^)-F{t 0 Y{p,x) 

— mir^o su P/3>r - h - 


F(ty(/3,x)-F(t 0 y(p,x) 

h 


= sup^ lirn^o 
= sup p^VjifiiX). 

According to Theorem 2.3, for any e > 0, there is <5 > 0, when h < 8, we have 
D{ F{t)e ° F(to) ,Uj) 

= su Pre[ 0 ,i] sup^ggn-i \ ( FWe Z F{la) )*(r,x) - u*(r,x)\ 

= sup re[0il] SUp xeS n-i I SUp^ F(t) O,r)-fpo) (/J.x) __ sup ^ £*(/?, X)\ 

< £. 

Then, the gradient VF(t 0 ) = (Si, « 2 , • • • , u m ) of F exists at t. 0 and we have 

u*(r,x) = supu* (/?, x) = Vj(r,x), 

/3>r 

for any r £ [0, 1] and x £ S™” 1 . When h < 0, it follows from Theorem 2.3 and Theorem 2.5 that, 

( Twypo ) yM = _i { _ { F{t)e g F( t o))Y{ r , x ) 

= -\{F{t 0 )Q g F{i))*{r,x), 

for any r £ [0, 1] and x £ S™” 1 . For any r £ [0, 1] and x £ S™” 1 , if taking 

(F(t) Q g F(t 0 ))*(r,x) = sup (F(t)*((3,x) - F{t 0 )*(P,x)), 

p> r 
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i.e. 


then 


(F(to) O g F(t))*(r,x) = sup (F(t 0 )*(fi,x) - F(t)*(P,x)), 


fi>r 


){r,x) = lim; t _> 0 ( F(f) y (to) )*{r,x) 


= lim/, 


F(ty(p,x)-F(t 0 y(p,x) 


Tft-J-O su P/3>r h 

= sup 0 > r v*(/3,x). 

According to Theorem 2.3, for any e > 0, there is <5 > 0, when —h < 8, we have 

D { F< ' t)e ° F{t °) ,Uj) 

= suPrcjo.i] su Pa , eS „_i \ ( Fwe ,f {lo) )*(r,x) - Uj(r, x)\ 

= sup re[0)1] SUp xeS n-4 I sup^r F(t) hYr) _ sup ^£*(/?, x)\ 

< £. 

Then, the gradient VF(to) = (u\, u 2 , • • • , u m ) of F exists at to and 

u*(r,x) = supu* (/?, x) = v*(r,x), 

(3>r 

for any r € [0,1] and x € S'™ -1 . On the other hand, for any r € [0,1] and x € S” -1 , if taking 
(F(t) Q g F(t 0 ))*(r,x) = sup (F(t 0 )*(P, -x) - F(t)*{P, -x)), 

13>r 

we have from Theorem 2.3 that 

u*(r,x) = lim /,^0 ()*(r, x) 

= lim h ^o[-l{F(t)e g F(to))*(r,x)} 

= lim^ 0 [-i sup p> r (F(t 0 )*(p, -x) - F(t)*(/3, -a;))] 

_ 1™, o lln F(ty(p,x)-F(t 0 )*(p,x) 

— iiin/i—>■() sup p> r ^ 

— "im lim. F(ty(0,x)-F(t o y(p,x) 

— su P/3>r mU/i-j-O - h - 

= supp> r Vj(P,x). 

According to Theorem 2.3, for any £ > 0, there is <5 > 0, when —h < 5 , we have 

D { F[ t) e ° F(t o) ,Uj) 

= sup re[0jl] sup xeS „-.i \ ( F(t)e Z F ^ o) )*(r,x) - U*(r,x)\ 


su Pre[o,i] sup x6S „-i I sup^,, - - — h . .. - su P/3 > r v*(/3, x)| 


F(ty (P,x) — F(t 0 y (P,X 

UVe[0,l] OLt Ua:eS"- 1 I ou P^>r 

< £. 

Then, the gradient VF(to) = (u\, U 2 , ■ ■ ■ , u m ) of F exists at to and 


u* (r, x) = sup v* (/?, x) = v* (r, x), 

(3>r 


for any r € [0,1] and x € S" 
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The converse result of Theorem 3.4 is not necessarily true, and hence the ^-differentiability and the 
s-differentiability are not equivalent concepts. 

Definition 3.3. Let F : M —» E n , <o = ‘'' >4n) ^ intM and t = (ti,t 2 , • • • , t rn ) G intM. If for any 

r G [0, 1], F r (t) Q 9 h F r (to) ( F r (t ) = [F(t)] r ) exist and there exist Uj G E n (j = 1,2, • • • , m), such that 

d(F r (t)G gH F r (t 0 ),Y%Li[uj] r (tj -f°)) 

lim - 77 -7- = 0, 

t—tt 0 d(t,to) 


uniformly for any r G [0,1], then we say that F is level-wise differentiable at t o and the fuzzy vector 
(Si, S 2 ,--- ,S m) is the level-wise gradient of F at to, denoted by ^b-F(^o), i.e., ^7iF(to ) (u\^U 2 ^ * * * >Umf 

Remark 3.3. Let F : M —> E n , t 0 = (t?,--- , G intM and h G i? with t = (t?,--- , + 

h, ■■■ , t^) G intM. Then the level-wise gradient V/F(t) exists at to if and only if for any r G [0,1], 
F r (t) F r (to) exist and there are Uj G E n (j = 1,2, • ■ ■ , m), such that 




= lim 
h->0 


F r (t°i,--- ,t° + /i, ••• ,0 F r (t?, 


t° 1 

L m) 


uniformly for any r G [0,1]. 

Here the limit is taken in the metric space (X", d). 

Theorem 3.5. The level-wise gradient S7 s F(t) of fuzzy mapping F : M E n is unique if it exists. 

Theorem 3.6. Let F : M —> E n , t 0 = (t°, • • • , t °, • • - , G intM and h G R with t = (t?,--- , t° + 
h, ••• , t^) G intM. If the level-wise gradient V;F(to) exists at to G intM and (/-difference F(t) Q g F(to) 
exists, then the gradient Vf(t) of F exists at to and we have 


u i = v j U = 1,2, - - - , to), 

where VF(t 0 ) = (Sq, u 2 ,"- , »m), V;F(t 0 ) = (tq, n 2 , • , v m ). 

Proof. According to Definition 2.1, for any e > 0, there is S > 0, when \h\ <5, we have 

, * 1 ) ~ \ 

u \ h F’j) 

= su Pre[0il] d{cl{ U /3 > r X(*)e g «X(«o) ^ [u)] r ) 

< SU Pre[0;1] SU P/3 > r d { Fp(t)ea £ Fp{t °) , [Ujf) 

< e. 


Then, the gradient VF(to) = (iq, « 2 , ■ ■ ■ , « ra ) of F exists at to and Uj = Vj (j = 1,2, • • • , m). 


4. Conclusion 

This article is to use the generalized difference of n dimensional fuzzy numbers introduced in Bede and 
Stefanini [10] to define the differentiability and gradient for fuzzy mappings. Additionally, we have examined 
the relationships between the concepts of gradient, support-function-wise gradient and level-wise gradient 
for fuzzy mappings. The results from our study can be applied directly to fuzzy differential equations. The 
next step for the continuation of the research direction proposed here is to investigate the sub-differential of 
n dimensional fuzzy mappings and applications in the convex fuzzy programming. 
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ABSTRACT 

Our aim in this paper is to study the global stability character and the periodic nature of the solutions of the 
difference equation 

b T CX n —} i 

x n+ i = ax n -i + - ---, n = 0,1,..., 

dx n — s T cx n —t 

where the initial conditions X- r , x_ r +i, X- r + 2 , ■■■, xq are arbitrary positive real numbers, r = max{Z, k, s, t} is 
nonnegative integer and a, b , c, d, e are positive constants.Finally, some numerical examples are presented and 
graphed by Matlab. 


Keywords: stability, periodic solutions, global attractor, difference equations. 

Mathematics Subject Classification: 39A10; 40A05. 


1. INTRODUCTION 

Difference equations or discrete dynamical systems are diversed field which impact almost every branch of pure 
and applied mathematics. Every dynamical system a n +1 = f(a n ) determines a difference equation and vice 
versa. Recently many researchers have studied the global attractivity, boundedness character and the periodic 
nature of nonlinear difference equations see for example [1-42]. One of the reasons for this is a prerequisite for 
some approaches, which can be used in inspecting equations arising in real life situations that can be model 
mathematically. The theory of difference equations and dynamical systems is developed during the last thirty 
years and there is no doubt that it will continue to play an important role in mathematical models describing 
real life situations and in many applied sciences, such as biology, physiology, ecology, engineering, economics, 
physics, probability theory, genetics, computers and resource allocation. 

It is very interesting and attractive for the researcher to study the behavior and solution of nonlinear rational 
difference equations .Most of the real life phenomana has been solved by using these equations, examples include 
in [3,7,11,12] . Recently, many researchers have investigated the asymptotic behavior and periodic nature of 
rational difference equations for example in [36] R. Khallaf Allah investigated the asymptotic behavior and 
periodic nature of the following difference equation 

x n—2 

x n +1 7T • 

1 it X n X n —\X n —2 

G. Ladas et. al [8], investigated the asymptotic behavior and boundedness of the solution of the difference 
equation 

_ (a + /3x n + 7 :r n _i) 

(A + Bx n + Cx n -\) 
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E. M. E. Zayecl [33] studied thequalitative properties of the nonlinear difference equation 

OtXn—$ 

x n +1 = • 

P + 7 x n-r 

Yalgmkaya [32] has studied the following difference equation 


Xn+l — ol + 


Xn—r. 


Taixiang Sun et al 


considered the class of nonlinear delay difference equation 

Afi {Xrn ’•”> X-n—k ) “1“ ^/2(^n) •••? X n —k') f3 (*^n? •••? X n — /-) C 


Xn +1 — 


a/iO 


n? •••5 


— k)f2(x n , •••? X n —k) ~\~ 0fs(x ni •••? X n — k) +7 


The goal of this paper is to determine the global stability character and the periodicity of the solutions of 
the difference equation 

l 6 + cx n —k n i /'ll 

£n+i = ax n ~i + —---, n = 0, 1, (1) 

dx n — s T cx n —t 

where the initial conditions X- r , a:_ r +i, a;_ r + 2 , 2:0 are arbitrary positive real numbers, r = max{Z, k, s , t} is 
nonnegative integer and a, 6 , c, d, e are positive constants. 

" Here, we recall some basic definitions and some theorems that we need in the sequel. 

Let / be some interval of real numbers and let 


F : I r+1 -> I, 


be a continuously differentiable function. Then for every set of initial conditions x_ r , x_ r +i, ..., Xq £ I, the 
difference equation 

Xn +1 — F(x n , X n — 1, ..., X n — r ) , Tl — 0,1,..., (2) 

has a unique solution {x n }^L_ r . 

A point x £ I is called an equilibrium point of Eq. (2) if 

x = f(x, x, ..., x). 

That is, x n = x for n > 0, is a solution of Eq. (2), or equivalently a; is a fixed point of /. 

Definition 1.1. (Periodicity) A sequence {x n }^L_ k is said to be periodic with period p if x n+p = x n for all 
n > —k. 

Definition 1.2. (Stability) (i) The equilibrium point x of Eq. (2) is locally stable if for every e > 0, there 
exists 5 > 0 such that for all X- r ., X- r +i, ...,X-\, Xq £ I with 

\x- r - x\ + |a;_ r+ i — x\ + ... + |x 0 - x\ < <5, 


we have 


\x n — x\ < e for all n > —r. 

(ii) The equilibi'ium point x of Eq. (2) is locally asymptotically stable if x is locally stable solution of Eq.(2) 
and there exists 7 > 0, such that for all X- r , X- r + 1 , ...,x^\, Xq £ I with 


\x- r — x\ + |a;_ r+ i — a;| + ... + \xq — x\ < 7 , 


we have 


lim x n = x. 

n —xx) 
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(Hi) The equilibrium point x of Eq. (2) is global attractor if for all X- r , X- r +i, ...,X-i, Xo G I, we have 

lim x n = x. 

n—> oo 

(iv) The equilibrium point x of Eq. (2) is globally asymptotically stable if x is locally stable, and x is also a 
global attractor of Eq. (2). 

(v) The equilibrium point x of Eq.(2) is unstable ifx is not locally stable. 


The linearized equation of Eq. (2) about the equilibrium x is the linear difference equation 


E dF(x,x,...,x) 

dx _ Vn—i' 


i =0 

Theorem A [26]: Assume that p, q G R and r G {0, 1, 2, ...}. Then 

\p\ + w\ < i, 

is a sufficient condition for the asymptotic stability of the difference equation 

x n+ 1 +px n + qx n - r =0, n = 0, 1, .... 


Remark 1. Theorem A can be easily extended to a general linear equations of the form 

X n+r T Pl^n+r—1 A T Pr%n — 0? — 0, 1, ..., 

where p\,p- 2 , ...,p r € R andr € {1,2,...}. Then Eq.(f) is asymptotically stable provided that 

E \Pi\ < !• 

i =1 


(3) 


(4) 


Consider the following equation 

X n +1 g{Wm W n —\, ..., X n —K^)i 17 — 0? 1? 2, — (5) 

The following theorem will be useful for the proof of our results in this paper. 

Theorem B [27]: Let [a, f3\ be an interval of real numbers and assume that 

9 ■ [a, /3] k+1 -> [a, 0\ 

is a continuous function satisfying the following properties : 

(a) g{x\, X 2 , •••, Xk+i) is non-increasing in one component (for example x a ) for each x r (r ^ cr) in [a, /?], 
and is non-increasing in the remaining components for each x„ G [a, /?] 

(b) If (m, M) G [a, (3\ x [a, j3\ is a solution of the system 

M = g(m, m, ..., m, M, m, ..., m, m) and m = g(M, M, ..., M, m, M, ..., M, M), 

then 

m = M. 

Then Eq. (5) has a unique equilibrium x G [a, 0] and every solution of Eq. (5) converges to x." 
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2. LOCAL STABILITY OF THE EQUILIBRIUM POINT OF EQ. (1) 

In this section we study the local stability character of the solutions of Eq. (1). The equilibrium points of Eq. 
( 1 ) are given by the relation 

_ _ b + cx 

x = ax + —-—. 

ax + ex 

If a / 1, d + e — ae — ad ^ 0, then the positive equilibrium point of Eq. (1) is given by 


_ — c + \J 4 be + 4 bd + c 2 — 4abe — 4 abd 

2 (a — 1 ) (d + e) 

Let / : (0, oo ) 4 —► (0, oo) be a function defined by 


, . b + cu\ 

J(Uq, Ul, U 2 , U 3 ) = au 0 + -7 -;-• 

du 2 + eu 3 


Then we see that at x = ~ c+V4b ^ ( t-vf d +e) be ~ 4abd 


df(x, 

X, 


x) 


du 0 



df(x, 

x, 

Xp_ 

x) 


du 2 



df(x, 

X, 

X, 

x) 


du 3 


df(x, x, x, x) 2c(a(d + e) — l) 

® C 0 ’ o ~7 \ ^1 

d Ul ( — c + sj(Abe + Abd + c 2 — 4a&e — 4abd)\ (d + e) 

(2 (a(d + e) — 1 ))d [c^J (4 be + 4 bd + c 2 — 4a6e — 4 abd) + 2 ba(d + e) — c 2 — 26^ 

(d + e) 2 (—c + VAbe + 4 bd + c 2 — 4a6e — 4a&d)" 

(2 (a(d + e) — l))e(c\/ (4&e + 46d + c 2 — 4a6e — 4abd) + 2ba(d + e) — c 2 — 2b) 

{d + e) 2 (—c + V46e + 4 bd + c 2 — 4a&e — 4 abd) 2 


Then the linearized equation of Eq.(l) about a; is 


Un+i + coUn-i + Ciy n -k + C 2 y n -s + c 3 y n -t — 0. 

3. EXISTENCE OF PERIODIC SOLUTIONS 

In this section we study the existence of periodic solutions of Eq. (1). 

Theorem 3.1. Eq. (1) has a prime period two solutions if and only if 

c 2 (a + 1) — 4a 2 b(d + e) > 0, k, l, s, t — even. (7) 


Proof: First suppose that there exists a prime period two solution 


..., p, q, p, q, ..., 


of Eq. (1). We will prove that Condition (7) holds. 

We see from Eq. (1) ( when k, l, s, t— even ) that 


p = aq + 


b + cq 
dq + eq' 


q = ap + 


b + cp 
dp + ep 


Then 


p = aq + 


b + cq 
(d + e)q’ 


q = ap + 


b + cp 
{d + e)p 
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(d + e)pq = a(d + e)q 2 + b + cq, 

(8) 

and 

{d + e)pq = a(d + e)p 2 + b + cp. 

(9) 

Subtracting (9) from (8) gives 

0 = a(d + e){p 2 - q 2 ) + c(p - q). 


Since p q, it follows that 

c 

P + ( l = (A J I' 

a(a + e) 

(10) 

Again, adding (8) and (9) yields 



2 (d + e)pq 

= a{d + e){p + q) 2 - 2 a{d + e)pq + 2 b + c{p + q) 

(ID 

It follows by (10), (11) and the relation p 2 + q 2 = (p + q) 2 — 2 pq for all p, q € R that 



b 

Pq (a + l)(d + e) 

(12) 


Now it is clear from Eq. (10) and Eq. (12) that p and q are the two positive distinct roots of the quadratic 
equation 

t 2 + (y^e)) t+ ((a+l)We)) = 0 ’ ( 13 ) 

a(d + e)(a + l)t 2 + c(a + 1 )t + ab = 0 , 

and so 

(c(a + l )) 2 — 4a 2 6(d + e)(a + 1) > 0 

thus 

c 2 (a + 1 ) — 4 a 2 b(d + e) > 0 

Therefore Inequality (7) holds. 

Second suppose that Inequality (7) is true. We will show that Eq. (1) has a prime period two solution. 
Assume that 

—c(a -P 1) -P y/j3 —cA -p 

P 2a(a+l)(d + e) 2 aAB 

and 

q= where A= ( a + 1 )’ B = (d + e) 

where fd = c 2 (a + l ) 2 — 4a 2 &(a + 1 )(d + e). 

We see from Inequality (7) that 

(c(a + l )) 2 — 4 a 2 b(d + e)(a + 1 ) > 0 

then after dividing by (a + l)we see that 

=> c 2 > 4 a 2 b(d + e ) 

Therefore p and q are distinct real numbers. 

Set 


x-i = p, x- i+ i=q, ,x- k =p, x- k+ i = q, 

x-s = p, a;_ s+ i = q, X- t = p, X- t +\ = q and x 0 = p- 


298 


El-Dessoky ET AL 294-304 



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 27, NO.2, 2019, COPYRIGHT 2019 EUDOXUS PRESS, LLC 


We wish to show that 
It follows from Eq. (1) that 


X\ = X-i = q and X 2 = Xq = p. 


X\ = ax-i 


b + cx_k 
dx- s +ex-t 


b + cp 

= ap+ - -= ap 

dp + ep 


b + cp 
(d + e)p 


= ap 


b + c( 


— cA-\-y/j3 
2 aAB 


) 



— c.A-\- \ 

2 aAB J 


Multiplying the denominator and numerator of the right side by 2aAB gives 


X\ = ap + 


2 abAB+c(—cA-\-y/]3) 
(d+e)( — cA+^/JH) ’ 


Multiplying the denominator and numerator of the right side by (—cA — -\fj3) 

and by Replacing A = (a + 1) , B = (d + e) and (3 = c 2 (a + l) 2 — 4a 2 6(a + l)(d + e)in denominator and 
numerator of above equation gives 


_ I 2abAB{-cA-^)+c(c 2 A 2 -0) 

XI — ap -|- (d+e)(c 2 A 2 -/3) , 

l)(d+e)(-cA -y 
( d-\-e){c 2 (a- 

_ ! 2afe(a+l)(d+e)(— cA— \//3)+4a 2 bc(a+l)(d+e) 

- ap ~\ A„2h(r,A--\ !MX 0 i2 


. 2afe(a+l)(d+e)(— cA— \//^)+c(c 2 (a+1) 2 — c 2 (a+l) 2 +4a 2 6(a+l)(d+e)) 
— a P H (d+e)(c 2 (a+l) 2 -c 2 (o+l) 2 +4a 2 fc(a+l)(d+e)) ’ 


4a 2 6(a+l)(d+e) 2 

Dividing numerator and denominator by (2 ab(a + l)(d + e)) we get 

— 7771 -I— -cA-V^+2qc 

— ap ^ 2a(d+e) 


_ 2a 2 (d+e)p—c.A—\//3+2ac 

2a(d+e) 


Now inserting the value of p we get 


Xi = 


1 / — ca(a+l)+ay^-c(a+l) 2 — (a+l)\//3-|-2ac(a-|-l) \ 

l + e) V l a+1 ) J 


2a(d + e ) 
1 


2a(a T l)(d Y- e) 
— \//3 — c(a + 1) 


(-\//3- c(a + l) 2 + ca(a + 1)^ 


2u(u T l)(d -{- e) 

But (a + 1) = .A and (d + e) = flwe get 


— cA—y//3 = 
J ' 1 2a AB 1 


Similarly as before one can easily show that 


x 2 = p- 


Then it follows by induction that 

x 2n = P and £ 2 „+i = q for all n> — 1. 


299 


El-Dessoky ET AL 294-304 



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 27, NO.2, 2019, COPYRIGHT 2019 EUDOXUS PRESS, LLC 

Thus Eq. (1) has the positive prime period two solution 

p, q, p, q, ..., 

where p and q are the distinct roots of the quadratic equation (13) and the proof is completed. 

The following Theorems can be proved similarly. 

Theorem 3.2. Eq. (1) has a prime period two solutions if and only if 

c 2 + Ab{d + e)(l — a) > 0 (l, k, s, t—odd). 

Theorem 3.3. Eq. (1) has a prime period two solutions if and only if 

c 2 (d — e)(l + a) — 4 (b(ad + e) 2 — ec 2 ) >0 (l, k, s — even and t — odd). 

Theorem 3.4. Eq. (1) has a prime period two solutions if and only if 

c 2 (e — d)(l + a) — 4 (b(ae + d) 2 — c 2 d) >0 (l, k, t— even and s — odd). 

Theorem 3.5. Eq. (1) has a prime period two solutions if and only if 

c 2 ( 1 + a) — 4 a(ab(d + e) + c 2 ) >0 (l, s, t — even and k — odd). 

Theorem 3.6. Eq. (1) has a prime period two solutions if and only if 

c 2 (e — d) — 46cr(l — a) > 0 (l, k, s — odd and t — even). 

Theorem 3.7. Eq. (1) has a prime period two solutions if and only if 

c 2 (d — e) — 4&e 2 (l — a) > 0 (l, k, t — odd and s — even). 

Theorem 3.8. Eq. (1) has a prime period two solutions if and only if 

c 2 — 4 (b(d + e)(a — 1) + c 2 ) > 0 (l, s, t— odd and k — even). 

Theorem 3.9. Eq. (1) has a prime period two solutions if and only if 

c 2 ( 1 + a) + 4 b(d + e) > 0 (k, s, t — odd and l — even). 

Theorem 3.10. Eq. (1) has a prime period two solutions if and only if 

c 2 (l + a) — 4(c 2 — b(d + e)) > 0 (l, k — even and s, t — odd). 

Theorem 3.11. Eq. (1) has a prime period two solutions if and only if 

c 2 ( 1 + a)(d — e) — 4 (b(ad + e) 2 + ac 2 d) >0 (l, s — even and k, t — odd). 
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Theorem 3.12. Eq. (1) has a prime period two solutions if and only if 

c 2 (e — d) — Ae(be{a — 1) + c 2 ) > 0 (s, k — even and l, t— odd). 

Theorem 3.13. Eq. (1) has a prime period two solutions if and only if 

c 2 (d — e) — 4 d(bd(a — 1) + c 2 ) > 0 (l, s — odd and k, t — even). 

Theorem 3.14. Eq. (1) has a prime period two solutions if and only if 

c 2 (a + l)(e — d) — 4 (6(ae + d ) 2 + ac 2 e) >0 (s, k — odd and l, t — even). 

Theorem 3.15. Eq. (1) has no prime period two solutions if one of the following statements holds 

(i) c / 0 (fc, s, t — even and l — odd), 

(ii ) c / 0 (s, t — even and l, k — odd). 


4. GLOBAL ATTRACTIVITY OF THE EQUILIBRIUM POINT OF EQ. (1) 

In this section we investigate the global attractivity character of solutions of Eq. (1). 

Theorem 4.1. The equilibrium point x of Eq. (1) is global attractor. 

Proof: Let p, q are a real numbers and assume that / : [p, q ] 4 — » \p, q] be a function defined by 

, . b + cu i 

f(Uo, Ml, U 2 , u 3 ) = au 0 + -7 - ; - • 

dii 2 + eu 3 


We can easily see that the function f(uo, «i, 112, u 3 ) increasing in u 0, U\ and decreasing in U2, u 3 . 
Suppose that (m, M) is a solution of the system 


m = f(m, m, M, M) and M = f(M, M, m, m). 
Then from Eq. (1), we see that 


That is 


or, 


m = am + 


(1 — a)m = 


b + cm 

M 

= aM + 

b + cM 

(d + e)M' 

(d + e)m’ 

b + cm 

(1 

- a)M = 

b + cM 

(d + e)M ’ 

(d + e)m 


b + cm = b + cM 


Thus m = M. It follows by the Theorem B that a: is a global attractor of Eq. (1) and then the proof 
complete. 
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s. NUMERICAL EXAMPLES 

For confirming the results of this paper, we consider numerical examples which represent different types of 
solutions to Eq. (1). 

Example 1. We assume l = 5, k = 4, s = 3, t = 5, x _5 = 6, x _4 = 9, X -3 = 8, X -2 = 9, x_i = 12, x-i = 
4 , « = 0.1, 6 = 0.2, c = 0.9, d = 0.7 e = 0.8. [See Fig. 1] 


plot of x(n+1)= a.X(n-l)+((b+c.X(n-k))/((d.X(n-s)+e.X(n-t)))) 




n 


Figure 1. 


Figure 2. 


Example 2. See Fig. 2, since 1 = 1, k = 2, s = 1, t = 3, x _3 = 1.2, x _2 = 0.7, = 8.5, Xq = 5, a = 

1.6, 6 = 0.2, c = 0.9, d = 0.09, e = 0.01. 

Example 3. See Fig. 3, since 1 = 1, k = 2, s = 1, t = 1 £-3 = 12, x _2 = 7, s_i = 8, xo = 3, a = 0.1, b = 
0.2, c = 0.5, d = 0.6, e = 0.2. 

Example 4. Fig. 4. shows the solutions when a = 0.1, 6 = 0.2, c = 0.5, d = 0.6, e = 0.9, l = 4, k = 2, s = 
4, t = 2, x_4 = p, x _3 = g, x _2 = p, x_i = g, x 0 = p. 

^ —c(a+l)±^/ c 2 (a+l) 2 —4a 2 6(a+l)(d+e) 

Since I p, g = 2 a(a+l)(d+e) 


plot of x(n+1)= a.X(n-l)+((b+c.X{n-k))/((d.X{n-s)+e.X(n-t)))) 



n 


plot of x(n+1)= a.X(n-l)+((b+c.X(n-k))/((d.X(n-s)+e.X(n-t)))) 



n 


Figure 3. 


Figure 4. 
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Asymptotic Representations for Fourier Approximation of 
Functions on the Unit Square * 

Zhihua Zhang 

College of Global Change and Earth System Science, Beijing Normal University, Beijing, China, 100875 

E-mail: zhangzh@bnu.edu.cn 


Abstract. In this paper, for any smooth function on [0,1] 2 , we give an asymptotic representation 
of hyperbolic cross approximations of its Fourier series whose principal part is determined by the values 
of the function at vertexes of [0,1] 2 and present a novel approach to estimates of the upper bounds of 
approximation errors. At the same time, we also give an asymptotic formula of partial sum approxima¬ 
tions whose principal part is determined by not only partial derivatives at vertexes of [0,1] 2 , but also 
mean values on each side. Comparing asymptotic representations of these two kinds of approximation, 
we find that although in general the hyperbolic cross approximation is better than the partial sum ap¬ 
proximation, the partial sum approximation possibly work better under some cases, and we also give the 
corresponding necessary and sufficient condition to characterize these cases. 


1. Introduction 

For a function / on [0, l] 2 , regardless of how smooth it is, by the Riemann-Lebesgue lemma, we only 
know that its Fourier coefficients c mn (f) = o(l). In this paper, we first obtain a precise asymptotic 
formula of the Fourier coefficients (see Theorem 2.2) by using our novel decomposition formula of /: 

f q(x,y) + r(x,y) (x, y) £ [0, l] 2 , 

f(x,y) = < 

l q(x,y) (x,y) e <9([0, l] 2 ), 

where q{x 1 y) is a combination of the boundary function and four simple polynomial factors x, 1 — x, y, 
and 1 — y. After that, we will discuss further two kinds of Fourier approximations of functions on the 
unit square. 

The sparse approximation has received much attention in recent years [1,6,7,8]. As an approximation 
tool, hyperbolic cross truncations of Fourier series has obvious advantages over partial sums of Fourier 

* Zhihua Zhang is a full professor at Beijing Normal University, China. He has published more than 50 first-authored 
papers in applied mathematics, signal processing and climate change. His research is supported by National Key Science 
Program No.2013CB956604; Fundamental Research Funds for the Central Universities (Key Program) No.l05565GK; Bei¬ 
jing Young Talent fund and Scientific Research Foundation for the Returned Overseas Chinese Scholars, State Education 
Ministry. Zhihua Zhang is an associate editor of “EURASIP Journal on Advances in Signal Processing” (Springer, SCI- 
indexed), an editorial board member in applied mathematics of “SpringerPlus” (Springer, SCI-indexed) and an editorial 
board member of “Journal of Applied Mathematics” (Hindawi). 
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series since the hyperbolic cross truncations [8]: 

N N 

$>(/; x,y)= J2 c ™o(f) e 2 ™ mx + £ C 0 n (f) ^ iny + £ c mn (f) e 2 ^ mx+n ^ (1.1) 

|m|=0 |n|=l l<\mn\<N 

can make full use of the decay of Fourier coefficients to reconstruct the target function /. 

Throughout this paper, we always assume that / € l] 2 ) which means that (0 <i,j < 

3) are continuous on [0, l] 2 . We will show that, for the hyperbolic cross truncations of its Fourier series, 
the following asymptotic representation holds (see Theorem 3.1): 

II / - 8 %\f) |||= ^(/(0,0) + /(1,1) - /(0,1) - /(1,0)) 2 ^ + O (^) . (1-2) 

where Nd is the number of Fourier coefficients in s^(f) and || F \\ 2 = fg fg \F(x, y)\ 2 dxdy. 

For the partial sum approximation of the Fourier series of / on [0, l] 2 , we will give another asymptotic 
representation. The corresponding principal part will become more complicated. It depends on not only 
values of function / and its partial derivatives and ^ at vertexes of [0, l] 2 , but also the mean values 
of / on each side of the boundary <9([0, l] 2 ) (in detail, see Theorem 4.1). 

Comparing asymptotic representations of two kinds of Fourier approximations, we find that for hyper¬ 
bolic cross approximation, the approximation order is l ° s N ^ d ■> while for the partial sum approximation, 
in general the approximation order is and under some cases the approximation order is More¬ 

over, we further give a corresponding necessary and sufficient condition for these cases (see Corollary 4.2). 

2. Asymptotic representation of Fourier coefficients 

Let / € C( 3 ’ 3 )([0,1] 2 ). Expand / into Fourier series: f(x,y) = J2 c mn e 2nl< ' mx+ny \ where 

m,n 

c mn (f)= f ^ f(x,y)e- 2 ^ mx+ ^dxdy 

Jo Jo 

oo oo 

and means . We extend / from [0, l] 2 to R 2 . Then / is a function on the whole plane 

m,n m=— oo n=— oo 

]R 2 with period 1 and / is discontinuous at the integral points {m,n} TOi „ e z. By the Riemann-Lebesgue 
lemma, we only know that c mn (f) = o(l) as m —> 0 or n —> oo, where “o” means high-order infinitesimal. 
To obtain the precise asymptotic formula of Fourier coefficients, we construct a combination q{x , y) of the 
boundary functions f(x, 01), /(0, y),f( 1, y) and factors x, (1 — a;), y, (1 — y) such that the difference 
f(x,y) — q(x,y) vanishes on the boundary <9([0, l] 2 ). 

Now we define three functions as follows. 

<7i (x,y) = (f(x, 0) - /(0,0)(1 - x) - /(l,0)a;)(l - y) + (f(x, 1) - /(0,1)(1 - x) - f(l,l)x)y, 

12 {x,y) = (f( 0 ,y) - f ( 0 , 0)(1 - y) ~ /(0,l)y)(l -x) + (f(l,y) - /(1,0)(1 -y)- f(l,l)y)x, (2.1) 
Q 3 (x, y) = /(0,0)(1 -x)(l-y) + /(0,1)(1 - x)y + /(1,0)ar(l - y) + /(1,1 )xy. 

Then q(x, y) = q\(x,y) + q 2 (x,y) + qs(x,y) is the desired function, i.e., we have the following theorem. 
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Theorem 2.1. Let f be defined on [0, l] 2 and q(x,y ) be stated as above. Then t(x, y) = f(x,y ) — 
q{x,y) vanished on the boundary 3([0, l] 2 ). 

From this, we deduce that if / £ C^ 3,3 ^([0, l] 2 ), then r(x, y) € C( 3,3 )([0, l] 2 ) and satisfies that for 
*=1,2,3, 

0(x,O) = 0(x,l)=O (0<x<l), 

(2.2) 

0(0,1/) = 0(1,1/) = 0 (0 < y < 1). 

Now we further explain the relationship between g(x,y) and /(x,y). By (2.1), it follows that 
^(x,y) = H(a:,0)(l -y) + 0x, l)y - /(0, y) + /(l, y) 

+(/(0,0) - /(1,0))(1 -y) + (/(0,1) - /(l, l))y, 

i§(^,2/) = 0O,y)(l -x) + 01,y)x- /(x,0) + /(x,l) 

+(/(0,0) - /(0,1))(1 - a-) + (/(1,0) - /(1,1))*, 

sS&O'M/) = “§£(*> °) + 0*- 1 ) - 0°>2/) + §f(!>l/) 

-/(0,0) + /(l,0) + /(0,l)-/(l,l), 

( x > 2/) = ~dd( x ’ 0) + 0( x > l)s 

dxdy 2 ( x > 2/) = (0,2/) + 0(1,2/), 

g^ 2 §j^(x, y) = 0. 

From this, we get 

&(M) - &(i,o) - ^(o,i) + ^(o,o) = o, 

01,2/) - 00, y ) = (01,0) - f(0,0)) (1 - y) + (§£ (1,1) - 1(0,1)) y, (2.3) 

If (*, 1) - g(*.0) = (00,1) - 00,0)) (1 - *) + (If (1,1) - 01,0)) x. 

Since c mn (f) = c mn (q) + c mn (r) and c mn (g) = c m „(gi) + c mn (y 2 ) + c TO „(g 3 ), by (2.1), 

Cmn(yi) c m (.R(x, 0))c n (l y) T c m (.R(x, l))c n (y), (2-4) 

where 

#0*5*') = f{x,v) ~ /(0,^)(1 - x) - f(l,u)x (v = 0,1). (2.5) 


Since 1?(0, v) = R( 1, v), 

Cm(R(x, I/)) = /o 1 i2(x,!/) e-“dx = ^ /o §f (x, !/) e" 2 —dx 

= TO (if (1^) - ffM-Jo 1 0(^^)e- 2 —dx) (m/o), 

co(R(x,v)) = fo f{xy) dx - |(/(0,Z/) + /(l,^)). 
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Noticing that (a, v) = U(x, v) + /(0, 0) - /(1, v), we get 


fft 1 -*') - §f(°te = - fy(°>te 

= 0(z,z/) (^ = 0,1). 

Since mtli Fourier coefficients of (1 — x) and x are and — y~~ ( m 7^ 0), respectively, we get by (2.5) 


(v( 1 f d f n ^ */,„ a f 1 d2 f t ^ 

,/)) = w (s (1 ' F) “ “ J„ w {x ’ w) 


c dx 


while 


So 


g(*,Oe- 2 — 


dl = -2ST ~ U^ ~ l ' 


Cm{R{x,v)) — 47r 2 TO 2 (1,^) af (0?^)) + O ( m s) ( m / 0), 

co(R(x, v)) = f* /(x,i/)da; - §(/(0,0) + /(l,^)). 

From this and (2.4), it follows that 

Cmn(gi) = — 8 )r 3 m 2 „ (gy (1> 0) + ai(0> 1) — ay (0)0) — ai(-*-’ ■*■)) + ® (yuy) ( TO ^ 0, n 7^ 0), 
Unote) = ^(1(1,0)- M(0,1) - M(0,0) + i£(l, 1)) + O (£) (m ? 0), 

con(«i) = - 2 FF (/o(/(*» °) - /(*. !)) da; - 5 (/( 0 ,1) + /(l, 0) - /(0,1) - /(l, 1))) (n 7 ^ 0). 

Similarly, we have 

Cmniq 2) = — 87T 3 mn 2 (a^( 1 >°) + ^ — a^(°> — a^( 1 ’ ^)) + ^ (rrSrO ( TO 7^ 0, n 7^ 0), 

c o™te) = 8 ^.2„2 (a£(0,1) - q £( 1,0) - a^(0,0) + 5^(1,1)) + O (y?) (?r 7^ 0), 

c m ote) = - ^ (/o(/( 0 , 2 /) - /(l, 2 /))dy - d (/( 0 , 0 ) + /( 0 , 1 ) - /(l, 0 ) - /(l, 1 ))) (m 7 ^ 0 ). 

and 

Cmn(q 3 ) = 4 ^(/(!. 0 ) + /( 0 , 1 ) - /( 0 , 0 ) - /(l. 1 )) (m/ 0 ,n/ 0 ), 

Cmote) = - 4 ^y(/( 0 , 0 ) - /( 0 , 1 ) - /( 1 , 0 ) + /(l, 1 )) (m 7 ^ 0 ), 

Conte) = - 4 ^(/( 0 , 0 ) - /( 0 , 1 ) + /(l, 0 ) - /( 1 , 1 )) (n 7 ^ 0). 

From this, we get an asymptotic representation of c mn (q) by q(x, y) = qi(x, y)+q 2 (x, y)-\-q^{x, y). Finally, 
we write out the asymptotic representation of c mn (r). 

Using the integration by parts, it follows by Theorem 2.1, (2,2) and (2.4) that 
(i) For m/0,n/0, 

1 / d 2 f d 2 f d 2 f d 2 f \ / 1 \ / 1 1' 

Cmn ^ = 16TT 4 m 2 n 2 ” dxdy^ 1,0 ^ ” dxdy^' 1 ^ + date/ 0 ’ 7 + ° \m 2 n 2 ) \m + n 
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(ii) For m 0, 


(iii) For n ^ 0, 
1 


con(r) = 


47r 2 n 2 




<9y 


dy 


2\dy 


dy 


8y 


dy 


From this and c mn (f) = c mn (q) + c mn (T), we get the following asymptotic representation of Fourier 
coefficients of f(x,y). 

Theorem 2.2. Let / £ C^ 3,3 ^([0, l] 2 ). Then Fourier coefficients of f(x, y) satisfy 
(i) for m / 0, n ^ 0, 


Cmn(/) , 9 ( a + i 


. 7 


47r 2 mn 


27rm 27m 47r 2 mn 


) + o 


( 1 \ 

f 1 

1\ 

9 

(—1~ 

- 

V m z n J 

V m 

n 


where 


a = /(0,0)-/(0,l)-/(l,0) + /(l,l), 

0 = &<0.0) - §J(0,1)-U(1,0) +11(1,1), 

7=g(0,0)-g(0,l)-g(l,0)+g(l,l), 

d = dicOy (®> 0) — 9^3^ (0, 1) — dxdy^ d ' 0) + 


(ii) for m ^0, 


Cmo(f) = *9-1- 


o 


where 


27tto 47r 2 m 2 

a = /(0,1) - /(l, 0) - fo(f(0, y) - /( 1, y))dy, 

b = fo (U&v) - U(°>v)) 


(iii) for n ^ 0, 


con(f) = i ttz: + 


O ( ^ i , 

n 6 1 


where 


27t n 47r 2 n 2 

c = /(l, 0) - /(0,1) - fg(f(x, 0) - f(x, l))dx, 

d = fo (§£(*»!) - f^- 0 )) daT + °(;?0 ■ 

Now we compute |c mn (/)| 2 . Since / is a real-valued function, it is clear that a,(3,"f,5 and a,b,c,d in 
Theorem 2.2 are all real numbers. So we get the following corollary. 

Corollary 2.3. Let f £ C^ 3,3 ^([0, l] 2 ). Then 

|c mn (/)| 2 “ I6ir 4 m 2 ji 2 ( a2 + 2 Z*mn + ^ (rK 5 ) (m + n) ’ 

|Cmo(/)| 2 = 47r 2 TO 2 + O (^l) > 


|c 0 n(/)| 2 = 


47r 2 n 2 


<?(£)> 
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where a , /?, 7 , S and a, b , c, d are stated as above. 


3. Asymptotic representation of hyperbolic cross approximation 

Let / £ C( 3 ’ 3 H[0,1] 2 ). We expand it into a Fourier series. Consider the hyperbolic cross truncations 
of its Fourier series: 

,,, n N 

s N\f'i x , y) = E c m0 (/) e 27rimx + E c 0n (f)e 2 * iny 


| m |—0 


\n\=l 


N 


+ E E Cmu{f)e 2 ^ mx+ny \ 
H=i M<|f| 


where c mn (f) = f 0 f 0 f(x,y)e 27rl ^ mx+nyS > dxdy. So 


f(x, y) — Spp(f) x, y) = E Cmo(f) e 27limx + E c 0 „(/) 


0 2n iny 


\m\>N+l 


|n|=iV+l 


N 


+ E E Cmnif) e 2 ^ mx+ny ^ + E E c mn (f) e 2 ^ mx+ny \ 

|n|>Af+l |m| = l |«| = l|m|>i^j 


Using the Parseval identity [4,5,9] of bivariate Fourier series, 

Wf-s^Wt = E (|c 0n (/)| 2 + |c„o(/)| 2 ) 

\n\>N+l 


N 


+ E E \Cmn(f)\ 2 + E E \Cmn(f )\ 2 

|n|>Af+l |m|—1 |n| = l 


(3.1) 


By Corollary 2.3, 


=: Pn + Qn + Rn- 


\Cmn(f)\ T 7 , 4 + O 


1 \ 1 


O 


1\ 1 


n° / 771 


We first compute R jy: 


IV 


f?AT = 


E E |c™(/)l 2 

M=1 |m|>jSj 


AT N N 

stsf ^ ? EE ^.*+0(1) E ? E ^ + 0(1) E ^ E ^4 

H=l l m l>lf[ M =1 l m l>lf| H =1 l m l>M 


(3.2) 


. pO 1 p(^) 1 p(3) 

• w -n-jv ~r “AT • 


Note that 


N 


d(!) _ oY y^ J_ y^ 1 

-"-AT 16-7T 4 Z^ n 2 Z^ m 2 > 

M=1 M>t£t 


EE 7? - 2 /^ w dt + ° (w) - ^ + 0 (#2) • 

M>£r 
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This implies that 



Similarly, = O (jj) and = O (jf)- So 


a 2 log N 



Rn 


a 2 log N 



By \c mn \ 2 = O (^s), it follows that 


Qn = 0(1) 


E 

M>jv+i 




From |c 0 „(/)| 2 = O (^) and |c m0 (/)| 2 = O (^ 2 ), it is easy to deduce that 


p N = l c 0n(/)| 2 

|n|>JV+l 


E Mf)\ = o 

\m\>N +1 



Therefore, by (3,1), 


f- S W(f) ||2_ ^ lo g N , p(l 

1 Ajt 4 N +U {n 


The number Nd of Fourier coefficients in the hyperbolic cross truncation s^\f) is equal to 


N 


N d = 2N + l+Y J 

n i=l 


N 

MJ 


= 2N log N + 0(N). 


Theorem 3.1. Let f £ (7^ 3 ’ 3 ^([0, l] 2 ). Then the asymptotic representation of the hyperbolic cross 
approximation of Fourier series of / is 

a 2 log 2 N d 


111= 


47 T 4 N d 


1 + 0 


1 

log N d 


(3.3) 


where N d is the number of Fourier coefficients in hyperbolic cross truncation sffi(f) and a = /(0,0) — 
/(0,1)-/(1,0)+/(1,1). 

Corollary 3.2. Let f £ Cl 2,2 ^([0, l] 2 ). Then 

(i) II / - $>(/) 111= O (^) if and only if /(0, 0) + /(1,1) = /(0,1) + /(1, 0). 

(ii) when F(x, y) = f(x, y) + (/(0,1) + /(1,0) - /(0,0) - /(1,1 ))xy, 

\\F-8%\F) II- 

Now we show an approach to estimates of the bound of the term “ O” in Theorem 3.1 using the 
Sobolev norm. For d ® 3 g y3 £ C([0, l] 2 ), its Sobolev norm is defined as 


M(f) = max 

ai,ves([o,i] 2 ) 
i ,.7=0,1,2,3 


gi+if 

dx l dy : > 
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By Theorem 2.1 and ( 2 . 2 ), and ( 2 . 4 ), we get 

Cmnij) = I' f 1 T(x,y)e- 2 ^ mx+ ^dxdy = 

Jo Jo 


167 r 4 m 2 n 2 


T Jrr 


where 


and 


J — _I_ ( d3 f (l 11_ d3 f CQ 11_ d 3 f (l O') -| d 3 / /q 

J rnn — 327r 5 m 2 7t 3 \dxdy 2 V 1 ) L ) Qxdy 2 v u , + dxdy 2 + , u / ^ dxdy 2 + , 

~ 32TT^m 2 n 2 fo (dxdy 3 ^’^ ~~ 3*0 ( 0 , 2 /)) e ^"^dy 

32i7r 5 m 3 n 2 ( dx 2 dy (1,0) dx 2 dy (0, 0)) 

wfo (- 00(0,2/)) e~*™vdy 


32in 5 m 3 n 2 J 0 y dx 2 dy 2 dx 2 dy 2 

Isw/o 1 (Ski*’ 1 ) 3070°)) e~ 2 ” imx dx 


1 f 1 3 5 / 


32in 5 m 3 n 2 fofo dx 3 dy 2 


(x,y) e- 2 ™(rnx+ nv )dxdy 


So 


I <7mn | + 


6 M{f) 


7 M(f) < 13 M(f) 


1 1 

327 r 5 ?n % 3 ’ 32n 5 m 3 n 2 ~ 32n 5 m 2 n 2 \ m + n 


For c m o and co n , we have 

°m0 (r) = 00 (/o (|£(1, V) - M(0,W)) d 2/+ 5/?) 


I jt(1) 

1 -*• m ? 


4 . ji 2 ) 

1 J- n ? 


where 


con(r) = (j ,, 1 (§ 0 , 1 ) - §0 0 )) dx + I 7 ) 

fo 1 (0(i,y) - 0(0,2/)) dy 
7 ( 0 ( 1 , 0 )- 0 ( 0 , 0 )- 0 ( 1 , 1 )+ 0 ( 0 , 1 )) 


'T’W _ 1 

^ m — 


(27rm) 3 i 


^C 2 )_ 

-An — 


2(2ivm) 3 i 

-(20pi/o/o ( 0 (^, 2 /)- | 0 (*,O)- | 0 (*,l))do:dj/. 

(203,; /o (0(^,1) - 0(^,0)) dx 
- 2(2707 ( 0 ( 0 , 1 ) - 0 ( 0 , 0 ) - 0 ( 1 , 1 ) + 0 ( 1 , 0 )) 


( 27 m 


So 


07 Jo 1 fo ( 0 (*» 2 /) - 50 ( 0 , 2 /) - 50(1,2/)) dxdy. 

, T (1), < 6M(/) 

I" 1 ™ I - ( 27 rm) 3 , 

| T (2)i < 6M(f) 

I- 1 " I + (2t™)3- 
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Now we estimate c mn (q). Note that 

c ” (R(4 -‘' )) = sE I * 0 ’" 1 ) + i ” ( " = 0 - 1) ’ 


where 


= 


1 


87r 3 m 3 i \< 9 x 2 




d 3 /, 




ctr 2 


9 a; 3 


E da; 


Then |iE| < PEE This implies that 


i(?l) — 8w 3 m 2 ni + 


/3 


Cron (#2) — 8 tt 3 mn 2 i + 


where 


From this and c mn (q 3 ) = i7I ? mn , we get 


»(?) = 


1 


|rr(l) | < 5M(/) 
|aa,mr! | ^ 87r 4 m 3 n ? 

|ro( 2 ) I <■ 5M(/) 

T™! - 87r 4 mn 3 ' 


/3 


7 


47r 2 mn V 27rmi 2ixni 


Hr, 


( 1 / = 0,1). 


where //„,„| < (,§r + „*)• 

Similarly, we may estimate CmoE) and Co n (q). Using c mn (f) = c mn (q) + c mn (T) and the above esti¬ 
mates, we easily obtain the estimates of upper bounds of \c mn (f)\ 2 . Again, using the method of argument 
in Theorem 3.1, we finally can give the bound of the term “ O ” in (3.3). 


4. Asymptotic representation of square errors of partial sums 

Let / € C^ 3 ’ 3 )^, l] 2 ). Consider the partial sums of its Fourier series: 

s N (f-,x,y)= £ c ^(f)e 2 ^ mx+nv) . 

\m\<N |n|<JV 

Then the square errors are equal to 

II/-M/) 112= E \con(f)\ 2 + E |c m0 (/)l 2 

|n|>JV+l |m|>AT+l 

00 N 

+ E E l c mra(/)| 2 + E E l c mn(/)| 2 

| n| > iV+1 \m\=l |n| —1 |ra|>iV+l 


By Corollary 2,3 (ii) and (iii), 


—: A n + Ln + 7 jv + Jn ■ 

Kn = 27 Ev + ^ (n 3 ) > 
Ln = 2U7V + 0 (lE) • 


(4.1) 
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By Corollary 2.3 (i), 


and so 


\Cmn(f )\ 2 = 


1 


167r 4 ?n 2 ?i 2 


/? 2 


7 


47t 2 to 2 47r 2 n 2 


I N — 48 TV 2 ( X n 2 I + 64-71 6 ( X) n 2 I C( 4 ) 


.|n|>JV 


M>n 


192tT 4 


- 8^ (%■ + JfC( 4 )) w + ° (m) 


o 


X £ +0(£) 

|n|>Af / 


Jn = 


JV 


167T 4 


X n 2 ) I X m 2 

|n| = i J \|m|>iV 


r 

64 


N 


X „4 

|n| = l 


X ^4 

. |m|>iV 


AT 


+ 64^ X sr X ^2 + 0 (^ 2 ), 


. |n| = l 


|m|>JV 


where £(s) = X is the Riemann-Zeta function. Note that 


N 


X ri 2 — X ^2 X ^2 — "3 + ^ (at) ’ 

| n | = 1 |n|=l |n|>iV 


N 


X X n 4 X n 4 — C( 4 ) + ^ (iV 2 ) ' 

|n|=l |n|=l |n|>iV 


Then 


Jn — 


1 fa 2 7 


+ XC(4))^ + 0 


1 


1 

X 2 y ■ 


8-7T 2 \ 3 7T 4 

Finally, by (4.1), we get the following theorem. 

Theorem 4.1. Let / £ (X 3 ’ 3 )([0, l] 2 ). Then the partial sums sjv(/) of its Fourier series satisfy 


f~s N (f) \\l= 


a 2 + c 2 


27t 2 247t 2 




87T 6 


N 


1 

X 2 J ’ 


where a,c,a,/3 ,7 are stated in Theorem 2.2 and £(4) is the Riemann-Zeta function. 

Note that the number Nj of Fourier coefficients in the sum Sat(/) is (2 N + l) 2 . From Theorem 4.1, 
it follows that 


/ ~s N (f) " 2 - 


1 


12 xxx 

Again, by Theorem 4.1, we get the following corollary. 

Corollary 4.2. Let / £ C^ 3 , 3 ^([0, l] 2 ). Then the partial sums sjv(/) of its Fourier series satisfy 


f-SN(f) \\i=o( w 
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if and only ifa = c= a = /3 = 7 = 0, i.e., 

/(!,0) - /(M) = fo(f( x >°) - /( x ,l))dx, 

/(0,1) - /(1,0) = fg(f(0,y) - f(l, y))dy, 

/ (0,1) + /(1,0) = /(0,0) + /(l, 1), (4.2) 

f|(0,1) + H(1,0) = f|(0,0) + §£(1,1), 

g(0,l)+g(l,0) = g(0,0) + g(l,l). 

Since the number of Fourier coefficients is 2N + 1 in sat(/), it is clear that when (4.2) holds, 

II f-s N (f) ||i=o(i-). 

Comparing it with Theorem 3.1, we see that in this case the partial sum approximation is better than 
the hyperbolic cross approximation. 
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Abstract 

We develop further theory for Khatri-Rao products of Hilbert space 
operators in connections with selection operators. We provide two con¬ 
structions related to selection operators. Then we establish certain iden¬ 
tities and inequalities involving Khatri-Rao and Tracy-Singh products. 

As consequences, we obtain some characterizations for the mixed product 
property concerning the Khatri-Rao product of operators. 

Keywords: tensor product, Khatri-Rao product, Tracy-Singh product, opera¬ 
tor matrix 

Mathematics Subject Classifications 2010: 47A80, 15A69, 47A05. 

1 Introduction 

This paper concerns operator extensions of certain matrix products, namely, 
the Kronecker (tensor) product, the Tracy-Singh product, and the Khatri-Rao 
product. Fundamental theory for these matrix products are collected, for in¬ 
stance, in [1, 2, 4, 5, 10, 11, 12] and references therein. Denote by M m>n ( C) 
the algebra of m-by-n complex matrices. Recall that the Kronecker product of 
A = [a,j] € M mtn ( C) and B G M Ptq (C) is given by 

A ®B = \a / j B j j ■ 

Consider partitioned matrices A and B such that the (i, j)th block of A is A t ,j 
and the (k,l )th block of B is Bf-i- The Tracy-Singh product [9] of A and B is 
defined by 

AMB = [[A^Bu] J... (1) 

The Khatri-Rao product [3] is defined for two partitioned matrices A = [A,,] 
and B = [R.y ] as follows 

ABB = [AtjSBij]... (2) 

‘Corresponding author. Email: pattrawut.ch@kmitl.ac.th 
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Khatri-Rao Products and Selection Operators 


The tensor product of Hilbert space operators can be viewed as an extension 
of the Kronecker product of complex matrices. Recall that the tensor product 
of A £ B(77,77') and B £ B (1C, 1C) is the unique bounded linear operator from 
77 (g> AC into 77' ® AC' such that (A <g> B)(x ® y) = Ax ® By for all x £ 77 and 
y £ AC. Recently, the Tracy-Singh product and the Khatri-Rao product for 
matrices were generalized to those for operators acting on the direct sum of 
Hilbert spaces, see [6, 7, 8]. Fundamental algebraic and order properties of 
operator Khatri-Rao products are investigated in [8]. That paper also provides 
a construction of a unital positive linear map taking the Tracy-Singh product 
of two operators to their Khatri-Rao product. Such a linear map appears in 
the form X H>• Z*AZ where Z is an isometry, called a selection operator. See 
details in Section 2. 

The present paper contains further development on operator Khatri-Rao 
products in relations with Tracy-Singh products and selection operators. First, 
we provide two constructions related to selection operators (see Section 3). 
Consequently, we establish some operator identities and inequalities involving 
Khatri-Rao and Tracy-Singh products (see Section 4). Finally, we obtain some 
characterizations for the mixed product property concerning the Khatri-Rao 
product of operators (see Section 5). 

2 Tracy-Singh products and Khatri-Rao prod¬ 
ucts for operators 

Throughout this paper, let 77, 77', AC and AC' be complex separable Hilbert 
spaces. When X and y are Hilbert spaces, let us denote by B [X ,y) the space 
of all bounded linear operators from X into y and abbreviate B(Cf, X) to B(A’). 
Capital letters always denote a Hilbert space operator. In particular, / and O 
stand for the identity and the zero operator, respectively. 

In order to define Tracy-Singh products of operators, we fix the following 
decompositions 

n m q p 

n = ®77„ n' = ®77', ac = ®AC j} ac' = ®ac'. (3) 

j — 1 2=1 j= 1 2=1 

where all of 77j, 77', AQ, K! k are Hilbert spaces. For each j and l, let M ? : 77, —> 77 
and Ni : AC; —> /C be the canonical injections. For each i and k, let Pi : 77' —> 77' 
and Qk : AC' —> K! k be the canonical projections. Given A £ B(77,77'), put 
A.;.j = PiAMj £ B(77j,77') for each i, j. Thus we can write A in the operator- 
matrix form A = [Aij]^^. Similarly, given B £ B(AC,AC'), let Bu = QkBNi £ 
B(ACj, ACj.) for each k = 1,... ,p and l = 1,..., q. We can identify B with the 
operator matrix B = j =1 - 

Definition 1. The Tracy-Singh product of A and B is defined to be the bounded 
linear operator from TLj ® AC; to 77' 0 K! k represented by 

ABB = [I4'®5«y ir (4) 
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If both factor A and B consist of only one block, then AM B = A<S> B. 

Lemma 2 ([6]). The following properties of the Tracy-Singh product for oper¬ 
ators hold (provided that each term is well-defined): 

1. Compatibility with adjoints: (A HU)* = A* H B*. 

2. Mixed-product property: (ASB)(C§D) = AC H BD. 

3. Monotonicity: if A^ B ^ 0 and C ^ D ^ 0, then AM B ^ C M D ^ 0. 
From now on, we fix the decomposition (3), and assume n = q and m = p. 

Definition 3. The Khatri-Rao product of A = [A.y]™’!! 1 and B = is 

defined to be a bounded linear operator from @™ =1 TLj 8 ICj to x "H' ® /C' 
represented by the operator matrix 

A □ B = [Aij ® . (5) 

Lemma 4 ([8]). For A G B (TL,TL') and B G B(/C,/C / ), we have (A □ B)* = 
A* □ B*. 


Fix an ordered tuple (TL, TL', /C, 1C) of Hilbert spaces. Define the ordered 
pair ( Zi,Z 2 ) of selection operators associated with (TL, TL' , /C, 1C) by [8]: 


'El' 


'Fi 


and Z 2 = 


Fm_ 


F n _ 


Here, for each r = 1,..., to 


E r 



m,m 
g,h =l 


(J) F' k 8 K'k 

fe=i 


1 = 1 


( 6 ) 


(r) 

with E f/h is an identity operator if g = h = r and the others are zero operators. 
For each s = l,...,n, the operator F s is defined by 


F s 


r gh 


n,n 
g,h —l 


TLi ® JCi —> TL S ® ICj 

»=i i=i 


(s) 

with Fg h is an identity operator if g = h = s and the others are zero operators. 
From the construction, the operator Zi is an isometry and Z,Z* ^ I for * = 1,2. 
When TL = TL' and 1C = 1C, we have 8i = Z 2 . 

Lemma 5 ([8]). Let (Z\, Z 2 ) be the ordered pair of selection operators associated 
with the ordered tuple (TL, TL', 1C, 1C). For any operator matrices A G B (TL,TL') 
and B G B (LC,LC), we have 

ABB = Z((AMB)Z 2 . (7) 

For the case TL = TL' and LC = LC, we have Z\ = Z 2 := Z and hence for any 
A G B (TL) and B G B(/C), 

ABB = Z*(AMB)Z. (8) 
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3 Two constructions related to selection opera¬ 
tors 

In this section, we construct certain operators related to selection operators. 

Theorem 6. Let (Zi,Z 2 ) be the ordered pair of selection operators associated 
with an ordered tuple ,/C,/C'). Then there exist operators 

m— 1 m mm 

v ■ 00 ^®^ 00^®0 

i —1 j =1 2—1 j =1 

n —1 n n n 

W : 00^i®£j 00^® K j 

*=1 i=! *=1 i=i 

such that Z{V = 0, Zf IF = 0, ZiZJ + VV* = I and Z 2 Zf + WW* = I. If, in 
addition, TL = TL 1 and 1C = K!, we have V = W. 

Proof. Let 

Ti' 

V = : ( 9 ) 

y m _ 

where 

mm m 

m =i :0 0 «J»t;40K0K| 

2=1 J = 1 2=1 

2+j <m 2 

for r = 1 ,to, with is an identity operator if k ^ r and l = m(r — 1) + k 
and the others are zero operators. Note that 

E{V\ 

I 0 ••• Ol [ 0 0 0 0 0 ••• 0 0 0 ••• 0 

0 0 ••• 0 0 I ■■■ 0 0 0 ••• 0 0 0 ••• 0 

0 0 • • • oj 0 0 • • • I 0 0 • • • 0 0 0 • • • 0 

= 0. 

For each r, we have 

'0 0 • • • 0 
0 I ••• 0 

v r v; = . . ._ . 

_0 0 • • • I 
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Then we obtain 


Z*V = [E* E* 


V\ 

V 2 


V m 


E\V X + E*V 2 + ...+ E* m V m = 0, 


+ VV* 


Ei 

Ei El ■■ 

■ EiE* m - 


' w 

w •• 

• ViVt; 

e 2 e\ 

e 2 ei ■ ■ 

■ E 2 E* m 

+ 

V 2 Vf 

V 2 V 2 * ■ ■ 

■ V 2 v^ 

E m E\ 

Em El ■ ■ 

EmE^ 


VmEVf 

v m v 2 * ■■ 

■ v m v*_ 


7 

0 •• 

• o' 


'0 

0 •• 

• o' 


7 

0 •• 

• o' 

0 

0 •• 

• 0 

+ 

0 

I •• 

• 0 

= 

0 

I •• 

• 0 

0 

0 •• 

• 0 


0 

0 •• 

• I 


0 

0 •• 

• I 


Now, let 


W = 


W- t 


Wrr 


( 10 ) 


where 


W 



n,n 2 — 1 
k,l =1 


n n 

■ (J) Hi 0 K-i 

i=i i-i 
i+j<n 2 


i—l 


for s = 1,n, with wff is an identity operator if k ^ s and l = n(s — 1) + k 
and others are zero operators. A direct computation shows that Z%W = 0 and 
Z‘ 2 Z 2 + WW* = I. When TL = TL' and K = 1C, we have Vi = W, for all 
i = 1,..., m, i.e. V = W. □ 

Theorem 7. Fix the decomposition (3) with n = q and m = p. Suppose 
further that Hi = X, K-i = Hi = A" and /C' = X /or all i = 1 ,n and 
j = 1 ,m. Let (Z i, 02) the ordered pair of associated selection operators. 
Then there exist operators 


m— 1 m mm 

Qi ■ (J) (J ) x ' ® y' @ (J) ® y i 

i= 1 j—1 i—l j—1 

n —1 n n n 

Qi '■ 

i—l j =1 i—l j =1 
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such that Z*Qi = 0, Q*Qi = I and Z t Z* + QiQ* = I fori = 1, 2. If, in addition, 
H = %' and 1C = 1C' , we have Q\ = Q 2 . 

Proof. Consider 


(ID 



e 2 e 3 

E 3 E 4 

ta Jjn 

1-1 3 

_ 1 


e 2 f 3 
f 3 F 4 ■ ■ 

_ 1 

Qi — 

'feq ... 

* Em— 1 

5 Q2 ~ 

F\ F 2 ■ ■ 

^ ... 

1 

1_ 


Then calculations reveal that 


Z */0 _ f 77’* 77'* ZT 1 * 

lVl — \pl ^2 *** 


QIQi = 


ZT 1 * ZT 1 * 
^2 ^3 

E* El 


ZT 1 * z?* 
. ra -^1 

E E t E i 
o 


£ 2 CL, 

#3 ^4 

Si E 2 

El 

E% 


T7l* 

Em-1 
0 ••• 0 

EE*Ei ••• 0 


E m 

E x 

Em— 1 


= [0 0 ••• 0] 



e 2 

e 3 ■ 

E m 


e 3 

E a • 

■■ Ex 


■■ Lq 

e 2 • 

1 

•• s 
cq 


E e;e x 


= 1 , 


QxQi + ZxZl 


ZT 1 * Z?* 

^2 ^3 

E% E% • ■ 

•• e * 2 


E 2 

e 3 

e 3 

E a 

-Err; 

... El 

\ 

+ 

'Si' 

S 2 

[E*x E* 2 

••• E* m ] 

77* z ?* 

.771 -^1 

ZT 1 * 

An-1_ 


_Ex 

e 2 

E m - 

-1_ 



_Em_ 



Ei^l E i E * 

0 

0 

E^EiE* 



0 

0 

+ 

'Si£f 

0 

0 

E 2 E* 2 ■ ■ ■ 

0 

0 

0 

0 



■ E, 

* m E i E L 




0 

0 

F, F* 


E E iEf 0 ••• 0 

0 E EiE* ••• 0 


0 0 ••• J2 E iE* 


Similarly, we have Z%Q 2 = 0, Q 2 Q 2 = I and Z 2 Zl + Q 2 Q 2 = E When % = %' 
and 1C = 1C, we have E., = Fi for all i = 1,..., m, i.e. Qx = Q 2 - □ 
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4 Operator identities and inequalities concern¬ 
ing Khatri-Rao products, Tracy-Singh prod¬ 
ucts, and selection operators 

In this section, we apply the construction in Section 3 to establish certain op¬ 
erator identities and inequalities concerning Khatri-Rao products, Tracy-Singh 
products, and selection operators. 

Theorem 8. Let (Zi,Z 2 ) be the ordered pair of selection operators associated 
with an ordered tuple (H, 'HI , 1C, 1C). Let V and W be operator matrices defined 
by ( 9 ) and (10). For any operator matrices A £ B {%,%') and B £ B (1C, 1C), 
we have 

AA* □ BB* = ( ABB)(A*BB*) + Z* l (AMB)WW*{A*MB*)Z 1 , (12) 
A*A □ B*B = {A*BB*)(ABB) + Z%(A*MB*)VV*(AMB)Z 2 . (13) 

Proof. Since AA* £ B('H / ) and BB* £ B(/C'), the ordered pair of selection 
operators associated with IfU!, TL', 1C,1C) is given by (Z x , Zfi). By using Lemmas 
2 and 5, and Theorem 6, we get 

AA* □ BB* = Z{(AA*MBB*)Z l 

= Z${ABB)(ABB)*Z 1 
= Z* l (AMB){Z 2 Z* + WW*)(AMB)*Z l 
= Z{{AMB)Z 2 Z^{AMB)*Z 1 +Zl{AMB)WW*{AMB)*Z 1 
= (AB B)(AB B)* + Zl{AB B)WW*{AM B)*Z 1 . 

Now, for inequality (13), note that A*A £ B (H) and B*B £ B(/C). In this case, 
the pair of associated selection operators is (Z 2 ,Z 2 ). It follows that 

A* A □ B*B = Z* (A* AM B* B) Z 2 

= Z%(AMB)*(AMB)Z 2 
= Z^(AMB)* (Z 1 Zl + VV*)(AMB)Z 2 
= Z%(A IE B)*ZiZ*(A E B)Z 2 + Z£(A E B)*VV*{A E B)Z 2 
= (A*BB*)(ABB) + Z*(A*MB*)VV*{AMB)Z 2 . □ 

Corollary 9. Let A £ B(H,W) and B £ B (1C, 1C) be operator matrices. Then 

AA* BBB* Js (ABB)(A* BB*). (14) 

Proof. It follows immediately from Theorem 8. □ 

Theorem 10. Assume the hypothesis of Theorem 7 . For any A £ M(TL,TL') 
and B £ B (1C, 1C), we have 

AA* □ BB* = (ABB)(A* B B*) + Z{{AM B)Q 2 Q* 2 {A* MB*)Z U (15) 
A*A □ B*B = (A*BB*)(ABB) + Z%(A*MB*)Q 1 Q* 1 (AMB)Z 2 , (16) 

where Q i and Q 2 are operator matrices in (11). 
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Proof. The proof is similar to that of Theorem 8. Instead of Theorem 6, we 
apply Theorem 7. □ 

5 Characterizations of the mixed product prop¬ 
erty for Khatri-Rao products 

In general, the mixed product property 

(A □ B)(C □ D) = ACBBD 

does not hold for compatible operator matrices A, B, C , D. It is interesting to 
find necessary and sufficient conditions for which this property holds. Indeed, 
we have the following assertions. 

Theorem 11. Assume the notations in Theorem 8. For any operator matrices 
A £ and B £ B(/C,/C'), the following statements are equivalent: 

(i) ACBBD = (ABB)(CBD) for allC and D e M(JC, JC), 

(ii) AA* □ BB* = (A □ B){A* □ B*), 

(Hi) Z){ABB)W = 0. 

Proof. It is clear that (i)=>(ii). To prove (ii)=>(iii), suppose (ii). By Theorem 
8, (ii) holds only if 

[Z{{AMB)W] [W*(A* IE B*)Z 1 ] = 0, 
i.e., Z{{AMB)W = 0. 

(iii)=>(i): Assume the condition (iii) holds. Note that by Theorem 6 we have 

Zl(AB B){I ~ Z 2 Z*) = Z{(AMB)WW* = 0, 

and hence Z)(A IE B) = Z*(A E B)Z 2 Zt). For any C € B (TL 1 ,TL) and D £ 
B(/C',/C), we have by Lemmas 2 and 5 that 

ACBBD = Z((ACMBD)Z 1 

= Z*(A E B)(C E D)Z\ 

= Z((ABB)Z 2 Z${CBD)Z 1 
= (A □ B(C □ D). 

Thus we arrive at (i). □ 

Theorem 12. Assume the notations in Theorem 8. For any operator matrices 
A £ B('H,'?^) and B £ B(/C,/C'), the following statements are equivalent: 

(i) CABDB = (CBD){ABB) for allC and D £ B(/C / ,/C), 

(ii) A* ABB* B = (A* □ B*)(A □ B), 


323 


Ploymukda ET AL 316-325 



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 27, NO.2, 2019, COPYRIGHT 2019 EUDOXUS PRESS, LLC 


A. Ploymukda and P. Chansangiam 


(in) V*(ABB)Z 2 = 0. 

Proof. Clearly,(i)=>(ii). The assertion (ii)=>(iii) follows from Theorem 8. Now, 
suppose that (ill) holds. Then VV*{AB I B)Z 2 = 0. Using Theorem 6, we get 

(I- Z 1 Z* l )(AMB)Z 1 = VV*(A E B)Z 1 = 0 

which implies {A IE B)Zi = Z\Z^{A E B)Z i. For any C £ M(TL',TL) and D £ 
B(/C',/C), we have by Lemmas 2 and 5 that 

CA □ DB = Z(,{CABDB)Z 2 

= Z%(CBD)(ABB)Z 2 
= Z* 2 {CBD)Z l Z* 1 (ABB)Z 2 
= (C □ D)(A □ B). □ 

Theorem 13. Assume the hypothesis of Theorem 1. For any operator matrices 
A £ B (7~L,'H') and B £ B {1C, 1C), the following conditions are equivalent: 

(i) AC BBD = (ABB){CBD) for all C £M(U , ,H) and D £ M(1C,JC), 

(ii) AA*BBB* = (A □ B)(A* □ B*), 

(in) ZZ(ABB)Q 2 = 0. 

Proof. The proof is similar to that of Theorem 11. □ 

Theorem 14. Assume the hypothesis of Theorem 1. For any operator matrices 
A £ B (TL,TL') and B £ B(/C,/C'), the following statements are equivalent: 

(i) CABDB = (CBD)(ABB) for all C £B(H , ,H) and D £ B(/C',/C), 

(ii) A*ABB*B = (A* □ B*)(A □ B), 

(in) Q\{AMB)Z 2 = 0. 

Proof. The proof is similar to that of Theorem 12. □ 

Acknowledgement. This research was supported King Mongkut’s Institute 
of Technology Ladkrabang Research Fund. 
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Some new coupled fixed point theorems in partially 
ordered complete Menger probabilistic G-metric spaces 
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Abstract. In this paper, we study the mapping satisfying mixed g-monotone property in 
partially ordered complete Menger probabilistic G-metric spaces. By weakening the notion 
of 4', we prove some new coupled coincidence point theorems and coupled common fixed 
point theorems. Finally, we provide an example to illustrate our results. 

Keywords: partially ordered; coupled fixed point; mixed g-monotone mapping; Menger 
PGM-space 


1 Introduction 

The notions of mixed monotone mappings and coupled fixed point were first introduced by Bhaskar 
and Lakshmikantham [1], which was extended to the partially ordered metric spaces. Since then, some 
results have been presented about the existence and uniqueness of coupled fixed points (see [2]-[8]). In 
2009, Lakshmikantham and Ciric [7] introduced the concept of a mixed g-monotone mapping, which 
generalized and extended the notion of mixed monotone mappings and the coupled fixed point in [1], 
In 2010, Jachymski [9] established a fixed point theorem for (^-contractions and gave a characterization 
of a function ip, satisfying probabilistic (/^-contraction. On the other hand, Choudhury and Das [2] gave 
a fixed point theorem by using an altering distance function. In addition, by taking advantage of the 
notion of the notion of (/^-contractive mapping in Menger PM-spaces, some fixed point theorems were 
brought by Ktbi and Gopal [6]. And Jin [10] put forward a new fixed point theorems for (/^-contraction 
in KM fuzzy metric spaces. For other results in the direction, we refer to [11]-[14]. 

' Corresponding author: Chuanxi Zhu. Email: chuanxizhu@126.com. 
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In this paper, we generalize the results of other scholars ([8],[14]) by weakening the notion of 'h 
in [4]. We study compatibility of the mappings g and T, where T is a mixed g -monotone mapping. 
We also establish some new coupled coincidences point theorems and coupled common fixed point 
theorems in partially ordered Menger probabilistic G-metric spaces. Finally, an example is given to 
illustrate our main results. 


2 preliminaries 


At this stage, we recall some well-known definitions and results in the theory of partially ordered 
set and PGM-space. 

Let M be the set of all real numbers, R + be the set of all nonnegative real numbers, Z + be the set 
of all positive integers. 


A mapping F : M —>• M + is called a distribution function if it is nondecreasing and left continuous 

with sup Fit) = 1 and inf Fit) = 1. We will denote T> by the set of all distributions function. 

te R i6R 

Let H denote the specific distribution function defined by 


m 


0, if t < 0, 
1, if t > 0. 


Definition 2.1 ([9]). A function A : [0,1] X [0,1] —>• [0,1] is called a triangular norm (for short, 
t — norm) if the following conditions are satisfied for any a, b, c, d € [0,1] : 

(A — 1) A (a, 1) = a; 

(A-2) A(a, b) = A(b, a); 

(A — 3) A (a, b) > A (c, d ), for a> c,b> d; 

(A — 4) A(A(a, b), c) = A(a, A(6, c)). 


Definition 2.2 ([2]). Let denote the class of all functions 4> : R + —>• R + satisfies the following 
conditions: 

(i) cf>(t) =0 if and only if t = 0; 

(ii) 4>(t) is strictly increasing and < f>(t) —> oo as t —> oo; 

(iii) 4> is left continuous in (0, +oo); 

(iv) 4> is continuous at 0. 

Definition 2.3 ([8]). Let 'L denote the class of all functions i) : R + —>• R + satisfies the follow¬ 
ing conditions: 
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(1) ^ is non-decreasing; 

(2) ip(t + s) < ip(t) + for all t, s G [0,1). 

Remark 2.1 ([8]). also satisfies that \k is continuous and 4 '(t) = 0 if and only if t = 0. It is 
easy to see that the notion of 4' is stronger than Definition 2.3 in [8]. And it is obvious that the 
following condition holds: 

(3) + q + t + s) < ipip) + ip(q) + ip(t) + ip(-s) for all p,q,t,s G [0,1). 

Definition 2.4 ([18]). A Menger probabilistic G-metric space (briefly, a PGM-space) is a triple 
(A, G*, A), where X is a nonempty set, A is a continuous f-norrn, and G* is a mapping from XxX xX 
into (G* x y z denotes the value of G* at the point (x,y,z)) satisfying the following conditions: 
(PGM-1) G* x y z {t) = 1 for x, y, z € X and t > 0 if and only if x = y = z\ 

(PGM-2) G* xxy {t) > G* x y z (t) for x,y,z G X with z / y and t > 0; 

(PGM-3) G* x y z {t) = G xzy (t) = G* x z (t) = ■ ■ ■ (symmetry in all three variables); 

(PGM-4) G* xyz (t + s) > A (G* xaa {t),G* aytZ (s)) for x,y,z,aeX and s,t> 0. 

Definition 2.5 ([1]). Let (X,G*, A) be a PGM-space, and {x n } is a sequence in X. (1) {x n } is 

said to be convergent to x G X (write x n —>• x), if for any e > 0 and 0 < 5 < 1, there exists a positive 

integer M e \ such that x n G N Xq (s, A) whenever n > Af e ^; 

(2) {x n } is said to be Cauchy sequence, if for any e > 0 and 0 < <5 < 1, there exists a positive integer 
M £ \ such that G* Xn XmXl > 1 — S whenever n, rn. I > M e \; 

(3) (A, G*, A) is said to be complete, if every Cauchy sequence in A converges to a point in A. 

Definition 2.6 ([7]). Let A be a non-empty set and F : X x X —>• A and g : X —>• A. We say 
F and g are commutative if 


9{F(x, y)) = F(g(x),g(y)) for all x, y € A. 

Definition 2.7 ([7]). Let (A, <) be a partially ordered set and F : A x A —> A is said to possess 
the mixed monotone property if F is monotone non-decreasing in its first argument and is monotone 
non-increasing in its second argument, that is, for any x, y G A, 


Xi,x 2 e A, Xi < x 2 =>- F(xi,y) < F(x 2 ,y) 


and 


2/i, 2/2 G A, i/i < y 2 F(x, y 2 ) < F(x, yi) 
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Definition 2.8 ([11]). Let (X, <) be a partially ordered set and F : X x X —>• X is said to have the 
mixed g— monotone property if F is monotone g— non-decreasing in its first argument and is monotone 
g— non-decreasing in its second argument, that is, for any i,|/£l. 

xi,x 2 € X, g(x i) < g(x 2 ) =>- F(xi,y) < F(x 2 ,y) 


and 


Vi, 2/2 G X, g(yi) < g(y 2 ) => F(x,y 2 ) < F{x,y{). 


3 Coupled coincidence point results in partially ordered complete 
Menger probabilistic G-metric spaces 


In this section, We begin with the following definition which is useful to prove some new coupled 
coincidence point theorems and coupled fixed point theorems in partially ordered complete Menger 
probabilistic G-metric spaces. 


Definition 3.1 Let (X, G*, A) be a Menger PGM-space with A (a continuous t — norm ), T : X 4 —> X 
and g : X —> X be two mappings satisfying the following condition: 


■0( 


1 


1 


G 


T(x,y,z,w),T(u,v,p,q),T(a,b,c,d) 


mt)) 1} - 4 '^g 


+ 


i 

g(x),g(u),g(a) 

1 


G 


WW) 1 + a 


- 1 + 


1 

g(y),gG),g{b) 

1 


( 0 ( 0 ) 


- 1 


g(z),g(p),g( c ) 


( 0 ( 0 ) 


G 


g(w),g{g),g(d) 


( 0 ( 0 ) 


-!)• 

(3-1) 


for all t > 0, and x,y, z,w,u,v,p,q,a,b,c,d € X,g(x ) < g(u) < g(a),g(y) > g(y) > g(b),g{z) < 
g(p ) < g(c) and g(w) > g(q) > g(d ), where A € (0,1),^ G 'L and </>£$. Then mappings T and g are 
said to satisfy ^-contractive condition. 


Theorem 3.1 Let(X, <) be a partially ordered set and (X,G*, A) be a complete PGM-space with 
a continuous t — norm, suppose that T : X 4 —>• X and g : X —>• X are the mappings with mixed 
g—monotone property and satisfy -0-contractive condition, such that G*^ > 0, G*^ g ^ g ^ > 

°’ G *g(z), g (p),g(.c) > °' G *g(w),g{q),gG) > °’ Su PPOse T(X 4 ) C g(X), g is continuous and commutes with T. 
Assuming that either 

(a) T is continuous, or 

(b) X has the following properties: 

(I) If a non-decreasing sequence x n —> x, z n —> z, then x n < x, z n < z for all n; 
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(II) If a non-increasing sequence y n —>• y,w n —>• w, then y n < y, w n < w for all n. 

If there exist x 0 , y 0 , z 0 , w 0 € X, such that g(x 0 ) < T(x 0 ,yo,z 0 , w 0 ),g(zo) < T(z 0 ,w 0 ,x 0 ,y 0 ), 

g(yo) > T(yo> £o> w o> x o ) and g(wo) > T(vjq. xq, yo, zo), then there exist x, y,z,w € X, such that 

g(x) = T(x, y, z, w),g(y) = T{y,z,w,x),g{z) = T(z,w,x,y),g(w) = T(w,x,y,z), 
that is, T and g have a coupled coincidence point. 

Proof Let x 0l yo, z 0 , w 0 € X, such that g(x 0 ) < T(x 0 , y 0 , zq, w 0 ),g(z 0 ) < T(zo,w 0 ,x 0l y 0 ) and 
g(yo) > T(y 0 ,Z 0 ,w 0 ,x 0 ),g(w 0 ) > T(w 0 ,x 0 ,yo,z 0 ), since T(X 4 ) C g(X), we can choose xi,y 1 ,z 1 ,wi G 
X, such that 

g(x i) =T(x 0 ,y 0 ,zo,w 0 ),g(yi) = T(y 0 ,z 0 ,w 0 ,x 0 ), (3.2) 

g(zi) = T(z 0 ,w 0 ,x 0 ,y 0 ),g(w 1 ) = T(w 0 ,x 0 ,y 0 , z 0 ). (3.3) 

Continuing this process we can construct sequences {x n }, { y n }, {z n } and {w n } in X, such that 

g(x n+ 1 ) = T(x n ,y n ,z n ,w n ),g(y n+ i) = T(y n ,z n ,w n ,x n ) for all n > 0, 

g(z n + 1 ) = T(zn, w n , x n , y n ),g(w n+ 1 ) = T(w n , x n , y n , z n ) for all n > 0, 

we shall show that 

g{x n ) < g{x n + i), g{y n ) > g{y n +i), g{z n ) < g{z n+ 1 ), s(u; n ) > ^(^n+i)- ( 3 - 4 ) 

We shall use the mathematical induction to show that (3.4) holds. 

Let n = 0, since 

5(^o) < T(x 0 ,yo,z 0 ,w 0 ),g(yo) > T(y 0 ,z 0 ,w 0 ,x 0 ), 
g{zo) < T(z 0 ,w 0 ,x 0 ,yo),g(w 0 ) > T(w 0 , x 0 , y 0 , zq), 

by (3.2) and (3.3), we have 

g{x 0 ) < g(x 1 ), g(y 0 ) > g(yi), g(z 0 ) < g{z{), g(w 0 ) > g(w{). 

Thus (3.4) holds for n = 0. 

Now we suppose that (3.4) holds for some n = i,i G Z + , we get 

sfci) < g{xi+ 1), g(yi) > g(yi+i),g(zi) < g(zi+ 1), 3 (^) > 5(^+1)- 

5 


330 


Gang Wang ET AL 326-344 



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 27, NO.2, 2019, COPYRIGHT 2019 EUDOXUS PRESS, LLC 


Let n = i + 1, owing to the property of mixed g- monotone, we have 

g{x i+2 ) = T(x i+ i,y i+ i,Zi + i,Wi + i ) > T(xi, y i+1 , Zi, w i+i ) > T(xi,yi, Zi,Wi) = g(x i+ 1 ), 
g{Vi+ 2) = T(y i+1 ,z i+ i,w i+ i,Xi + i) < T(yi,Zi + i,Wi,x i+ i) < T(y u z n ,Wi,Xi) = g(y i+ 1). 

Similarly, we obtain 

g(zi+ 2) > 3 (^+i)> 5(^+2) < g{m+ 0 - 

By the mathematical induction, we conclude that (3.4) holds for all n > 0. Therefore 

g{x 0 ) < ff(.Ti) < 3 (^ 2 ) < ... < g{x n ) < g{x n+ i) 

3(2/0) > 3(31) > g(y 2) > ••• > 3(3™) > 3 ( 3 n+i) < • • •; 

S'(-o) < g(zi) < 3 ( 32 ) < < g{z n ) < g(z n + 1 ) < • ■ 

g(w 0 ) > ff(w'i) > g(w 2 ) > ... > giwri) > g(w n+1 ) <■■■. 


In view of the fact, we have 

tgK G*9( x 2),g( x l)>9{xo) (^) = ™P G s(!/2),9(yi),9(!/o)^) = 

teR ^3(22),9(21),9(20)^) _ 1 ’ tgM < ^s(“' 2 ).s(« , i),s(wo)( i ) ~ 
and by (ii) of Definition 2.2, we can find some t > 0, such that 

^ 9 (* 2 ),s(xi),fl(xo)^^^ > ^9(2/2),9(3/1),3(2/0) (^(^)) - > 

^9(22),9(21),9(20) ^'g(w2),g(wi),g(w 0 )( c l ) (^ - > 
for 


3(^0) < 3 (ah) < 3(^2), 3(30) > g(yi) > 3(32), 
3 ( 20 ) < 3 ( 21 ) < 3 ( 22 , 3 (^ 0 ) > 3 (^ 1 ) > 3 (^ 2 ), 


which implies that 

^g( x 2),g(xi),g(xo) ^)) > Gg(y 2 ),,g(yi),. 9 ( 2 / 0 ) > 

g(z 2 ),g(zi),g(zg) (0( ^)) > 0, G r 5 (u )2 ),9(«'i),9(«'o)(^ ) ()\)) > 


Then by (3.1), we get 

0 ( 


G 


g(x 3 ),g{x 2 ),g(xi) 


(0(0) 


- 1) = 0( 


1 


g; 


,( 0 ( 0 ) 


-i) 


T(a? 2 , 2/2 ,-^2 ,W2 ) ,T(«i ,yi ,zi ,wi) ,T(a;o , 2 /o ,20 ,wo) v 
— 4 ^’(^ 9 (* 2 ), 9 (xi), 9 (a:o)( 0 ()()) ~ ^ + ^9(2/2),9(2/1),9(2/0)( 0 (^)) _ ^ 

G g ( Z2 ) t 9 ( 21 ),, 9 ( 20 ) ( 0 (^)) ” 1 + G( W2 ),g(wi),g(wo)(0(j^ ~ ■*■)' 


6 


(3.5) 
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Similarly, 

0( Q* (A(t)) ~ ^ — 4^^9(j/2), g{yi), s( 2 /o)(^(^)) — + ^s(z 2 ),s(«l),s(zo)^^^ — ^ 

9(93),9(2/2),9(91 '' 

^9(^"2),9(^i),9(«^o)X^^ — ^ ^'(x2),g(xi),g(x o )(0 (^)) — ■*■)’ 

^Q* aim ~ 1) — 4^’^£/(z2),g(zi),9(2o)(^(y)) — 1 + G g(w 2 ),g(wi),g(w 0 )^^ ~ ^ 

9(z3),9(z2),9(zi) vrv >> 

+ G *g(x 2 )Mxi),g(xo)^x^ - 1 + G *y2)Myi),g(yo)^x^ ~ 

0 (tt* ~~ ^ “ 4 ^’( G 9 («’ 2 ), 9 (^i), 9 (^o)^(y)) — + G g(x 2 ), 9(^1),gGo)( 0 (;()) ~~ ^ 

t t (3 ' 8) 

+ G 9(92),9(91),9(2/0) W^)) “ 1 + G (z 2),9 (zi), 9 (zo)(^(x^ “ 1 ' ) ' 


G* ( 

g(m),g(u’ 2 ),g(w!) [ 


From (3.5)-(3.8), we have 

1 -1)+^ 


(3.6) 


(3.7) 


^ G l{x 3 ),g(x 2 ),g{x 1 )^ t )) ^ ^ G *g{y 3 ), 9(92), ff (yi)(^)) ^ ^ G g(z3),g(z2),g(zi) ( 0 ( 0 ) 

^^ G ff(tB3),9(t«2),9(t«l)^^ 

1 


-1) 


< 0 ( 


1 


G* 

9(^2), ff(xi), 9(®o) 

+ ~ «<|)) _ 1} 


(^(a)) ^9 (92 ), 9 ( 9 i) ,9 (90) 


Wa)) ^ 9(z2),g(zi),g(zo) 


1 

(0(D) 


G* ( 

g(u’2),g(wi),g(m) [ 


By (3) of Remark 2.1, we have 
1 


0( 


G 


g(x 3 ),g(x 2 ),g(xi) 

1 


( 0 ( 0 ) 


-1 + 


G 


9(93),9(92),9(91) 


( 0 ( 0 ) 


-1 + 


G 


9(23),9(22),g(zi) 


( 0 ( 0 ) 


- 1 


+ 


G 


< 0 ( 


g(m),g(.uJ2),g{wi) 

1 


(0(0) 


- 1 ) 


G 


-1) + Y>( 


+ 0 ( 


g(x 3 ),g(x 2 ),g(xi) 

1 


G* 


G* 


^9(93),9(92),9(91) 

- 1 ), 


( 0 ( 0 ) 


- 1) + 0( 


G 


g{z 3 ),g(z 2 ),g(zi) 


( 0 ( 0 ) 


- 1 ) 


T g(w 3 ),g(w 2 ),g(w 1 ) 

which implies that 

0( 1 


G 


( 0 ( 0 ) 


- 1 + 


1 


g(x 3 ),g(x 2 ),g(x 1 ) 

1 

+ 


G* 


G 


( 0 ( 0 ) ^9(93),9(92),9(91) 

- 1 ) 


mm 


-1 + 


G 


g{z 3 ),g(z 2 ),g(zi) 


( 0 ( 0 ) 


- 1 


< 0 ( 


g(w 3 ),g(w 2 ),g(wi) 

1 


( 0 ( 0 ) 


G g(x 2 ),g(xi),g(xo) (0( A )) 

1 


- 1 + 


1 


G g (92), 9 (91), 9 (90) ( 0 (a)) 


- 1 + 


£!* (Alt' 


J g(z2),9(21),3(20)'-^'' a 


(0(D) 


- 1 


G g(w 2 ),g(w 1 ),g(w 0 ) (0( A )) 
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Using the fact that ip is non-decreasing, we get 


*9(2:3),9(2:2),9(2:1) 


(0(f)) 


-1 + 


*9(93), 9(92), 9(91) 


( 0 ( 0 ) 


- 1 + 


*9(z 3 ),9(z2),9(zi) 


( 0 ( 0 ) 


*9(203),9(102),9(«’l) 


( 0 ( 0 ) 


^ g(x2),g(xi),g(x 0 )^^ a)) 


ITT “ 1 + 


*9(92),9(91),9(90) A 


(0(0) G*( , , , , J&d)) 


Gg{w 2 ),g(w{),g(wo) ( 0 ( A )) 


From the above inequalities we deduce that 


^9(2:3),9(^2), 9 (aa) (0(0) > 0) ^9(93),9(92),9(91) ( 0 ( 0 ) > o> 
G 9 U 3 ), 9 U 2 ), 9 (u)( 0 (O) > °> G 9(i«3),9(102),9(101) ( 0 ( 0 ) > 0, 


^ 9 (a 3 ), 9 (® 2 ),ff(®l)( 0 (^)) > ^ 9 ( 93 ),9(92), 9 ( 9 l)( 0 (^)) > 

G 9U3),9U2),9Ui)(0(a)) > 0 ’ G '9(«’3),9(m2),9(«U) (0(^)) > °' 


Again, by using (3.1), we have 


*9(2:4),9(2:3),9(2:2) 

1 


*9(104), 9(103), 9(102) 


WW) 1 + o: 


9 ( 94 ) ,9 ( 93 ) ,9 (92) 


(«t)) 1 + O; 


g(z 4 ),g(z 3 ),g(z 2 ) 


( 0 ( 0 ) 


( 0 ( 0 ) 


^*9(2:3),9(2:2),9(2:1) ( 0 ( A )) 


7TT ~ 1 + 


*9(93),9(92),9(91) ^ 


( 0 (a)) G *g(z 3 ),g(z 2)^(*i)^a)) 


^*9(103),9(102),9(101) ( 0 ( A )) 

^*9(2:2),9(2:1),9(2:0) (0( A^)) 1 

1 


* 9 ( 92 ), 9 ( 9 i), 9 ( 90 )^^ A 7 


( 0 (t?)) G «r Z o'i. o fz 1 T o r Z n'i( 0 (^)) 


^*9(102),9(101),9(100) ( 0 ( A 2 )) 


Repeating the above procedure successively, we obtain 


T g(%n+2) ,g(%n+l) ,g(%n) 


( 0 ( 0 ) 


-1 + 


* 9 ( 9 n+ 2 ), 9 ( 9 n + l), 9 ( 9 n) 


( 0 ( 0 ) 


- 1 + 


I 9(Zn+2),9(2n+l),9(Zn) 


( 0 ( 0 ) 


■* 9 (’On+ 2 ),s(lO„ + l), 9 (lO„) 


( 0 ( 0 ) 


^*9(2:2),9(2:1),9(2:0) ( 0 ( A n )) 

1 


TTT ~ 1 + 


"TFT - 1 + 


*9(92),9(91),9(9o) ^ A n )) ^9(«2),9(zi),s(z 0 ) (0( A n )) 


*9(102),9(101),9(100) 


( 0 (&)) 
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If we replace xq with Xk in the previous inequalities, then for all n > k, we get 

1 1 


-1 + 


- 1 


G 'g(a ; „ +2 ), 9 ( 3 :„ +1 ), 9 (x r[ )(^( AA:t )) G *g{y n+2 ),g{y n+ i),g(y n ) 

G *g(z n+2 ),g(z n+ i),g(zn)^ Xkt ^ G *g{.w n+2 ),g( Wn+1 ),g(w n )^ Xkt ^ 

1 1 

< -- 1 + -^- 1 


G g(x k+2 ),g(x k+1 ),g(x k ) ^ A n - fc )) G g(yk+ 2 ),9(y k +i),g(y k ) ^^\ n ~ k )) 

1 1 


A k t 


+ 


G* 


9(zk+2),g(z k+ i),g(z k ) ^ X n ~ k )) G g(w k+2 ),g(w k+1 ),g(w k )^^ \ n ~ k ^ 


- 1 + 


A k t 


- 1. 


Since </>( ,„_ fc ) —>• oo as n —>• oo for all 0 < &; < n, we have 

n ^o G 9 (x k + 2 ),g{x k+ i),g{x k ) W ^n-fc)) ; — ^ n !^j G g{yk+ 2 ),g(yk+i),g{y k ) \n-k )) ~ ^ 

^Wfc+ 2 ),s(«fc+i)> 9{z k ) \n-k )) — , 1^0 ^s(wfc+ 2 ),s(wfc+ihs(wfc) ^ ^n-fc )) ~ 1- 

Thus, 


!™ ( r , 

71—>-00 (jr 


9(®n+2),9(®rM-i)>9(®n)^^ 


-1) 


< lim 


1 


- 1 + 


1 


- 1 


n ^°° G *g(x n+2 ), 9(*„+i),9(*») G 9(9n+ 2 ),9(9n +1 ),9(l/n) 

1 i 

"I” / / / \ U ,\\ ”1” ✓-y-i. / 1 / \ l» 1 \ \ ^ ^ 5 


G 


9(^ +2 ),9(^+l),9(^) M A **)) 


lim 


1 


n-Kx> G*, w , , s(4>(\ k t)) 

9(9n+2),9(9n+l),9(9n) VrV '' 


- 1 ) 


G 


9(w n+2 ),9(«!„ + i),9(M)„)^( A 


< lim ( 

n —1 ~~ 

+ 


1 


-1 + 


1 


similarly 

lim 


n->oo V G* . ( 0 (A fc f)) G*, w w ,(c/>(A fc i)) 

9(9n+2),9(9n+l),9(9«) v ^ v y ' 9Gn+2),9Gn+l),9(Zn) v ^ v '' 

1 1 1 

G% W 77~ 1+ G*< w ^ s(4>(\ k t)) 

9K+2),9K+l)>9K) Vr ' ” g{Xn+2),g(Xn+l),g(Xn) y ^ y >> 

1 , 1 

— 1) < 0, lim ( 


- 1 


- 1 ) < 0 , 


G *9{z n+ 2),9{z n+1 ),g(zn) W Xkt )) 

which implies that 


n^oo y G* w w J<j>(\ k t)) 

g(w n+2 ),g(w n+1 ),g(w„)^\ >> 


- 1 ) < 0 , 


= 1 , 


T £“( G! fl(*n + 2)^(*„ + l),9(*«)(^( A *)) = 1 ’„ 1 ™( G 9(9. + 2),9(9„ + l),9(9.)(^ A ^ = 
„ 1 ™ 0 ( G '9Gn+2),9Gn+l),9Gn)(^( Afci )) = 1 ’ n 1 S D ( G S(«H2)^(t« „ + l),9(^n) (^( A ^)) = 


= 1 . 


(3-9) 

(3.10) 


Now, let e > 0 be given, by (i) and (iv) of Definition 2.2, we can find k £ Z + such that cj)(X k t) < e, 
it follows from (3.9) and (3.10) that 

n^o^ G 9(x n+2 ),g(x n+1 ),g(x„)( e )) — ^^- G g{x n+2 ),g{x n+1 ),g{x n ) A *)) — 

JiS 0 (' ( ^9(9n+2),9(2/n+l),9(j/n)( e ^ — JlS 0 ^9(j/n+2),9(2/n+l),9(2/n) (^( A *)) “ 
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similarly, 


JiSo^ff(w„+2),ff(Wn+l),s(TOn) (C)) > 1, }^(G*g( Zn+2 ),g( Zn+1 ),g( Zn )(t)) > l- 


By using Menger triangle inequality, we obtain 

9( x n+p) i9{ x n+ 1 ),g{x n )^ — g(x n+p ),g(x n+p—l)i9{ x n+p—l)(p^ ^ 9( x n+p— l),9( x n+p—2)i9( x n-\-p— 2 ) ^ p ^ 

• •• C* 1—11 

’ g{x n+ 2),g{x n+1 ),g(xn.)y p> > ’ 

Thus, letting n —>• 00 and making use of (3.9) and (3.10), for any integer, we get 


^L G *g{x n+p ), 9 { Xn+l ),g{ Xn )^) = 1 for every e > 0. 


Hence g(x n ) is a Cauchy sequence. Similarly, we can prove that g(y n ), g(z n ), g(w n ) are also Cauchy 
sequences. Since (X,G*,A) is complete, there exist x,y,z,w € X such that 


lim g(x n ) = x, lim g(y n ) = y, 

n—>-oo n—> 00 

From (3.11) and the continuity of g , we have 
lim g{g(x n )) = g(x), lim g{g{y n )) = g(y), 

n—>• oo n—> oo 


From (3.2), (3.3) and the commutativity of T and g, we have 

g(g(x n + 1 )) = g{T(x ni y n ,z n ,w n )) = T(g(x n ), g(y n ), g(z n ), g{w n )), (3.12) 

g(g(y n + 1 )) = g(T(y n ,z n ,w n ,x n )) = T(g(y n ),g(z n ),g(w n ),g(x n )), (3.13) 

g(g(z n + 1 )) = g{T(z n ,w n ,x n ,y n )) = T(g(z n ),g(w n ),g(x n ),g(y n )) 7 (3.14) 

g{g{w n +i)) = g(T(w n ,x n ,y n ,z n )) = T(g(w n ), g{x n ), g{y n ), g{z n )). (3.15) 


lim g(z n ) = 2 , lim g{w n ) = w. (3-11) 

71— » OO n—>-oo 


lim g(g(z n )) = g{z) 

n—>• 00 


lim g{g(w n )) = g{w) 

n—>-oo 


Now,we show that 

g{x) = T(x,y,z,w), g(y) = T(y,z,w,x), g{z) = T(z,w,x,y), g(w) = T(w,x,y,z). 

Suppose that the assumption (a) holds. Taking the limit of (3.11) as n —> 00 , by (3.12) (3.15) 

and the continuity of T, we get 

g(x) = lim g(g(x n+ i)) = lim T{g{x n , y n , z n , w n )) = T{ lim g(x n ), lim g(y n ), lim g(z n ), lim g(w n )) 

n—>oo n—> oo n—> oo n—> oo n—> oo n—> oo 

= T(x,y,z,w), 


10 
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g{y) = lim g(g(y n + 1 )) = lim T(g(y n ,z n ,w n ,x n )) = T( lim g{y n ), lim g(z n ), lim g(w n ), lim g(x n )) 

n—?>oo n—>-oo n—>-oo n—>-oo n—> oo n—> oo 

= T(y,z,w,x). 

Similarly, 

g{z) = T(z,w,x,y ), g(w) = T(w,x,y,z). 


Thus we prove that 

g{x) = T(x,y,z,w), g(y) = T(y,z,w,x), g{z) = T(z,w,x,y), g(w) = T(w,x,y, z). 

Suppose now that (b) holds, since 

^g(x),T(x,y,z,w),T(x,y,z,w)i e ) — MGg(x),g(g{x n+1 )),g(g(x n+1 ))i~^)iGg(g(xn+i)),T(x,y,z,w),T(x,y,z,w)i~^))- (3-16) 

and using (i) of Definition 2.2, we find some s > 0 such that 4>(s) < since 

lim g(g(x n )) = g(x), lim g(g{y n )) = g(y), lim g(g(z n )) = g(z), lim g(g(w n )) = g(w). 

n—>• oo n—>■ oo n—>-oo n—>■ oo 

then there exists no € Z + , such that 

^ g{g{x n )),g(x),g{x)i ( t > i s )) > 0) ^g(g(yn)),g{y),g(,y)^^ s ^ > 

^ 9 (g{z n )),g(z),g(z)i < l ) i S )) > ^g(g(w n )),g(w),g(w)i ( l ) i S )) > O' 

for all n > no- Since {g(x n )}, {g(z n )} is non-decreasing and as {g(y n )}, {g{w n )} is non-increasing and 

g(x n ) ->• x, g(y n ) -> y, y(z n ) ->• g(w n ) ->• w. 


V>( 


By (3.1) and (3.12)-(3,15), we get 

1 


G* 


Mis)) 


- 1) = 


i 


g(g(xn+i)),T(x,y,z,w),T(x,y,z,w) 

< tVKtt; 777TW — 1 + 


4 TV G : 


(<Kf)) 


+ 


g(9(xn)),g(x),g(x)^\ A 

1 


G 


^ T{g(xn),g{yn),g{z n ),g(w n )),T(x,y,z,w),T{x,y,z,w)i C i ) iM 

1 -1+^ - 1 -TTT^TT-1 


- 1 ) 


9(9(yn)),g{y),g{y)W\\ 


m)) 


G 


g{g(zn)),g(z),g(z)W\x 


m)) 


G 


g{g(wn)),g(w),g(w) i^i A )) 


-!)■ 


By the same way, we obtain 

V>( 1 


G* 


(*(«)) 


- 1 ) 


g(g(yn+i)),T(y,z,w,x),T(y,z,w,x) 

1 ,, 1 

< tYKttt tttt — 1 + 


4 G : 


9(9{x n )),g{x),g{x) < l ) i \) 


G 


g(g(yn)),g(y),9(y)^' 


-1 + 


G 


9(.g{z n )),g(z),g(z)^i A- 


- 1 


+ 


1 


G 


9(g(wn)),g(w),g(w)r\\ 


<Ki) 1)1 
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(Ms)) 


g(g(z n +i)),T(z,w,x,y),T(z,w,x,y)^'- 

1 ,, 1 

— a'$( n* a.( s\ 1 




g(g(x n )),g(x),g(xy^X' 


T g(g(yn)),g(y),g(yy^ * J 


T g(g(zn)),g(z),g(zy\ \> 




g(g(v>n)),g(w),g(wy\\i 


(Ms)) 


g(g(u>n+i)),T(w,x,y,z),T(w,x,y,z) 

1 ,, 1 

— a ^ ( ri* At s\ 1 4" 




g(g(x n )),g(x),g(xy K *' 


T g{g(yn)),g{y),g{yy\>' J 


T g{g(zn)),g(z),g(zy\ \) 


g(g(w n )),g{w),g(w)V\\> 

By the above inequalities and (3) of Remark 2.1, we have 


Gg(g(x n +i)),T(x,y,z,w),T(x,y,z,w)(M2)) Gg(g 

1 

~ G*, , T , srp, M(s)) 1 + G 

g{g(Xn+i)),T(x,y,z,w),T(x,y,z,w) v ^ v 11 


g(g(x n+ i)),T(x,y,z,w),T(x,y,z,w) 


(Ms)) 


g(g(yn+i)),T(y,z,w,x),T(y,z,w,x) 


(Ms)) 


T g{g(zn+i)),T(z,w,x,y),T(z,w,x,y) 


(m) 1 + a 


Gg(g(x n )),g(x),g(x) (M \ 


(Mi)) 1 + G 


G g(g(w n+1 )),T(w,x,y,z),T(w,x,y,z)(M s )) 

1 1 

,a.om(Mj)) G*^ Zn ^ g ^ g ^(Mj)) 


g(g(yn)),g{y),g(y) yry A 


(3.17) 


g(g(wn)),g(w),g(w) ^ A 


(Mi)) 


Letting n —> oo in above inequalities (3.17), we obtain 


n ^o Gg(g(x n+1 )),T(x,y,z,w),T(x,y,z,w) ( ^ 


(3.18) 


From (3.16) and (3.18), we get G^ x)T ^ xyzw)T[xyzw) {e) = 1 for every e > 0, which implies 
that g(x) = T(x,y, z,w). Similarly, we show that g(y) = T(y, z,w,x), g(z) = T(z,w,x,y), g(w) = 
T(w,x,y, z). Thus we prove that g and T have a coupled coincidence point. 

Corollary 3.1 Let (. X , <) be a partially ordered set and (A, G*, A) be a complete PGM-space with 
a continuous t — norm. Assume that T : X 4 —>• X has the mixed monotone property, and satisfying 
the following: 


1 ^ 1 1 
C* ('ll l — a (n* 

T(x,y,z,w),T(u,v,p,q) ,T (a,b,c,d) \ 2 / x , u , 


11 1 1 1 

4 G* xua (t) G* yvb (t) G* zpc (t) G* wqd (t) 


for t > 0, G* X Uia (t) > 0 ,G* y v b (t) > 0 ,G* z p c (t) > 0 ,G* w q d {t) > 0 and x,y, z,w,u,v,p,q,a,b,c,d G X 
satisfying x < u < a, z<p<c,y>v>b and w > q > d. Suppose that either 

(а) T is continuous, or 

(б) X has the following properties: 
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(I) if non-decreasing sequences {x n } —>• x, {z n } —>• z, then x n < x, z n < z for all n, 

(II) if non-increasing sequences {y n } —>• y, {u>n} —>• w, then y n < y,w n < w for all n. 

If there exist x 0 ,yo,zo,w 0 € X , such that x 0 < T(x 0 ,yo, z 0 ,w 0 ), z 0 < T(z 0 , tc 0 , x 0 , yo) and y 0 > 
T(yo, zo,wo, xo),wo > T(wq, xq, yo, zq), then their exist x, y,z,w € X, such that 

x = T(x, y, z , w),y = T(y, z, w, x), z = T(z, w, x, y),w = T(w, x, y, z), 
that is, T has a coupled coincidence point. 

Proof Taking g = lx (the identity mapping on X), A = \ and 4>(t ) = ip(t) = t. for all f > 0 in 
Theorem 3.1, we can easily obtain the above corollary. 


4 Coupled common fixed point results in partially ordered complete 
Menger probabilistic G-metric spaces 

In the section, we prove the existence and uniqueness theorem of a coupled fixed point in partially 
ordered complete Menger probabilistic G-metric spaces. 

Theorem 3.2 In addition to the hypotheses of Theorem 3.1, suppose that for every (x, y, z, w ), (x*,y*, 
z*,w*) € X 4 there exists a (■ u , v,p, q ) € X 4 , such that (T(u, v,p, q),T(v,p, q , u),T(p , q, u, v),T(q , u, v,p )) 
are comparable to (T(x, y, z, w),T(y , z, re, x),T(z, w, x, y),T(w, x, y, z)) and (T(x*,y*, z*,w*),T(y*, z*, 
w*, x*), T(z*, w*, x*, y*), T(w*,x*, y*, z*)). Then T and g have a unique coupled common fixed point, 
that is, there exists a unique ( x,y,z,w) € X 4 , such that 

x = g(x) = T(x, y, z , w), y = g{y) = T(y, z, w, x), z = g(z) = T(z, w, x, y),w = g(w) = T(w , x, y, z). 

Proof From Theorem 3.1, the set of coupled coincidences is non-empty, we shall first show that if 
(x,y,z,w) and (x*,y*, z*,w*) are coupled coincidence points, that is, if 

g( x ) = T(x, y, z, w), g(y) = T(y, z, w, x), g(z) = T(z,w,x,y), g{w) = T(w, x, y, z) 

and 

g(x*) = T(x*,y*,z*,w*),g(y*) = T{y* ,z*,w*,x*), 
g(z*) = T(z* ,w*,x*,y*),g(w*) = T(w* ,x*,y*,z*), 

then 


g(x)=g(x*), g(y) = g(y*), g(z) = g(z*), g{w) = g{w*). (4.1) 

13 
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By assumption, there exists a (u, v,p, q ) € X 4 , such that (T(u, v,p, q),T(v,p , g, u),T(p , g, u, u), T(g, 
u,v,p )) is comparable to (T(x,y, z,w),T(y, z,w,x),T(z,w,x,y),T(w,x,y, z)) and (T(x* ,y*, z* ,w*), 
T(y*, z*,w*,x*),T(z*,w*,x*,y*),T(w*,x*,y *, z*)). Putting u 0 = u,v 0 = v,p 0 = p,q 0 = q and 
ui,vi,pi,qi € X, such that g(m) = T(u 0 ,v 0 ,Po,qo),g(v i) = T(v 0 ,p 0l q 0 , u 0 ), g{pi) = T(p 0 , q 0 , u 0 , v 0 ), 
g(qi) = T(qo,uo,vo,po). The proof of Theorems is similar to Theorem 3.1. We inductively define 
sequences {g{u n )},{g(v n )},{g(p n )},{g(q n )}, such that 

g( u n+ 1) — T(u n , v n ,p n , q n ), g(y n - |_i) — T(v n ,p n ,q n ,u n ), 
g(p n + 1) = T(p n ,q n ,u n ,v n ), g(q n +i) = T(q n ,u n ,v n ,p n ). 

Similarly, setting xq = x,yo = y,zo = z,w o = w, and Xq = x*,y$ = y* , z£ = z*,Wq = w*. We also 
define sequences {g(x n )}, {g(y n )}, {g(z n )}, {g(w n )} and {g(x„)},{g(y*)},{g(z*)},{g(w*) }, then it is 
easy to show that 


g(x n ) = T(x, y, z, w), g{y n ) = T(y, z,w,x), g(z n ) = T(z,w,x,y), 


g(w n ) = T(w,x,y,z ) 


and 


9«) = T(x*,y*,z*,w*), g(y * n ) = T(y*, z*,w*,x*), 
9 { z n) = T(z*,w*,x*,y*), g(w * n ) = T(w*,x*,y*, z*). 


Since (T{x,y, z,w),T(y,z,w,x),T(z,w,x,y),T(w,x,y,z)) = (g(xi), g(yi), g{zi),g(w{)) = {g{x) : 
g(y): 9 (z),g{w)) and (T(u,v,p,q),T(v,p,q,u),T(p,q,u,v),T(q,u,v,p)) = (g(u{), g(vi), g{pi), g{qi)) 
are comparable, then we have g(x) < g(ui),g(z) < g(pi), g(y) > g(v i) and g(w) > g{qi). It is easy 
to show that (g(x), g(y), g(w), g(z)) and (g(u n ), g(v n ), g(p n ), g(q n )) are comparable, that is, g(x) < 
g(x n ),g(z) < g(z n ), g(y) > g(y n ) and g(w) > g{w n ), for all n > 1. Following the proof of Theorem 
3.1, we can find some t > 0 such that 


Gg(x),g(u n ,g(u n )^^ ^ ^ g(y),9(vn,g(v n ) 

^g(z),g(Pn,g(j>n)^^^ > Gg(z),g(q n ,g(.q n ) 


(«!))>» 

(0(1)) >o 


for all n > 0, 
for all n > 0. 


Thus from (3.1) 


V>( 


1 


G* 




-1 ) = i’( 


g(x),g(u n+ i),g(u n+ i) 

1 ,, 1 

< -7T77TT - 1 + 


G) 


T (x,y,Z,w),T(u n ,Vn ,Pn ,qn),T(u n ,Vn ,Pn ,q-n ) 


OW) 


"I) 


- 1 + 


1 


- 1 


4 " v G* !Wn (<Kl)) G% tVn ,«,(*($)) G%, Pn ,pM{)) 


-!)• 
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By Remark 2.4, we get 

1 


G 


g(x),g(u„ + i),g(u n+ i) 

1 

+ 


OO)) 


-1 + 


1 


G 


g(w),g(q n +i),g(qn+i) 

1 


OO)) 


G* 

q(y),9{vn+i),g(vn+i) 

- 1 


OO)) 


- 1 + 


G 


9(z),g(Pn+l),g{Pn + l) 


OO)) 


-1 


G *g{x),g(un),g(un)^^ G 


9(j/),9Gn),9Rn)0( a)) G 


9(z),g(Pn),g(Pn)^( a)) 


-1 


+ 


1 


Q* I Alt' 


T g(w),g(q n ),g(q n ) yry a 


m)) 


-1 


(4.2) 


< 


G 


- 1 + 


- 1 + 


g(x),g(u 0 ),g( u o) ^ A n ^ G 9(y),9( v o),g(vo) A n )) G g(z),g{po),g(po) A")) 


- 1 


+ 


G 


g(w),g(qo),g(qo) ^ A" )) 


- 1 . 


We replace ilk with uq in (4.2), we get 
1 


1 


G 


g(x),g(u n+ i),g(u n+ i) 


4>{\ k t) 


+ 


1 


G 


< 


g(w),g(q n+ i),g(q n +l) 

1 


4>(\ k t) 


G* 

g(y),9(v n+ i),g{v n+1 ) 

-1 


< f>(\ k t ) 


-1 + 


G 


9(z),g(Pn+l),g{Pn+l) 


(j)(\ k t.) 


-1 


G 


g(x),g(u k ),g(u k ) 0( A n ~ k )) 


- 1 + 


1 


G 


g(.y),gGk),g(.vk)^^\ n ~ k ^ 


- 1 + 


G 


g(z),g(p k ),g(p k ) 0( \ n ~ k )) 


- 1 


+ 


1 


G g{w),g(q k ),g(qk) ^ \ n k ^ 
for all n > k. Letting n —>• oo, we obtain 

lim G 

n—>-oo 

lim G 


- 1 , 


= 1 Hm d* 

«—>oo 9 (x),g(u n+1 ,g{u rl+1 )(<l)(\ k t)) ’ g(.y)M v n+i,g(v n +i)(<l>( xkt )) 


— 1 lim C* 

M oo g(z)’g(,Pn + l,g{p n + l)(<P(* k t)) ! g(w),g(9n+l,g(qn+l)(<l>(\ k t)) 


= 1. 
= 1 . 


Let e > 0 be given. By (i) and (iv) of Definition 2.2, there exists k € Z + , such that (j){\ k t ) < |. 
Then we have 


n ^ 0 < ^9(*),9(«n+l)>ff(u n +l)(2^ ~ n-^OO G g( x )M u n+l),g(Un+l) OO ^ ^ 

JiSo^ff(y),fl(vn+l),9(v«+l)(o) — JiS 0 ^s(j/),s(vn+l),s(v»+l)(^(^ *)) _ 


(4.3) 

(4.4) 


Similarly, we prove that 
lim G 


g(a;*),g(« n+ i)„g(«„ + i) v 2 


(J) 


„^o ^S(W*),9(vn+l)„9(t'n+l) 1 2 


(o) = l- 


n ^O ^9(2*)>9(Pn + l)„9(Pn+l)i2 


^ }^ 0 G gG’*),g(qn+i),,g(q n +i)(2^ * ' 
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By using Menger triangle inequality, and (4.3)-(4.6), we get 


G g(x),g{u n +i),g(x*)( e ) — g{x),g{un+i),g(u n+ i)^^)-'^ g{ u n+ i),g(u n+ i),g{x*)^^)) ^ as n —> OO, 

Gg(y),g(v n +i),g(y*)^ — ^^g(y),9{ v n+i),g{ v n+i)^2) ,( ^9(vn+i),g{ v n+i),g(y*)^2^ * a s n —» °o, 

( ~'g(z),g(p n+1 ),g(z*)( e ) — g(z),g(p n+1 ),g(p n+1 ) (2 )’ ^g(p„+i),g(p n +l),g(z*) (2)) ~^ ^ as Tl >■ OO, 

Gg(w),g(q n+1 ),g(w*)i e ) — g(w),g(q n+1 ),g(q n+1 ) ( 2 )’ ^g(q n+1 ),g(q n+1 ),g(w*) ( 2 )) ^ 88 U °°‘ 

Hence g(x) = g(x*),g(y) = g{y*),g(z ) = g(z*),g(w) = g(w*), thus (4.1) holds. Since g(x) = 
T(x, y, z, w),g(y) = T(y, z, w, x),g(z) = T(z, w, x, y),g(w) = T(w, x, y, z), by commutativity of T and 
g , we have 


g(g 0*0) = g(T(x, y, z, w)) = T(g(x), g(y), g(z), g(w)), 
g{g{y)) = g(T(y,z,w,x )) = T(g(y),g(z),g(w),g(x)), 
g(g(z)) = g(T(z,w,x,y )) = T(g(z), g(w), g(x), g(y)), 
g{gi w )) = g(T(w,x,y,z )) = T(g(w),g(x),g(y),g(z)). 


(4.7) 

(4.8) 

(4.9) 
(4.10) 


Denote g(x) = a,g{y) = f3,g(z ) = 7 ,g(w) = a. From (4.7)-(4.10), we obtain 

c/(a) = T(a, /3, 7 , cr),g(/3) = T(/3, 7 , cr, a), 5 ( 7 ) = r (7, <T«, /3),g(cr) = T(a, a, /3, 7 ), 

thus (a, /3, 7 , a) is a coupled coincidence point. Owing to (4.1) with x* = a, y* = f3,z* 
w* = a, it follows 


(4.11) 
7 , and 


ff(«) = g(x), g(/3) = g{y), g{ 7 ) = s(o-) = g(w), 


that is 


g(a) = a,g(/5) = /3,£f(7) = 7 ,g(<?) = <?■ 


(4.12) 


From (4.11) and (4.12), we have 

a = g(a ) = T(a,/3, 7, cr),/3 = g(/3 ) = T(/ 3 , 7 , a, a), 7 = 5(7) = T(j,a,a, P),a = g(cr) = T{a,a,/3, 7). 


Therefore, (a,/?, 7 ,< 7 ) is a coupled common fixed point of T and 5 . Suppose that (a*,/?*, 7 *, a*) is 
another coupled common fixed point. By (4.1), we have 

a* = g(a*) = g(x) = x,f3* = g(/3*) = g(y) =y, 7 * = g{ 7 *) = 5 ( 2 ) = z,<r* = g(a*) = g(w) = w, 
which implies that T and g has a unique coupled common fixed point. 

This completes the proof. 

16 
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5 An example 


In this section, an example are presented to verify the effectiveness and applicability of Theorem 

3.1. 

Example 5.1 Let X = [0,1] be given. Define G(x,y,z) = \x — y\ + \y — z\ + \z — x\. A mapping 
T : X 4 —>■ X define by T(x\, X 2 , x%, X 4 ) = x i+ x 2 + x 3 + x * _ And g : x X define by g(x) = §. Define 


G* x , y , z (t) = { 


t+G(x,y,z) ’ if *>°, 


0 , 


if t < 0. 


for xi, X 2 , X 3 , X 4 , x, y, z € X, where T(X 4 ) C g{X). Then (X,G*,A m ) is a complete Menger PGM- 
space with a continuous f-norm A m . Let A = |, ip(t) = and cf>(t) = | be given for all t > 0. Then 
we have 


V>( 


1 


G* 




- 1) = i/)(—^—(G(T(x, y, z, w),T(u, v,p, q),T(a, b, c, d)))) 

<P(A t) 


T T(x,y,z,w),T(u,v,p,q),T(a,b,c,d )' 

9 

= -j^(|x + y + z + w — u — v — p — q\ + \u + v + p + q — a — 6 — c — d\ 
+ \a + b + c + d — x — y — z — vj\), 


1 % 


9i x ),9{u),g(a) 


<Kt) 


- 1 + 


G 


g(y), 9 (v),g(b) 


<Kt) 


-1 + 


G 


g{z),g(p),g{c) 




-1 + 


G 


9 {w),g(q),g(d) 




(5.1) 

-1) 


= — (|z ~ u\ + \u - a\ + \a — x\ + \y — v\ + \v - b\ + \b — y\ + \z — p\ + \p — c\ + \c — z\ 
+ \w — q\ + \q - d\ + \d — w\). 


(5.2) 


By (5.1) and (5.2), we obtain 

1 


V’( 


G 


T (x ,y ,z ,w) ,T (u,v ,p,q) ,T (a,b,c,d) 


(cP(Xt)) 1] ~4 H G 


1 


<Kt) 1 + G 


g(x),g(u),g(a) 

+ ~G* - ^~ 1 + 


1 

g(.y),g(v),g(b) 

1 




- 1 


- 1 ), 


T g(z),g(p),g(c)^ > ^') G g ^ w ^ g ^ g ^<j>{t) 

which implies that T and g satisfy -^-contractive condition. Thus, all the conditions of Theorem 3.1 
are satisfied. And (0,0,0,0) is the coupled coincidence point of T and g. 
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FOURIER SERIES OF SUMS OF PRODUCTS OF 
HIGHER-ORDER EULER FUNCTIONS 

TAEKYUN KIM 1 , DAE SAN KIM 2 , GWAN-WOO JANG 3 , AND JONGKYUM KWON 4 ’* 


Abstract. In this paper, we consider three types of functions given by sums 
of products of higher-order Euler functions and derive their Fourier series ex¬ 
pansions. Moreover, we express each of them in terms of Bernoulli functions. 


1. Introduction 


Let r be a nonnegative integer. The Euler polynomials Em\x) of order r are 
defined by the generating function (see [2,9-12,17,19]) 


E^oo- 

z ' 777, 


( 1 . 1 ) 


m =0 


(V) (r) / 

When x = 0, Em = Em ( 0) are called the Euler numbers of order r. For r = 1, 
E m (x) = Em\x ), and E m = E$ are called Euler polynomials and numbers, re¬ 
spectively. 


From (1.1), it is immediate to see that 

= ™ E m- i(A ™ > 1,e£*{x+1)+e£>(x) = 2E < £~ 1 \x), m > 0. (1.2) 
These in turn imply that 

E£( 1) = 2E£-V - fiW, (m > 0), (1.3) 

and 

£ E£>(x)dx = (eEi 1} - E% +1 ) , (m > 0). (1.4) 

For any real number x, the fractional part of x is denoted by 

< x >= x — [x] € [0,1). (1.5) 

We will need the following facts about the Fourier series expansion of the Bernoulli 
function B m (< x >): 


2010 Mathematics Subject Classification. 11B68, 42A16. 

Key words and phrases. Fourier series, sums of products of higher-order Euler functions. 
* corresponding author. 
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2 


Fourier series of sums of products of higher-order Euler functions 


(a) for m > 2, 


Bm ( < X > ) 


oo 

-to! Y, 

n=— oo,ri7^0 


g 27 r inx 

(2irin) m ’ 


(b) for to = 1 , 


OO 

E 

n=—oo,n ^0 


g 27 r inx 

2 -Kin 


B\{< x >), for x (f: Z, 
0, for i£l 


( 1 . 6 ) 


(1.7) 


In the present paper, we will study the following three types of sums of products 
of higher-order Euler functions and find Fourier series expansions for them. Fur¬ 
thermore, we will express them in terms of Bernoulli functions. In the following, 
we let r, s be positive integers. 


(1) a m (< x >) = Y^=o E k\< x >) E m-k(< x >)> ( TO > !)? 

(2) f3 m {< X >) = Er=o fc!(m 1 -fc)! ^fe r) (< 21 >)^™-fc(< * >). ( TO > !); 

(3) j m (< x >) = Y %=1 i^hk) E k\< x >) E m-k(< x >). ( TO > 2). 


For elementary facts about Fourier analysis, the reader may refer to any book (for 
example, see [1,20]). 

As to 7 m {< x >), we note that the polynomial identity (1.8) follows immediately 
from the Fourier series expansion of 7 m (< x >) in Theorems 4.1 and 4.2: 


m— 1 1 

1 frn\ r, 2 (H m _i — H m _k) 

to \ k y l m k+1 to — k + 1 

x (-Em-fc+i + ^ } +1 - ^ ^ fc+1 )}B*(*), 

where, for each integer l > 2, 


z-i 


A; = E ,„ 2 ,. (2fL~ 1) e;E 1) - E k )E t~k 1] -4 r " 1)£? i-fc)» 


( 1 . 8 ) 


(1.9) 


and = EJLi 1 are the harmonic numbers. 

The obvious polynomial identities can be derived also for a m (< x >) and /3 m (< 
x >) from Theorems 2.1 and 2.2, and Theorems 3.1 and 3.2, respectively. It is 
noteworthy that from the Fourier series expansion of the function 


771—1 

E k{^^) Bk{{x))Bm - k{{x)) (L10) 

we can derive the famous Faber-Pandharipande-Zagier identity (see [4,7,8]) and 
the Miki’s identity (see [3,5,7,8,18]). Hence our problem here is a natural exten¬ 
sion of the previous works which lead to a simple proof for the important Faber- 
Pandharipande-Zagier and Miki’s identities (see [15]). Some related recent works 
can be found in [6,13-16]. 
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2. The function a m {< x >) 

Let a m (x ) = Y^=o E k\ x ) E m-ki x )'i ( TO — !)• Then we will consider the func¬ 


tion 


i(< X >) = Y^ E k ) (< X >) E m-k(< X >)» ( m > !)) 


( 2 . 1 ) 


k =0 


defined on R, which is periodic with period 1. 
The Fourier series of a m {< x >) is 


(m) ^27T inx 


~ 2ninx dx. 


E 4 

n =—oo 

where 

4r° = [ a m(< x >)e~ 2 ^ inx dx = [ a m (x)e 

Jo Jo 

To proceed further, we need to observe the following. 

m 

a 'm( x ) = E ( kE k-l( X ) E m-k( X ) + ( TO “ k)E ix) { X )E^_ k _ i(®)) 
k—0 

m m— 1 

= E + E ( TO “ k ) E k\ x ) E m-k-l( x ) 

k= 1 fc=0 

m—1 m—1 

= E (*+i)E r E)EE- fc (*) + E ( m - k)E (x \x)E^ ) _ 1 _ k (x) 

k—0 k =0 

m—1 

= ("l + 1) E 

/c—0 

= (to + l)a m -i(x). 


( 2 . 2 ) 


(2.3) 


(2.4) 


From this, we have 


C^m+l (*t) 

TO + 2 


o ; m(*r); 


and 


r 1 l 

/ a m (x)dx = -— (a m+ i(l) - a m +i(0)). 

Jo to + 2 

For to. > 1, we put 

A m = CT m (l) Clm(0) 
m 

= E (4 r) (i)4Eu) - 4 r) 4E) 

/c—0 
m 

= E (( 2 4 r_1) - 4 r) )(2^:i } - 4E) - 4 r) 4E) 


(2.5) 

( 2 . 6 ) 


(2.7) 


fc=0 


m 

/c— 0 


_ O \ / 9 Z7»( r 1) 77'( S— 1) Z7»M rp{ S ~ 1) 77'( r— 1) Z7'( S ) 

Z / ( -^m—Zc *^k ^m—k ^k ^m—k J * 
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Fourier series of sums of products of higher-order Euler functions 


We now see that 
and 


C^m(0) — ^m(l) ' ■* A m — 0, 

/ a m (x)dx = 

Jo 


1 


m + 2 


-A. 


m+1 • 


( 2 . 8 ) 

(2.9) 


Next, we want to determine the Fourier coefficients A 
Case 1 : n ^ 0. 


++ = f 1 a m (x)e- 2 * inx dx 
Jo 


=-2 L^ e ~ 2 ^ + 1 


27rin 


a' rn (x)e~ 2ninx dx 


1 / /r»\\ 771 1 / , x 

— 7) • ^m(O)) H - 7 / &m—1\%)£ 

ZlTZTl ZlTZTi Jq 

= TO + 1 Hm-l)_+ A 

27rm ” 27rm m ’ 

from which by induction on to, we can easily derive that 

aw =_L_ y* ^ + 2 )j A 

m -4- / z ' 


( 2 . 10 ) 




. + 2^ (27rin)J m 

.7=1 


Case 2 : n = 0. 


f 1 

= / a m (x)dx = 
Jo 


1 


-A. 


m+1 • 


( 2 . 11 ) 


( 2 . 12 ) 


/ 0 to + 2 

a m (< x >), (to > 1) is piecewise C°°. In addition, a m (< x >) is continuous for 
those positive integers to with A m = 0, and discontinuous with jump discontinuities 
at integers for those positive integers with A m ^ 0. 

Assume first that A m = 0, for a positive integer to. Then a m (0) = a m (l). Hence 
a m (< x >) is piecewise C 00 , and continuous. Thus the Fourier series of a m (< x >) 
converges uniformly to a m (< x >) , and 


^ oo / i m 

a m(< x >) = —A m+ i + Y' I — 

m 4- / ' l m 4- 7 ' 


m + 2 

1 

TO + 2 

1 

TO + 2' 

T A m x 


, . to + 2 ^ ( 2 irinV 

n=-oo,rj+0 \ j =1 v ' 


(TO + 2)j | jninx 

J-Am .— n A 


-l+i e 


A. 


m+1 


1 E 


m + 2 Y V J 


n=— oo,n 7^0 


0 2irinx 


(2niny 


A. 


m+1 


E 


TO + 2 


to + 2 \ ? 

1=2 V J 

Bi (< x >), for x ^ Z, 

0, for ieZ. 


X +) 


(2.13) 
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We are now going to state our first result. 

Theorem 2.1. For each positive integer l, we let 

A* = 2^ (2^ r “ 1) ^ ( lfe 1) - E^El~ l) ~ Et 1] E[ s \) . 

k —0 


Assume that A m = 0, for a positive integer m. Then we have the following. 
=o - 


( a ) SfcLo E)[\< x >)E^_ k (< x >) has the Fourier series expansion 


J 2 E k« x »E^_ k (< x >) 

k =0 

1 


I r,A m -fl + / , I . r> 7 , /o ■ L ^m—J + 1 

m + 2 ' 1 rn + 2 -^ (2mny 

n=— oo,n7^0 \ j =1 v ' 


1 (to + 2 )j I 2ninx 

- • W I e 


(2.14) 


for all x G R, where the convergence is uniform. 


m . m / _l 0\ 

( & )E £ k°(< X >) S m-fc(< * >) = —^ H ( • ]A m _ J + iB i (< X >), 

(2.15) 


fe =0 

for all x in R. 


Assume next that A m 7 ^ 0, for a positive integer m. Then a m ( 0) 7 ^ a m (l). 
Hence a m (< x >) is piecewise C 00 , and discontinuous with jump discontinuities at 
integers. 

Then the Fourier series of a m {< x >) converges pointwise to a m {< x >) , for 
x £ Z, 

and converges to 


2 (chn(0) + a m (l)) — a m ( 0) + — A m , 


for x GZ. 


Now, we are going to state our second result. 
Theorem 2.2. For each positive integer l, we let 


(2.16) 




. \“~k 
k —0 


A, = 2 > ' ( 2E { ?~ 1) E^f 1) - E, (r) £;, (s 7 1) - E ^ r ~ 1] £, (s) 


l-k J ~~'k l — k 


l—k 


Assume that A m ^ 0, for a positive integer m. Then we have the following. 


( a )-— ^Am+l + V 

m + 2 z —' , \ m 

n=— 00,717^0 \ j 

_ j Eklo E k ] (< x >)E^_ k {< x >), for x^Z 


p (r) p (s) 1 » 

, Z^fc= 0 £/ fc 'm-fc "r" 2 ^ m ’ 


1 ( m + 2 )i a 

+ 2 ^ ( 27 rm)i m “ j+1 

7—1 x 7 J 

/or x ^ Z, 

/or i£l 


El'Kinx 


(2.17) 
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1 / I o\ m 

[a JAm-j +1 Bj{< x >) = EZ E fe r) (< * >) E m-k(< 21 >)» for xi Z; 

j —o \ J / k—0 

(2.18) 


/c—0 


1 . / i o\ _ i 

E ( A ) A m-j+iBj{< x >) = jr E ( ^E^_ k + -A m , /or 

- + z j=0J#l V 2 / k=0 Z 

(2.19) 


/c—0 


3. The function /3 m (< x >) 

Let P m (x) = Efelo fci(m 1 -fc)! - E fc r) ( a: ) £ 'm-fc( a; )» ( TO > 0- Then we wiU consider 
the function 

m -- 

Pm(< X>) = J2 fc |( TO _ fc )| 4 r) (< * >) E m-k(< X >)» ( TO £ !)> 


fc =0 


defined on K, which is periodic with period 1. 
The Fourier series of /3 m (< a: >) is 


E * 


(m) ^2ninx 


(3.1) 


where 


^i m) = [ 1 /3 m (< a: >)e~ 2 * inx dx = [' p m {x)e~ 2 ™ x dx. (3.2) 

Jo Jo 


/O JO 

Before continuing further, we need to note the following. 

= _pW p( s ) ^ _L ~ p( r )/'~\ p( s ) 


fc=0 


/c!(ra — k)\ 


EZliWE^x) + 


/c!(m — k)\ 


E' k '>(x)E^_ k _ 1 (x) 


m 1 

= E (fc - l)!( m - ky E k-i( x ) E L-k( x ) 


k= 1 
m—1 


+ E 

fc=0 
m— 1 

= E 

k=0 
m—1 


l 




k\(m-k- 1)! fc v ; 

E fc!(m — 1 — k)\^ ) W E< m ) -i-k( x ) 


= 2/3 m _i(x). 
From this, we have 


/WiOO V 


= Pm(x), 


(3.3) 

(3.4) 


350 


TAEKYUN KIM ET AL 345-360 



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 27, NO.2, 2019, COPYRIGHT 2019 EUDOXUS PRESS, LLC 


T. Kim, D. S. Kim, G.-W. Jang, J. Kwon 


and 


P m {x)dx= l(/? m+ i(l) - /J m+ i(0)). 


(3-5) 


For m > 1, we set 
Vm = An(l) - /MO) 


= £ 

fc =0 


1 


(4 r) (i)^' fc (i)-4 r, CJ 


/d(m — fc)! 


(r) ei(s) 


m 1 

= E fc!(m _ fc) , (( 2 4 r_1) - 4 r) )(2^ } - E$_ k ) - 

m „ 

_ \ _fop( r_1 ) p( s_1 ) _ p( r ) pi 8-1 ) _ p( r_1 ) p( s ) \ 

~ / , ™m-k)‘ 

Now, it is immediate to see that 

/3 m (0) = /3 m (l) ^ = 0, 

and 


f 1 1 

J i^m {x)dx — 


We now would like to determine the Fourier coefficients Br' n> . 
Case l:n/0 


B ( n m) = [ P m (x)e~ 2 ™ x dx 

Jo 


1 ^ m (x)e~ 2ninx ^ 1 1 


27rin L' 


o 27rin , 


P' m {x)e- 2 ™*dx 


— (/U1)-/U0)) + [ Pm-i(x)e- 2 ” inx dx 

Tin \ / Z7rzn 7 0 


27rin 

= 2 ^(m—i)_ 

27rin n 27rm m ’ 

from which by induction on to gives 


(3.6) 


(3.7) 


(3.8) 


(3.9) 


m 0 7-1 

B<"> = - E 


“f (27rinV 

7 = 1 v 7 


1 • 


Case 2: n = 0 


/* 1 1 

B^ m) = / pm(x)dx = 

7o * 


(3.10) 


(3.11) 


P m (< x >), (to > 1) is piecewise C 00 . Further, /3 m (< a; >) is continuous for 
those positive integers m with = 0, and discontinuous with jump discontinuities 
at integers for those positive integers m with f l m ^ 0 . 


351 


TAEKYUN KIM ET AL 345-360 



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 27, NO.2, 2019, COPYRIGHT 2019 EUDOXUS PRESS, LLC 


8 


Fourier series of sums of products of higher-order Euler functions 


Assume first that f i m = 0, for a positive integer m. Then /3 m (0) = /3 m (l). Hence 
/3 m (< x >) is piecewise C°° , and continuous. Thus the Fourier series of /3 m (< x >) 
converges uniformly to f3 m (< x >), and 

/3 m (< x >) 

1 2-7 -1 \ 

= -n m+1 + J2 \-Y [ j 2 —^ n ru- j+ l)e 2 


Jl'ninx 


— 1 + Y! 


n=—oo,n^0 j 
2 j ~ 1 


Qm.— 'i- 1-1 ( 


3 = 1 




I '"m—j + 1 


(-i! E 


00 e 27rnx 


n=—oo,n^0 


(2n inY 


(3.12) 


X ™ 2 l _1 

— x^m+1 + y ^ Tj Qm—j+lFj(< a? >) 

^ J- 


2 

-j- x 


i=2 

fl? 1 (< a; >), for x <£Z, 

1^0, for x GZ. 

Now, we are going to state our first result. 
Theorem 3.1. For each positive integer l, we let 


til = E - 4 r " 1) ^-fc)- (3- 13 ) 


k =0 


Assume that fi m = 0, /or a positive integer m. Then we have the following, 
(a) SfeLo fci(m-fc)! ^ >) ^ as Fourier series expansion 

-E\f\<x»E%_ k {<x» 

2 j ~ 1 


E 

/c— 0 


k\(m-k)\ k 


— 2 ^m+l 


E ( E ( 27 rm)f nro - j+1 ) e 


(3.14) 


2ninx 


n=— oo,n^0 j —1 

/or all i£l, where the convergence is uniform. 


for all i£l. 


m 1 

(*>) E t!(m - t )! ^ r) (< 1 >) E »h« * >) 

m 2 l _1 

= ^ ' Tj flm—j+1 Fj (X >), 

3 = 0 , 3 ' 


(3.15) 


Assume next that 7 ^ 0, for a positive integer m. Then, /3 m (0) 7 ^ /3 m (l). 
Hence (3 m {< x >) is piecewise C 00 , and discontinuous with jump discontinuities at 
integers. Then the Fourier series of f3 m (< x >) converges pointwise to /3 m (< x >), 
for x Z, and converges to 

2 (/?m(0) + /?m(l)) = Pm( 0) + — f2 m , (3.16) 

for a; G Z. 

Next, we are going to state our second result. 
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9 


Theorem 3.2. For each positive integer l, we let 




(2E<'-»E - E'pEj'l' 1 - Ejr-'’El‘J t ). 


r ) Z7'(' S— 1) Z7’( r— 1) I7'( s ) 


k—0 


k\(l — k)\ 


(3.17) 


Assume that fl m ^ 0, for a positive integer m. Then we have the following. 


1 


OO 


(a) -f 2 m+ 1 + ^ 

n=— oo,ri 7^0 


-E 

1=1 


2 i 


-l 


(27rin)- 


O \ 2-izinx 

^ Lm—j-\-l J ^ 


0 k\{m—k) 
1 


) (< * >)^m-fe(< 21 >)» 


r sr^m 

2-^k— 

X^ m __L__p( r )p(s) i in 

,Z^fc=0 k\(m-k)'.k ^m-k ' 


for x ^ Z, 
/or i£l 


(3.18) 


171 2 J _1 

w E • j ^m—j+1 Bj(< x >) 

i=o J ' 


m 


= E 




fc!(m — fc)! 


») 


^ 2 i _1 ^ 

/ . Tj— “m—1+1-®1 (< x >) 

1=0,17^1 

m , i 

-V__£ (r) £; (s) +in 

— kffo k\ m — k)\ k ^-fc+2 m ’ 


for x £ Z; 


/or x € Z. 


(3.19) 


4. The function 7 m (< x >) 

Let 7 m (x) = k ^_ k) E { k r) {x)E ( ^ l _ k (x), (to > 2). Then we will consider 

the function 


m —1 


7m(< *»=£ 


—^ fc(m — fc) 


Er«x»E^_ k «x», 


defined on R, which is periodic with period 1 . 
The Fourier series of 7 m (< x >) is 


E <2 


m) ^ 2ninx 


(4.1) 


where 


C™ = m(<x>)e- 2 * inx dx= / 7 m(*)e 

Jo Jo 


—2'Kinx 


dx. 


(4.2) 
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To proceed further, we need to observe the following. 

m— 1 1 m— 1 1 

^rk E k-l( X ) E m-k( X ) + E ^ E k\ X ) E t-k-l( X ) 

k =1 k=l 

m —2 m— 1 

= e m _ x _ k E k\ x ) E ^-i - k ( x )+e i E k\ x ) E{ Si-ki x ) 

k =0 ' 


m — 1 — 


m 2 -i ^ 

= (™ -') E + ^n€,w 

= (m- l)7 m -i(z) + + —— 7 E m-l( x )- 

m — 1 m — 1 

(43) 

From this, we easily see that 

(— (7m+l(a;)- , 1 I - ( 1 | i^ m+lW)) =lm{x), (4.4) 

\ra v + 1 ) ^ m(m + 1 ) ^ / 


/ 7 m{x)dx 
Jo 

= — [7m+i(a;)- 7 -— £^+ 1 ( 2 ;)- 7 -— 

mL' v ' m(m +1) m+lv ’ m{m + 1) m+1 Jo 

= ro ( 7m+1 ^) “ 7m+i(0) - + (^m+i(l) ~ -^m+iW) 

- l(1) - £ "+' (0,) ) 

= ra( 7 ”' +l(1) “ 7 ”‘ +l(0) “ m ( m+ l) <E ” +1 " “ E “+'> 

^ zA s ) 'A 

m(m + l) ( m+1 m+ l] J- 

Let Aj = 0, and for m > 2, we let 

A777 = 7m (l) 7m (0) 
m— 1 . 

= E TTTViy (<’W^hO) - 


m— 1 1 

= E ( (2 ^ r ” 1} - E ^ 2E ™-k - E ™-k)- E k ] 


^r) F (s) 
k m—k 


m—1 „ 

— \ _ tOZ7'( r ’~ 1 ) zr’( s ~ 1 ) _ Z7 , ( r ) zv , ( s !) _ E 1 ( r_1 ) p( s ) \ 

— 2^ fc(m _ fc) (“fc ^m-fc -^fc ^m-k ^k b m-kl- 


Then we have 


7m (0) — 7m (1) 44' A m — 0, (?77. A 2), 
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11 


f 7 m{x)dx = — ( A m+ 1 - " ' (e£ + P - E^ + j) - 2 ( 

Jo m \ m(m + 1) V m+L J m(m + 1) V 

We now want to determine the Fourier coefficients Cn"' 1 . 

Case 1: n ^ 0 

C^ = / 7 m{x)e~ Mnx dx 
Jo 


'(«-!) _ f( s ) 

m +1 ^m +1 

(4.8) 


1 7 m(x)e- 2vinx ] 1 + 1 


2-Kin 

■W;(•*»(!)-■*»(<>) 


J o 27 rin , 


7 ^(x)e - 2 —dx 


+ 


1 


2k in J 
m — 1 
2 -7T in 


+ 


I {(m - l)7 m _i(x) + ——+ —— -E^ hi(x)}e 

q Til 1 777- 1 

t *~ IJ - 2 ^ A ” + ss^ jf ex-*-* 

[ E£Ux)e- 2 ™*dx 

Jo 


—2n inx 


2mn(m — 1 ) Jq 

m ^lc , ( m - 1 )_3 _a _1_("<j)( r ) 4- $( S A 

'-'n o ■ lv rn n-r i \ l ^ m ' ^m ) > 

m Z7r*n 2Kin(m—l)\ / 


2mn 
where 


dx 


(4.9) 


= V 


fc=l 


2 (m l)fc—l ^—l) _ jp(r) 

(2Kin) k 


77-V 

£ J rn —k)’> 


E[ r \x)e- 2 ™ nx dx 


2(0fc_i / p.(r-l) _ pi(r) \ r / n 

Z—*k=l (2-Kin) 1 - [^l-k+l W-fc+1 J ’ 101 77. ^ U, 

VW+i 


tttI eY-’-e, 


(r) 

l+l J ’ 


for n = 0. 


(4.10) 


Thus we have shown that 


/~i(m) fl 1 ^ p(m- I) 1 a _1_ 

27rm n 2 k in m 2Kin(m. — 1) 


( <J>( r ) 4 - $( s 

\ m ' m 


(4.11) 


An easy induction on m now gives 


(n(m) 

w n 


m—1 


E 


(m - Qj-i 

{2Kin)i 


A 


m—j+l 


m_1 i \ 

V ( TO ~ 1 )j-l /^(r) 

^ (J2Kin)i (to — j) m ~i+ 1 


+ $ 


(*) 

m-j -\-1 


)• 


(4.12) 
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Fourier series of sums of products of higher-order Euler functions 


To find a more explicit expression for C„, 


we need to observe the following. 


m-i i\ 

\ ' (TO - l)j-l , (r) 

py (2niny (to — j) m ~i +l 

Y' \ m ~~ l)j —1 ^( W ~ J)k -1 (p(r- 1) _ p(r) 

++2tt ir+(m-j)+l (2 tt in) k 1 rn-j-k+i 


m— 1 

=^£ 

i=i 

m—1 


=2£ 


i=i 


1 

TO — J 
1 

TO — J 


(TO ^ l)j+fc-2 /p(r-l) 

£ (27rm)J'+ fc 1 ™-i-fc+i 


-E 


(r) 

m—j—k+1 


) 


m 


£ 

k-j + l 


(TO l)fc—2 / p(r— 1) 

(27rin) fc 1 ro - fe+1 


- E, 


(r) ) 

m—fc+1/ 


9 V ( W ~ 1 )fc~2 /p(r-l) 

^ (2nin) k 1 m - fc+1 
fc=2 v ' 


-A 


(r) 


fc-1 

m— k+l) E 
1=1 


1 

TO — j 


9 V ( TO ~ 1 )fc-2 /p(r- 1 ) 

+j (2nin) k 1 m - fc+1 


-E 


(r) 

m-k -\-1 


) (Hm-l 


Hm—k) 


O m 

m L ^ 


/ \ eh'; 

(TO)fc 


(r) 


to z ' ( 2nin) k 

fc=l v > 


m — k + 1 


(Hm—l . 


(4.13) 


Recalling that Ai 


0, we get the following expression of : for n ^ 0, 



1 ( TO )fc /» . 2(i? m _i — 

to 2^ (27Tm) fe V m fc+1 to — k + 1 

fc=l 


v / Z7'( r— 1) _i_ zp(. s ~ 1) Z7'( r ) _ 

A v^m—fc+1 ' ^m— fc+1 ^m— fc+1 ^m— fc+1/y ' 


(4.14) 


Case 2: n = 0 


CA 


j m (x)dx 


TO- 


A. 


m+l 


m(m + 1) 


V 'm+l 


■E. 


>-!) 

m+l 


- A. 


, r ) 

m+l 



(4.15) 

7m(< x >), (to > 2) is piecewise C 00 . Furthermore, 7m(< x >) is continuous 
for those integers to > 2 with A m = 0, and discontinuous with jump discontinuities 
at integers for those integer to > 2 with A m y 0. 

Assume first that A m = 0, for an integer m > 2. Then 7 m (0) = 7 m (l). Hence 
7 m {< x >) is piecewise C°°, and continuous. Thus the Fourier series of 7 m (< x >) 
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converges uniformly to 7 m (< x >), and 


13 


7m(< X >) 

1 

TO 


A ro +1 --—rr {E ^ +1 1 + E, 

TO (?Tl + 1) + 


_ E yr> — E ys> ) 

m+1 ^m+l ^m+l/ 


(r-l) , p(s-l 

m+1 ' 1 

f (jri)k ( k -^m—fc) 


- £ {£+He( a -‘« + 

m (27rzn) ft V 


n=— oo,n7^0 fc 


V 4- P'- S-J T _ 

* V 'm— fc+1 "f" ^rn_fc+1 fc+1 ^m— 


r>( s —1) 


(r) 


W 

m—fc+1 


TO — fc + 1 
Jl'Kinx 


= - ( A 

m 


( Z7 l ( r — -*-) i T7 , ( s ~ ■*■) Z7'( r ) Z7 , ( s ) \ 

m + 1 I 1 \ l^m+1 ' -^m+1 -^m+1 -^m+lJ 


fc=l v 7 


m(m + 1) 

A-772— fc+1 H - 


2 (-^7?2— 1 Hm— fc) 


m — k + 1 

x - 4 r - fe+1 - ^ fe+ i)}(-fc! E 


s£(t){ 

fc=2 V 7 


A772—fc+1 H“ 


2 ( Hin — 1 H m — fc) 


n=— 00,727^0 

M z?(«) 


0 2 ninx 


( 2irin) k 


- L. - m + 1 , (El7i l + & - EZ, - E'Zt) 

m \ m\m +1) 


(4.16) 


to — k + 1 

x (££:&! + - ^ fc+1 - 4E+i)}^(< x >) 

£?i(< x >), for x ^ Z, 


+ A m x 


1 

TO, 


m / \ 

£ : { 


fc= 0 ,fc^l 


1 A 

l 1 ' m 


for x € Z 

2(^m—1 Hm—k) 


m— fc +1 


to — k + 1 

x (£&:&! + - 4 r - fe+1 - 4E + i)}^« * >) 

£?i(< x >), for x ^ Z, 


T A m x 


for x € Z. 


Now, we can state our first result. 
Theorem 4.1. For each integer l > 2, we let 


A * = E ^3+( 2 4 r_1) ^ 1) - 4 r) E[:- k 1} E^e\ s \), (4.17) 

with Ai = 0. Assume that A m = 0, for an integer m > 2. TTien we have the 
following. 

(a) SfeLi 1 k(m-k) (< # >)E^_ k {< x >) has the Fourier series expansion 
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Fourier series of sums of products of higher-order Euler functions 


m— 1 


E TtJ-Tu\ E k\< x >) £: m-fc(< * >) 


k—1 


k{m — k) 


= - I A 

m 
1 


r-i) 

m(m + 1 ) y ^ m+1 


~ (T7 , y r ~ L ) i zt’V 6 ’ -l ) T7 , \ r ) T?y s ) \ 

m+l i \ l-^m+1 ' -^m+l -^m+1 ^m+l) 


(V^)k ( ^ , 2 ( 77 m _i Hm—k) 


m If—J (zTrzn)^ v 


n——oo,n^0 /c 


TO — fc + 1 


v _L p( s_1 ) _ p( r ) _ p( s ) 'i'll, 

X l-^m-fc+l ' ^m-k+l tj m-k +1 -^m-fc+lH/' 

for all ieK, where the convergence is uniform. 


'2ivinx 


(4.18) 


(*) E 


e£\< x >)E^_ k (< x >) 


k =1 


fc(ra — fc) 


i m / \ 

s e : { 


fc=0,fc^l 


A™_ 


m—/c+1 


1 Hm— fc) 


TO — fc + 1 

x (i&Z&i + 4TE - fc+ i - <l fe+1 )}B fe (< a: » 


for all x £ 


(4.19) 


Assume next that A m ^ 0, for an integers to > 2. Then 7 m ( 0 ) 7 ^ 7 m (l). 
Hence l m {< x >) is piecewise C 00 , and discontinuous with jump discontinuities at 
integers. Thus the Fourier series of 7 m (< x >) converges pointwise to 7 m (< x >), 
for x ^ Z, and converges to 


2 ('T’m(O) + 7m(l)) — 1m (0) + r, A m , 


(4.20) 


for i€Z. 

We can now state our second result. 


Theorem 4.2. For each integer l > 2, let 

Z_1 2 

k(l - k) ( 2Lk 


+ = E uT^rrA^t^Etk^ eVeK 1 ’ - E 


J l—k 


k ^l-k) > 


(4.21) 


fc=i 


with Ai = 0. Assume that A m ^ 0 ; for an integer to > 2 . 
Then we have the following. 


(ct) ( A m+ i 


TO 


m(m + 1) 


(K 


(r-l) 

m+l 


+ E, 


(s-l) 

m+l 


- E 


(r) 

m+l 


- 4 E) 


i 


fv— ( xfi)k (\ , ‘^{H rn _i H rn _ k ) 


to E , + E (EnV (Am ” fc+1 + m-fc + 1 


, - ' (27T in) 

n=— oo,n^0 fc=l ' ' 

y ('pi 1 *) I p( s_1 ) _ pM _ p( s ) 'i\+‘ 

X y^m-k+l ' X'm-k+l ^m-k+l ^m-k^-l')f e 


(4.22) 


2-jrinx 


-\m— 1 
jk —1 

E m—" 

k=l 


ET=1 fc(Efc) i; L ) ( < * >) E m-k(< * >). f° r ^ Z > 


A s ) 


,EY’E. 


Ar, 


k(m—k) k m—k ~ 2 Jlm ’ 


for X € Z. 
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15 


<»>s £(?)(*-«- 

fc=0 x 7 


1 H rn — fc) 


m — /c + 1 

x - 4 s - fe+ i)}s fe (< *» 


m—1 


= £ 


^i r) (< 21 >) E m- k (< x >), for 


1 

m 


—■' k(m — k ) 


fc=0,fc^l 


2(^m—1 E m— k) 


m — k + 1 

X (E^ztl 1 + - 4£+i)}^(< a: » 


m—1 


-*■ v( r ) ??( s ) 


= £ ^ A - /or * c z - 


(4.23) 
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Some symmetric identities for (p, g)-Euler zeta function 
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Abstract : In this paper we obtain several symmetric identities of the (p, g)-Euler zeta function. We 
also give some new interesting properties, explicit formulas, a connection with (p, g)-Euler numbers 
and polynomials. 

Key words : Euler numbers and polynomials, g-Euler numbers and polynomials, (p, </)-Euler num¬ 
bers and polynomials, (jp, gj-analogue of Euler zeta function. 


2000 Mathematics Subject Classification : 11B68, 11S40, 11S80. 

1. Introduction 


Many mathematicians have studied in the area of the Bernoulli numbers and polynomials, 
Euler numbers and polynomials, Genocchi numbers and polynomials, tangent numbers and polyno- 
mials(see [1-10]). The Euler numbers and the Euler polynomials have been extensively worked in 
many different contexts in such branches of mathematics as, for instance, complex analytic number 
theory, elementary number theory, differential topology, g-adic analytic number theory and quan¬ 
tum physics. In this paper, we obtain symmetric properties of the (p, </)-Euler zeta function. As 
applications of these properties, we study some interesting identities for the (p, g)-Euler polynomials 
and numbers. 

Throughout this paper, we always make use of the following notations: N denotes the set of 
natural numbers, Z + = Nil {0} denotes the set of nonnegative integers, Zq = {0, —1, —2, —2,...} 
denotes the set of nonpositive integers, Z denotes the set of integers, R. denotes the set of real 
numbers, and C denotes the set of complex numbers. We remember that the classical Euler numbers 
E n and Euler polynomials E n (x) are defined by the following generating functions 


2 

e* +1 


J-*"* j-TL 

(1*1 < 7r)- 

n\ 

n—0 


(i.i) 


and 

/ O \ °° pn 

(—! = d‘l<-)' <i-2) 

' ' n =0 

respectively. 

Some interesting properties of the (p, c/)-Euler numbers and polynomials were first investigated 
by Ryoo[6]. The (p, (/(-number is defined by 


It is clear that (p, (/(-number contains symmetric property, and this number is q -number when p = 1. 
In particular, we can see lim^i [n] p ^ q = n with p = 1. 

By using (p, (/(-number, we introduced the (p, (z)-Euler polynomials and numbers, which gener¬ 
alized the previously known numbers and polynomials, including the Carlitz’s type g-Euler numbers 
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and polynomials. We begin by recalling here the Carlitz’s type (p, g)-Euler numbers and polynomi- 
als(see [2]). 

Definition 1. For 0 < q < p < 1, the Carlitz’s type (p, <;)-Euler numbers E UtP ^ q and polyno¬ 
mials E nt p q (x) are defined by means of the generating functions 

oo n oo 

Fp«(t) = E E n,P, q ^ = [2], E (-1 )Te W '"'. (1.1) 

n— 0 m= 0 

and 

00 , n OO 

Fp, q (t,x) = = t 2 ] 9 E(- 1 ) m « roe[m+3:Wt - (!-2) 

n—0 m=0 

respectively. 

The following elementary properties of Carlitz’s type (p, g)-Euler numbers E npq and polyno¬ 
mials E n p q (x) are readily derived from (1.1) and (1.2). We, therefore, choose to omit the details 
involved. More studies and results in this subject we may see reference [6]. 

Theorem 2. For G Z+, we have 



[2], 


p-q 


n n 

E 

1=0 


(_1 Yq xl p( n - l ) x 


1 


2_ _l_ qi-\-ipn—i-\-h 


Theorem 3 (Distribution relation). For any positive integer m(=odd), we have 


E n *A*) = Y J {-l) a q a E n , p m, qm 

a =0 ' m 


n G No. 


Next, we introduce Carlitz’s type (h,p,q )~Euler polynomials Ei, h ^ q (x). The Carlitz’s type 
(h,p,q )-Euler polynomials E^l, q (x) are defined by 

OO 

= [2], E (—1 ) m q m p hm [rn + x)l q . 

m=0 


By (p, g)-number, we have the following theorem. 
Theorem 4. For n G Z+, we have 


E„ 


i(x) = 


E 

1=0 


[AVf'E, 


[n—l ) 


By using Carlitz’s type (p, g)-Euler numbers and polynomials, (p, g)-Euler zeta function and 
Hurwitz (p, g)-Euler zeta functions are defined. These functions interpolate the Carlitz’s type (p, q)- 
Euler numbers E npq , and polynomials E npq (x), respectively. From (1.1), we note that 


d*_ 

dt k 


Fp,q(t) 


t =0 


[2} q ^2(-l) n q m [m]^ q 

m —0 


= E kiPiq ,(ke N). 


By using the above equation, we are now ready to define (p, g)-Euler zeta function. 
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Definition 5. Let s £ C with Re(s) > 0. 


Cp,q( s ) — [ 2 ]<J F 


(-l)’V 


(1.3) 


Note that Cp,q ( s ) is a meromorphic function on C. Note that, if p = 1, q —> 1, then ( p , q (s) = Ce( s ) 
which is the Euler zeta function(see [3, 4]). Relation between Cp,q ( s ) and E^ pq is given by the 
following theorem. 


Theorem 6. For k £ N, we have 


Cp,q ( ^) p 


Observe that ( P ,q(s) function interpolates Ek, P , q numbers at non-negative integers. By using 
(1.2), we note that 

d k 

- h ff'TlI — IVI \ f — I \" v n'"' \m 4- -t* I " 

S Q 


jj.k.Fp,q{t-> x ) 


dt k 


t=0 


= [2],£(-i rr [ m + x& q 


m—0 


and 


i) IS E " 


t n 

(x)K 


\n—0 


= -Efc , p , q {x), for k £ N. 


(1.4) 

(1.5) 


i=0 


( 1 . 6 ) 


By (1.4) and (1.5), we are now ready to define the Hurwitz (p, q , )-Euler zeta function. 

Definition 7. Let s £ C with Re(s) > 0 and x Zq . 

n—0 + 

Note that £ Ptq (s,x) is a meromorphic function on C. 

Obverse that, if p = 1 and g —> 1, then ( p q (s,x) = (e(s,x ) which is the Hurwitz Euler zeta 
function(see [3, 4]). Relation between ( pq (s,x ) and Ek tPtq (x) is given by the following theorem. 

Theorem 8. For k £ N, we have 

Cp,q( kjX) — Ek p q(x). 

Observe that ( Ptq (—k,x) function interpolates Ek tPt q(x) numbers at non-negative integers. 

2. Symmetric properties about (p, ^-analogue of Euler zeta functions 

In this section, we are going to obtain the main results of (p, g)-Euler zeta function. We also 
establish some interesting symmetric identities for (p, q , )-Euler polynomials by using (p, g)-Euler zeta 
function. 

Observe that [xy] p<q = [x\ pV qV [y\ p , q for any x,y £ C. 

By substitute W\x + ^ for x in Definition 7, replace p by p w 2 and replace q by q W2 , respectively, 
we derive 

> ( wi i 

Cp”2,n«"2 I S, W\X 4- 

V W 2 


— pi ?” 2 


(-1 ) n q W2T 


b»i x + + n] 


n—0 L 1 w 2 

oo 


P 2 ,q 


E (_1 \n n w 2 n 

i -- —— -i— 

„=U [ w i w 2 x + wxl + w 2n] P , q 
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Since for any non-negative integer m and odd positive integer w i, there exist unique non-negative 
integer r such that m = W\r + j with 0 < j < w\ — 1. Hence, this can be written as 

> ( . wi 

Cp” 2 ,q »2 s, W\X H- 

V W2 J 

TfL ( — \ \wir+j n w 2 (wir+j) 

= [2] 9 »2 [w 2 } s v q y 

W1 7?j =o yyr+ j)+ w lW2 x+ w y q 

0<j< Wl -l 

J^tuir+j qW 2 (wir+j) 

[2]9 “2 [wi]p, q y X! [ WlW2 (r + x) + wii + w 2 j } s pq ' 

It follows from the above equation that 

w 2 -i / 

[2] g »i [wi\p, q y {-l) l q WlZ y, q -2 fs,uqa;+^ 

i—0 ' 2 

ii’i — l oo ,_. \r+i+j^(w 1 u; 2 r+u> 1 i+W 2 j) 

= [2]^ [2] 9 » 2 [wi]' m yy^—:— t- 

L J« l J9 L lp,ql lp,q Z^ + x) + Wl* + W 2 j] s 


( 2 - 1 ) 


i—0 j=0 r—0 


From the similar method, we can have that 


Cp w i,q w 1 ( S,W 2 X+ — [2]q w 1 


= 

= [2] 9 »i [wi]p i9 y. 


(_ ^riq-wm 

y 0 [w 2 x+ ^ +n]J«, 1> ,„ 1 
°° (—l) n g' u ' 11 ' 


n—0 


[wiw 2 a' + tU2j + Win]| 


After some calculations in the above, we have 

W\ — 1 


m q yy;, q y Uw 2 x+-f) 

i =0 ' 1 ' 


w 2 l^i 1 00 /_1 \ r -|_2_|_7 (^iit;2r+it;ii+it;2j) 

= [2W2]f 2 w!jrfT y — \ — : — -r-. 

y 0 y ) i w iw 2 (r + x) + w 1 i + w 2 j] s pq 
Thus, we have the following theorem from (2.1) and (2.2). 

Theorem 9. Let s £ C with Re(s) > 0 and w\,w 2 : odd positive integers. Then one has 

M2 — 1 / ■ \ 

[2 }q^i[wi\ pq "y {-l) l q Wl Xp^ 2^2 ^s ,WiX + -j-J 


( 2 . 2 ) 


i—0 

W i — l 

= [ 2] g «>2 {w 2 ] p q ( —1 ) J 9 ll ' 2J Cp”i,g”i (s,w 2 x+ —- j ■ 

i=o ' Wl 2 


w 2 j\ 


In Theorem 9, we get the following formulas for the ( p , ( 7 )-tangent zeta function. 
Corollary 10. Let w 2 = 1 in Theorem 9. Then we get 

Wl — 1 


< p,q(s,x) = [wi] p S q y (-1 )VCp» 1 ,9“ 1 ( S 


3= 0 


X + J 

Wl 


Corollary 11. Let wi = 2,w 2 = 1 in Theorem 9. Then we have 

Cp 2 ,<? 2 («, |) - qCp 2 , q 2 y = [2]^ 2 [2]~ 1 [2} p yy,x). 
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For n € N, we have 

(p,q(— n ’ x ) = E n ' V , q {x), (see Theorem 8). 

By substituting E n p q (x) for ( pq (s,x ) in Theorem 9, we can derive that 

W2 — 1 

[2\q w i [u>i] p ™ ^2 (-iyq Wl Xp w 2 ,q w 2 
i= 0 
W2 — 1 

= [2],»i [wi]-” E (-1 Yq Wli E n ^ 

i= 0 

and 

W\ — 1 

3=0 

Wi — 1 

= [2 E (-i) J ‘« u ' a ^n, P -i 

i=o 

Thus, we obtain the following theorem from Theorem 9. 

Theorem 12. Let w\,w 2 be any odd positive integer. Then for non-negative integers n, one 
has 

W2 — 1 / . \ 

[ 2 ] g »i [w 2 ]p >g E (- 1 ) 1 ^ 11 ^ 2 ^ 2 

i =0 ' ' 

wi~i , . x 

= E U* + -^ . 

j=0 ^ 1 2 


-n, ^ 2 ® 


w 2 x ■ 


W2J \ 

Wi ) 

W2j\ 
Wi J 


f , W 1 A 

—n, w\x - 

V W 2 J 

( I Wli \ 

2 1 WiX -|-, 

V W 2 J 


Considering W\ = 1 in the Theorem 12, we obtain as below equation(see Theorem 3). 


E n 


i( x ) 


[ 2 ] 9 

[ 2] ? »2 




U>2 — 1 

- E 

3=1 


(-1 ) j q j E, 


n,p w 2 ,q ”2 



We obtain another result by applying the addition theorem for the Carlitz’s type ( h,p,q)~ 
tangent polynomials En]>, q {x). From the Theorem 12, we have 

W2~ 1 

[2]<r>2C E (-i)'^ 1 ^^ 2 ,^ 

i=0 


U>lX 


Wji \ 
W 2 / 


W 2—1 n / \ / 

= [2],»iE (-ov^E / 

2=0 Z=0 ^ ' 


[ w l]p,^ 

K]p,« 


= [2]^M^E 


1=0 


w \b»2] 


r 1 \ l W 2 — 1 


i—0 


Therefore, we obtain that 


W2 — 1 / • \ 

[2] 9 »i [u>2]p i9 E! (~l) t( 7 iJ ’ lt ^'Ti,p m 2,9"’2 fwia;+^—j 
2=0 ' ^ ^ 


1=0 


= [2] q w i E (?)[ Wl lE[ u; 2]p ) gE lU,2xi E-Lp“'2 )g -2(^ia:)^n,hp“'i,9 l " 1 (u> 2 ), 


(2-3) 
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and 


W i—l 


j=o 


[2]g<*>2 [«d]p, 9 ( — f W2X d-— 




[2],» 2 X (?) (u>r). 


1=0 

where £ n ,i, P , q {k) = X^i=o( — l)*g( 1+n_ ^*[i]p g is called as the sums of powers. 


Hence, from (2.3) and (2.4), we have the following theorem. 

Theorem 13. Let u>i , u> 2 be any odd positive integer. Then we have 

[2]<T 2 X (?) [ w 2]p,Jwi]””V“ 1,U2:E '-E : i i li,p» 1 , 9 »i(w 2 a;)£: nii ,p» 2j9 » 2 (u;i) 

= I 2 ]<z“i XI (?) [ w i]k9[ W2 ]p,4^ 1 “ 2rijE i-Lp“ 2 ,«“ 2 ( w;ia:: ) £: «.^P“ 1 .9”' 1 ( W2 )' 


1=0 


(2.4) 
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ADDITIVE (pi,/^-FUNCTIONAL INEQUALITIES IN COMPLEX BANACH 

SPACES 

CHOONKIL PARK, DONG YUN SHIN*, AND GEORGE A. ANASTASSIOU 


Abstract. In this paper, we introduce and solve the following additive (pi,p 2 )-functional in¬ 
equalities 

||/ (x + y + z)- f(x) - f(y) - f(z) || > ||pi(/(a; + y - z) - f(x) - f(y) + f(z))\\ 

+ IIP 2 {f(x — y + z) — f{x) + f(y) - f(z ))\\, (0.1) 

where pi and p 2 are fixed complex numbers with | pi | • | pa | > 1, and 

||/ (x + y-z)- f(x) - f(y) + f(z) || > ||pi(/(* + y + z) - f(x) - f(y) - f(z)) || 

+ IIPa (f(x -y + z)- f(x) + f(y) - f{z))\\ (0.2) 

where pi and p 2 are fixed complex numbers with |pi| > 1. 

Using the fixed point method and the direct method, we prove the Hyers-Ulam stability of 
the additive (pi, p 2 )-functional inequalities (0.1) and (0.2) in complex Banach spaces. 


1. Introduction and preliminaries 

The stability problem of functional equations originated from a question of Ulam [29] concern¬ 
ing the stability of group homomorphisms. 

The functional equation f(x + y) = f(x) + f(y) is called the Cauchy equation. In particular, 
every solution of the Cauchy equation is said to be an additive mapping. Hyers [13] gave a 
first affirmative partial answer to the question of Ulam for Banach spaces. Hyers’ Theorem was 
generalized by Aoki [2] for additive mappings and by Rassias [23] for linear mappings by con¬ 
sidering an unbounded Cauchy difference. A generalization of the Rassias theorem was obtained 
by Gavruta [12] by replacing the unbounded Cauchy difference by a general control function in 
the spirit of Rassias’ approach. The stability of quadratic functional equation was proved by 
Skof [28] for mappings / : E\ —> E/, where E\ is a norrned space and E 2 is a Banach space. 
Cholewa [8] noticed that the theorem of Skof is still true if the relevant domain E\ is replaced 
by an Abelian group. 

Park [18, 19] defined additive p-functional inequalities and proved the Hyers-Ulam stability 
of the additive p-functional inequalities in Banach spaces and non-Archimedean Banach spaces. 
The stability problems of various functional equations have been extensively investigated by a 
number of authors (see [1, 3, 7, 10, 11, 15, 17, 20, 21, 24, 25, 26, 27, 30, 31, 32]). 

We recall a fundamental result in fixed point theory. 

Theorem 1.1. [4, 9] Let (X. d) be a complete generalized metric space and let J : X -A X be a 
strictly contractive mapping with Lipschitz constant a < 1. Then for each given element x G X, 
either 

d(J n x, J n+l x) = 00 

for all nonnegative integers n or there exists a positive integer no such that 

(1) d(J n x , J n+l x) <00, Vn > no; 

(2) the sequence {J n x} converges to a fixed point y* of J; 

2010 Mathematics Subject Classification. Primary 39B62, 47H10, 39B52. 

Key words and phrases. Hyers-Ulam stability; additive (pi, p 2 /functional inequality; fixed point method; direct 
method; Banach space. 
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(3) y* is the unique fixed point of J in the set Y = {y £ X \ d(J n °x, y) < oo}; 

(4) d(y, y*) < j^d(y, Jy ) for all y eY. 

In 1996, G. Isac and Th.M. Rassias [14] were the first to provide applications of stability theory 
of functional equations for the proof of new fixed point theorems with applications. By using 
fixed point methods, the stability problems of several functional equations have been extensively 
investigated by a number of authors (see [5, 6, 22]). 

In Section 2, we solve the additive (pi, /^-functional inequality (0.1) and prove the Hyers- 
Ularn stability of the additive (pi, p 2 )-functional inequality (0.1) in Banach spaces by using the 
fixed point method. 

In Section 3, we prove the Hyers-Ulam stability of the additive (pi, /^-functional inequality 
(0.1) in Banach spaces by using the direct method. 

In Section 4, we solve the additive (pi, /^-functional inequality (0.1) and prove the Hyers- 
Ulam stability of the additive (pi, p 2 )-functional inequality (0.1) in Banach spaces by using the 
fixed point method. 

In Section 5, we prove the Hyers-Ulam stability of the additive (pi, p 2 )-functional inequality 
(0.1) in Banach spaces by using the direct method. 

Throughout this paper, let X be a real or complex norrned space with norm || • |j and Y a 
complex Banach space with norm || • |j. Assume that pi and p 2 are fixed complex numbers with 
\pi\ ■ |/»21 > 1- 

2. Additive (pi, p 2 )-functional inequality (0.1): a fixed point method 

In this section, we solve and investigate the additive (pi, p 2 )-functional inequality (0.1) in 
complex Banach spaces. 

Lemma 2.1. If a mapping f : X -+ Y satisfies /(0) = 0 and 

]]/ (x + y + z) - f(x) - f(y) - f(z )|| > ||pi(/(x + y - z) - f(x) - f(y) + f(z))\\ 

+ ||p 2 {f{x -y + z)- f{x) + f{y) - f{z ))|| (2.1) 

for all x,y,z £ X, then f : X Y is additive. 

Proof. Assume that / : X -^-Y satisfies (2.1). 

Since |pi| • |p 2 | > 1, |pi| > 1 or |p 2 | > 1. 

(i) Assume that |pi| > 1. Letting z = 0 in (4.1), we get 

(! - M)ll/(® + y)~ fix) - f(y )II > |p 2 |||/(x -y)~ fix) + f{y )|| 
for all x, y e X. So f(x + y) = f{x) + f{y) for all x, y £ X, since |pi| >1. So / is additive. 

(ii) Assume that |p 2 | > 1. Letting y = 0 in (4.1), we get 

(! - H)||/(x + z)~ f(x) - f(z )|| > \pi\\\f(x -z)- f{x) + f(z )|| 

for all x, z e X. So f(x + z) = f(x) + f(z) for all x, z G X, since |p 2 | >1. So / is additive. □ 

Using the fixed point method, we prove the Hyers-Ulam stability of the additive (pi,p 2 )- 
functional inequality (2.1) in complex Banach spaces. 

Since |pi| • |p 2 | > 1, |pi| > 1 or |p 2 | > 1. One can exchange y and z and from now on, one can 
assume that |pi| > 1. 

Theorem 2.2. Let <p : X 3 -» [0, oo) be a function such that there exists an L < 1 with 

(x y z \ L , . _. 

^V2’2’ 2 ) - 2^ (W) (2 ' 2) 

for all x,y, z G X. Let f : X -A Y be a mapping satisfying /(0) = 0 and 

I \pi{f{x + y — z) — fix) - fiy) + f{z))\\ + ||p 2 (f{x -y + z)- fix) + f{y) - f{z))\\ 

<11 fix + y + z)- fix) - fiy) - f{z) || + <p(x, y, z) (2.3) 
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for all x,y,z&X. Then there exists a unique additive mapping A : X -A Y such that 

ll/W - A(I)I1 5 2(1 -T)L|pij- j)^ (x,x ’ 0) 

for all x G X . 

Proof. Letting z = 0 and y = x in (2.3), we get 

11/(2®) -2/(s)|| < 


1 


-<£>(x, x, 0) 


IPil - 1 

for all x G X. 

Consider the set 

S := {h : X -> Y. h(0) = 0} 

and introduce the generalized metric on S: 

d{g , h ) = inf {/i G R+ : )| g{x) — h(x) || < gtp (x, x, 0), Vx G X} , 

where, as usual, inf = +oo. It is easy to show that ( S , d) is complete (see [16]). 
Now we consider the linear mapping J : S —> S such that 


Jg(x) := 2 g ^ 


for all x G X. 

Let g, h G S be given such that d(g, h ) = e. Then 

j|ff(x) - M*)ll < £¥>(x,x, 0) 

for all x G X. Hence 


||j£f(x) - J/r(x)|| = 


L 


, x x 

< 2£i P ( 2 ’ 2 ’ ° 


< 2e—(x, x, 0) = Leyj (x, x, 0) 

for all x G X. So d(g, h) = e implies that d(Jg, Jh) < Le. This means that 

d(Jg, Jh) < Ld(g , h) 

for all g , h G 5. 

It follows from (2.4) that 


/(®) - 2 / 


< 


1 


x x 


L 


-¥>( S.S.O) <^^*>(*,1,0) 


(2.4) 


\pi\~ 1 V2 ’ 2 : 

for all x G X So d(f,Jf) < 2 (\ P i\-i) - 

By Theorem 1.1, there exists a mapping A : X —> Y satisfying the following: 

(1) A is a fixed point of J, i.e., 

A{x) = 2A(^j (2.5) 

for all x G X. The mapping A is a unique fixed point of J in the set 

Af = {g G S : d(f,g) < oo}. 

This implies that A is a unique mapping satisfying (2.5) such that there exists a p G (0, oo) 
satisfying 

||/(x) - H(x)|| < g<p (x, x, 0) 

for all x G X; 

(2) d(J l f, A) -* 0 as l — > oo. This implies the equality 
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2 ” ; (J) = Mx) 


for all x E X; 

(3) d(f,A ) < Jf), which implies 

||/(x)-A(x)||< 


L 


2(1-L)(M-1) 

for all x G X. 

It follows from (2.2) and (2.3) that 

\\A (x + y + z ) - A{x) - A(y) - A(z )|| 


9 ? (x, x, 0) 


= lim 2 n 

n—>oo 


f 


> lim 2 n | pi | 


x + y + 2 

/ 

/ 


x 


J \ On / *7 \ On / J \ On 


y 


X V z 
+ lim 2 w —, —, — 

- ' — ' ' 2 72 5 2 n 5 2 71 



+ lim 2” |p 2 1 
n—>-oo 

= ||Pi04(^ + y - z) - A(x) - A(y ) + A(*))|| 

+ ||P 2 - y + z) - A(x) + A(y) - X(z))|| 

for all x,y,z 6 X. So 

||o4 (x + y + z) - A{x) - A(y) - A(z )|| > ||/ 0 i(A(x + y - z) - A(x) - A{y) + A(z 
+ ||P2 (A(® - y + «) - ^(®) + ^(y) - A(z))|| 
for all x,y,z € X. By Lemma 2.1, the mapping A : X —> Y is additive. 

Corollary 2.3. Let r > 1 and 6 be nonnegative real numbers, and let f : X —>• Y be a mapping 
satisfying /(0) = 0 and 

\\pi(f(x + y-z)~ /(x) - /(y) + /(*))|| + ||/92 (/(x - y + z) - f{x) + f{y) - f(z))\\ 

<11 f (x + y + z)- /(x) - /(y) - /(z)|| + 6»(||x|| r + ||y|| r + ||z|| r ) (2.6) 

for all x,y,z&X. Then there exists a unique additive mapping A : X -A Y such that 

26 „ 


□ 


||/(x) - A(x)|| < 


(2 r — 2)(|/9 1 | — 1) 


/or all x € X. 


Proof. The proof follows from Theorem 2.2 by taking ip(x,y,z) = @(||x|| r + ||y|| r + ||, 2 || r ) for all 
x,y,z € X. Choosing L = 2 1 ^ r , we obtain the desired result. □ 

Theorem 2.4. Let : X 3 -» [0, oo) 5e a function such that there exists an L < 1 with 


( x y z \ 
<p{x,y,z) < 2L<p\ -J 


(2.7) 


for all x,y,z £ X. Let f : X ^ Y be a mapping satisfying /(0) = 0 and (2.3). Then there exists 
a unique additive mapping A : X Y such that 


ll/(x) - 5 2(l-L)(| Pl |-ir (l ’ X ’ 0) 


for all x G X. 
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Proof. Let (S, d ) be the generalized metric space defined in the proof of Theorem 2.2. 
Now we consider the linear mapping J : S —>• S such that 


Jg(x) := ^g{2x) 


for all x £ X. 

It follows from (2.4) that 


/(*) - 2^( 2x ) 


< 


1 


2(1*1-1) 


<p(x, x, 0) 


for all x € X. 

The rest of the proof is similar to the proof of Theorem 2.2. 


□ 


Corollary 2.5. Let r < 1 and 9 be positive real numbers, and let f : X —>• Y be a mapping 
satisfying /( 0) = 0 and (2.6). Then there exists a unique additive mapping A : X — > Y such that 

<2f) 

II f(x) - A{x) II < 7 -——-||x|r 

WJ\ ) v / - (2 — 2 r )(|pi| - 1)" 11 

for all x G X . 

Proof. The proof follows from Theorem 2.4 by taking (p(x,y,z ) = @(||x’|| r + ||y|| r + ||z|| r ’) for all 
x,y,z € X. Choosing L = 2 r ~ 1 , we obtain the desired result. □ 

Remark 2.6. If p\ and p 2 are real numbers such that \pi\ ■ \p- 2 \ > 1 and Y is a real Banach 
space, then all the assertions in this section remain valid. 

3. Additive (pi ,/^-functional inequality (0.1): a direct method 

In this section, we prove the Hyers-Ulam stability of the additive (pi, /^-functional inequality 
(2.1) in complex Banach spaces by using the direct method. 

Theorem 3.1. Let <p : A 3 —> [0, oo) be a function such that 


oo 


(3.1) 


T( W ) < 

j =i 

for all x,y,z G X. Let f : X Y be a mapping satisfying /(0) = 0 and (2.3). Then there exists 
a unique additive mapping A : X -A Y such that 

\\f(x) ~ A(x)\\ < -—J—-T(x,x,0) 


2(M-i) 

for all x G X. 

Proof. Letting z = y and x = 0 in (2.3), we get 


(3.2) 


and so 


for all x £ X. Thus 


2 l f 


j]/(2x) -2/(x)|| < 

/M-2/ (|) 


1 


M - 1 

1 


ip(x, x, 0) 


(3.3) 


|/0i|-l^V2’2 


X X 


:> 0 


XT - 2 m f ^ 


/(^)l S | 1 ||2v(|)-2^/( 


3 = 
m— 1 


2J+ 1 


(3.4) 


< E 


2 J 


T) |pi| — E V2J+ 1 ’ 2J+ 1 


x 


x 


,0 
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for all nonnegative integers m and l with m > l and all x G X. It follows from (3.4) that the 
sequence {2 k is Cauchy for all x € X. Since Y is a Banach space, the sequence {2 fc /(^)} 
converges. So one can define the mapping A : X -A Y by 


A(x) := lim 2 k f ( 

y ’ k^oo J \2 k J 


for all x £ X. Moreover, letting l = 0 and passing the limit m —> oo in (3.4), we get (3.2). 
It follows from (2.3) and (3.1) that 

\\A (x + y + z)- A{x) - A(y) - A(z)\\ 


= lim 2 r ' 
n—>oo 


f 


x + y + z 


> lim 2 n \ Pl \ 
n— 

+ lim 2” |p 2 1 

n—» oo 


2 n 

x + y - z 
2 n 

x — y + z 


x 


2 n 
f 


— f I — ) — f l —— ) — fl — 

J V On / J \ on / *7 l 


y 


2 n 


„ , x y z 

lim 2 in —, —, — 

- v — “ \ 2 n 2 n 2 n 


+f 


X 


J \ rim I ' J \ rim I J \ rim 


= \\pi(M x + y~ z )~ A ( x ) - A (y) + A ( z ))\\ 

+ ||/0 2 (A(x — y + z) — A(x) + A(y) - A(z))\\ 
for all x,y,z G X. So 

\\A (x + y + z ) - A(x) - A(y) - A(z )|| > \\pi{A(x + y - z) - A{x) - A(y) + A(z) 
+ ||/92 (A(x — y + z) — A(x) + A(y) - A(z ))|| 

for all x,y,z € X. By Lemma 2.1, the mapping A : X —> Y is additive. 

Now, let T : X -+ Y be another additive mapping satisfying (3.2). Then we have 


\\A(x)-T(x) || = 


= 

2 q A 

< 

2 q A 

< 

2 q 


M*) 


+ 


2 q T 




T , X x 

-+ —, —,0 
\ 0/7 ‘ 0/7 ' 


\pi\ ~ 1 V2" , 29 

which tends to zero as q -+ oo for all x G X. So we can conclude that A(x) = T(x) for all i£l. 
This proves the uniqueness of A. □ 

Corollary 3.2. Let r > 1 and 6 be nonnegative real numbers, and let f : X -+ Y be a mapping 
satisfying /(0) = 0 and (2.6). Then there exists a unique additive mapping A : X -+ Y such that 

2/9 

\\f(x)-A(x )|| < 


for all x G X. 

Theorem 3.3. Let ip : X 3 

/(0) = 0, (2.3) and 


(2 r — 2)(|p 1 | — 1) " 

[0, oo) be a function and let f : X 

OO -t 

V(x,y, z ) ■■= Y, ^v(^ x ,2 3 y,2Pz) < oo 


3=0 


Y be a mapping satisfying 
(3.5) 


for all x,y,z G X. Then there exists a unique additive mapping A : X —» Y such that 

1 


|| f{x) -A(x)\\ < 


2(Pi| - 1) 


+(x, x, 0) 


for all x G X. 
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Proof. It follows from (3.3) that 


/(*) - 


< 


<p(x,x) 


for all x € X. Hence 




2(|pil - 1) 

m— 1 i 

< E «/(**) 


1 


i=l 

m— 1 


f (2 i+1 3 


< V 

— 0.7 


^ 27 + 1 ( 1 ^ 1 -!) 


2i+i 
<p(2 J x, 2 J ai, 0) 


(3.6) 


for all nonnegative integers m and l with m > l and all x 6 X. It follows from (3.6) that the 
sequence {^/( 2 n x)} is a Cauchy sequence for all x G X. Since Y" is complete, the sequence 
{ 2^/(2 n :r)} converges. So one can define the mapping A : X —> Y by 

A(x) := lim —/( 2 n x) 

K ’ n->oc 2 n ^ 

for all Moreover, letting l = 0 and passing the limit m —> oo in (3.6), we get (3.6). 

The rest of the proof is similar to the proof of Theorem 3.1. □ 


Corollary 3.4. Let r < 1 and 9 be positive real numbers, and let f : X —>• Y be a mapping 
satisfying /(0) = 0 and (2.6). Then there exists a unique additive mapping A : X —> Y such that 


for all x e X. 


II fix) - A{x )|| < 


29 

(2 — 2 r )(|p 1 | — 1) 


4. Additive (pi ,^-functional inequality (0.2): a fixed point method 

In this section, we solve and investigate the additive (pi, /^-functional inequality (0.2) in 
complex Banach spaces. 

From now on, assume that p\ \ > 1. 

Lemma 4.1. If a mapping f : X -A Y satisfies /(0) = 0 and 

II f(x + y-z)~ f(x) - f(y) + /(z)|| > ||pi(/(x + y + z) - f{x) - f(y) - /(*))|| 

+ \\p 2 (f(x -y + z)- f(x) + f(y) - f(z))\\ (4.1) 

for all x,y,z G X, then f : X —»• Y is additive. 

Proof. Assume that / : X -^-Y satisfies (4.1). 

Letting z = 0 in (4.1), we get 

(! - \pi\)\\f{x + y) ~ f(x) - f(y )|| > \p 2 \\\f{x-y) - f(x) + f(y )|| 
for all x, y 6 X. So f(x + y) = f(x) + f(y) for all x, y G X, since |pi| >1. So / is additive. □ 

Using the fixed point method, we prove the Hyers-Ulam stability of the additive (pi,p 2 )~ 
functional inequality (4.1) in complex Banach spaces. 

Theorem 4.2. Let : A 3 -» [0, oo) be a function such that there exists an L < 1 with 

(x y z\ L . . ., . 

^( 2 ’2’2j - 2 ViX 'V' Z) (4 ' 2) 

for all x,y,z<EX. Let f : X —> Y be a mapping satisfying /(0) = 0 and 

II Pi ( f(x + y + z ) — f { x ) - f { y ) - f ( z ))|| + ||p 2 (/(x -y + z ) - f { x ) + f ( y ) - f ( z ))\\ 
<11/ (x + 2/ - z ) - f ( x ) - f ( y ) + f ( z )|| + <p(®, y , z ) (4.3) 
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for all x,y,z&X. Then there exists a unique additive mapping A : X -A Y such that 

ll/W - A(I)I1 5 2(1 -7)L|pii- j)^ (x,x ’ 0) 

for all x G X. 

Proof. Letting y = x and z = 0 in (4.3), we get 

11/(2®) -2/(x)|| < 


1 


-<p(x, x, 0) 


\pi\ ~ 1 

for all x € X. 

Consider the set 

S := {h : X -> Y. h(0) = 0} 
and introduce the generalized metric on S: 

d{g , h ) = inf {/.i € R+ : )| g { x ) — h(x) || < gp> (x, x , 0), Vx G X} , 

where, as usual, inf = +oo. It is easy to show that ( S , d) is complete (see [16]). 
Now we consider the linear mapping J : S —> S such that 


Jg(x) := 2 g ^ 


for all x € X. 

Let g, h € S be given such that d(g, h ) = e. Then 

( g(x) - h{x) || < £(p(x,x, 0) 

for all x 6 X. Hence 


\\Jg{x) - Jh(x)\\ = 


L 


, x x 

< 2£i P ( 2 ’ 2 ’ ° 


< 2e—(x, x, 0) = Leg: (x, x, 0) 

for all x E X. So d(g, h) = e implies that d(Jg, Jh) < Le. This means that 

d(Jg, Jh) < Ld(g , h) 

for all g , h £ 5. 

It follows from (4.4) that 


/(*) - 2 / 


< 


1 


-T 


LLo|< 


L 


2(|pi|-l) 


<y?(x, X, 0) 


(4.4) 


(4.5) 


M - 1 V 2 ’ 2 : 

for all x £ X So d(f,Jf) < 2 (\ P i\-i) - 

By Theorem 1.1, there exists a mapping A : X —> Y satisfying the following: 

(1) A is a fixed point of J, i.e., 

A(x) = 2A(Tj 

for all x £ X. The mapping A is a unique fixed point of J in the set 

Af = {g £ S : d(f,g) < oo}. 

This implies that A is a unique mapping satisfying (4.5) such that there exists a y £ (0, oo) 
satisfying 

||/(x) - H(x)|| < pip (x, x, 0) 

for all x £ X] 

(2) d(J l f, A) -* 0 as l — > oo. This implies the equality 
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2 ” ; (J) = Mx) 


for all x E X; 

(3) d(f,A ) < Jf), which implies 

||/(x)-A(x)||< 


L 


2(1 — L)(\pi\ — 1 ) 

for all x G X. 

It follows from (4.2) and (4.3) that 

\\A (,x + y-z ) - A(x) - A(y) + A(z )|| 


9 ? (x, x, 0) 


= lim 2 n 

n—>oo 


f 


> lim 2 n | pi | 


x + y — z 

f 
f 


x 


J \ On / *7 \ On I J \ On 


y 


X V z 
+ lim 2 w —, —, — 

- ' — ' ' 2 72 5 2 n 5 2 71 



+ lim 2” |p 2 1 
n—>-oo 

= ||pi(^(® + V + z) ~ A{x) - A(y) - A{z))\\ 

+ \\p 2 {A{x - y + z) - A(x) + A(y) - X(z))|| 

for all x,y,z 6 X. So 

||o4 (x + y-z) - A(x) - X(y) + X(z)|| > \\pi(A(x + y + z) - A(x) - A{y) - A(z 

+ 11/92 (A(x -y + z)- A(x) + A(y) - A(z))|| 
for all x,y,z € X. By Lemma 4.1, the mapping A : X -+ Y is additive. 

Corollary 4.3. Let r > 1 and 9 be nonnegative real numbers, and let f : X —*■ Y be a mapping 
satisfying /(0) = 0 and 

\\pi(f(x + y + z) - /(x) - /(y) - /(z))|| + ||y 2 (/(x -y + z) - /(x) + /(y) - /(z))|| 

< ii/ (*+y - z) - fix) - f(y)+f(z) ii+Elixir + iiyir + iizin (4.6) 

for all x,y,z&X. Then there exists a unique additive mapping A : X -A Y such that 

29 „ „„ 


□ 


||/(x) - A(x)\\ < 


(2 r — 2){\p\\ — 1 ) 


/or all x € X. 


Proof. The proof follows from Theorem 4.2 by taking ip(x,y,z) = @(||x|| r + ||y|| r + ||z|| r ) for all 
x,y,z € X. Choosing L = 2 1 ^ r , we obtain the desired result. □ 

Theorem 4.4. Let + : X 3 -» [0, oo) 5e a function such that there exists an L < 1 with 


(x y z\ 
T (x, y, z) < 2Lipl -J 


(4.7) 


for all x,y,z £ X. Let / : X -+ X 6e a mapping satisfying /(0) = 0 and (4.3). Then there exists 
a unique additive mapping A : X Y such that 


ll/(x) - 5 2(1-L)(| P1 |-1+ (I ’ X ’ 0) 


for all x G X. 
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Proof. Let (S', d ) be the generalized metric space defined in the proof of Theorem 4.2. 
Now we consider the linear mapping J : S —>• S such that 


Jg(x) := ^g{ 2x) 


for all x £ X. 

It follows from (4.4) that 


/(*) - 2^( 2x ) 


< 


1 


2(1*1-1) 


<p(x, x, 0) 


for all x € X. 

The rest of the proof is similar to the proof of Theorem 4.2. 


□ 


Corollary 4.5. Let r < 1 and 6 be positive real numbers, and let f : X —>• Y be a mapping 
satisfying /( 0) = 0 and (4.6). Then there exists a unique additive mapping A : X — > Y such that 

<2f) 

||/(x) - A(x )II < -——-llsir 

WJ \ ) v / - (2 — 2 r )(|pi| - 1)" 11 

for all x G X . 

Proof. The proof follows from Theorem 4.4 by taking tp(x,y,z ) = 0(||x||' r + ||y|| r + ||z|| r ’) for all 
x,y,z € X. Choosing L = 2 r ~ 1 , we obtain the desired result. □ 

Remark 4.6. If p\ and p 2 are real numbers such that |pi| > 1 and Y is a real Banach space, 
then all the assertions in this section remain valid. 

5. Additive (pi ,/^-functional inequality (0.2): a direct method 

In this section, we prove the Hyers-Ulam stability of the additive (pi, /^-functional inequality 
(4.1) in complex Banach spaces by using the direct method. 

Theorem 5.1. Let p> : A 3 —> [0, oo) be a function such that 


oo 


(5.1) 


T( W ) < 

j =i 

for all x,y,z G X. Let f : X Y be a mapping satisfying /(0) = 0 and (4.3). Then there exists 
a unique additive mapping A : X -A Y such that 

\\f(x) ~ A(x)\\ < -—J—-T(x,x,0) 


2(|*|-1) 

for all x G X. 

Proof. Letting y = x and z = 0 in (4.3), we get 


(5.2) 


and so 


for all x £ X. Thus 


2 l f 


||/(2x) -2/(x)|| < 

/M-2/ (|) 


1 


M - 1 

1 


<p(x, x, 0) 


(5.3) 


|*|-1^V2’2 


X X 


A 0 


XT ~ 2 m f ^ 


/(^)l s I’ll*(|)-^ +, /( 


3 = 
m— 1 


2J+ 1 


(5.4) 


< E 


2 J 


r) 1*1 - E V2J+ 1 ’ 2J+ 1 


X 


x 


,0 
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for all nonnegative integers m and l with m > l and all x G X. It follows from (5.4) that the 
sequence {2 k is Cauchy for all x € X. Since Y is a Banach space, the sequence {2 fc /(^)} 
converges. So one can define the mapping A : X -A Y by 


A(x) := lim 2 k f ( 

y ’ k^oo J \2 k J 


for all x £ X. Moreover, letting l = 0 and passing the limit m -T oo in (5.4), we get (5.2). 
It follows from (5.4) and (5.1) that 

P (x + y-z)- A(x) - A(y) + A(z) || 


= lim 2 r ' 
n—>oo 


f 


x + y — z 


> lim 2 n I pi I 
n—>oc 

+ lim 2” |p 2 1 

n—>oo 


2 n 

x + y + z 
2 n 

x — y + z 


x 


2 n 




y 


2 n 
-f 


„ , x y z 

lim 2 in —, —, — 

- v — “ \ 2 n 2 n 2 n 


-f 


X 


J \ rim I ' J \ rim I J \ rim 


= \\Pi(M x + V + z)- A(x) - A(y) - A(z))\\ 

+ \\P 2 (A(x -y + z)- A(x) + A(y) - A(z))\\ 
for all x,y,z G X. So 

\\A ( x + y-z ) - A(x) - A(y) + ,4(2:)|| > \\pi(A(x + y + z) - A{x) - A(y) - A{z) 
+ \\p 2 {A( x - y + z ) - A(x) + A(y) - A(z)) || 

for all x,y,z € X. By Lemma 4.1, the mapping A : X —> Y is additive. 

Now, let T : X —> Y be another additive mapping satisfying (5.2). Then we have 


\\A(x)-T(x) || = 


= 

2 q A 

< 

2 q A 

< 

2 q 


M*) 


+ 


2 q T 


-*'(*) 


T , x x 
-T —, —,0 

\ rin ‘ On ‘ 


\pi\-l V2" , 29 

which tends to zero as q oo for all x € X. So we can conclude that A(x) = T(x) for all i£l. 
This proves the uniqueness of A. □ 

Corollary 5.2. Let r > 1 and 6 be nonnegative real numbers, and let f : X —>• Y be a mapping 
satisfying /(0) = 0 and (4.6). Then there exists a unique additive mapping A : X —> Y such that 

2/9 

\\f( x )-A(x)\\< 


for all x € X. 

Theorem 5.3. Let ip : X 3 
/(0) = 0, (4.3) and 


(2 r — 2)(|p 1 | — 1) " 

[0, oo) be a function and let f : X 

OO -t 

V(x,y,z) := z ) < oo 


3=0 


Y be a mapping satisfying 
(5.5) 


for all x,y,z G X. Then there exists a unique additive mapping A : X —» Y such that 

1 


|| f{x) -A(x)\\ < 


2(1*1-!) 


T(x, x, 0) 


for all x G X. 
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Proof. It follows from (5.3) that 


/(*) - g /( 2x ) 


S m^T) v(x ' x ' 0) 


for all x £ X. Hence 


y/P'd - Pf( 2-X) 


m— 1 i 

£ E yf fa) ~ y+I* 


3=1 
m— 1 


< y- 

— 0.7 


£ 2^(|pi|-l) 


2j+i ■ 

(p(2^x, 2^x, 0 ) 


(5.6) 


for all nonnegative integers m and l with m > l and all x 6 X. It follows from (5.6) that the 
sequence {^f(2 n x)} is a Cauchy sequence for all x G X. Since Y is complete, the sequence 
f(2 n x)} converges. So one can define the mapping A : X -A Y by 

A(x) : = lim —/( 2 n x) 

K ’ n->oo 2 n 

for all i£l. Moreover, letting l = 0 and passing the limit m — > oo in (5.6), we get (5.6). 

The rest of the proof is similar to the proof of Theorem 5.1. □ 


Corollary 5.4. Let r < 1 and 9 be positive real numbers, and let f : X -A Y be a mapping 
satisfying /(0) = 0 and (4.6). Then there exists a unique additive mapping A : X —> Y such that 


\\f(x)~ A(x)\\ < 


29 


(2 — 2 r )(|pi| — 1) 


for all x G X. 
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Abstract 

By improving Halpern’s iteration and striding convergence theorem of 
[1] and [2] in a complete uniformly convex metric space, we prove conver¬ 
gence theorem of a finite family of nonexpansive mappings without the 
assumption that " the set of common fixed points of nonexpansive map¬ 
pings is nonempty”. We also introduce a mapping in metric space using 
a concept of the S-mapping defined by [3] for proving our main results. 
Keywords: Convex metric space; Nonexpansive mapping; S-mapping. 
Mathematics Subject Classification (2000): 31E05, 54E40, 54E50, 
47H09. 

1 Introduction 

Many researchers have theorized for finding a solution of fixed point problems 
by taking advantage of iteration process, see for instance [4], [5], [6]. Halpern’s 
iteration is a method which has been very popular for finding a solution to fixed 
point problem. It was introduced for the first time by Halpern [7] and defined 
by the vector u, x 0 belonging to a closed convex C subset of Hilbert (Banach) 
space and 

x n -\-i — a n u T (1 ctn) Txm 

for all n > 1, where T : C —> C is a mapping and parameter {a n } C [0,1]. 

It has been developed and improved to fixed point theorem to increase effi¬ 
ciency by several researchers, see example [4], [5], [6]. Although the proof of the 
theorem has been well developed, but the proof is still under critical conditions 
below; 
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*)* F (T) ^ 0; 

ii)* lim Jl _>. <x) a n = 0 and a n = oo. 

Can we prove a convergence theorem by developing Halpern iteration and 
without conditions *)* and ii)* in space which is more general than Hilbert and 
Banach spaces? 

Throughout this paper, we assume that (A, d) is a complete metric space 
and C is a nonempty closed convex subset of (X, d). A point x is called a fixed 
point of T if Tx = x. We use F(T) to denote the set of fixed point of T. Recall 
the following definitions; 

Definition 1.1. The mapping T : C —> C is said to be nonexpansive if 

d(Tx, Ty ) < d(x, y), Vx, y £ C. 

In 1970, Takahaslii [8] introduced the following definition: 

Definition 1.2. Let (X,d) be a metric space. A mapping W :IxIx[0,1]a 
X is said to be a convex structure on X if for each (x, y, A) € X x X x [0,1] 
and for all u £ X, 

d(u , W(x, y, A)) < A d(u, x) + (1 — A )d(u, y). 

If the mapping W is defined by W(x,y, A) = Ax + (1 — A )y, then it is a 
convex structure on a norrned linear space. A metric space (A, d) together with 
a convex structure W is called a convex metric space denoted by (X,d,W). A 
nonempty subset C of X is said to be convex if W(x, y,X) £ C for all x,y £ C 
and A £ [0,1]. 

Definition 1.3. (See [9]) A convex metric space (X,d,W) is said to be uni¬ 
formly convex if for any e > 0, there exists S = 6 ( e ) >0 such that for all r > 0 
and x,y,z £ X with d(z, x) < r, d(z, y) < r and d(x, y) > re, 

d(z, W(x, y, ^)) < (1 - S)r. 

It is well known that Hilbert space is uniformly convex metric space. 

Very recently, Hafiz Fukhar-ud-din [1] proved convergence theorem in uni¬ 
formly convex metric spaces (A, d, W) with convex structure but he still assumed 
the fixed point set is nonempty as follows; 

Theorem 1.1. Let C be a nonempty, closed and convex subset of a uniformly 
convex complete metric space X with continuous convex structure W and S, T : 
C —X C be nonexpansive mappings with F (S) D F (T) ^ 0. Then the sequence 

{x n }, defined by x n+ \ = W\Tx n ,W (Sx n ,x n ,———) ,a n ] , A-converges to 

V V 1 - ( w J 

an element of F ( S ) fl F (T), where 0 < a < a n , f3 n < b < 1 with a n + f3 n < 1. 
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In 2013, Phuengrattana and Suantai [2] proved convergence theorem in uni¬ 
formly convex metric space for infinite family of nonexpansive mapping by lever¬ 
aging the map K n , see [2] for more details, but still assume that PlSa F (^i) 7 ^ 0 
as follows; 

Theorem 1.2. Let C be a nonempty compact convex subset of a complete uni¬ 
formly convex metric space ( X,d,W) with the property ( H ). Let {T,} be a 
family of nonexpansive mappings of C into itself such that H^i F (Tf) ^ 0 
and let Ai, A 2 ,... be real numbers such that 0 < A* < 1 for every i £ FI with 
< 00 . Let K n be K-mapping generated by Ti,T 2 ,... and Ai,A 2 ,.... 
Assume that x\ £ C and the sequence {x n } is generated by 

•Tn+l — (x n , K n x n , o n ), 

for all n > 1 where {a n } is a sequence in [0,1] with EEi an (1 — a n) = 00 • 
Then sequence {x n } converges to an element off)°fL 1 F (Tf) 7 ^ 0. 

Inspired by Theorem 1.1 and 1.2 and improved process of Halpern’s iteration, 
we prove convergence theorem in uniformly convex metric space for a finite 
family of nonexpansive mappings without using the conditions i)* and it)*. 


2 Preliminaries 

In this section, in order to prove our main theorem, we provide definitions, 
lemma and also prove the importance lemma to be used as a tool to prove the 
main theorem: 

Lemma 2 . 1 . (See [8], [10]) Let (X,d,W) be a convex metric space. For each 
x, y £ X and A, A 1; A 2 € [0,1], we have the following. 

(i) W(x, x, A) = x, W(x, y,0) = y and W(x,y,l) = x. 

(H) d(x,W(x,y, A)) = (1 - A )d(x,y) and d(y,W(x,y,X)) = A d(x,y). 

(m) d(x,y) = d(x,W(x,y,\)) + d(W(x,y, X),y). 

(iv) |Ai - A 2 | d(x,y) < d(W(x,y,X 1 ),W(x,y,X 2 )). 

We say that a convex metric space ( X , d, W) has the following properties: 
(C) if W(x, y, A) = W(y, x, 1 — A) for all x,y £ X and A £ [0,1] , 

(I) if d(W(x, y, Xf),W(x, y, A 2 )) < |Ai — A 2 | d(x,y) for all x,y £ X and 
Ai, A 2 £ [ 0 , 1 ], 

(H) if d(W(x,y, X),W(x, z, A)) < (1 — A )d(y,z) for all x,y,z £ X and 
A £ [ 0 , 1 ], 

(S) if d(W(x, y,X),W(z, w, A)) < A d(x, z) + (l — X)d(y, w) for all x, y, z, w £ 
X and A € [0,1]. 

Remark 2.2. It is easy to see that the property (C) and ( H ) imply continuity 
of a convex structure W : X x X x [0,1] —> X and the property ( S ) implies the 
property (H). In 2005, Aoyarna et al. [10] proved that a convex metric space 
with property (C) and (U) has the property ( S ). 
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In 2011, Phuengrattana and Suantai [2] proved the following lemma as fol¬ 
lows; 

Lemma 2.3. (See [2]) Property ( C) holds in uniformly convex metric space. 

Remark 2.4. (See [2]) From Lemma 2.3, a uniformly convex metric space ( X , d , W) 
with the property ( H ) has the property S and the convex structure W is also 
continuous. 

Lemma 2.5. (See [11]) Let (X,d,W) be a uniformly convex metric space with 
continuous convex structure. Then for arbitrary positive number e, there exists 
rj = ij(e) > 0 such that 

d(z,W(x,y,X)) < (1 - 2 min{A, 1 — A }rf)r, 

for all r > 0 and x,y,z £ X, d(z , x) < r, d(z, y) < r, d(x, y) > re and A £ [0,1]. 

We introduce the following definition to use in the next section. 

Definition 2.1. Let (X,d,W) be a complete convex metric space and C be a 
nonempty closed convex subset of ( X,d,W). Let {Ti}fL 1 be a finite family of 
mappings of C into C. For each j = 1,2, ••• ,N, let ctj = (a\, a° 2 , a]) where 
a], a J 2 , ag £ [0,1] and a\ +a J 2 +a J 3 = 1. For every x £ C, we define the mapping 
S : C x C x [0,1] —> C as follows; 

UqX = x, 

U lX = WfrUoxWUoX'X,^-^),^), 

1 — a[ 

2 

U 2 x = W(T 2 C7is,W(tfia,^ T ^),a?), 

1 — ol\ 

N—l 

U N -!X = W (T N -iU N - 2X, W (U N -2X, x, 2 

1 — a 1 

a N 

Sx = U N x = W(T n U n _ 1 x,W(U n _ 1 x,x,- —^),af). 

1 — af 

This mapping is called S—mapping generated by Ti,T 2 , ..., T/v and ot\, a 2 ,..., ajv- 

Lemma 2.6. Let C be a nonempty closed convex subset of a complete uniformly 
convex metric space (X, d, W ) with property ( H ). Let {T i }[L 1 be a finite family 
of nonexpansive mappings of C into itself with Hi=i 7^ 0 and let aj = 

(a{, a 3 2 , a J 3 ) £ / x I x /, j = 1,2,..., N, where I = [0,1] , a] + a J 2 + a J 3 = 

1, a[ £ (0,1) for all j = 1, 2,..., N — l, a^ £ (0,1] a 3 2 , a J 3 £ [0,1) for all j = 
1,2,..., TV. LetS be the mapping generated by Ti,T 2 , ,...,Tn and op, a 2 , ...,ajv . 

Then F(S)=n?=if'(Ti). 
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Proof. From Lemma 2.1 and definition of S'—mapping, it is easy to see that 
F(Ti) C F(S). Next, we show that F(S) C P|^=i F(Ti). To show this let 
x 0 G F(S) and q G f]i!=i we have 


d(q,Sx 0 ) = 


< 

< 

+ 

< 

< 


d(q, W(T n U n _ iX o, W(U N _ lX o, * 0) af)) 

afd(g, TnUn-xXq) + (1 - af )d( <7, (Un-iXo, xq, 2 n ) 

\ 1 - af 

/ 0 ,^ 

af d(g, TatC/jv-iXo) + (1 - af) ( -—^ d(g, U N -ix 0 ) 

V i Q i 

/ \ 

1 - af ) 

af d(q, T N U N -ix 0 ) + afd(g, U N -ix 0 ) + afd(g, x 0 ) 

(1 - af)d(g, C/at-iXo) + af d(q, x 0 ) 

(1 - af) ^(! - af _1 )c%, U N - 2 x 0 ) + a 3 ~ 1 d{q, zq)) 


+af d(q,x 0 ) 

= (1 - )(1 - a 3 ~ 1 )d(q, U n _ 2 Xq) + af (1 - af )d{q, x 0 ) 

+af d(q,x 0 ) 

= - a4)d(g, U N - 2 x 0 ) + (l - - a J 3 ))d(q, x 0 ) 


< nf= 3 ( 1 - <4)d(q, U 2 X o) + (1 - nf =3 (l - a 3 ))d(q, x 0 ) 

2 

= nf =3 (l - ai)d(q , W(T 2 U lX o, ^(c/rxo^o, ),af)) 

+ (l - Ilf= 3 (l - a J 3 ))d(q, x 0 ) 

< n ^ 3 ( 1 “ a 0 3 )^a\d{q,T 2 Uix Q ) + (1 - a 2 1 )d(q,W{U 1 x 0 ,x 0 , x J 2 ^ ))) 

+ (l - n|t 3 (l - a J 3 ))d(q, x 0 ) 

( 2 

a 2 d(q, T 2 U lXo ) + (1 - af)( Q2 2 d(g, C/iXo) 

1 — cq 

+(1- ^)%®o))j + (l — nfL 3 (l — ai 3 ))d(q,xo) 

= nf =3 (i - a 3 ) ^afd(g, T 2 U lXo ) + a\d(q, U lXo ) + a 3 c% x 0 )) 

+ (l - n^L 3 (l - a 3 3 ))d(q,x 0 ) 

< n^ 3 ( 1 - a 3 ) ^(1 - a\)d(q, U lXo ) + a 2 3 d(q,x 0 ))) 

+ (l - n|f 3 (l - a 3 ))d(q, X q) 
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= n£L 2 (l - a J 3 )d(q,U iX 0 ) + (l - H^ 2 (l - oP 3 ))d(q, x 0 ) 

= nf =2 (l - a J 3 )d(q 1 W(T 1 U 0 x 0: W(U 0 x 0 ,x 0 , j-^y), a})) 

+ (l - H-^ 2 (l - a J 3 ))d{q,x 0 ) 

= n jt 2 (l - od 3 )d(q,W(Tix 0 ,x 0 ,a\)) + (l - n£l 2 (l - a J 3 ))d{q,x 0 ) 

< n£L 2 (l - a o) ( a id(q, T\Xq) + (1 - a\)d{q,x 0 )) + (l - n£l 2 (l - a J 3 ))d(q,x 0 ) 

< n ^ =2 (l - a 3 )d(q, xq) + (l - n£L 2 (l - a° 3 ))d(q,x 0 ) 

= d(q,x 0 ). (2.1) 

From (2.1), we have 

d(q, Uix 0 ) = d(q, W (T^Xq, x 0 , a})) = d(q, x 0 ) and d(q, T x x 0 ) = d(q, x 0 ). 

Suppose Xo 7 ^ T 3 xo, we have d(xo,TiXo) > 0. Choose r = d(q, xq) > 0 and e = 
d(x T x') 

---, we have d(q,T 3 x o) < d(q,Xo) = r, d(q,x q) < r and d(xo,Ti x o) > 

r 

re. From Lemma 2.5, we have 

d(q,W{TxXQ,x 0 ,a\)) <d(q : x 0 ) fora} G (0,1). 

This is a contradiction, we have Xq = T 3 xq that is Xo G F(Ti). Since Xq = T\Xq 
definition of U\ and Lemma 2.1, we have U\Xq = Xq that is xo G F(U\). From 
( 2 . 1 ) and Xo = U 3 Xq, we have 

d(q, U 2 x 0 ) = d(q, W(T 2 x 0 ,x 0 ,al)) =d(q,x 0 ) and d{q,T 2 x 0 ) = d{q,x 0 ). 

Suppose Xo 7 ^ T 2 Xo, we have d(xo,T 2 xo) > 0. Choose r± = d(q,xo) > 0 and e = 
d(x T j j 

---, we have d(q,T 2 Xq) < d(q, Xq) = ri, d(q,xo) < j*i and d(xo, T 2 xo) > 

r i 

Tie. From Lemma 2.5, we have 

d(q,W(T 2 x o,x 0 ,a?)) < d(q,x 0 ) for a\ G (0,1). 

This is a contradiction, we have xq = T 2 xq that is Xo G F(T 2 ). Since Xo = T 2 xo 
definition of U 2 and Lemma 2.1, we have U 2 x o = Xo that is Xo G F(U 2 ). 

By continuing on this way, we can conclude that xo G F(Ti) and Xq G F{Ui) for 
all* = 1,2,..., TV — 1. 

Finally, we show that Xo G ,F(T/v). From definition of S and Lemma 2.1, we 
have 

N 

Sx o = WfaUN-^WiUN-^xo, -^v),af) = W(T N x 0 , x 0 , af). 

1 — af 

Since 

0 = d(x o, Sx o) = d(x 0 , w(T n x 0 , x 0 , af)) = a 3 d(T N x 0 , x 0 ), 
we have xo = Tjyx o, that is, Xo G F(Tjv). Hence F(S) C F(Ti). □ 
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Remark 2.7. From Theorem 2.6, we have the mapping S is nonexpansive. To 
show this, let x,y G C. By Remark 2.4, we have 


d(Sx, Sy ) = 


< 


< 


< 


< 


< 


d[w(T N U N - lX , W(U N - 1®, x, y~n)’ a i) > 

a N \ 

ai d(T N UN-ix,T N U]sr-iy) 

a N ry N 

+(1 - a?)d(W(U N - lX , X, —^), W{Un- iy , y, —hv)) 

1 — 1 — af 

d{T N U N _\x,T N U N _ 3 y) 

/ ry N r>' N \ 

+(1 - af) J 2 a N d ( u N-iX, U]si-iy) + (1 - 1 _ 2 ^ )d(x, y)J 

Oil d(U N -ix, U N -iy) + a 2 d(U N -ix , U N -ry) + a 3 d(x, y) 

(1 - a 3 )d{U N -ix, U N -iy) + a.3 d(x, y) 

(1 - ot 3 ) ((! - a 3 ~ 1 )d{XJ N - 2 x, U N - 2 y) + a 3 ^ x d{x, y)) + a 3 d(x, y) 
n jLiv-i(l - a J 3 )d(U N _ 2 x, U N _ 2 y) + (l - IL^^l - a J 3 ))d{x,y) 


= nf =1 (l - ai)d(U 0 x,U 0 y) + (1 - nf =1 (l - 4))d(x,y) 

= d(x,y). 

Example 2.8. Let the metric d : R 2 x R 2 —> R be defined by 

d(x,y) = max {|xi -yi\,\x 2 - y 2 \} , 

for all x = (xi,x 2 ),y = (yi, y 2 ) G R 2 . 

Let the mapping W : R 2 x R 2 x [0, 1] — > R 2 be defined by 

W (x, y, A) = Xx + (1 - A) y = (Aay + (1 - A) y\,\x 2 + (1 - A) y 2 ) , 


for all X = {x 1 ,x 2 ),y = (yi,y 2 ) G R 2 . 

For every * = 1,2,..., N, let the mapping T t : 


be defined by 


Ex = 


ix 


i + 1’ 


for all x = {x\,x 2 ) G R 2 . Let S be the mapping generated by Ti,T 2 ,....,TV and 


ai,a 2 ,..., ajv, where ay = ^aj a^ a^ 


all j = 1, 2,..., N. Then F (S) = f\=i F ( T i) • 

Solution. From the properties of d, W, R 2 , (R 2 ,d, IT) is a complete uniformly 


1 V - 1 2^-1 fj + 1 

Ye 2* (2 + j ) ’ 2J ' \ J+ 2 


for 
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convex metric space. Next, we show that (R 2 ,d, W) has a property ( H ). Let 
x = (xi,x 2 ),y = ( 2 / 1 , 2 / 2 ) ,2 = ( zi,z 2 ) G R 2 and a G [0,1], then 

d(W (x, y,a) ,W ( x,z,a )) = max{(l - a) \yi - Zi \, (1 - a) \y 2 - z 2 \} . 

Since d(y,z) = max{|yi - Zi| , \y 2 - z 2 \}, we get 

d (W (x, y,a),W (x, z , a)) < (1 -a)d {y, z). 

Then (M 2 ,d, W) has a property ( H). 

It is clear that T,; is a nonexpansive mapping for all i = 1,2, ...,7V and 
p| ^L 1 F(Ti) = {0}, due to the properties of T,;. From Lemma 2.6, we have 

F(S) = r£iFW- 

Remark 2.9. Lemma 2.8 in [3] is a spacial case of Lemma 2.6. 

3 Main Results 

Theorem 3.1. Let C be a nonempty closed convex subset of a complete uni¬ 
formly convex metric space (X, d, W) with property ( H ). Let {Ti}fL x be a finite 
family of nonexpansive mappings of C into itself and let ctj = (cp,a 2 ^ 3 ) € 
I x I x I, j = 1,2,3, ...,7V, where I = [0,1] ,a{ + a J 2 + a J 3 = 1, a{ G 

(0,1) for all j = 1, 2,..., N — l, a™ G (0,1] a J 2 , a J 3 G [0,1) for all j = 1, 2,..., N. 
Let S be the mapping generated by T\, T 2 ,Tjv and ai,a 2 ,...,aN- Let {x n } 
be a sequence generated by x±,u G C and 


x n+ i = W ( u, Sx n , a) 


(3.1) 


for all n > 1 and a G [0,1]. Then the following statements are equivalent: 

i) The sequence {x n } converges to z G 

ii) lim^oo d (x n ,TiX n ) = 0 for alii = 1,2,..., IV. 

Proof, i) =$■ ii). Since {x n } converges to z G and 

d (x n , TiX n ) < d(x n ,z) +d ( T.iX n , z) < 2d ( x n , z) 

for all* = 1, 2,..., IV , so we can prove that ii) is true. 

For the next result, we prove ii) => i). For every n G N and remark (S 
property), we have 

d (x n+ i,x n ) < d(W (u, Sx n , a ), W (u, Sx n - lt a)) 

< (1 - a)d(x n ,x n - 1 ) 

< (1 - a) 2 d(x n -i,x n - 2 ) 


< (1 - a) n d(x!,x 0 ) ■ 
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Using the benefits from the inequality above, we have 

n+k— 1 

d *£n) — ^ ^ d , Xj ) 

j=n 
n+k— 1 

< ^2 (1 - a) 3 d(x 1 ,x 0 ) 

3—n 

(1 — a) n 

< -a (xi, x 0 ), 

a 

for all k £ N. Since lim^oo (1 — a) n = 0, we get the sequence {x n } is Cauchy. 
Then there exists z £ C such that limn-^ x n = z. 

From the condition ii) and 

d (z, T-iz) ^ d (xm z) T d (x,j, T)x n ) T d (TiX n j T^z) ^ 2d (x^, z) H - d (x^, TiX n ), 

for all i = 1,2,..., iV, we have d{z,Tiz) = 0. We can conclude that z € 
Pl^ F ( Ti ). Hence the sequence {x n } converges to z € H^Li F +) ■ □ 

Theorem 3.2. Let C be a nonempty closed convex subset of a complete uni¬ 
formly convex metric space ( X , d , W) with property ( H ). Let {Ti]fL 1 be a finite 
family of nonexpansive mappings of C into itself with linin^oo d (x n ,TiX n ) = 0 
for all i = 1,2,..., iV and let otj = (afaf off) € I x I x I, j = 1, 2,3, N, 
where I = [0,1] , a{ + a J 2 + a J 3 = 1, a{ € (0,1) for all j = 1, 2 ,N — 1, af £ 
(0,1], a 2 , + £ [0,1) for all j = 1, 2, N. Let S be the mapping generated by 
Ti,T 2 , ....,Tn and a\,cx 2 , Let {x n } be a sequence generated by x\,u £ C 

and 

x n+1 = W (u, Sx n , a) (3.2) 

for all n > 1 and a £ [0,1]. Then the sequence {x n } converges to z £ F(S). 

Proof. The sequence {x n } is a Cauchy by using the same method of Theorem 
3.1. Then there exists z £ C such that linin^^ x n = z. 

Since linin^^ d (x n , TjX n ) = 0 for alii = 1, 2,..., N and 

d (z, Tiz) £ 2d (x n , z) T d (x^, T^xf ), 

for all i = 1,2, we have z £ OfLi F (Tf. From Lemma 2.6, we have 

z £ F(S). Hence the sequence {x„} converges to z £ F(S). □ 

If the condition ii) in Theorem 3.1 and 3.2 are replaced by 
" liminf^oo d (x n , fl^i F (TfJ = 0" where d (x n , flili F ( Tf'j 
= inp 6 p|N F(Ti) d ( x n , v)”. Then, the following theorems are still true. 

Theorem 3.3. Let C be a nonempty closed convex subset of a complete uni¬ 
formly convex metric space ( X , d , W) with property ( H ). Let {T i }^ =1 be a finite 
family of nonexpansive mappings of C into itself and let ctj = (a{,a 2 ,a 3 ) £ 
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/ x I x I, j = 1,2,3 where I = [0,1] ,a{ + a J 2 + a 3 = 1, a{ € 
(0,1) for all j = 1,2,..., iV—1, of G (0,1], a J 2 , a 3 3 G [0,1) for all j = 1,2,..., N. 
Let S be the mapping generated by T\, T%, T/v and aq, 02 ,a/v- {a; n } 
6e a sequence generated by x\,u G C and 


x n+ i = W (it, a) (3.3) 

/or all n > 1 and a G [0,1]. Then the following statements are equivalent: 

i) The sequence {x n } converges to z G nti 

ii) liminf^oo d (x n , P|£Li -F (T 1 *)) = 0 where d (x n , f|]Ii ^ (T))) 

= F ( T .) d(x n ,v). 

Proof. It is very clear that case i) => ii). Next, we show that case ii) => i). 
Using the same method in Theorem 3.1, we obtain that the sequence {x n } is a 
Cauchy sequence. Then, there exists z G C such that lim, woo x n = z. 

For every £ > 0, there exists N 0 G N such that 

d(x n ,nf =1 F(T x )) < | 

and 

d{x n ,z) < 

for all n > Nq . 

From the above inequality, there exists p G Dili F (Ti) such that d (x n ,p) < 

£ 

2 

Since 

d ( p , z) < d (x n ,p) + d (x n , z) < £ 

and e is arbitrary, we have d (p, z) = 0. Hence z = p. Therefore, the sequence 
{x n } converges to z G 

Theorem 3.4. Let C be a nonempty closed convex subset of a complete uni¬ 
formly convex metric space ( X,d,W) with property ( H ). Let {Ti}fL 1 be a finite 

family of nonexpansive mappings ofC into itself with liminf n _ HX) d (x n , f)^i F (Ti) 

0 where d | 'x n , =mf „ e pi« i F(Ti) d (xni v) and let ctj = (a{,a J 2 , a J 3 ) G 

I x I x I, j = 1,2,3,..., IV, where I = [0,1] ,a{ + a J 2 + a 3 = 1, a{ G 
(0,1) for all j = 1, 2,..., iV— 1, a^ G (0,1], a J 2 , a J 3 G [0,1) for all j = 1, 2,..., N. 
Let S be the mapping generated by T\, T 2 ,...., Tjv and oq, 02 ,..., aw. Let {x n } 
be a sequence generated by x\,u G C and 


x n+ i = W ( u , Sx n , a) (3.4) 

for all n > 1 and a G [0,1]. Then the sequence {x n } converges z G F(S). 

Proof. Applying the method of Theorem 3.2 and 3.3, we can obtain the desired 
result. □ 
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Abstract. The purpose of this paper, we discuss the convergence theorems for the double 
acting iterative scheme to a common fixed point for a family of generalized ^9-weak contrac¬ 
tion mappings in CAT( 0) spaces. 


1. Introduction and preliminaries 

Let (A, d) be a metric space. A mapping T : X -A X is a contraction if 
there exists a constant a £ (0,1) such that 

d(Tx,Ty) < a ■ d(x,y), Vx,y€.X, 

holds. A mapping T : X -A X is a p-weak contraction if there exists a 
continuous and nondecreasing function p : [0, oo) —> [0, oo) with <^(0) = 0 
such that 

d(Tx,Ty) < d{x,y) - <p(d{x,y)), \/x,y£X, (1.1) 

holds. 

The concept of the </ 2 -weak contraction was introduced by Alber and Guerre- 
Delabriere [1] in 1997, who proved the existence of fixed points in Hilbert 
spaces. Later Rhoades [15] in 2001, who extended the results of [1] to metric 
spaces. 

Theorem 1.1. ([15]) Let (X. d) be a complete metric space, T : X —> X be a 
p-weak contractive self-map on X. The T has a unique fixed point p in X. 

Remark 1.1. Theorem 1.1 is one of generalizations of the Banach contrac¬ 
tion principle because it takes p(t) = (1 — aft for a £ (0,1), then <^-weak 
contraction contains contraction as special cases. 

In 2016, Xue [18] introduced a new contraction type mapping as follows. 

°2010 Mathematics Subject Classification: 47H09, 47H10, 47J25, 41A65. 

“Keywords: generalized ip-weak contraction mapping, common fixed point, double acting 
iterative scheme, CAT(0) space. 
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Definition 1.1. ([18]) A mapping T : X —» X is a generalized ip-weak contrac¬ 
tion if there exists a continuous and nondecreasing function <p : [0, oo) -> [0, oo) 
with <p(0) = 0 such that 

d(Tx,Ty) < d(x,y) - <p(d(Tx,Ty)), Vx,y£X (1.2) 

holds. 

We notice immediately that if T : X —> X is </?-weak contraction, then T 
satisfies the following inequality 

d(Tx, Ty ) < d(x, y) - ip(d(Tx,Ty)), Vx,y £ X. 

However, the converse is not true in general. 

Example 1.1. Let X = (—oo,+oo) be endowed with the Euclidean metric 
d(x, y) = \x—y\ and let Tx = lx for each x £ X. Define <p : [0, +oo) — > [0, +oo) 
by ip(t) = 1 1. Then T satisfies (1.2), but T does not satisfy inequality (1.1). 
Indeed, 

d(Tx, Ty) = ^x-^y 

4 2 

<\x-y | - x ■ p\x - y | 

6 5 

= d(x,y) - ip(d(Tx,Ty)) 

and 

d(Tx, Ty) = 

, , 4 , 

>\x-y | - -\x - y | 

= d(x, y) - tp(d(x,y)) 

for all x, y £ X. 

Example 1.2. ([18]) Let X = (—l,+oo) be endowed by d(x,y) = \x — y\ and 
let Tx = for each x £ X. Define ip : [0, +oo) —> [0,+oo) by ip(t) = 
Then 


. \x-y\ , , \x-y\ 2 

< T —1 -r = \x — y\ — z ' |-r 

1 + \x - y\ 1 + \x - y\ 

= d(x, y) - ip(d{x,y)) 

holds for all x,y £ X. So T is a cp-weak contraction. However T is not a 
contraction. 


x _ y_ = \x - y | 

1+x 1 + y (1 + x)(l + y) 


d{Tx,Ty) = 
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Remark 1.2. The above examples show that the class of generalized <^-weak 
contractions properly includes the class of p-weak contractions and the class 
of yj-weak contractions properly includes the class of contractions. In fact, let 
T : X —> X be a contraction, there exists a G (0,1) such that 

d(Tx,Ty) < a ■ d(x,y), \/x,y<EX. 


Then 


d{Tx,Ty) < a ■ d(x,y) = d(x,y ) - (1 - a)d(x,y) 

= d{x, y) - p(d(x,y)), 

where, p(d(x,y)) = (1 — a)d(x,y). So, T is a yj-weak contraction. Moreover, 
let T be a p -weak contraction, from property of ip, we have d(Tx,Ty ) < d(x, y) 
and 


<p(d(Tx, Ty)) < tp(d(x,y)). 

From (1.1), 

d(Tx, Ty) < d(x, y) - p{d(x, y)) 

<d(x,y)-cp(d(Tx,Ty)), \/x,yeX. 

Therefore, T is a generalized p-weak contraction. 

In the meantime, if T is a p- weak contractive self mapping for one mapping 
p so we do not expect that the 92 -weak contractivity should be satisfied with 
the same function p. Let us suppose that T is a 99 -weak contractive self 
mapping and consider 

p(x) = min (<£>(x/ 2 ); x/2} . 

Then, if d(Tx,Ty ) > ^d(x,y), we have 

d(Tx,Ty) < d(x,y) - p(d(Tx,Ty )) < d(x,y) - p(^d{x,y)\ 

on account of monotonocity of p and finally 

d(Tx,Ty) < d(x, y) - p(d(x,y)). 

On the other hand, if d(Tx,Ty) < | d(x,y ), we get 

d(Tx,Ty) < d(x,y) - ^d(x,y) < d(x,y) - p(d(x,y)). 

So T is just thr p-weak contractive mapping. The continuity and monotonocity 
of p follows directly from properties of min function, p and the metric. 
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One of the most interesting aspects of metric fixed point theory is to extend 
a linear version of known result to the nonlinear case in metric spaces. To 
achieve this, Takahashi [16] introduced a convex structure in a metric space 
(X,d). A mapping W : X x X x [0,1] —> X is a convex structure in X if 

d(u, W ( x , y, A)) < A d(u, x) + (1 — A )d(u, y) 

for all x,y £ X and A £ [0,1]. A metric space with a convex structure W 
is known as a convex metric space which denoted by ( X , d,W). A nonempty 
subset K of a convex metric space is said to be convex if 

W(x,y,X)eK 

for all i,j /6 K and A £ [0,1]. In fact, every normed linear space and its convex 
subsets are convex metric spaces but the converse is not true, in general (see, 
[16]). 

Example 1.3. ([9]) Let X = {( X\,X 2 ) £ M 2 : x\ > 0, X 2 > 0}. For all 
x = (x\,X 2 ), y = ( 2/1 , 2 / 2 ) £ X and A £ [0,1]. We define a mapping W : 
lxlx[0,l]-)lby 

and define a metric d : X x X —> [0, 00 ) by 

d(x,y) = |.xi - 2/11 + \xix 2 - 2 /i 2 / 2 |- 

Then we can show that ( X , d, W) is a convex metric space but not a normed 
linear space. 

A metric space X is a C'AT(O) space. This term is due to M. Gromov [ 6 ] 
and it is an acronym for E. Cartan, A.D. Aleksandrov and V.A. Toponogov. 
If X is geodesically connected, and if every geodesic triangle in X is at least 
as ‘thin’ as its comparison triangle in the Euclidean plane(see, e.g., [2, p. 159]). 
It is well known that any complete, simply connected Riemannian manifold 
nonpositive sectional curvature is a CAT{ 0) space. The precise definition is 
given below. For a thorough discussion of these spaces and of the fundamental 
role they play in various branches of mathematics, see Bridson and Haefliger 
[2] or Burago et al. [4], 

Let (X, d) be a metric space. A geodesic path joining x £ X to y £ X (or, 
more briefly, a geodesic from x to y ) is a mapping c from a closed interval 
[0,1] C M to X such that c(0) = x,c(l) = y , and d(c(t),c(t')) = \t — t'\ for all 
t, t' £ [0, /]. In particular, c is an isometry and d(x, y) = l. The image a of c is 
called a geodesic (or, metric ) segment joining x and y. When it is unique, this 
geodesic is denoted by [x, y\. The space ( X , d) is said to be a geodesic space if 
every two points of X are joined by a geodesic, and X is said to be uniquely 
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geodesic if there is exactly one geodesic joining x and y for each x, y G A. A 
subset Y C A is said to be convex if Y includes every geodesic segment joining 
any two of its points. 

A geodesic triangle A(xi, X2, X3) is a geodesic metric space (A, d) consists of 
three points x±, x 2 , X 3 G X (the vertices of A) and a geodesic segment between 
each pair of vertices (the edges of A). A comparison triangle for the geodesic 
triangle A(xi, X2, X3) in (X,d) is a triangle A(xi, X2, £3) = A(xi, An At) in 
M 2 such that d^ 2 (xi, Xj) = d(xi,Xj ) for i,j G {1,2,3}. Such a triangle always 
exists(see, [ 2 ]). 

A geodesic metric space is said to be a CAT( 0) space if all geodesic triangles 
of appropriate size satisfy the following CAT( 0) comparison axiom. 

Let A be a geodesic triangle in X and let A C M 2 be a comparison 
triangle for A. Then A is said to satisfy the CAT( 0) inequality if for 
all x, y E A and all comparison points x, y G A, 

d(x,y) < d(x,y). 


Complete CAT( 0) spaces are often called Hadamard spaces{ see, [11]). If 
x , yi , y 2 are points of a CAT( 0) space and if yo is the midpoint of the segment 
[ 2/1 j 2 / 2 ] 7 which we will denote by yi ® V2 , then the CAT( 0) inequality implies 

d 2 ^x, Vl ® ^ < ^d 2 (x,yi) + ^d 2 (x,y 2 ) - ^d 2 (y 1 ,y 2 ). 


This inequality is the (CN) inequality of Bruhat and Tits [3]. In fact, a geodesic 
space is a CAT(0) space if and only if satisfies the (CN) inequality (c/. [2, 
p.163]). The above inequality has been extended by [5] as 


d 2 (z, ax © (1 — a)y) 

< ad 2 (z, x) T (1 — a)d 2 (z, y ) — a(l — a)d 2 (x, y ), 


(CN*) 


for any a € [0,1] and x,y,z £ X. 

Let us recall that a geodesic metric space is a CAT( 0) space if and only if 
it satisfies the (CN) inequality (see, [2, p. 163]). Moreover, if A is a CAT( 0) 
metric space and x, y G A, then for any a € [0,1], there exists a unique point 
ax® (1 — a)y G [x, y] such that 

d(z , ax 0 (1 — a)y) < ad(z , x) + (1 — a)d(z, y) (1.3) 

for any z G A and [x, y] = {ax © (1 — a)y : a G [0,1]}. In view of the above 
inequality, CAT( 0) space have Takahashi’s convex structure 

W (x, y, a) = ax © (1 — a)y. 
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It is easy to see that for any x, y £ X and A € [0,1], 
d(x, (1 — X)x © Ay) = A d(x, y ), 
d(y, (1 - A)x © Ay) = (1 - A )d(x, y). 

As a consequence, 

1 • x © 0 • y = x, 

(1 — X)x © Ax = Ax © (1 — A)x = x. 

Moreover, a subset K of CAT( 0) space X is convex if for any x,y G K, we 
have [x, y] C AT (see, [1, 10, 13]). 

The purpose of this paper, we discuss the convergence theorems for the dou¬ 
ble acting iterative scheme to a common fixed point for a family of generalized 
</?-weak contraction mappings in CAT( 0) spaces. 

2. Convergence theorems of double acting iterative schemes 

Xue [18] proved the following very intersting fixed point theorem in complete 
metric space. 

Theorem 2.1. ([18]) Let (X,d) be a complete metric space and letT : X —> X 
be a generalized p-weak contraction. Then the Picard iterative scheme ([14]) 

Xn+1 — l X ji 

converges to the unique fixed point. 

Theorem 2.2. Let T be a generalized (p-weak contractive self mapping of a 
closed convex subset K of a Banach space X. Then the Picard iterative scheme 

x n _|_i — Tx n 

converges strongly to the fixed point p with the following error estimate: 

)\xn+i ~ P\\ < S-^dlxi - p|| - n)), 
where 4* is defined by the antiderivative 

m = Sw ) dt • ,1,<0) = 0 

and is the inverse of ( h. 

Proof. The proof is similar as Rhoades ([15], Theorem 2). However, for com¬ 
pleteness, we give a sketch of the proof. We can obtain convergence fol¬ 
lows from Theorem 2.1. To establish the error estimete, from (1.2) with 
An — \\x n p||, 


409 


Kyung Soo Kim 404-416 



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 27, NO.3, 2019, COPYRIGHT 2019 EUDOXUS PRESS, LLC 


Convergence of double acting iterative scheme in CAT( 0) spaces 7 


so, we have 


Thus 


A n+ i = ||x n+ i - p|| = || Tx n - p || 

< \\x n ~P\\ ~ <P(\\Xn+l ~P\\) 
= A n ^(A n+ i), 

^(An+l) ^ A77, Att,-)-!. 


<h(A n ) - <L(A n+1 ) = [ Xn — 7 -t- dt = — Xn+ \ 
J\ n+1 <P(t) tp(Hn) 

for some A n+ i < p n < \ n . Since ip is nondecreasing, from (2.1), 
MK) - 4>(A„ +1 ) = A ” ~ A " +1 > A " T.V 1 > I- 




p(K, 


Thus 


$(A n +i) < $(A n ) -!<•••< $(Ai) - n. 
This completes the proof of Theorem 2.2. 


( 2 . 1 ) 


□ 


In this section, we will use / = {1, 2, • • • , r} , where r > 1. Let {T* : i e 1} 
be a family of generalized <^-weak contraction self mappings on K. The scheme 
introduced in [ 8 ] is 

®i € K, x n+ i = U n{r) x n , n > 1, (2.2) 

where 

£ 4 ( 0 ) = Id, (: the identity mapping), 

£4(1)® ®n( 1 )® © (1 ®n(l))4 £4(0)®) 

£4(2)® et n (2)3' © (1 Ct n (2))4l £4(1)®) 

£4(r—1)® ®n(r_l)® © (1 ®n(r’_l))4’_l£4(r—2)®) 

£4(r)® et n (r )® © (I et n ( r ))T), £4(r—1)®) 

where a n (j) G [ 0 , 1 ] for each i G /. 

After this, the we called the iterative scheme (2.2) is double acting iterative 
scheme. 

The existence of fixed (or common fixed) points of one mapping (or two 
mappings or a family of mappigs) is not known in many situations. So the 
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approximation of fixed (or common fixed) points of one or more mappings by 
various iterations have been extensively studied in many other spaces. 

In the sequel, it is assumed that 


x =n p ^+ 0 > 

i=1 

where F(Tf) = {i£ K : TiX = x, i € 1}. 

Now, we shall investigate the convergence of double acting iterative scheme 
applied to {T* :*£/}. 

Theorem 2.3. Let (X, d) be a complete CAT(0) space, K be a closed convex 
subset of X, {Ti : i G 1} be a family of generalized (p-weak contraction self 
mappings of K. Then the double acting iterative scheme (2.2) satisfies 

(i) 0 < a n( i) < 1, i G I, 

(ii) ^n(l))(l ^n(2)) (1 ^n(r)) ^ 

converges to commom fixed point p € X. 

Proof. For p G F, using (2.2) and (1.3), 

d{U n(l) x n ,p) 

= d{a n{ i)i„ © (1 - a n ^)TfU n ( 0 ) x n,p) 

< a nW d(x n ,p) + (1 - a n(l) )d(Tfx n ,p) 

< a n(l) d{x n ,p) + (1 - «„(i ))[d(x n ,p) - ip(d(T?x n ,p))] 

< d(x n ,p) - (1 - a n{1) )p(d{Tfx n ,p)). (2.3) 


Using (2.3), we get 

d(U n ( 2 )X n ,P ) 

= d{a n ( 2 )Xn © (1 - a n ( 2 ))T£U nW x n ,p) 

< a„( 2 )d(x n ,p) + (1 - a n( 2 ))d(T£U nW x n ,p ) 

< a„( 2 )d{x n ,p) + (1 - a n ^ 2 ))[d(U n ^x n ,p) - p{d(T 2 U n{l) x n ,p))\ 

< a„( 2 )d{x n ,p) + (1 - a n ( 2 )Mzn,p) - (1 - a n (i))^(d(T 1 r! x n ,p))] 

- (1 - an(2))^(rf( T 2' t/ n(l)^n,p)) 

< d(x n ,p ) - (1 - a n{ i))(l - a n(2 ))(/?(d(T”x n ,p)) 

- (1 - «n(l))(l - a n ( 2 )Md(T 2 n U n (i)X n ,p)) 
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and 

d{U n{3) x n ,p) 

= d(a n{3) x n © (1 - a n{3) )T^U n{ 2 )X n ,p) 

< d(x n ,p) - (1 - a„(i))(l - «n( 2))(1 - a©( 3 )Md( 2 Tx n ,p)) 

- (1 - «n(l))(l - «n(2))(l - a n ^))(p(d(T^U n{1 )X n ,p)) 

- (1 - «n(l))(l - «n(2))(l - Ot n{3 ))(p(d,(T%U n( 2 )X n ,p)). 

Continue this processing, we obtain 

d(U n{r) x ni p) 

d{pL n (r)Xn © (1 ®n(r))-^r ^n(r— P) 

< d(x n ,p) - (1 - a n (i))(l - a n ( 2 )) •••(!- a n ^)ip(d(Tfx n ,p)) 

- (1 - «n(l))(l - «n(2)) ■■■(!- a n ( r) )(p{d(T£U n{l) x n ,p)) 

(1 a n (i))(l G! n (2)) ‘ ‘ ‘ (1 ®n(r))V , (^(-^ _ r ^n(i— l)®n>P)) 

< d(®„,p) - (1 - a n(1) )(l - a„(2)) •••(!- a n (r)Md(^£f n (i-i)®n,p)), (2.4) 
for each i £ /. From property of <^>, we conclude 

d(U n ( r )X n ,p) < d(x n ,p ), 

that is 

<Z(x n+ i,p) < d(x n ,p). 

Therefore, {d(x n ,p)} is a nonnegative nonincreasing sequence, which converges 
to a limit L > 0. 

(I) Most of all, we want to show that 

d{T™U n (i-\)X n ,p) > L, Vn > 1, i G I. (2.5) 

To show (2.5), it is sufficient to show that there exists k G N such that 
d(x k ,p) < d(T^U n ^_i)X n ,p), n > 1, i & I. 

To verify (2.5), suppose that d(T™U n u_i\x n ,p) < L. Then 

d{xkiP) > d(T^U n ^_i)X n ,p), Vk£ N, (2.6) 

for n > 1, i G I. Since {d(x n ,p)} is a nonincreasing sequence, we have 

d(x n ,p) > d(x n+ i,p) > ■ ■ ■ > L, Vn > 1. (2.7) 

Let 

7T- = L ~ d{T?U n (i-i)X n ,p) > 0. (2.8) 
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Since lim n _ ) . 0O d(x n ,p) = L and (2.6), there exists N 6 N with 

d(x N ,p) < d(T”f7 n (j_i)X n ,p) + (2.9) 

such that 

I d(x n ,p) - L\ < \L - d(XT ?7 n(i- 1 )^n,p)| + \d(T?U n{i _ 1)Xn ,p) - d(x n ,p)\ 

= L - d(T? U n (i_i)X n ,p) + d(x n ,p ) - d^Untj^Xmp) 

~^n + d ^ XN,P " > ~ d ( T i 1U n(i-i) x n,p) (from (2.7)) 

< ~~ T ~~ < £, V n > N. 

2 n 4 n 

On the other hand, from (2.9), (2.8) and (2.6), we obtain 


d{x N ,p ) < diTfUn^Xmp) + 


4 n 

1 


= <T^ B(l .i), n , P ) + ~{L - diTfUn^Xmp)) 
= \( L + diTfUn^Xn^)) 

< \( L + d(x N ,p)), 


i.e.. 


d(x N ,p) < L. 

This is a contradiction to (2.7). Therefore, (2.5) holds. That is 
d{T?U n ( i _ 1 )X n ,p)>L, Vn > 1, i €. I. 


(II) We claim that L = 0. Suppose that L > 0. It follows that, from (2.4) and 
(2.5), for any fixed integer JVGff and i G I 

OO 

^ ' (1 rin(i))(f rr n (2)) (1 rr n ( r ))<^(T) 

n=N 

oo 

— ^ ' (1 ®n(l))(l ®n(2)) (f ®n(r) )^(.d(T^ U n (^_\^X n ,p)) 

n=N 

oo 

< ^ (d(x n ,p) - ^(Xn+pp)) 

n=N 

< d(x N ,p). 

This is a contradiction to the condition (ii). Therefore, L < 0. Thus 

lim d(x n ,p) = L = 0. 

n—too 

This completes the proof of Theorem 2.3. □ 
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Convergence of double acting iterative scheme in CAT( 0) spaces 


11 


Remark 2.1. The author does not apply the real CAT(0) properties of a 
space such as for example (CN*) inequality, 

d 2 (ax 0 (1 — a)y, z) 

o 9 o (CN*) 

0 ad (x, z) + (1 — a)d (y, z) — a(l — a)d~(x, y), 

but only the fact that 

d(ax 0(1 — a)y , z) < ad(x , z) + (1 — a)d(y , z), 
i.e., the convexity of the metric. 


Corollary 2.1. Let (X,d) be a complete CAT(0) space, K be a closed convex 
subset of X, T be a generalized ip-weak contraction self mapping of K. Then 
the Noor iterative scheme ([17]) 

20+1 — 0030 0(1 Ol n i)Ty n , 

Un — Pn-^n 0(1 Pn)'F Z n , 

•0 — T020 0(1 70) Fx rr 

satisfies 

(i) 0 0 o n ,/3 n ,7 / n 0 1 , 

(ii) E“=l(! - On)(l - £n)( 1 - 7 n) = OO 
converges to fixed point p G F(T). 

Proof. In the double acting iterative scheme (2.2), if r = 3 and T\ = T -2 = 
T 3 = T, then it reduces to the Noor iterative scheme. So the proof is similar 
to that of Theorem 2.3, and will be omitted. □ 


Corollary 2.2. Let (X,d) be a complete CAT(0) space, K be a closed convex 
subset of X, T be a generalized (p-weak contraction self mapping of K. Then 
the Ishikawa iterative scheme ([7]) 

20+1 — o n 30 0(1 a n )Ty n , 

Un — 0(1 /dnjFXn 

satisfies 

(i) 0 0 a n ,/3 n 0 1, 

(ii) £“= i(l-o n )(l-/3 n )=oo 
converges to fixed point p G F(T). 


Proof. In the double acting iterative scheme (2.2), if r = 2 and T\ = T 2 = T, 
then it reduces to the Ishikawa iterative scheme. So the proof is similar to 
that of Theorem 2.3, and will be omitted. □ 
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12 K. S. Kim 

Corollary 2.3. Let (X,d) be a complete CAT(0) space, K be a closed convex 
subset of X, T be a generalized ip-weak contraction self mapping of K. Then 
the Mann iterative scheme ([12]) 

X n -{-l — tX n X n IB (1 ty n ^ Tx n , 

satisfies 

(i) 0 < a n < 1, 

(ii) E^LiU-an) =°o 

converges to fixed point p G F(T). 

Proof. In the double acting iterative scheme (2.2), if r = and T\ = T, then 
it reduces to the Mann iterative scheme. So the proof is similar to that of 
Theorem 2.3, and will be omitted. □ 
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Abstract. The purpose of the present paper is to study the existence of solution of a system of differential 
equations using fixed point technique. In this regard, in the first part of this article, along with some properties 
of partial b-metric topology, we prove a common fixed point theorem for generalized Geraghty type contraction 
mappings in a complete partial b-metric spaces. Then in second part we apply this result to show the existence 
of the solution of a system of ordinary differential equations. 


1. Introduction and preliminaries 

One of the most important results in fixed point theory is the Banach contraction principle introduced by Ba¬ 
nach [4]. There were many authors who have studied and proved the results for fixed point theory by generalizing 
the Banach contraction principle in several directions (see [1,5-7,18,22,24]). 

Czerwik [9] introduced the notion of b-metric to generalize the concept of a distance. The analog of the famous 
Banach fixed point theorem was proved by Czerwik in the frame of complete b-metric spaces. Following these 
initial papers, the existence and the uniqueness of (common) fixed points for the classes of both singlevalued 
and multivalued operators in the setting of (generalized) b-metric spaces have been investigated extensively (see 
[2,3,10,13,15,16,20,23,26-28] and related references therein). 

Shukla [29] introduced the concept of partial b-metric space and established some fixed point theorems. Shukla, 
in fact, generalized Matthews partial metric to partial b-metric. Recently, Mustafa et al. [20], Latif et al. [19] and 
Piri et al. [21] have established some fixed point results in complete partial b-metric spaces. 

In this paper, we introduce the notion of generalized Geraghty type contraction mappings and develop new 
common fixed point theorems for such mappings in complete partial b-metric spaces and properties of partial 
b-metric topology. Examples are given to support the usability of our results. In the last section of this paper, we 
utilize our results to present an application on existence of a solution of a pair of ordinary differential equations. 
We also study well-posedness of common fixed point problem for generalized Geraghty type contraction mappings. 

First of all, we recall some definitions and properties of partial b-metric spaces. 

Definition 1 . [29] Let A be a nonempty set and s > 1 be a real number. A function pi, : X x X —> [0, oo) is 

said to be a partial b-metric if for all x,y,z £ X, we have 

°2010 Mathematics Subject Classification: 47H10; 54H25 

‘’Keywords: complete partial b-metric space; generalized Geraghty type contraction mapping; differential equa¬ 
tion; well posed. 

‘Corresponding authors. 
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(Pi.1) x = y if and only if p b (x, y) = p b (x, x) = p b {y, y), 

(p b 2) p b {x,x) < p b (x,y), 

(Pb3) p b (x, y) = p b (y, x), 

{Pb 4) p b {x, y) < s [p b (x, z) + p b (z, y)\ - p b {z, z). 

In this case, the pair ( X,p b ) is called a partial 6-metric space (with constant s). 

It is clear that every partial metric space is a partial 6-metric space with coefficient s = 1 and every 6-metric 
space is a partial 6-metric space with the same coefficient and zero self-distance. However, the converse of this 
fact need not to hold. The self distance p b (x, x), referred to as the size or weight of x, is a feature used to describe 
the amount of information contained in x. 

Definition 2. Let (X,p b ) be a partial 6-metric space. The distance function d Pb :IxX-) R[J", defined by 

dp b (x,y ) = 2 Pb(x,y) -p b (x,x) -p b {y,y), for all x,y £ X, 
defines a metric on A' called an induced metric. 

Example 1. [29] Let X = R + and l > 1. Then the functional p b : X x A' —> R + , defined by 

Pb(x,y) = | (max{i, y}) 1 + \x - y| ! |, for all x,y £ X, 

is a partial 6-metric. 

Example 2. [29] Let X be a nonempty set such that p is a partial metric and d is a 6-metric with coefficient 

s > 1 on X. Then the function p b : X x X —> R + , defined by p b (x,y) = p(x,y) + d(x,y) for all x,y £ X, is a 
partial 6-metric on A' and (X,p b ) is a partial 6-metric space. 

Example 3. [29] Let A' be a nonempty set and p be a partial metric defined on A'. The functional p b : X x A' —> 
R + , defined by 

p b (x,y) = [p{x,y)] q for all x,y € X and q > 1, 

defines a partial 6-metric. 

For a partial 6-metric space (A ,p b ), we immediately have a natural definition for the open balls: 

B e (x-,p b ) = {y € Xjp b (x,y) < p b (x,x) + e} for each x £ X and e > 0. 

Proposition 1. The set {B e (x;p b )\x £ X, e > 0} of open balls forms the basis for partial b-metric topology denoted 
by T[p b \. 

Proof. It is obvious that 

X — B e (x , p b ) 

and for any two open balls B £ (x;p b ), Bs(y;p b ) we note that 

B e (x;p b ) n B s (y;p b ) = U{B K (c;p 6 )| c G B e (x;p b ) n B s (y,p b )} 
where, k = p b (c, c) + min {e - p b (x, c), 5 - p b (y, c)} , 

as desired. □ 

Proposition 2. Each partial b-metric topology is To topology but not T\. 

Proof. Suppose p b : X x X —> Rj is a partial 6-metric and x ^ y. Then without loss of generality, we have 
p b (x, x) < p b (x, y) for all x,y £ X. Choose e = p b (x, y) — p b (x, x). Since 

p b (x, x) < p b (x, x) + e = p b (x, y ), 

x £ B e (x;p b ) and y B e (x;p b ). Otherwise we obtain an absurdity ( p b ( x,y ) < p b ( x,y )). It is obvious that for 
x^v, 

x £ Bs{x\p b ) C B e (v,p b ), 
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which contradicts Ti axiom. 


□ 


The following definition and lemma describe the convergence criteria established by Shukla in [29]. 

Definition 3. [29] Let (X,pb) be a partial 6-metric space. 

(1) A sequence {i„}„a in (X,pb) is called a Cauchy sequence if 
lim n , m — >oo Pb(x n ,x m ) exists and is finite. 

(2) A partial 6-metric space (A ,Pb) is said to be complete if every Cauchy sequence {i„} b6 h in X converges, 
with respect to T[pb], to a point v £ X such that 

p b (x,x)= lirn pb{x n ,x m )• 

n,m —>oo 

Lemma 1. [29] Let (A ,Pb) be a partial 6-metric space. 

(1) Every Cauchy sequence in (X,d Pb ) is also a Cauchy sequence in (A ,Pb)- 

(2) A partial 6-metric (X,pb) is complete if and only if the metric space (X,d Pb ) is complete. 

(3) A sequence {i„} n6 s in X converges to a point v £ X with respect to T{(d Pb )\ if and only if 

lim p b (v,x n ) =Pb{v,v) = lim pb(x n ,x m )- 

n—t oo n—^oo 

(4) If lim,,-^ x n = v such that Pb(v, v) = 0, then lim^-Hx, pb(x n , k ) = Pb(v, k ) for every k £ X. 


The following important lemma is useful in the sequel. 

Lemma 2. [20] Let ( X,pb ) be a partial 6-metric space with coefficient s > 1. Suppose that the sequences 

{xn},{y n } converge to x,y, respectively. Then we have 

~^Pb(x, y) - -p b {x,x)-p b (y,y) < lim mip b (x n ,y n ) < lim suppb{x„,y n ) 

S n—> oo n—^oo 

< sp b {x,x) + s 2 p b (y,y) + s 2 p b {x,y). 

If Pb(x, y) = 0 then we have lim^oo pb(x n , y-n) = 0. Moreover, for each x* £ X we obtain 
-pb(x,x*) — Pb(x, x) < lim inipb(x n ,x*) < lim sup Pb(x n , x*) 

S n—y oo n—>■ oo 

< spb(x,x*) + sp b (x,x). 


If Pb(x, x) = 0, then we have 

~ Pb { x , x*) < lim infpb ( x n , x *) < lim supp6(*rL, **) < spb { x , x *). 

S n—> oo n—¥ oo 

Let Q, denote to the class of all functions /3 : [0, +oo) —¥ [0,1) such that for any bounded sequence {t n } of 
positive reals, (3 (t n ) —» 1 implies t„ —¥ 0. Geraghty [11] presented a very important generalization of Banach 
Contraction Principle as follows: 


Theorem 1. [11] Let (A’, d) be a metric space. Let S : X X be a self-mapping. Suppose that there exists 

(3 £ such that for all x,y £ X, 

d ( Sx , Sy) < /3(d (x, y)) d (x, y). 

Then S has a unique fixed point x* £ X and {S™*} converges to x* for each x £ X. 

Following [8], we let T denote to the class of functions -i/> : [0, oo) —» [0, oo) satisfying the following conditions: 

(1) ip is nondecreasing, 

(2) tp is continuous, 

(3) ip (t) = 0 if and only if t = 0. 

Definition 4. Let S', T : X — » X be two self-mappings and F(S) and F(T) denote the set of fixed points of S 
and T, respectively. Then a fixed point problem for S and T is well posed if for any sequence { x n } in X and x* £ 
F(S) n F(T), linin-Hx, Pb(xn, S(x n )) = 0 or lim^oo p b (x n , T(x n )) = 0 implies lim^oo Pb{x n , x*) = p b {x* ,x*). 
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2. Fixed point results 


We begin with the introduction of the concept of generalized Geraghty type contraction mappings as follows: 


Definition 5. Let (X,p b ) be a partial b-metric space. The pair S, T : X —¥ X of self-mappings is called a 
generalized Geraghty type contraction mapping if there exist pd £ fi and ip £ '37 such that for x,y £ X , the pair 
(S, T) satisfies the following inequality: 

i> (s 3 p b ( Sx,Ty )) < /3{ip{M (x, y))) ■ ip (M {x, y)) (2.1) 


where 


M(x,y)= max < p b (x, y ), p b {x, Sx),p b ( y , T y) 


p b ( x,Ty)+p b (■ y,Sx ) | 
2s / ' 


The main result of this section is the following. 


Theorem 2. Let (X,p b ) be a complete partial b-metric space and S,T : X —» X be two self-mappings satisfying 
the following conditions: 

(1) ( S,T ) is a pair of generalized Geraghty type contraction mappings; 

(2) S or T is a continuous mapping. 

Then S and T have a common fixed point x* £ X. 


Proof. First, we suppose that s > 1. Let xo £ X and choose xi = S(x o), *2 = T(x 1 ). Continuing in the same 
way we construct a sequence {x n } in X such that * 21+1 = S(x 2 i) and X 2 i +2 = T(x 2 i+i), * = 0, 1, 2,.... Without 
loss of generality, we can assume that M(x, y) > 0 for x ^ y. Now, for i £ N, we have 

0 < 1 p(p b { x 2 i + l , X2i + 2 )) < Ip (s A p b { Sx2i , Tx2i + l )) 

< fd {ip {M {x 2 i,X 2 i+i))) -Ip (M (x 2 i,X 2 i+i )), (2.2) 


M (x 2 i,X 2 i+i) = max 


where 

Pb ( x 2 i , X2i + l ) ,p b ( X2i , Sx2i ) ,p b ( X2i + l , Tx 2 i + l ) , 

Pb(x2i, Tx 2i+l)+Pb( x 2i+l,Sx 2 i) 

2s 

Pb {X2i, X2i+l) , Pb (X2i , *2i+l) ,Pb (X2i+1, X2i+2) , 
Pb (X2i, X2i+2) + Pb {X2i+l,X2i+l) 

2s 

Pb (X 2 i, X 2 i+l) , Pb [X 2 i, X 2 i+l) ,Pb (X 2 i+ 1 , X 21 + 2 ) , 
< max •( p b (X 2 i,X 2 i+l) + Pb (X 2 i+l,X 2 i+ 2 ) 

2s 

= max {p b (x 2 i,X2i+l) ,Pb {X2i+l,X2i+2)} ■ 

If max {p b (x 2 i, X 2 i+i) ,p b (x 2 i+i,X 2 i+ 2 )} = Pb (x 2 i+i,X 2 i+ 2 ), then from (2.2) we have 

1p(Pb(X2i+l,X2i+2)) < /3(lp(p b (X2i+l,X2i+2))) .1p{Pb(X2i+l,X2i+2)) 

< Ip (p b (X2i+l,X2i+2)) , 


which is a contradiction. Thus we conclude that 


max {p b {x 2 i,X 2 i+l) ,Pb (X 2 i+l,X 2 i+ 2 )} = Pb (x 2 i,X 2 i+l) ■ 

By (2.2), we get that ip ( p b (x2i+i,X2i+2)) < ip ( p b (x2i, X2i+i))- Since ip is nondecreasing, we have 

Pb (x 2 i+l,X 2 i+ 2 ) < Pb {X2i,X2i+l) ■ 


This implies that 


Pb (x n + l,Xn+2) < Pb ( Xn , X n+ l) , for all U £ N. 

Hence we deduce that the sequence {pb (x n , x n +i)} is nonincreasing. Therefore, there exists r > 0 such that 
lirn p b (x n ,x n+1 ) = r. 
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Now we shall prove that r = 0. Suppose that r > 0. From (2.1), we have 

ip(p b (x n +i,x n+2 )) < ip (s 3 p b {Sx n ,Tx rl+ 1 )) 

< /3{tp{M {x n , *„+i))) -ip {M (x n ,x n+1 )). 

which implies 

tp {Pb {Xn+l,X n+ 2 )) < 0 {ip (Pb (x„,X n + 1 ))) -Ip {Pb {X n ,X n + l )) . 

Hence 


Ip (Pb (Xn + l,Xn +2 )) 


<13 {ip ( Pb [x n 5 %n +i))) < I- 


Ip {pb (x n ,X n+ l)) 

This implies that lim /? {ip {pb {x n ,x n + 1 ))) = 1- Since /3 G Q, we have 


which yields 


lim V'(Pi) (x„,£n + i)) = 0, 
n—too 

r = lim p b {x n ,x n +i) = 0, 


(2.3) 


which is a contradiction. 

Now we will show that {x n } is a Cauchy sequence. For this purpose, we use Lemma 1. Suppose that there 
exists e > 0 such that for all k € N, there exists m {k) > n (fc) > k with d Vb (x n ( k ), x m (/c)) > £■ Let m {k) be the 
smallest number satisfying the condition above. Then we have d Vb (x n ( k ), *m(fe)-i) < £■ Therefore, 


£ < d Ph 

\^n(k) 

^ & \dp b (^n(/c) ? —l) “1“ dpb {%m(k) 

— 1? *^m(fc))] 

(2.4) 



<C S [V dp b — 15 *^m(fc))] • 



By taking the upper limit as 

k —> oo in (2.4) and using (2.3) , we get 





£ < lim sup d Pb (x„(fe),x m ( fc )) < S£. 

k—y 00 


(2.5) 

From the triangular inequality, we 

have 



dpb ( 

^n(k) 5 

•^m(fc)) ^ s[dp b ? *^n(fc) + l) H ~ dp b (^n(fc) + l? 

3'm(k) )] 

(2.6) 

and 





dpt, ( 

*£n(fc) + l 5 ^m(fc)) ^ s[dp b (#n(fc) + l, #n(fc)) dp b , 


(2.7) 


By taking upper limit as k —¥ oo in (2.6) and applying (2.3) and (2.5), 

e < lim sup d Pb (x n(k) ,x m(k )) < s ( lim supd P6 (x n(k)+1 , x m(k) )) . 
Again, by taking the upper limit as k —> oo in (2.7), we get 

lim sup d Pb (x n(k)+1 ,x m(k) ) < s ( lim supd Pb (x n(k) ,x m{k) )) < s.se = s 2 e. 

k — y oo \k — y oo / 

Thus 


Similarly 


- < lim sup d Pb (x n ( k ) + i,x m (k)) < s 2 £- 

S k — y oo 


- < Jhn^supdp,, (x n ( k) ,x m(k)+1 ) = fc lim^supd Pi) (x n(k)+1 ,x m(k)+2 ) < s 2 s. 


By the triangular inequality, we have 

*3 Pb \%n(k) + l i (^n(fc) + l 5 + l dp b (#m(fc)-t-l 1 ) ] • 

Letting k —> oo in (2.10) and using (2.3) and (2.8), we get 


< lim sup d Ph (x n{k)+1 ,x m(k)+1 ) . 


S z k—> oo 


Following the above process, we find 


lim sup d Pb ( x n ( k ) +1 ,x m ( k ) +1 ) < s 3 s. 


( 2 . 8 ) 

(2.9) 

( 2 . 10 ) 

( 2 . 11 ) 

( 2 . 12 ) 
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From (2.11) and (2.12), we get 


-4 < lim sup d Pb (x n ( k )+i, Xm(k)+i) < s 3 e. 

S k—too 


Since x n(fc) ^ x m ( fc)+ i, we get 

*0 \dpb \ x n(k)-\-l 5 ^m(fc)+2) ) 

— dp b (Sx n (k) j + ) 


< P (-0 (A1 ( Xn(h) 5 *^m(fc) + l))) ' V 1 (-M { X n(k); *m(fe) + l)) 
Xn(k) 5 *^m(fc) + l))) ‘ V 1 (-M (®n(k)j ®m(fc)+l)) 


where 


f (x n (k)iX m (fc)+0 i^Pb \Xn(k) i SXn(k)J 


M (x-n(k) j ^m(fc) + l) H 1 B.X \ 


^Pb [ X m(k) + l^ X m(k) + l ) » 


(^(fc) ’ Ta; m (fc) + 1 ) ( x m(fc) + l »£*«(*) ) 


f dph (^n(fc) ? — l) i dpb ? *^'n(fc) + l) ■ 


= max < 


dpb \ X m(k) + l’ X m(k)+2 j ’ 
d P b ( X n(k)’ x rn ( k ' ) + 2/ 


■) 


+d P(j (i 




> ■ 


Taking the limit as fc —» oo and using (2.3), (2.5), (2.8) and (2.9), we get 

lim sup At (* n (fe), a; m (fe)+i) < max < s 2 e, 4 1 > 
l S 4 J k—>oo I 4 I 


- = max < 
s 


Similarly, we can show that 


- = max < 
s 


Ad (*„ (fe) ,x m(fe)+ i) < max js 2 e, ^ j = s 2 e. 

From (2.9), we have 

ip (s 2 e) = %p (s\ £ -)) < 4> (sMim, sup dp 6 (x n ( k )+i, ®m(fc)+ 2 )) 

< P (ip Qbn^ sup Ad (®„( fc) ? *^'m(fc) + l ))) • V’ (jhn^supAd (* n(fc) ,® m (fc)+l)) + 0 

< P {ip (s 2 e)) ip (s 2 e) 

< V> (« 2 e) , 

which is a contradiction. Thus {x n } is a Cauchy sequence in (X,d Pb ). Since (A ,Pb) is a complete partial 6-metric 
space, from Lemma 1, (X,d Pb ) is a complete 6-metric space. Therefore, the sequence {xn} converges to some 
x* £ ( X,d Pb ). From Lemma 1, there exists x* £ X such that lim d Pb ( x n ,x *) = 0 if and only if 

n—> oo 

lim p b (x*,x„) = pb{x*,x*) = lim pb{x n ,x m )- (2-13) 

n—> oo n,m—>oo 

Since d Pb (x,y) = 2pb(x,y) —pb(x,x ) ~Pb(y,y), considering (2.3) and the axiom (pb2) with lim d Pb (x n ,x*) = 0, 

n—too 

we conclude that 

lim p b (x n ,x m ) =0. (2-14) 

n— >oo 

Combining (2.13) and (2.14), we have 

lim pb(x*,x n ) = pb{x*,x*) = lim pb(x„, x m ) = 0. 


n.m —>oo 


Now limn-Kjo pb(x* , x n ) = 0 implies that limp;, (x 2 i+i,x*) = 0 and 

i—¥ oo 

limpt ( X 2 i+ 2 ,x *) = 0. As one of S and T is a continuous mapping, so we limp;, (Sx 2 i+i, Sx*) = 0. Thus 


p b {x*,Sx*) = limpb(x 2 i+ 2 ,Sx*) < hmpb{Sx 2 i+i,Sx*) = 0, 
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and so X* = Sx*. By (2.1), we have 

ip(s 3 p b (x*,T(x*))) = ip(s 3 p b (S(x*),T(x*))) 

< /3 (ip (M (x*,x*))) .ip (M (x*,x*)) 

< ( Pb (x*,T(x*)))) .ip (p b (x*,T(x*))). 

Due to the dehnitions of pt and ip, we deduce that x* = Tx*. Therefore, S and T have a common fixed point 
x* G X. It is easy to check that x* is unique. □ 

Remark 1. We note that Theorem 2 is more general than the results established in [11,12,14, 25, 26, 29]. 

Example 4. Let X = [0,1]. Define a function p b : X x A' —> [0,+oo) by p b (x,y) = (max{i, y}) 2 + (x — y) 2 . 
Clearly, (X ,p b ) is a complete partial 6-metric space with the constant s = 2. Let /3 be a function on [0,+ 00 ) 
defined by /3 (t) = for all t > 0 and /3 (0) = 0. Then /3 G f l. Let ip be a function on [0, + 00 ) defined by 
ip ( t ) = t. Then ip G T. Define the mappings S, T : X —» X by 

f if x G [0, §) 

T(x) = < and S(x) = 0. 

I if *e[|,l] 

If {in} is a Cauchy sequence such that {x n } C [0, |) . Since ([0, |) ,p b ) is a complete partial 6-metric space, 
the sequence {xn} converges in [0, |) C X. Thus (X,p b ) is a complete partial 6-metric space. We note that 
x, y, Sy,Ty G [0, |) and S is continuous. It is easy to check that for all x,y G [0, |), the following inequality is 
true 

ip ( s 3 p b (Sx, Ty)) < P(ip(M (x, y ))) • ip (M (x, y)), 

Thus all the conditions of Theorem 2 are satisfied. Hence S and T have a common fixed point (x = 0). 

3. Derived results 


I 11 Theorem 2, if we set S = T and 

M (x,y) = max jp 6 (x,y) ,p b (x,Sx) ,p b (y,Sy), Pb ^ X ’ Sy ^ ^ Pb Sx ^ | , 

then we obtain the following result. 

Corollary 1. Let (X,p b ) be a complete partial 6-metric space. Suppose that S : X —> X is a self-mapping 
satisfying the following conditions: 

(1) S' is a generalized Geraghty type contraction mapping; 

(2) S is a continuous mapping. 

Then S has a fixed point x* G A'. 


I 11 Theorem 2, if ip (t) = t, then we obtain the following corollary. 


Corollary 2. Let (X,p b ) be a complete partial 6-metric space. Suppose that S,T : X —> X are two self-mappings 
such that 

(1) there exists /3 Gl! such that for x, y G A', the pair (S, T) satisfies the following inequality 

s 3 p b (Sx, Ty) < [3 ((M (x, y))). (M (x, y )), 


where 

M (x,y) 


max 


jpb (x,y) ,Pb (x,Sx) ,p b (y,Ty ), 


Pb (x, Ty) +p b (y, Sx) \ 

2s J 


(2) S or T is a continuous mapping 
Then S and T have a common fixed point x* G A. 
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In particular, if p b (x,x) = 0 for all x £ X, then the following result can easily be obtained from Theorem 2. 

Corollary 3. Let (X,d) be a 6-metric space. Suppose that S,T : X — > X are two self-mappings satisfying the 
following conditions: 

(1) ( S,T ) is a pair of Geraghty type contraction mappings; 

(2) S or T is a continuous mapping. 

Then S and T have a common fixed point x* £ X. 

In the following, we see that the problem stated in Theorem 2 is well posed. 

Theorem 3. Let ( X,pi ,) be a complete partial b-metric space. Let S,T: X —> X be two self-mappings as in 
Theorem 2 with ip(t) = t. Then the fixed point problem for S and T is well posed. 

Proof. Let {i„} be a sequence in X and x* £ F(S) fi F(T). Suppose that limn-n^ p b (x„, S(x„)) = 0. If 
lim„_nxj pt(x n ,x*) = 0, then we are done. Assume that lim n - >ao p b (x n ,x*) = r > 0. Using (p b 3), we have 

S 3 p b (x n ,X*) < S 4 [p b (Xn,S(Xn)) + Pb(S{Xn),X*) - p b (S(x n ),S(x n ))], 
s 2 p b (x„,x*) < s 3 p b (x n ,S(x„)) + s 3 p b (S(x n ),T(x*)) 

< s 3 p b (x n , S(x n )) + fi(M ( x n , x*))- M (x n , X*) , 

- lim p b (xn,x*) < s 3 lim p b (x n , S(x„)) + lim fi{p b (x„, x*)) ■ p b {x n , x*), 

S n—^oo n—too n —>oo 

V V 

- < OH— ? /3(r), a contradiction due to the definition of fi. 

s s J 

Similarly, we obtain linin-Hx, x n = x* if we assume limn-^ d(x„, T(x n )) = 0. □ 


4. Application 


In this section, we present an application on existence of a solution of a pair of ordinary differential equations. 
In particular, inspired from [17] and using Theorem 2, we consider the following pair of differential equations: 


f(t,x (f)), I €[0,1] 
*(0) = x (1) = 0 


te[o,i] 

2/(0) = y (l) = 0 


where /, K : [0,1] x 


are continuous functions. The Green function associated to (4.1) is defined by 


G(t,s) = 


t (1 - s), 0 < t < s < 1 

s(l — t), 0<t<s<l. 


Let C (I) be the space of all continuous functions defined on /, where / = [0,1]. Suppose that 


Pb(x, y) = |^sup | x(t) - y(t)\J + (max{*(t), y(t)}) . 

It is known that (C (I) ,p b ) is a complete partial 6-metric space with constant s = 2. Now, define the operators 
S,T : C (I) —¥ C (/) by 

Sx(t) = f G(t,s)f(s,x(s))dsandTx(t)= f G(t, s)K(s,y(s))ds 
Jo Jo 

for all t £ I. Note that (4.1) has a solution if and only if the operators S and T have a common fixed point. 

The main result is the following. 

Theorem 4. Assume that 

(1) there exist continuous functions /, K : [0,1] x R —> R such that for all a,b, p £ R, we have 

I IAI 2 ^ R/ 1„ {fy + I s ) r l -- T 


|/(L a) - K (1,6)| < 64 In 


for all t £ I, 
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M(a, b) = max < p b (a , b),p b (a , S(a)),p b (b,T(b)). 


p b (a, S(b)) +p b (b,T(a )) 


(2) the operators S, T are such that 

(raetx{Sx(t), Ty(t)}) 2 < ln(p) (^sup f G(t, s) ds\ . 

\tei J o / 

Then the system of ordinary differential equations (4-1) has a solution. 

Proof. It is well known that x* E C 2 (I) is a solution of (4.1) if and only if x* E C (/) is a solution of the integral 
equation (see [17]). Define the mappings S,T : C (I) —> C (I) by 


Sx(t) = f G(t, s)f(s, x(s))ds and Tx{t) = f G{t, s)K(s,y(s))ds. 

Jo Jo 

Hence the solution of (4.1) is equivalent to find x* E C (/), that is, a fixed point of T. By (1), we get 
p b (Sx,Ty) = ^sup|S*(f) -Ty(t)\^j + (ma x{Sx(t),Ty(t)}) 2 


< sup / G(t, s) [f(s,x(s)) - A'(s,y(s))] ds + ln(p) sup / G(t,s)ds 


< sup / G(t, s) ds \f(s,x(s)) - K(s,y(s))\ + ln(p) sup / G(t,s)ds 


< 64 I sup / G(t, s) ds J In 

\tei Jo J 


M(a , b) + 1 


+ ln(p) sup / G(t, s) ds 
\ t£l J o 


= 8 2 ln^ ~ M ( a ’j > ) + 1 ^ +ln(p) ^sup ^ G(t,s)ds j. 

Since f G(t,s)ds = — \ + | for all t E I, we have ^ SU P [/q 1 G(t, s)dsj ^ = p-. Therefore, 


p b (Sx,Ty) < ln(AI(a,6) + 1). 


which implies that 


In (pi, (Sir, Ty) + 1) < ln(ln(7V4(ai,j/) + 1) + 1) 

= ln(1 " ( ^’ y) + 1 1 ) + 1) In (M (a 

In ( M ( x , y) + 1) 

Define the functions ip : [0, oo) —> [0, oo) and fJ : [0, oo) —¥ [0,1) by 

ip (x) = In (x + 1) and /3 (x) — ^ x ’ */ x 7 ^ 0 


ln(AI(ai,y) + 1). 


0, otherwise. 


Note that ip : [0, oo) —¥ [0,oo) is continuous, nondecreasing, positive in (0, oo), ip (0) = 0 and ip (x) < x. Hence 
/3 E O, ip E 4/ and 

ip ( s 3 p b ( Sx,Ty )) <0(ip(M (x, y))) .ip (M (x, y)) 

for all x,y E C(I). Therefore, all the assumptions of Theorem 2 are satisfied. Hence S and T have a common 
fixed point x* E C (I), that is, Sx* = Tx* = x*, which is a solution of (4.1). □ 
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SOME EQUALITIES AND INEQUALITIES FOR AT-G-FRAMES 

ZHONG-QI XIANG 1 " AND YIN-SUO JIA 


Abstract. In this paper we establish some equalities and inequalities for X-g-frames. Our 
results generalize the remarkable results obtained by Balan et al. and Gavruja. We also give 
several new inequalities for X-g-frames by using operator theory methods, which differ in 
structure from those for frames. 


1. Introduction 


Throughout this paper, Mr and -X are separable Hilbert spaces, {JCj}j £ j is a sequence of 
closed subspaces of dff, where I is a finite or countable index set. For any I c I, we denote 
F = J\I. The notation is reserved for the set of all linear bounded operators 

from Jif to ,/F, and M) is abbreviated to B(J$f): K e B(JP). 

Frames for Hilbert spaces, appeared first in the early 1950’s, have now been applied in 
a variety of fields because of their redundancy and flexibility. For more information on 
frame theory and its applications, the interested reader can consult [4—8,16,19]. G-frames, 
proposed by Sun in [17], generalize the concept of frames extensively and possess some 
distinct properties though they share many similar properties with frames, see [15,18]. 

A /('-frame is a generalization of a frame, which was put forward by Gavruja in [10] to 
investigate the atomic systems associated with a linear bounded operator K. When K is an 
orthogonal projection, a IGframe is just an atom system for subspace which was introduced 
by Feichtinger and Werther in [9]. It should be remarked that the properties of /('-frames 
are quite different from those of frames as shown in [1,12,20,22], though the definition of 
a /('-frame is similar to a frame in form. Recently, Xiao et al. [23] applied Gavruja’s idea 
to the case of g-frames, thereby leading to the notion of /('-g-frames, which have attracted 
much attention, see [2,13]. 

Balan et al. [3] found a surprising identity for Parseval frames when they devoted to the 
study of efficient algorithms for signal reconstruction, given below. 


Theorem 1.1. Let {/)} ;G j be a Parseval frame for JP, then for every I c I and every 
f e Jff, we have 


(i.i) Zk/,/)> |2 - =2>/,//>i 2 - E</.//)/i 

jel fel je F ;sF 

In [3], the following inequality was also obtained. 

Theorem 1.2. Let {fj}j £ j be a Parseval frame for JP, then for every I c I and every 
f e JP, we have 


( 1 . 2 ) 


j€l j€l c 


2 3 


t Corresponding author. 

2010 Mathematics Subject Classification. Primary 42C15; Secondary 42C40. 

Key words and phrases. Parseval X-g-frame; X-dual g-frame; operator; pseudo-inverse. 

1 


427 


ZHONG-QI XIANG ET AL 427-437 



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 27, NO.3, 2019, COPYRIGHT 2019 EUDOXUS PRESS, LLC 


2 


ZHONG-QI XIANG 1 AND YIN-SUO JIA 


Later on, Gavruja [11] extended Theorems 1.1 and 1.2 to alternate dual frames: 


Theorem 1.3. Let {fj)je j be a frame for and {gj}jej be an alternate dual frames of 
{fj}j£j. Then for all I C I and all f € Jif, we have 


g.Mf.fi) 

A i 


sj)fj 


(1.3) 


= Re £</, £;></,/)>+ 2</, *,■>/; 


"4" 


In fact. Theorem 1.3 is a particular case of the following result, given in [11], 


Theorem 1.4. Let {fj}je 1 be a frame for Jf? and {gj}je: be an alternate dual frame of{fj}j £ j. 
Then for all bounded sequence {tOj}j e j and all f € Jj?, we have 


ReJ] uj{f,gj){fjj) + X (1 - “jXMfj 


jel 


A J 


(1.4) 


Re 2a - "!)</• /l> + 2 «!>/) 


AJ 


AJ 


"4" 


In this paper we generalize the equalities and inequalities (1.1), (1.2) and (1.4) to K- g- 
frames. Since g-frames can be considered as a class of K- g-frames. Theorem 2.2 in [21] 
and Theorem 4.1 in [24] which are a generalization of Theorems 1.1 and 1.2, and Theorem 
1.4 respectively, can be obtained as a special case of the results we establish on /f-g-frames. 
We also present some new inequalities for AT-g-frames by using operator theory methods, 
which are different in structure from those in (1.2)—(1.4). 


2. Preliminaries 

In the following we briefly recall some definitions and basic properties of operators. 

Definition 2.1. We call a sequence [A ; e J(j)} j€ j a K- g-frame for Jf? with respect 

to {dfj}je j, if there exist 0 < C < D < 00 such that 

(2.1) cpr/|| 2 < 2 ||A;/|| 2 < D\\f\\ 2 , VfeJf. 

AJ 

If we only require the right-hand inequality of (2.1), then [A ; } ; - e j is said to be a g-Bessel 
sequence for with respect to {.7L ; } /€ ; with g-Bessel bound D. 

Remark 2.2. If K — I yf, the identity operator on Jff, then a K- g-frame is just a g-frame. 

A K- g-frame [Aj e dff)}jej for Jj? is said to be Parseval if 

(2.2) \\K*f\\ 2 = J] \\Ajff, VfeJf. 

jel 

Let {Ay} /e j be a Parseval /Gg-frame for M 1 with respect to {Jtyje j. Then it is easy to 
check that 

(2.3) KK*f - ^ A*Ajf, VfeJf. 

AJ 
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SOME EQUALITIES AND INEQUALITIES FOR AT-G-FRAMES 3 

Definition 2.3. Let {A ; } j€ j be a K- g-frame for .7 with respect to {Jffj}jej. A g-Bessel 
sequence {T ; } 7€ j for M 1 with respect to is called a Zf-dual g-frame of {A 7 } ;e j, if 

( 2 . 4 ) Kf = YjA*rjf, VfeJtf. 

To prove the main results, we need the following lemmas. 

Lemma 2.4. (see [6]) Suppose that 7 e B(Jif) has closed range, then there exists a 
unique operator 7^ e B(Jtf), called the pseudo-inverse of 7, satisfying 



In the following, the notation 0 * is reserved to denote the pseudo-inverse of the linear 
bounded operator 0 (if it exists). 

Lemma 2.5. (see [14]) Suppose that U,V, 7 e B(7f), that U + V = 7, and that 7 has 
closed range. Then we have 

7*7 f U + V*7 f V = V*7 f 7 + U*7 f U. 


Lemma 2.6. If U, V,Ke B(7f) satisfy U + V — K, then 


1 3 
U*U + ~(V*K + K*V) > -K*K. 

2 4 


Proof. We have 


U'U + \(V*K + K*V) = (K* - V*)(K -V) + \(V*K + K*V) 

= V*V - (. K*V + V*K) + K*K + l -(V*K + K*V) 


= y*y - ~(V*K + K*V) + K*K 

= ( V -\ K )'( V -'2 K )U K ' K 


> -K*K. 
4 


3. Main results and their proofs 


We begin with several equalities and inequalities for Parseval X'-g-frames and /f-dual 
g-frames. 


Theorem 3.1. Let { A ; -} ;€ j be a Parseval K-g-frame for 7? with respect to {Jf)} 7<E j. Then 
for every IcI and every f G 7? we have 


(3,i) a j kk 'v - E A J A if - Z< A ^ A ’ KKtf) - E a *M 

jel " je I je V je¥ 


Proof. For every IcI, one can easily check that the operators S i and S r defined by 


5 I /=2 a ; a i/. 


S v f = ^ A*Ajf 
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are positive, linear bounded and self-adjoint. Moreover, the definition of a Parseval K- g- 
frame gives Si + Sr = KK*. Hence for each / e Jif, 

X< A -if> A . i KK *f > - 2 A / A /Z 2 = < 5 i/’ ***/> - IIA'i/'ll 2 

M j£ I 

= ((KK* - S i)S if, f) 

= (S r (KK* -S r )f,f) 

= (SicKK*f,f) - (S I/, /) 

- (S r/. KK*f) - ||5r/|| 2 

-^AJ.AiKKf)- J] A *iAjf ■ 

iG\ c /<=F 


A version of the equality obtained in Theorem 3.1 for overlapping divisions is derived 
in the following result. 


Theorem 3.2. Let { A 7 } ;€ j be a Parseval K-g-frame for Jf? with respect to Then 

for every IcI, every E c F, and every f e we have 

Z A ’M 2 - Z A ‘M 2 

je luE jeF\E 

= Tt A J A lf - l] A J A jf + 2Re ^( A j/, A j KK *f). 

jel je F je E 

Proof. Applying Theorem 3.1 twice yields 

Z -wZ w 2 

jsluB je F\E 

= 2 (A//, AjKK* f) - J] (Ajf,AjKK*f) 

jeluE je I C \E 

- J](Ajf, AjKK* f) - J]( A jf. AjKK*f) + 2Re ^(A ; /, AjKK* f) 

jel je F jeE 

= 2 A } A i/ 2 - X A ./ A // "+2Re2< A ^ A >^*/)- 

fel fsF ;£B 

□ 


Theorem 3.3. Let { A. 7 } 7< =i fee a K-g-frame for Jif with respect to [J(Lj}je i and {r,} ; - £ j fee a 
K-dual g-frame of{Aj}j e j. Then for every {aj}j e j € fe°°(I) and every f € Jif we have 

X n - <,iKi w> + X W;/ 2 

(3-2) = X W> + X (1 - 2 - 

;'£j ;£! 
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Proof. For any {aj}je j G (°°(J) and any / G we let 

s a f = 2 s - X (1 " a i> A ) T jf- 

j€j jel 

Denote by D\ and Dj the g-Bessel bounds of {A ; } ; - € j and {T, } - respectively. Then 


2 "AJif 2 = sup 1(2 g) 

jej 1 


— sup 

*6^,11*11 = 1 


2 «j< r //> a j 8 ) 




sup (2 M l<Fj/, ^jg)\X 


*€^,11*11 = 1 

< sup \\{aj } j€j \\ 2 2 WjfW 2 ■ 2 II a A?II 2 

^JWI=1 jej jej 

< DiDMaj^jtfWfW 2 . 

It follows that S a is well defined and bounded. By the same way we can show that S i_ ff is 
also well defined and bounded. Since {I) /CJ - is a /L-dual g-frame of {A ; ) ;e j, we have 

S a f + S l-af = 2 a i K Tif + X" - a j) A ) r if = X A ?jf = Kf 

jej jej jej 

for each / e Jif. It follows that 

l|2 


2d - ajWjf.AjKf) + 2 


jel 


jej 


(3.3) 

and 


= (S 1 - a f,Kf) + (S a f,S a f > 

= ((K-S a )f,Kf) + (S a f,S a f) 

= (Kf, Kf) - (S a f,Kf) + (S a f,S a f), 


2 ajiTjf, AjKf) + 2d - 


jel 


jel 


(3.4) 


= (S a f,Kf) + (S l - a f,S l - a f) 

= (Kf, S a f) + ((K - S a )f, (K - S a )f) 

= (Kf,S„f) + (Kf, Kf) + (S a f,S a f) - (S a f, Kf) - (Kf, S a f) 
- (Kf, Kf) - (S a f, Kf) + (Saf, S a f). 


Combination of (3.3) and (3.4) yields (3.2). □ 

Corollary 3.4. Let { A ; } /c be a AT-g-frame for M J with respect to {./C ; | /€ ; and {r ; ) /G | be a 
A-dual g-frame of {A 7 } 7 - e j. Then for every I c I and every / G ^ we have 


2<o/. w> + X A J r Jf = X< r ^ A ^/> + X A J r Jf I 

;sF jel je¥ 

Proof The result follows directly from Theorem 3.3 if we take I c I and 

1, jel, 


O'; = 


0, j G F. 
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Theorem 3.5. Let {A 7 }y e j be a K-g-frame for Jif with respect to and {r 7 } 7 - e j be a 

K-dual g-frame of{Aj}j e j. Then for every [afijej € t°°(T) and every f G we have 

2«7 A }r jf 2 +Re(Y J (l-a j )(r j f,A j Kf)\ 

A J A3 

(3.5) = 2 (i - ^/irwz a j k ^ 

m 11 m 

Proof. The equality is obtained immediately if we take the real part on both sides of (3.2). 
For the inequality, taking 

r/'-X'^W and Vf = Yj\-<*j)*?if 

M jel 

for each / e Jff in Lemma 2.6, then we have 

Yj a J K Tif ■Rc(}j\-a j ){\- i f.A i Kf)) 

jej jet 

= \\Uf\\ 2 + R e<V/, Kf) = (Uf, Uf) + l -{{Vf, Kf) + (Kf, Vf)) 

= (( U *U+\(V*K + K*V)y,f ] ) 

> \{K*KfJ) = |||^/|| 2 . 

□ 

Theorem 3.6. Let {A 7 } ;£ j be a Parseval K-g-frame for with respect to {JPj}j e j. Then 
for every IcI and every f e Jif we have 

X A J A tf " +Re X <A 7 A ^7> 

7 'si j£ r 

(3.6) = X A } A 7 + Rc X <A 7> A t KK *f) ^ J|I^7II 2 . 

jet jel 

Proof The equality follows if we take the real part on both sides of (3.1). It remains to 
prove the inequality. Since .S' i + .S' jc = KK*, it follows that 

Sl + Sl=S 2 l+ {KK* -Si) 2 

= 25j + (KK*) 2 - KK*Sj - SiKK* 

< 3 ,. 

Therefore, 

KK*S F + S r KK* + 25? = KK*(Si + S ¥ ) - KK*S i + S F KK* + 25? 

= (KK*) 2 - (51 + S P )5i + 5 r (5i + S v ) + 25? 

= (KK*) 2 - 5? - SjcSj + S F S l + S 2 C + 25? 

= (KK*) 2 + 5? + 5?,. > 3 -(KK*) 2 . 
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Thus for every f e Jf we have 

X A ;Ai/ 2 +Re2<A 7 /,A,Kr/> 

j€l jet 

= H5i/|| 2 + \((Stf,KK*f) + (KK*f,Sicf)) 

= \{2{S\f, f) + (S t cf, KK*f) + (KK*f,S ¥ f)) 

= t^((KK*St + SjcKK* + 2S i)/, /) > \((KK*?f,f) = |||/C/r*/ll 2 - 


We give an upper bound condition for the left-hand-side of the equality in (3.6) under 
the condition that K has closed range. 

Theorem 3.7. Suppose that K has closed range and that {A} J<E j is a Parseval K-g-frame 
for Jf with respect to {Jfj} je j. Then for every IcI and every f e 3%* we obtain 

2 A}A jf \RzJ](Ajf,A J KK*f) < ||tf|| 11*71(1 + ||tf|| ||tf t ||)||tf*7|| 2 . 

jel jet 

Proof For each / e Jf, by Lemma 2.4 we have 

2 A*A jf 2 < ||5i|| J] ||A;/|| 2 < ItSdl ^ ||Aj/|| 2 

jel jel jel 

< Il*l| 2 ||tf*/Il 2 = \\K\\ 2 \\K*(K*yK*f\\ 2 
= \\K\\ 2 \\K t KK t f\\ 2 < ||*:|| 2 ||*: t || 2 ||*:*r/|| 2 , 


(3.8) 

and 


(3.9) 


Re^(A ; /,A ; TrA-7> < (T IIA./I^g ||A y -JS:jr/|| 2 ) 2 

jet jel jel 

= \\K*f\\ \\K*KK*f\\ 

= \\K^KK*f\\ \\K*KK*f\\ 

<||*:|| 11*71 ||*r*r/|| 2 . 


Now, the result follows by combining (3.8) and (3.9). □ 

In the following we give some new inequalities for /f-g-frames, which possess different 
structure comparing with the inequalities for frames shown in Theorems 1.2, 1.3 and 1.4. 

Theorem 3.8. Let {A y }y e j be a K-g-frame for with respect to and {r 7 ) 7 - £ j be a 

K-dual g-frame o/{ A ; } j€ j. Then for every IcI and every f e Jf we have 

1,2 — 3||/f|| 2 + Ilf 7 ! - Fp|| 2 2 


(3.10) 


\\\ KfW 2 < 


E A ]r,/ +Re2< r 7A / A/)< 

where the operators Ft is defined by F\f — 2 js j A ,* r )f. 

Proof The left-hand inequality follows from Theorem 3.5 if we consider IcI and 

1, j e I, 

0 , je r. 
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We now prove the right-hand inequality of (3.10). For any / e M 1 we get 

2>}r,/ 2 +Re2<iy,w> 

jel FF 


= (Fif,F I f) + Rc(Kf,F I ef) 

= (Fif, Fjf) + R e(Kf, (K - Fj)/> 

= (Fjf, Fif) + (Kf, Kf ) - R s(Kf, Fif) 
= (Kf, Kf) - Re«(F - Fj)/, F 3 /» 

= (Kf,Kf)-Re(F v f,Fif) 


= <F/,F/> - - l -(F r f,Fif) 

= Jll^/ll 2 + ^i/ + ^f/, Fi/ + F f /> - \(Fif, F v f) - \(F r f , F,/> 

= |||FT /|| 2 + i<(F! - F r )/, (Fj - F r )/> 

< ^ll^l| 2 |l/l| 2 + ^l|Fi-F r || 2 ||/|| 2 
_ 3||F|| 2 + ||Fj - F f || 2 2 


This completes the proof. 


□ 


Theorem 3.9. Suppose that K is positive mid that it has closed range. Let {Ay } 7<E | be a 
K-g-framefor Jif with respect to {Jfjjjej and {ry}y G j be a K-dual g-frame o/{ A ; } /e |. Then 
for every IcI and every f e Jif we have 

Re 2<F jf, -\jF ' K f) + (Y K^K)Tjf, ^ AjF,/) 

yel FF FF 

= Re2<r,/,A/A/) + (2 FA,F,/.2 A*r ; /\> ^||F’/[| 2 . 

FF FI FI 

Proof Since F is positive, it is self-adjoint and thus by Lemma 2.4, (K’ f = (K' f = Kf 
Hence, (K' Ft f, Fif) and (F f Fp /, F r f) are real numbers for every / e Jif. From Lemma 
2.5 it follows that 

Re 2<F jf, -SiK' Kf) + (V K^iVJ. ^ ^jf) 

FI F F FF 

- Re<Fi/,F t F/> + (rfF v f,F r f) 

= Re<FF f F,/,/> + (F{ c K'F ¥ f,f) 

= R e((FF t F I + F I *F t F F )/,/) 

= Re((F;.F t F + F(K f Fj)f, f) 

= Re((F-*F f F/,/) + (Fj K f Fjf, /)) 

- Re«F t F/, F f /) + (FV,/, Fj/)) 

= Re(F r /, rn/) + (K^ Fif, Fj/) 

= Re A, A F/) + ^ A *F;/, X A } r f/)- 

FF FI FI 
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Again by Lemma 2.4 we have 

Re 2<IV- K i K " K f) + (2 Z W) 

7'sr j'el 

= Re<(FF7 I + F* c F t F F )/,/> 

- Re<(FF'(F - F f ) + F ¥ )f, f) 

- {KfJ) - R &{KtfF v f,f) + (Fj c K f Fjcf, f) 

= {K*f, K*f) - R e(K'-KitfF*f,f) + ((Kitf F lc )*(Kitf F ¥ )f,f) 

= ^\\K^f\\ 2 + ^f-K^F r f,^f-K^F r f^> ^WKiff 

for each / G Jif and the proof is finished. □ 

Theorem 3.10. Let {A ; } ;€ j be a Parseval K-g-framefor -AA with respect to {JPj}j € j. If S j 
commutes with S F for every I c J, then for every f G Jf? we have 


(3.11) 


^\\KK*f\\ 2 < 


Z A "j A if 2+ Z a ;y/ 

jel jel' 


< \\KK*f\\ 2 . 


(3.12) 0<J](AjKK*f,Ajf)- J] A)Ajf 

j& A I 

Proof. From (3.7) it follows that 

m2 m_ m2 


~< \\\KK*f\\ 2 . 


Z A}A jf ~+ ZW 2 = H s i/ll 2 + HA'r/ll 2 = <Si/,Si/> + (S r f,S r f) 

;ej 7 £ I C 


(3.13) 


= (( S 2 + S 2 )/,/> > ~((KK*) 2 f,f) = -IIFF7H 2 


for every / G Since Si commutes with Sp, SpS i > 0 and 
(3.14) 0 < SiS v = Si(KK* - Si) = StKK* - S 2 . 

It follows that 

Sj 2 + Sj c = Sj + (KK*) 2 - KK*S I - SiFF* + S 2 

= (KK*) 2 + (S 2 - S^K*) + (S 2 - KK*Sj) 

= (KK*) 2 - (SjKK* - S 2 ) - S r S l < (KK*) 2 . 

Hence for every / G Jf? we have 

" 2 ^ <(S? + S 2 )f, f) < ((KK*) 2 f, f) = \\KK*f\\ 2 . 


Zy a if 2 * Z a ; a v 

jej je P 


This together with (3.13) gives (3.11). We next prove (3.12). Using formula (3.14) we get 
J](AjKK*f.Ajf) - Z A}A jf 2 = (SiKK*f,f) - \\Siff - ((S\KK* - S 2 )f,f) 

= (Sj(KK* - Si)/,/) = (SiSpf,f) > 0 




/1 
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for every / e JP. On the other hand we obtain 

Jel yel 


{{S-KK* - Sj )/, /) 
KK *' 2 






1 . 


r 11**711. 


This completes the proof. 
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Abstract. Using the fixed point method, we establish some stability results concerning the following new mixed 
type AQ-functional equation 

f(-x + 2 y) + 2 [/(3a: - 2 y) + f(2x + y) - f(y) - f(y - a:)] = 3[f(x + y) + f{x - y) + /(-*)] + 4/(2® - y ) 
in matrix non-Archimedean fuzzy normed spaces. 


1. Introduction and preliminaries 

A basic question in the theory of functional equations is as follows: “When is it true that a function, which 
approximately satisfies a functional equation must be close to an act solution of the equation? If the problem 
accepts a solution, we say the equation is stable. The first stability problem concerning group homomorphisms was 
raised by Ulam [29] in 1940 and affirmatively solved by Hyers [7]. The result of Hyers was generalized by Aoki [1] 
for approximate additive mappings and by Rassias [24] for approximate linear mappings by allowing the difference 
Cauchy equation \\f(x + y) — f(x) — f(y)\\ to be controlled by e(||a;|| p -|-||i/|| p ). In 1994, a generalization of the Rassias 
theorem was obtained by Gavruta [6] who replaced e(||a:|| p + ||2/|| p ) by a general control function x(x,y)- In addition, 
Rassias [20]—[23] generalized the Hyers-Ulam stability result by introducing two weaker conditions controlled by a 
product of different powers of norms and a mixed product sum of powers of norms, respectively, applied to the cases 
of other functional equations in various spaces [2, 5, 13, 15, 16, 26, 27]. In particular Mirmostafafe and Moslehian 
[14] introduced a notation of non-Archimedean fuzzy normed spaces. They presented the interdisciplinary relation 
between the theory of fuzzy spaces, the theory of non-Archimedean spaces and the theory of functional equations. 
Many authors [8, 11, 12, 14, 19, 25, 32] investigated the Hyers-Ulam stability in non-Archimedean fuzzy normed 
spaces. 

Definition 1. [8, 32] Let X be a linear space over a non-Archimedean field K. A function 
N : X x R — > [0,1] is said to be a non-Archimedean fuzzy norm on X if for all x, y £ X and all s,t £ R 
(Nl) N(x, c) = 0 for c < 0; 

(N2) x — 0 4=> N(x, c) = 1 for all c > 0; 

(N3) N(cx,t)= N(x^) ifc^O; 

(N4) N(x + y, max {s + t}) > min {N(x, s), N(y, f)}; 

(N5) lim N(x,t ) = 1. 

t—¥ OO 

The pair (A', N) is called a non-Archimedean fuzzy normed space. Clearly, if (AM) holds then so does 
(N6) N(x + y, s + t) > min {N(x, s),N(y, t)}. A classical vector space over a complex or real field satisfying (Nl) 
and (N 5) is called fuzzy normed space. It is easy to see that (774) is equivalent to the following condition 
(N7) N(x + y,t) > min {N(x, t), N(y , t)} (x,y £ X;t £ R). 

°2010 Mathematics Subject Classification: 46S40, 46S50, 47L25, 47H10, 54C30, 54E70. 

“Keywords: Hyers-Ulam stability, fixed point, mixed type additive-quadratic functional equation, matrix non- 
Archemedian fuzzy normed space. 
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Definition 2. Let (X,N) be a non-Archimedean fuzzy normed space. A sequence { x „} in X is said to be 
convergent or converge if there exists an x £ X such that lim JV(i„ — x, t) = 1 for all t > 0. In this case, x is 

n—>oo 

called the limit of the sequence {x„} and we denote it by N — lim x n = x 

n—>oo 

Definition 3. Let (X,N) be a non-Archimedean fuzzy normed space. A sequence { x „} in X is said to be 
Cauchy if for each e > 0 and each t > 0 there exists an no € N such that for all n > no and all p > 0, we 
have N(x„ +P — x n ,t) > 1 — e. Due to N(x n + P — x„,t) > min {N(x n + P — x n+p -i, t ),..., N(x n +i — x n ,t )} the 
sequence {x„} is Cauchy if for each e > 0 and each t > 0 there exists an no € N such that for all n > no we have 
N(x n+ i - x„,t) > 1 - e. 

It is well known that every convergent sequence in a (non-Archimedean) fuzzy normed space is Cauchy. If 
each Cauchy sequence is convergent, then the fuzzy norm is said to be complete and the (non-Archimedean) fuzzy 
normed space is called a (non-Archimedean) fuzzy Banach space. 

The abstract characterization given for linear spaces of bounded Hilbert space operators in terms of matricially 
normed spaces [4] implies that quotients, mapping spaces and various tensor products of operator spaces may again 
be regarded as operator spaces. Owing in part to this result, the theory of operator spaces is having an increasingly 
significant effect on operator algebra theory [18]. Recently, Lee et al. [9] researched the Hyers-Ulam stability of 
the Cauchy functional equation and the quadratic functional equation in matrix normed spaces. This terminology 
may also be applied to the cases of other functional equations [3, 10, 28, 30, 31]. 

We will use the following notations: 

M n (A) is the set of all n x n -matrices in X; 

ej £ Afi,„(C) is that jth component is 1 and the other components are zero; 

Eij £ M n { C) is that (i,j)-component is 1 and the other components are zero; 

Eij 0 x £ M n (X) is that (i,j)-component is x and the other components are zero. For x £ M n (X),y £ 

M k (X), 

(x 0\ 

a ’®» := (,o v) 

Note that ( X , {||.|| n }) is a matrix normed space if and only if (M n (A), ||.|| n ) is a normed space for each positive 
integer n and ||Ar.B|| fe < ||A|| ||B|| ||a:|| n holds for A £ M k , n (C), B £ C) and x = (xij) £ M„(X), and that 

(A', 11|.|| n }) is a matrix Banach space if and only if X is a Banach space and (A, {|| • || n }) is a matrix normed space. 
A matrix normed space (A,{||.|| n }) is called an L°° -matrix normed space if ||* ® 2/|| n+fc = max {||a;|| n , ||j/|| fc } 
holds for all x £ M n (X) and all y £ M k (X). Let E,F be vector spaces. For a given mapping h : E —» F and a 
given positive integer n, define h n : M n (E) —¥ M n (F) by h„([xij]) = [h(xij)] for all [xij\ £ M n (E). 

We introduce the concept of matrix non-Archimedean fuzzy normed space. 

Definition 4. Let (A, N) be a non-Archimedean fuzzy normed space. 

(i) (A, {N n .}) is called a matrix non-Archimedean fuzzy normed space if for each positive integer n, (M n .( A), N n ) is a 

non-Archimedean fuzzy normed space and N k (AxB,t) > N n ^ x , f° r all t > 0, A £ M kl n{ R), B £ M ntk ( R) 

and x = [xij] £ M n ( A) with ||A|| • ||B|| ^ 0. 

(ii) (A, {A n }) is called a complete matrix non-Archimedean fuzzy normed space if (A, A) is a non-Archimedean 
fuzzy Banach space and (A, {A n }) is a matrix non-Archimedean fuzzy normed space. 

Example 5. Let (A, 11| .|| n }) is a matrix normed space. Let N n (x, t ) = t+ ^ x ^ for all t > 0 and x = [ Xij\ £ M n ( A). 
Then 

t 

AT (A ~» D _ t \ t _ ll^ll'll-^ll 

— t+ \\ AxB \\ ^ £+||A||-||x|| -llsil — t 

l|A||||B|| + |M„ 

for all t > 0, A £ M k , n { K), B £ M TOj fc(K) and x = [xij] £ M„(A) with ||A|| ■ ||B|| ^ 0. So (A', {A„}) is a matrix 
non-Archimeaden fuzzy normed space. 

Definition 6. Let A be a set. A function d : A x A -) [0, oo] is called a generalized metric on A if d satisfies 

(1) d(x, y) = 0 if and only if x = y; 

(2) d(x,y) = d(y,x) forall x,y £ A; 

(3) d(x, z) < d(x, y) + d(y, z ) forall x,y,z £ X. 
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Theorem 7. [17] Let (*, d ) be a complete generalized metric space and let J : A' —> Y be a strictly contractive 
mapping with a Lipschitz constant a < l.Then, for each given element x £ X, either d(J n x, J n+1 x) = oo. 
for all nonnegative integers n or there exists a positive integer no such that 

(1) d(J n x, J n+1 x) < oo for all n > no; 

(2) the sequence { J”*}converges to a fixed point y* of J; 

(3) y* is the unique fixed pointof J; 

(4) d(y, y*) < j^d(y, Jy ) forall y € Y. 

In this paper, we establish some stability results concerning the following new mixed type AQ-functional equation 

f(-x + 2 y) + 2[/(3* - 2 y) + f(2x + y) - f(y) - f(y - x)] (1.1) 

= 3 [f{x + y) + f(x — y) + /(-*)] + 4/(2* - y) 
in matrix non-Archimedean fuzzy normed spaces by using the fixed point method. 

Theorem 8. Let A and B be real vector spaces. If an odd mapping / : A —>• B satisfies (1.1), then / is additive. 


Proof. Suppose that / is an odd mapping. Then (1.1) is equivalent to 

- f{x - 2 y) + 2[/(3* - 2 y) + f(2x + y) - f(y )] = 3[/(* + y) - fix)] + f(x - y) + 4/(2* - y) (1.2) 
for all *, y € A. Replacing * by * + y in (1.2), we obtain 

- fix -y) + 2[/(3* + y) + /(2* + 3 y) - f(y)] = 3[/(* + 2 y) - /(* + y)\ + /(*) + 4/(2* + y) (1.3) 
for all *,y £ A. Replacing (*, y) by (* + y, —y) in (1.3), we obtain 

- /(* + 2 y) + 2[/(3* + 2 y) + /(2* - y) + f(y )] = 3[/(* - y) - /(*)] + /(* + y) + 4/(2* + y) (1.4) 
for all *, y G A. Subtracting (1.3) from (1.4) and then dividing the resulting equation by 2, we get 

-/(* + 2 y) + /(* - y) + /(2* + 3 y) - /(3* + 2 y) + /(3* + y) - /(2* - j/) 

= -2/(* + y) + 2/(*) + 2/(2/) (1.5) 

for all *, y £ A. Interchanging * and y in (1.5) and then adding the resulting equation to (1.5), we get 

-fix + 2y) - /(2* + y) + /(3* + y) + /(* + 3y) - /(2* - y) + /(* - 2 y) 

= -4/(* + y) + 4/(*) + 4/(y) (1.6) 

for all i,j £ A Replacing * by * — y in (1.6), we obtain 

-/(* + y) ~ f (2* - y) + /(3* - 2y) + f(x + 2y) - /(2* - 3y) + /(* - 3y) 

=-4/(*) + 4/(* - y) + 4/(y) (1.7) 

for all *,y £ A. Replacing y by —y in (1.7), we obtain 

-fix ~y)~ f (2* + y) + /(3* + 2y) + /(* - 2y) - /(2* + 3y) + /(* + 3y) 

= -4/(*) + 4/(* + y)-4/(y) (1.8) 

for all x,y £ A. Adding (1.7) to (1.8), we get 

-/(* + 2y) - /(2* + y) + /(3* + y) + /(* + 3y) - /(2* - y) + /(* - 2y) 

= -2/(*) + 2/(* + y)-2/(y) (1.9) 

for all *, y £ A. Subtracting (1.9) from (1.6) and then dividing the resulting equation by 6, we get 

f{x + y) = fix) + fiy) 

for all *, y £ A, as desired. □ 


Theorem 9. Let A and B be real vector spaces. If an even mapping / : A—> B satisfies (1.1), then / is quadratic. 
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Proof. Suppose that / is an even mapping. Then (1.1) is equivalent to 

f(x - 2y) + 2[/(3s - 2y) + /(2s + y) - f(y)] (1.10) 

= 3[/(s + y) + f{x )] + 5/(s - y) + 4/(2s - y) 

for all s, y € A. Replacing s by x + y and y by s + y in (1.10) and then comparing the two resulting equations, we 
get 

2/(s) + 4/(s + 2 y) - 2/(2s + 3 y) (1.11) 

= -/(* + y) + 5/(s - y) + 3 f(y) - /(2s + y) - 2/(s - 2y) 
for all x,y € A. Interchanging s and y in (1.11), we obtain 

2/(y)+4/(2s + y)-2/(3s + 2y) (1.12) 

= -/(* + y) + 5/(s — j/) + 3/(s) - /(s + 2y) - 2/(2s - y) 
for all x,y £ A. Replacing y by —y in (1.12), we get 

2f(y) + 4/(2s - y) - 2/(3s - 2y) (1.13) 

= -/(* - 2/) + 5/(s + y) + 3/(s) - /(s - 2y) - 2/(2s + y) 
for all s, y £ .4. Subtracting (1.13) from (1.10) and then dividing the resulting equation by 2, we get 

2/(3/) + 4/(2s - y) - 2/(3s - 2y) = -3/(s - y) + /(s + y) (1.14) 

for all x,y £ A. Replacing s by s + y in (1.14), we get 

/(s + 2y) + 2[/(3s + y) - /(y)] = 3/(s) + 4/(2s + y) (1.15) 

for all x,y £ A. Replacing y by y — s in (1.15), we get 

/(-s + 2y) + 2[/(2s + y) - /(y - s)] = 3/(s) + 4/(s + y) (1.16) 

for all s,y £ .4. Replacing y by —y in (1.16), we obtain 

/(s + 2y) + 2[/(2s - y) - /(s + y)[ = 3/(s) + 4/(s - y) (1.17) 

for all x,y £ A. Replacing s by y and y by s in (1.16), we obtain that 

/(2s - y) + 2[/(s + 2y) - /(s - y)[ = 3/(y) + 4/(s + y) (1.18) 

for all x,y £ A. Adding (1.17) to (1.18) and then dividing the resulting equation by 3, we get 

f(x + 2y) + /(2s - y) = /(s) + /(y) + 2/(s + y) + 2/(s - y) (1.19) 

for all x,y £ A. Subtracting (1.17) from (1.18) and then adding the resulting equation to (1.19), we get 

/(s + 2 y) + /(s) = 2/(y) + 2/(s + y) (1.20) 

for all x,y £ A. Replacing s by s — y in (1.20), we obtain /(s + y) + /(s — y) = 2/(s) + 2/(y) for all x,y £ A. 
This completes the proof. □ 

2. Hyers-Ulam stability of the additive-quadratic functional equation (1.1) 

Throughout this paper, we assume that K is a non-Archimedean field, X is a vector space over K and (Y,Af n .) 
is a complete matrix non-Archimedean fuzzy normed space over K, and ( Z. AT ') is (an Archimedean or a non- 
Archimedean fuzzy) normed space. 

For a mapping f : X -> Y, define Q f : X 2 Y and Q /„ : M n {X 2 ) -A M n (Y) by 
Gf(a, b) = f(—a + 26) + 2[/(3o - 2b) + /(2a + 6) - f(b) - f(b - a)] 

- 3[/(a + 6) + /(a - 6) + /(-a)] - 4/(2a - 6), 

G fn{[xij], \yij\) = fn{[—Xij + 2y,;.y]) T 2 [/,, ([3s,- y — 2 yij]) + /r, ([2s,, + y,j]) — /n([yij]) — In ([Vij ~ ®Q'])] 

— 3 [fn(\Xij + y,j]) + fn([xij — yij]) + fn{[~Xij])] — 4f n ([2Xij — yij]) 
for all a,b £ X and all s = [xtj],y = [yij] £ M n (X). 

In this section, we investigate the Hyers-Ulam stability for the functional equation (1.1) in matrix non-Archimedean 
fuzzy normed spaces by using the fixed point method. 
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Theorem 10. Let q = ±1 be fixed and let tjj : X x A' —> Z be a mapping such that for some g ^ 2 with (f) 5 < 1 

N'(pp{2 q a, 2 q b) > JV' b),g~ q t) (2.1) 

for all a,b £ X and t > 0, and 


2~ kq gf{2 kq a,2 kq l 

for all a,b £ X and t > 0. Suppose that an odd mapping / : X —> Y satisfies the inequality 


lim jV(2~ kq gf(2 kq a,2 kq b),t) = 1 

k—> oo 


A f{gfn{[xij], [: Vij]),t ) > W I ^2 V x = = [Va] € M n (X), and t > 0. (2.2) 


Y,i=i 


Then there exists a unique additive mapping A : X —q Y such that 

Nn{fn([xij]) - A„([xij]),t) > min {jV'(ip(xij, 0), \r ; - 2| n~ 2 t) :i,j = 1,2, •• • , n} 
for all x = [xij\ £ M n (X) and t > 0. 


(2.3) 


Proof. For the cases q = 1 and q = —1, we consider g < 2 and g > 2, respectively. Letting re = 1 in (2.2), we 
obtain 


JV(Qf(a, b), t) > A/"' (^(a, 6), t) 

for all a,b £ X and t > 0. Replacing (a, b) by (0, a) in (2.4), we get 

A f (/(2a) - 2/(a), t) > A/"' (i/>(0, a), t) 

for all a £ X and t > 0. Thus 


(2.4) 


1 


Af I /(a) ~ ^-f{2 q a), " t > A/ - ' 


2i 


V a £ X and t > 0. 


(2.5) 


X |2|W 7 

Consider the set Ad = {/ : X —> Y } and introduce the generalized metric p on M as follows: 

p(f,g) =€ p(/,3) = /{p € R+ : AA (/(a) - g{a),pt) > JV' (ip(0, a), t), Va £ X,t > 0} 

We will prove that (Ad,p) is a complete generalized metric, First we will prove that p is a generalized metric on 
Ad. Let p(f,g) = pi and p(g,h) = p. 2 - Then JV (f{a) — g(a), pit) > JV 1 (ip(0, a), t) and JV {g(a) — h(a), p 2 t) > 
JV' (ip( 0, a), t) for all a £ X and t > 0. Therefore, JV ( f(ci ) — h(a), (pi + p 2 )t) > A/” 7 ('(/’(O, a), t). By definition of p, 
p(/i h) < pi + p 2 = p(/, p) + p(p, h). which means that p satisfies the triangle inequality. One can show that other 
properties are satisfied. So p is a generalized metric on Ad. 

Next we will prove that (Ad,p) is a complete generalized metric. 

Suppose that {/«} is p-Cauchy, i.e., for any r > 0, there exist no,n > m > no, such that p(/n,/m) < r. 

By definition of p, there exists 0 < po < r, which satisfies 

JV(fn{a) - fm(a),Tt) >JV' (ip(0,a),t) 

for all a £ X and t > 0, n > m > no, i.e., {/n(a)} is a Cauchy sequence in Y. Since Y is complete, there exists 
{/o(a)} C Y and { fn(a)} —> |/o(a)}. Taking the limit as m —> oo, we obtain 

JV(fn(a) - fo{a), rt) > JV' (ip(0, a),t ) 

for all a £ X and t > 0, n > no- Therefore, 

P(fn,fo) = inf {p € R+ :JV{f n (a) - f 0 (a),p,t) > JV' (i/>(0, a), t )} < r. 

for all n > no, so that {f n } is p-convergent, i.e., (Ad,p) is a complete generalized metric. 

Now consider the mapping "P : Ad Ad by 

Vf(a) = ^/(2*a) V / € M and a € X. 

Let f,g £ Ad and v be an arbitrary constant with p(f,g) < v. Then 

JV {f{a) — g(a), vt) > JV' (^>(0, a),t) for all a £ X and t > 0. 

Therefore, using (2.1), we get 

JV ( Vf(a ) - Vg{a), 2~ q vt) = JV (f{2 q a) - g(2 q a), vt), > JV' (ip{ 0, a),r/~ q t) 
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for all a £ X and t > 0. Hence by definition p(Vf,Vg) < u -> that is, p(Vf,Vg) < Lp(f,g) for all f,g £ M. 

{ T)\ q 

This means that V is a contractive mapping with Lipschitz constant L = 1 — 1 <1. 

It follows from (2.5) that p(f,Vf) < — yjr —. Therefore according to Theorem 7, there exists a mapping 

|2|(t 2 ) 

A : X —> Y which satisfies 

(1) A is a unique fixed point of V in the set S = {g £ M : p(f,g) < oo}, which satisfies 

„4(2 9 a) = 2 q A(a) V a £ X. 

In other words, there exists a p > 0 satisfying 

A f (/(a) — g(a), pt) > J\f' (ip( 0, a), t) V a £ X and t > 0. 

(2) p(V k f , Vu) —> 0 as k —> oo. This implies the equality 


^W^ 2kqa) = A{a) 


V a £ X. 


(3) p(f,A) < -r^—p{f,Vf), which implies the inequality p(f,A) < —-—So 
1 -?? | 2 -??| 


By (2.4), 


A/* ( f(a) — v4(a), —- -t ) > N' (^(0? «), t) V a G X and t > 0. 

|2 — 77I 


AT(gA(a,b),t) = lim N(2~ kq gf(2 kq aX q b),t) > lim N'{2~ kq il;(2 kq a, 2 kq b), t) = 1 . 

k —>00 k—t 00 


( 2 . 6 ) 


Hence by (N2), QA(a,b ) = 0. Thus A is additive. 

We note that ej £ M 1 , n (R) means that the j-lh component is 1 and the others are zero, 
Eij £ M n (X) means that (i, j')-component is 1 and the others are zero, and Eij ® x £ M n (X) means that 
(i, j')-component is x and the others are zero. Since N(Eki ®x,t) = N(x,t ), we have 

N n ([xij],t) = N n Eij ®Xij,t^ > min{N n (Eij ®Xij,tij) ■ i,j = 1,2, ...,n} 

= min{N(xij,Uj) ■ i,j = 1,2, ...,n} , 

n 

where t = J2 t ii- So N n ([xij], t) > T {N(xij , 4*) : i, j = 1 , 2, • • • , n} . 

i,j = 1 

By (2.6), 

N [fn([xij]) — A n ([xij]),t) > min (^f{xij) ~ A(xij), :i,j= 1,2, ••• ,n.| 

> min {A/ - ' (^(0, Xij), |2 — rj\ n~ 2 t ) : i,j = 1, 2,..., n} 

for all x = [, Xij] £ M„(X) and t > 0. Thus A : X —> Y is a unique additive mapping satisfying (2.3). □ 

Corollary 1. Let q = ±1 be fixed and let p be a nonnegative real number with p ^ 1 and T £ Z. Let f \ X —t Y 
be an odd mapping such that 


a fn{GU[xij],[yij]),t) > ^ ^'(Tdi^ir+ \\ yij \n,t) 


i,j =1 


for all x = [xij],y = [yij] £ M n (X) and t > 0. Then there exists a unique additive mapping A : X —Y such that 


A f {fn([xij}) - A n ([xij]),t) > min {A/''(||a;|| p T, |2 - 2 p \n 2 t) :i,j = 1,2, ••• ,n } 
for all x = [ Xij ] E M n (X) and t > 0. 


(2.7) 


Proof. The proof follows from Theorem 10 by taking ip(a, b) = T(||o|| p + ||6|| p ) for all a, b £ X. Then we can choose 
rj = and we can obtain the required result. □ 

The following corollary gives the Hyers-Ulam stability for the additive functional equation (1.1). 
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Corollary 2. Let q = ±1 be fixed and let p be a nonnegative real number with p = v + w ^ 1 and Y £ Z. Let 
f : X —¥ Y be an odd mapping such that 

n 

Mn(QM[xni\»ij]),t) > y ^'(Tdi^r ■ n»«ir + ii*yir +w + \\yn\\ v+w ),t) 

i,j =1 

for all x = [xij],y = [yij] G M n (X) and t > 0. Then there exists a unique additive mapping A : X —»> Y satisfying 
(2.7). 

Proof. The proof follows from Theorem 10 by taking ip (a, b) = T(||o||'' • ||6||“’ + ||a|| p + ||&|| p ) for all a, b £ X. Then 
we can choose p = 2 q< ' p ~ 1 \ and we can obtain the required result. □ 

Theorem 11. Let q = ±1 be fixed and let ip : X x X —> Z be a mapping such that for some p 4 with (f) 5 < 1 

W{ip{2 q a, 2 q b) > W (ip{a, b),p~ q t) (2.8) 

for all a,b € X and t > 0, and lim J\f(4~ kq g f (2 kq a, 2 kq b),t) = 1 for all a,b € X and t > 0. Suppose that an even 

k —> oo 

mapping / : X —> Y with /(0) = 0 satisfies the inequality 


A f(Gfn([xij], [yij]),t) > N' ( Y V x = [Xij],y = [yij] £ M n {X), and t > 0. (2.9) 


Then there exists a unique quadratic mapping Q : X — ¥ y such that 

N„{f„([xij]) - Q n {[xij]),t) > min {jV'(ip(0,Xij), \p - 4| n~ 2 t ) :i,j = 1, 2, • • • , n} (2-10) 

for all x = [Xij] £ M n (X) and t > 0. 

Proof. For the cases q = 1 and q = —1, we consider p < 4 and p > 4, respectively. Letting n = 1 in (2.9), we 
obtain 

Af(gf(a,b),t)>Af'(4>(a,b),t) (2.11) 

for all a,b £ X and t > 0. Replacing (a, b) by (0,a) in (2.11), we get 

M (/(2a) - 4/(a), t) > M' (V>(0, a), t) (2.12) 

for all a £ X and t > 0. Thus 

AT f/(«) — -i-/( 2 «a), — > V'W°,a),i) V a £ X and t > 0. (2.13) 


V /(a) --/(2 9 a), >V'0MO,a),f) V a E X and t > 0. (2.13) 

V 4 K| _5_ / 

We consider the set Ad = {/ : X —► Y} and introduce the generalized metric p on Ad as follows: 

p(/,p) = inf {p € R+ :Af(f(a) -p(a),pf) >N' (ip(0 ,a),i) ,Va E X,t > O}. 

It is easy to check that (Ad, p) is a complete generalized metric (see also Theorem 10). 

Define the mapping V : Ad —» A! by Vf(a) = —f(2 q a) for all / E Ad and a £ X. 

Let /, P E Ad and ^ be an arbitrary constant with p(f,g) < ja Then 

-V (/(a) - p(a), vt) > A/"' (i/>(0, a), t) 
for all a £ X and t > 0. Therefore, using (2.8), we get 

A/” (77(a) - 7>p(a), 4 _< 7t) = A/" (/(2 9 a) - p(2 9 a), i/f), > A/"' (^(0, a),p~ q t) 

for all a £ X and t > 0. Hence by definition p{Vf,Vg) < ip that is, p{Vf,Vg) < Lp(f,g) for all f,g £ Ad. 

/ rj \ q 

This means that V is a contractive mapping with Lipschitz constant L = I — I <1. 

It follows from (2.13) that p(f,Vf) < — jjt —. Therefore according to Theorem 7, there exists a mapping 

|4|(^A 

Q : X —> Y which satisfies 

(1) Q is a unique fixed point of V, which satisfies Q(2 q a) = A q Q(a) for all a £ X. 
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(2) p{f, Q) < — p(ft'Pf), which implies the inequality p(f, Q) < —'-—So 

1 ~V |4 — Tj\ 

Af ^ f(a ) — Q{a), —j-t^ > Af' (ip( 0, a), t) V a € X and t > 0. 

By (2.11), A r{QQ{a,b),t) = lim Jf(4~ kq gf(2 kq a,2 kq b),t) > lim Af'(4~ kq iP(2 kq a,2 kq b),t) = 1. 

k —> oo k —> oo 

Hence by (N2), QQ(a,b) = 0. Thus Q is quadratic. 

Since N(Eu ®x,t) = N(x,t), we have 


(2.14) 


Nn([Xij\,t) = N n £ Eij 0 Xij , t J > min {N n (Eij 0 Xij,Uj) : i,j = 1, 2, n} 


\i,j =i 


= min{N(xij,Uj) : i,j = 1,2, ...,n} . 


where t = ^ So N n ([xij], t) > min {N(xij, 4j) : i, j = 1, 2,..., n}. 

Z,J = 1 

By (2.14), 

Af (fn([xij]) - Q n ([xij]),t) > min |a/" ^f(xij) - Q(xij), ^ : i, j = 1, 2, • • • , n.j 

> min {A/ - ' (^>(0, x^), |4 — ?j| n _2 t) : i,j = 1,2, • • • , n} 

for all a; = [x^] € M n (X) and t > 0. Thus Q : X —> y is a unique quadratic mapping satisfying (2.10). □ 

Corollary 3. Let q = ±1 be fixed and let p be a nonnegative real number with p ^ 2 and T £ Z . Let f \ X —t Y 
be an even mapping satisfying /(0) = 0 and 

n 

^n(gfn([xiAM),t)^Ar(Yl T (ii^ir + n vn\n,t) 

i,j =1 

for all x = [xij],y = [yij] G M n (X) and t > 0. Then there exists a unique quadratic mapping Q : X —»> Y such that 
A r (fn([xij]) - Qu([xij]),t) > min {A/''(||a;|| p T, |4 - 2 P \n~ 2 t) : i,j = 1,2, • • • ,n} (2-15) 

for all x = [Xij ] E M n (X) and t > 0. 

Proof. The proof follows from Theorem 11 by taking ip(a, b) = Y(||a|| p + ||6|| p ) for all a,b £ X. Then we can choose 
p — 2 q ( p ~ 2 \ and we can obtain the required result. □ 


The following corollary gives the Hyers-Ulam stability for the quadratic functional equation (1.1). 

Corollary 4. Let q = ±1 be fixed and let p be a nonnegative real number with p=« + w/ 2 and T E Z. Let 
/ : X — » Y be an even mapping satisfying /(0) = 0 and 

n 

M,(e/n([*«],[yii]),t)>A^(X! t(ii*« iNJ»«in + m v+w + \\vii \\ v+w ),t) 

i,j =1 

for all x = [xij],y = [yij] G M n (X) and t > 0. Then there exists a unique quadratic mapping Q : X Y satisfying 
(2.15). 

Proof. The proof follows from Theorem 11 by taking ip (a, b) = T(||o|| 1 ' • H&H™ + ||a|| p + ||&|| p ) for all a, b E X. Then 
we can choose p = 2 q< ' p ~ 2 \ and we can obtain the required result. □ 
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Abstract 

This paper deals with the existence of continuous selection of a multivalued mapping in 
product space. Many authors provided existence of continuous map for lower semicontinuous. 
We provide continuous selection for weakly lower semicontinuous. Rhybinski [9] proved the 
existence for contraction type mapping. We prove the existence for some general type of 
mapping different from contraction mapping. 


1 Introduction and preliminaries 

Let X be a normed linear space. Then B = {x € X : ||x|| < 1} represents the closed unit ball 
and B° = {i £ I : ||x|| < 1} represents the open unit ball in X. First we quote some notations 
and basic facts that are used in the sequal 

V(X) = {A C A : A ± 0}, 

V d (X) = {Ae V(X) : A is closed}, 

V cv (X) = {A e V(X) : A is convex}, 

Vd,cv( X ) = {A ^ "P( x ) '■ A is closed, convex}. 

For x £ X, A,B £ V(X), 

6(A, B ) = sup{d(x, B) : x € A}. 

'H(A, B ) = max{d'(A, B ), 5{B, A)}. 

Let us consider the mapping T : X x Y —> V c i jCV (Y). Then the fixed point set is defined as 
Pt(x ) := {y £ Y : y £ T{x,y)}. See [1,2] for more information on fixed point theory. 

Definition 1.1. A multivalued mapping F : X V{Y) is called lower semicontinuous (l.s.c.) 
at xo £ X if and only if for every e > 0 and z £ F{x o) there exists a neighborhood U z containing 
xo with the property that 

z £ n{F(x) + eB° : x £ U z }. 
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Keywords: weakly lower semicontinuous map, continuous selection, paracompact space, perfectly normal 
space. 
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Definition 1.2. A multivalued mapping F is said to be weakly lower semicontinuous (w.l.s.c.) 
at xq £ X if ond only if for every e > 0 and for every neighborhood V containing xq, there exists 
a point x\ £ V so that for every z 6 F(x i) there is a neighborhood U z containing xo satifying 
the condition that 

z £ n{F(x) + eB° : x G U z }. 

It is well known that F is l.s.c. (w.l.s.c.) if and only if F is l.s.c. (w.l.s.c.) at every x £ X. 
Also, it is easy to see that / is l.s.c. implies that F is w.l.s.c., but the converse is not true [8]. 

A topological space X is said to be paracompact if every open cover of X has a locally finite 
refinement. A cover is called a refinement of {W a } a el if for all (3 G J, there exists 

a € I such that Up C W a . Also, a collection {A* : i G 1} of subsets of X is locally finite if and 
only if for each x G X there is an open U 3 x with |{* G I : A* n U / 0} j < oo. A topological 
space X is said to be perfectly normal if it is normal and every closed subset is a G$ subset. A 
multivalued mapping T : X x Y —> V c i, C v{Y) i s said to satisfy condition C if there exists K < 1 
such that 


H{T(x,yi),T(x,y 2 )) < K\\yi - y 2 \\ for x £ X, yi,y 2 G Y. 

In a similar way, a multivalued mapping H : X x Y -Y V c i,cv{Y) is said to satisfy condition 
M if it satisfies 

P(T(x,yi),T(x,y 2 )) < \\yi ~ 3 / 2 1| for x £ X, y ll y 2 £ Y. 

In 1956, Michael [6] was the first person to study about continuous selection for a given 
multivalued mapping under some suitable conditions. The following theorem is due to Michael. 

Theorem 1.3. [6] In a paracompact space X , the lower semi-continuous multivalued mapping 
F : X —> Td fi v(Y) has a continuous selection, where Y is a Banach space. 

The importance of the above theorem was first noticed by Browder [4], who used the theo¬ 
rem to prove Fan Browder theorem. Later, many researchers established results on continuous 
selections with applications (see [3,5,7,10,11]). Further, in [8], Przeslawski and Rybinski has 
generalized Michael selection theorem for weakly lower semicontinuous mapping. They proved 
the existence of continuous selection for w.l.s.c. which is weaker than l.s.c. Rybinski [9] proved 
the following theorem. 

Theorem 1.4. Let X be a paracompact and perfectly normal topological space and Y be a closed 
subset of a Banach space ( Z , || • ||). Assume that T : X x Y — * Vd )CV {Y) satisfies condition C 
and also, satisfies the condition that for every y £Y the multivalued mapping T(-,y) is w.l.s.c. 
Then there exists a continuous mapping h : X x Y -3 Y such that h(x,y ) G Pt(x ) for every 
(x,y)£XxY. 

In this direction, we study the existence of continuous selection for multivalued mapping 
with certain conditions. For that, we need the following lemma and theorem. 

Lemma 1.5. [8] Let X and Y be any topological spaces. If T : X —» V c i tCV (Y) is a w.l.s.c. 
multivalued mapping and f : X Y is a continuous and open mapping, then T o f is w.l.s.c. 

Theorem 1.6. [8] If X is a paracompact topological space, Y is a normed linear space and 
F : X —> Vd,cv(Y) is w.l.s.c., then F has a continuous selection. 

2 Existence of continuous selections 

In this section, we provide continuous selection for some general type of mapping. 

Theorem 2.1. Let F : X\ x X 2 —> X 2 be any multivalued mapping with the property that 
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1. F(.,x 2 ) is w.l.s.c for every X 2 £ X 2 , 

2. F satisfies property (A f). 

Then, for a given continuous mapping a : X\ x X 2 —> X 2 , the new mapping (x\,X 2 ) —> 
F(xi,a(xi,X 2 )) is w.l.s.c. 

Proof. Let us define S := X\ XX2 and define G : SxX 2 —> Td,cv(X2) by G(s, u) = F(Px(s),u) = 
F(x\,u) for s £ S and u £ X 2 . Now our aim is to show that the mapping s —>• G(s,a(s)) is 
w.l.s.c. By Lemma 1.5, it is clear that G(.,u ) is w.l.s.c. for every u £ X 2 . 

Step 1 : For an so £ S' and an e > 0 and a neighborhood O 3 so, by continuity of a, we can 
choose a neighborhood V C O of so with the property that 

|ja(s) -a(s 0 )|| < | 

for each s £ V. 

Step 2 : Since G(.,u ) is w.l.s.c., by applying the definition of weakly lower semicontinuity 
for this V, we can find a point si so that for any v £ G(si,a(so)), there exists a neighborhood 
U v of so with 

v £ n{G(s,a(s 0 )) + — L>° • s ^ U v }. (1) 

O 

Step 3 : Let v\ £ G(si, a(si)). Since F satisfies property (A f), we have 

H(G(S, «l), G(s, U 2 )) < || Ml — 7X2 || - 
Using the above, we can find v £ G(si,a(so)) such that 

\\v - ui|| < ||a(si) - a(s 0 )|| < 

For such v, applying Step 2, we get U v which satisfies (1). Observe that G{s, a(so)) C G(s, a(s))+ 
| B°. Hence G(s, a(so)) + | C G(s, a(s)) + 2| B°, and so v £ n{G(s, a(s)) + 2|i?° : s £ U v 0 V}. 
Thus v\ £ 0{G(s, a(s) + eB° : s £ U V C I V)}, which gives our claim. □ 

Lemma 2.2. Let H : X —> V c i{Y) be w.l.s.c. and h : X —>• Y is continuous. Then for every 
continuous function d : X —> [0,oo) such that H(x) n (h(x) + d(x)B) 0, the multivalued 
mapping S : X —> V c i(Y) defined by S(x) = H{x) n ( h(x ) + d(x)B) is w.l.s.c. 

Proof. Fix any xq £ X. If d(x 0 ) = 0, then nothing to prove. Suppose d(x 0 ) > 0. Fix e > 0 
and any neighborhood V of xq. Then choose J > 0 such that 5 < min{d{x o),e}. Now, choose a 
neighborhood W of xo, W C V, such that for X\,X 2 £ W, 

\d{xfi) - d{x 2 )\ < 5 ~, 

ll/(*i)-/(*2)|| < 

Choose a point x' in W such that for every z £ H(x'), there exists U z of .To such that 

z £ n{H(x) + 5B° : t £ U z }. (2) 

Now our claim is that this x' is the required point. To see this, take any arbitrary 

z! £ H(x')n(h(x') + d(x')B). 
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Since z' G H(x'), by (2), there exists U z i 3 .To such that z' G n{H(x) + 5B° : x G U z /}. Let us 
define W z < := W n U z >. Then this is our required neighborhood for each z'. 

\\z' - h(x)\\ < \\z' - h{x')\\ + \\f{x') - h{x)\\ 

< d(x') + 5 - 

< d(x) + S. 

It follows that 

z' € n{(tf (t) + SB 0 ) n (h{ x) + d{x)B + SB 0 ) : x G W z >}, 
d G n{(H{x) n ( h(x ) + d(x)B) + 5B° : x G W z /}, 
z' G n {G(x) + SB° : x G W z r}. 

Hence z' G n{G(x) + eB° : x G W z /}. □ 

Theorem 2.3. Let aq, a 2 : X\ x X 2 —> X 2 be mappings such that 012 is a selection of the 
multivalued mapping (xi,X 2 ) -A _F(xi, ck(xi, x 2 )). Then there exists a continuous selection 03 of 
the multivalued mapping (xi,x 2 ) —> F(xi, a 2 (xi, £ 2 )) such that 

||ai(xi,x 2 ) - a 2 (xi,x 2 )|| < ||a 2 (xi, t 2 ) - aq(xi,x 2 )||, 

d(a 3 (xi, x 2 ), T(xi, a 3 (xi, x 2 ))) < YZ~\ ll a 2 (xi,x 2 ) - ai(xi,x 2 )|| 

for all (xi, X 2 ) G X\ x X 2 . 

Proof. By hypothesis, we have a 2 (xi,x 2 ) G F(x\, oq(xi, X 2 )). Then 

d(a 2 (x 1 , x 2 ), F(xi, a 2 (xi, x 2 ))) < H(F(xi, aq(xi, x 2 )), T(xi, a 2 (xi, x 2 ))) 

< A[d(ai(xi, x 2 ), F(xi, aq(xi, x 2 ))) 

+ d(a 2 (xi, x 2 ), F(x 1 , a 2 (xi, x 2 )))], 


(1 - A)d(a 2 (xi, x 2 ), F(x\, a 2 (xi, x 2 ))) < Ad(ai(xi, x 2 ), F(xi, aq(xi, x 2 ))), 


d(a 2 (xi, x 2 ), F(xi, a 2 (xi, x 2 ))) < -d(ai(xi, x 2 ), T(xi, «i(xi, x 2 ))) 

< j-^||ai(xi,x 2 ) - a 2 (xi,x 2 )||. 

Now, define a new mapping G : X\ x X 2 -A V c i,cv{X2) by G'(xi,x 2 ) := F(xi, a 2 (xi, x 2 )) n 
(a 2 (xi,x 2 )) + ||ai(xi,x 2 ) — a 2 (xi,x 2 )||. Then, clearly, G is well defined and by Lemma 2.2 
G is w.l.s.c. By Theorem 1.6, G has a continuous selection a 3 : X\ x X 2 -A X . which is our 
required mapping. □ 

Theorem 2.4. Let X\ be a paracompact and perfectly normal topological space and X 2 be a 
Banach space. Assume that 

1. F : X 1 x X 2 -A V d , cv (X 2 ) satisfies property (A f), 

2. for a given x G X, the mapping F satifies LL(F(x, vi), F(x, V 2 )) < A[d(ui, F(x, vi)) + 
d(v 2 , F(x, x 2 ))], where A < 
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3 . for each X2 £ X2, the mapping F(.,x 2) is w.l.s.c. 

Then there exists a continuous mapping f : X\ x X-2 —> X2 such that /(x 1,^2) £ Ph{% 1) for 
every (xi,X2) £ X\ X X2. 

Proof. Choose oo : An x X2 —t X2 by oo(xi,X2) = X2 ■ Then ao is continuous. Now using 
Theorem 2 . 1 , we get (xi,X2) —t -F(xi,oo(xi,X2)) is w.l.s.c. Applying Theorem 1 . 6 , we get a 
continuous selection ai : X\ X X 2 — >• X 2 for the mapping ( 311 , 3 : 2 ) -» F(xi, oo(xi, X 2 )). 

By Theorem 2 . 3 , there exists a continuous selection 02 : X\ X A2 — > X2 for (311,312) —> 
F(xi, «i(xi, X2)) satisfying the following two conditions 

||a 2 (xi,x 2 ) - oi(xi,x 2 )|| < YTT\ II“i(311,^2) - Qio(iti, 3 ; 2 )||, 

d(a 2 {xi, x 2 ), F(x!, a2(x!, x 2 ))) < ||oi(xi, x 2 ) - a 0 (xi,x 2 )|| 
for every (311,312) £ X\ X X2. 

By proceeding the above process, we get a sequence of continuous functions a n : X\ x X2 —> 
X2 with the following properties: 

|| cun (an, 3 i 2 ) - a n _i (3:1,312) || < Y^^\\a n -i(xi,x 2 ) - a n _ 2 (xi, x 2 )||, 

d(a n (x 1 ,X2),F(xi,a n (xi,X2))) < :j-^-^||a n (xi, x 2 ) - o n _i(3ii,3i 2 )|| 

for n = 1 , 2 ,..., (3:1,312) £ Ai x X2. For a fixed pair (311,3:2), the sequence (0,1(311,3:2)) is a 
Cauchy sequence. To see this, using the following inequality 

||o n (xi,x 2 ) - o n _i(xi,312)11 < (^^) n_ 1 ||oi(xi,X2) - o 0 (xi,x 2 )||., 

we show that (o n (xi, 312)) is a Cauchy sequence. Since X2 is complete, this Cauchy sequence 
converges. 

Now, define / : X\ x X2 —> X2 by fix 1,312) = tun o n (xi, 312). It is clear that / is well-defined. 

n—>00 

Next, our aim is to claim that / is continuous. For that, fix any (x^x^) £ X\ x X2. Then, 
consider 


11/(^1,312) - /(3i'i,3i / 2 )|| <||/(xi,x 2 ) - o n (xi,x 2 )|| 

+ ||o n (xi,X 2 ) - O n (x / 1 ,X / 2 )|| 

+ ||o n (xi,X2) - /(X1,X 2 )||. 

Since a! n s are continuous and a n (xq, X2) is convergent for every (xi, X2) £ X\ X X2, applying all 
these in the above inequality, we can conclude / is continuous. 

Next, consider 

d(f(xi,x 2 ),F(xi,f(xi,x 2 ))) < ||/(xi,x 2 ) - o n (xi,x 2 )|| 

+ d(o n (xi, x 2 ), F(xi, /(x 1, x 2 ))) 

X ^ 

< y: (-—-) m ||oi(xi,x 2 ) - a 0 (xi,x 2 )|| 

m=n 

+ i^a I! (xi,X 2 ) - &m— 1 (xi,X 2 )|| 

00 , 

< (j—-) m ||ai(xi,x 2 ) - Qq(xi, x 2 )|| 

m=n 

X ^ 

+ X] (YCTx) n |l ai ( Xl ’ ;r2 ) - a o(xi,x 2 )||. 
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Hence f(xi,x 2 ) € F(xi, f(xi, x 2 ))- 


□ 
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REFINED STABILITY OF SET-VALUED FUNCTIONAL EQUATIONS 

HONG-MEI LIANG, HARK-MAHN KIM, AND HWAN-YONG SHIN 


Abstract. Recently, stability results of set-valued functional equations on domain of cones 
in Banach spaces are obtained by several authors. In this paper, we present the refined 
stability results of set-valued functional equations which is stable in the sense of Aoki, 

Rassias and Gavruta on domain of cones. 

1. Introduction 

The Hyers-Ulam stability problem was originated by S. M. Ulam [16] in 1940 as follows: 
Let G\ be a group and let G 2 be a metric group with the metric d(-, •). Given e > 0, does there 
exist a 5 > 0 such that if a function h : G\ —> G 2 satisfies the inequality d(h(xy), h(x)h(y)) < 5 
for all x, y E G\, then there exists a homomorphism H : G\ -A G 2 with d(h(x), H(x)) < £ for 
all x E G 1 . 

Ulam’s question was partially solved by D. H. Hyers [6] in the case of approximately 
additive functions and when the groups in the question are Banach spaces. In fact, Hyers 
proved that each solution of the inequality || f(x + y) — f{x) — f(y) || < e for all x and y can be 
approximated by an exact solution, say an additive function. In this case, it is said that the 
Cauchy additive functional equation f{x + y ) = fix) + f(y) satisfies Hyers-Ulam stability or 
that the equation is stable in the sense of Hyers-Ulam. 

Many mathematicians attempted to moderate the condition for the bound of the norm of 
the Cauchy difference. First, T. Aoki [1] proved the stability of Cauchy functional equations 
by changing the bound of Cauchy difference as follows 

ll/O + y)~ f(x) - f(y)\\ < e(\\x\\ p + ||y|H, 

where p E (0,1), and Rassias [14] obtained additional linear properties of this results. Fur¬ 
thermore, the control function of Cauchy difference with some regularity conditions has been 
employed by Gavruta [5] as follows 

11/0 + 2/) - f(x) — f{y)\\ < <p(x,y). 

1991 Mathematics Subject Classification. 39B52, 39B82, 54C65. 

Key words and phrases, set-valued functional equation; generalized Hyers-Ulam stability; Cantor intersec¬ 
tion theorem; cone subset in Banach spaces. 
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Recently, as the development of non-convex analysis, cone sets were investigated by many 
authors and were applied for various regions of optimization theory and mathematical physics 
[10, 11]. Let X be a real Banach space and P a subset of X. P is called a cone [15] if 

(i) P is closed, non-empty and P / {0}, 

(ii) ax + by £ P for all x,y £ P and non-negative real numbers a, b , 

(hi) Pn (-P) = {o}. 

Set-valued functions in Banach spaces also have received a lot of attention in the literature 
[2], Functional inclusion is a tool for defining many notions of set-valued analysis, e.g., linear, 
affine, convex, concave, subadditive, superadditive set-valued maps. Finding a selection of 
such set-valued maps, with some special properties, is one of the main problems of set-valued 
analysis (see [2]). The stability theory of functional equations leads in some cases to such 
problems and solving them provides Hyers-Ulam stability results [3, 4, 7]. In setting domain 
of set-valued functions as a cone, some stability results of set-valued functional equations 
were obtained by several authors [9, 13]. 

In this sequel, we introduce a result concerning with stability of set-valued functional 
equations under cone domain. Let Y be a Banach space and P be a cone. We define the 
following families of sets : 

Vo(Y) := {A C Y : A is nonempty set} 

cl(Y) := {A £ Vo (A) : A is closed set} 

cz(Y) := {A £ Vq (A) : A is closed set containing zero}. 

Theorem 1.1. (C. Park, D. O’Regan, R. Saadati, [13]) If F : P -A cz(Y ) is a set-valued 
mapping satisfying F( 0) = {0}, 

(1.1) F{x)+F fy) Q 2F(^-) 

and 

sup{diam(F(x)) : x £ P} < +oo 

for all x,y £ P, then there exists a unique additive mapping g : P -* Y such that g(x) £ F(x) 
for all x £ P. 

In view of Theorem 1.1, if diam(F(x)) = e, then sup {diam(F(x)) : x £ P} < +oo. 
So if, in addition, F satisfies (1.1), we may understand Theorem 1.1 works good in the 
sense of Hyers-Ulam. On the other hand, if diam{F{x)) = ||x|| p ,p 0, we confirm that 
sup{diam(F (x)) : x £ P} = 00 , and so Theorem 1.1 cannot be favorably applied in this case. 

Thus, in this paper, we are devoted to investigate refined stability results of Theorem 
1.1, and also we present alternative new stability theorems and examples to provide refined 
stability theorems of Theorem 1.1. 
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Let A, B be nonempty subsets of a real vector space X and A a real number. We define 
A + B = {x&X:x = a + b, a & A, 6 £ B} 

XA = {x £ X : x = A a, a £ A}. 

Lemma 1.2. [12] Let A and p, be real numbers. If A and B are empty subsets of a real vector 
space X, then 

A (A + B) = XA + XB 
(A T pi) A C XA T fiA . 

Moreover, if A is convex in X and A/i > 0, then we have 

(A T pi) A = A A T ixA. 

Lemma 1.3. If A n and B n are non-empty subsets of a real vector space X for all nonnegative 
positive integer n, then 

i i i 

f^| A n + B n = [^1 (A n + B n ) 

71=0 71=0 71=0 

for any given l £ N. 

The following famous theorem is a crucial tool to prove our main theorems. 

Theorem 1.4. (Cantor Intersection Theorem, [8]) Suppose (X,d) is a non-empty complete 
metric space, and {C n } n >o closed subsets of X which satisfies 

Ci D C 2 D • • • D C n D C n+ \ £>•••• 

If liirin^oo diarn(C n ) = 0, where diam(C n ) is defined by diam(C n ) = sup{d(x,y)\x,y £ C n }, 
then n“i Cn consists of a single point. 

From now on, let P be a cone for a Banach space Y. We present a main theorem, which 
is an extended Hyers-Ulam stability of a set-valued functional equations on the domain of 
cones. 


Theorem 1.5. If F : P —>• cl(Y) is a set-valued mapping satisfying 

( 1 . 2 ) 


m sr^m 

X>(x,)CmF(LfcI_A) 


i =1 


m 


and 

(1.3) 


diam(F(m n x)) 

Inn --- = 0 


m" 


for all x\, ■ ■ ■ , x m , x £ P, where m > 1 is a positive integer, then there exists a unique additive 
mapping g : P —»• cl(Y) such that g(x) C F(x) + (—1)F(0) for all x £ P. 
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Proof. Since F( 0) £ cl(Y ), F(0) has at least an element, say p £ F(0). 
Letting x\ = x and Xk = 0 for all k / 1, in (1.2), we have 

(1.4) Fix) + ( m — l){p} C Fix) + (m — 1)F(0) C mF(-) 

rn 

and so 

(1.5) F[x) + (-l)M C m(F(-) + (-l)M) 
for all x £ P. Replacing x by m n+1 x in (1.5), then we obtain 

F{m n+l x) + (—l){p} C m(F(m n x) + (—l){p}) 


and hence 

F(m n+ 1 x) + (—l){p} F(m n x) + (—l){p} 

m n+1 — m" 

FiiTi^'x') 

for all x £ P and all n £ N U {0}. Denoting F n (x) := - for all x £ P and 

m n 

all n £ N U {0}, it results that {F n (x)}>o is a decreasing sequence of closed subsets of the 
Banach space Y. We have also 

diam(F n (x)) = - diam(F(m n x) + (—l){p}) = - diam(F(m n x)). 

m n m n 

By (1.3), we get lim n _ > . 0O diam(F n (x)) = 0 for all x £ P. Using the Cantor Intersection 
Theorem for the sequence {i ? n (x)} n >o, the intersection rira>o^ ?n ( :z: ) a singleton and we 
denote this intersection by g(x) for all x £ P. Thus we obtain a mapping g : P —>• cl(Y), 
defined as g(x) := Pl n >o F n {x) , which is a singleton from F because g(x) C Fo(x) = F(x) + 
(—l){p} C F(x) + (—1)F(0) for all x £ P. 

Now, we show that g is additive. It follows from the definition of g and Lemma 1.3 that 

x ><)=t n Afe)=n =n 

i=l j=l n=0 n=0 i=l n=0 

for any l £ N U {0}, thus 

m oo 

E*)snK(^r)) 

i=l n=0 

for all xi, ■ ■ • , x m £ P. On the other hand, one obtains vacuously 
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for all xi, ■ ■ ■ , x m G F. Thus, since H^Lo {j n ^n ( 

m 

^ ~^g{xi) = mg 


r 

2^j=i 


i =1 


m 

V m r 
2^j=l x 3 


^ is a singleton, we arrive at 


m 


for all xi,-- - ,x m G P. Thus g is additive since <?(0) = {0}. Therefore, we conclude that 
there exists an additive mapping g : P —> cl(Y) such that g(x) C Fq(x) C F(x) + (—1)F(0) 
for all x € P. 

Next, we will finalize the proof by proving the uniqueness of g. Suppose that g' : P —> cl(Y) 
is another additive mapping such that g'{x) C F(x) + (—1)F(0) for all iGP, Then we have 


m n g(x) = g(m n x) C F(m n x) + (—1)F(0) 
m n g'(x ) = g\m n x ) C F(m n x ) + (—1)F(0) 


for all n G N U {0} and all x G F. Thus, we get 

m n diam(g(x ) — </(x)) = diam(m n g(x) — m n g' (x)) 

= diam(g(m n x) — g'(m n x )) 

< diam{F(m n x ) + (—1)F(0)) 

= diam(F(m n x )) + diam((— 1)F(0)) 


which implies 

diam(g(x) — g'(x)) < [diam(F(m n x)) + diam((-l)F(0))] 

for all n G N U {0} and all x G F. Therefore, it follows from lim n _ > . 0O diam ^f n x )) 
g(x) = g'(x) for all x G F, as desired. 


0 that 
□ 


The following corollary is a refined stability result of Theorem 1.1, if we take m = 2. 


Corollary 1.6. If F : P 


and 


cl(Y) is a set-valued mapping satisfying 

E m 


E f < Xj) C mF( : 


i=l 


m 




sup {diam(F(x)) : x G X} < +oo 

for all xi, • • • , x m ,x G F, f/ien there exists a unique additive mapping g : P —>■ cl(Y) such 
that g(x) C F(x) + (—1)F(0) for all x G F. 

Proof. Since sup{diam(F(x)) : x G F} < +oo, lim n _ ) . 0O _ q f or a n x G F. 

m n 

Applying Theorem 1.5, we complete the proof. □ 
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Now, let us consider the following example with nontrivial set-valued function at zero. 

Example 1.7. Let F : [ 0 , oo) -A cZ(M) be defined by 

{ lax, ax + bx p 1, if x ^ 0, 

[0,c], if x = 0, 

where a, b are positive real numbers, c > 0 and p G (— oo, 0 ) U ( 0 , 1 ). It is easy to see that 

F(x) + F (!/ )C2F(^), lim *» _ 0 

Z n—>oo Z n 

for all [ 0 ,oo). Also, we can check that 

0 F(2 " 1 ' )+ „ ( - 1)F(0 > = {ax} 

n=0 2 

for all x G [ 0 ,oo). Therefore, there exists additive mapping g : [ 0 ,oo) —> cl(R) defined by 
g(x) = {ax} such that g(x) C F(x) + (—1)F(0) = [ax — c,ax + bx p ] for all x G [ 0 , oo). This 
result can be found by applying Theorem 1.5. 

However, it is noted that we cannot apply Theorem 1.1 to this example because 

swp{diam(F(x)) : x G [ 0 , oo)} = +oo. 

Next, we provide an alternative main theorem of Theorem 1.5. 


Theorem 1.8. If F : P —> cl(Y ) is a set-valued mapping satisfying 


( 1 . 6 ) 


and 


mF[ 


E m 

3=1 


Xi 


m 


) c j2 F ( x i) 

i=1 


(1.7) lim m n diam(F(= 0 

n—¥ oo 777 , n 

for all xi, ■ ■ ■ ,x m ,x G P, then there exists a unique additive mapping g : P -A cl(Y) such 
that g(x) C F(x) + (—1)F(0) for all x G P. 


Proof. By assumption (1.7), one has 

lim m n diam(F( 0)) = 0 

n—>oc 

and so F( 0) is a singleton, say F( 0) = {p}. Taking x\ = x and x^ = 0 for all k ^ 0 in (1.6), 
we obtain 

(1.8) m(F(^~) + (-l)M) C F(x) + (—l)(p}- 
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for all x G P. And if we replace x by —— in (1.8), then we obtain 

m n 

and so 


m" +1 (F( AL^) + (-!){„}) c m”(F(^) + (-1)0,}) 

for all x G P and all n G N U {0}. Defining F n (x) = m n (F(^=) + (—l){p}) for all x G P and 
all n G N U {0}, we obtain that {F n (x)} n > o is a decreasing sequence of closed subsets of the 
Banach space Y. It is noted that 

diam(F n (x )) = diam(m n (P(-^b-) + (—l){p})) = m n diam(F (—^)), 

which implies lim, woo diam(F n (x)) = 0 for all x G P by (1.7). 

Employing the Cantor Intersection Theorem to the sequence {P n (x)} n >o, f1n>0 F n (x) is a 
singleton set and so we may define a mapping g : P —> cl(Y) by g(x) := fln>o F n( x )i x G P , 
which satisfies g(x) C Fq(x) = F(x) + (—l){p} C F(x) + (—1)F(0) for all x G P. 

Now, we show that g is additive. It follows from Lemma 1.2 that 


mF "(^^) = m ' m ”( F < E TFT}) + GDW) 


1=1 
JCj 

' m Tl 


2=1 2=1 
for all x i, ■ ■ • , G P. By the definition of g, we can get 

E m 

1=1*1 


Xi 


mg 


~ 1 , 1 x 


m, 


C 


P| mF n 


n =0 


m l m 

1=1 * 1 ' 


rn 


C 


P J2 F n(Xi) 


n= 02=1 


for any l G N U {0} and all xi, • • • , x m G P, which yields 


(1.9) 


mg 


E m 
1=1 


m 



P Y.FniXi). 

n= 0i=l 


Moreover, it is easy to show that, for all xi, ■ ■ ■ , x m G P, 


Ys( x i) C y^P n (xj), Vra G NU {0} 
2=1 2=1 


and so 

m oo m 

(1-10) ^9{Xi ) C P Y F rr{Xi)- 

i =1 n=0i=l 
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Therefore, it follows from (1.9) and (1.10) that 

, r 

2^7 = 1 x j 


mg 


m 




i=1 


that is, g is additive because <?(0) = {0}. 

Finally, let us prove the uniqueness of g. Suppose that g' : P -A cl(Y) is an additive 
mapping such that g'(x ) C F(x) + (—1)E(0) for all i£P. Then we have 

\g( x ) = g {-^) Q F {-^) + (-l)F(O), 

m n m n m n 

\g'{x) = g'{^) C F(-^) + (-l)F(O) 
m n m n m n 

for all n G N U {0} and all x G P. Thus, noting singleton F(0), we get 
^dmmfsW-s'W) = diam(g{^)-g\^)) 

^ diam ( F ^) + MW)) = diam ( F ^)) 

for all x G P and all n G N U {0}. It follows from (1.7) that g(x) = g'{x) for all x G P, as 
desired. □ 


Corollary 1.9. If F : P 


cl(Y) is a set-valued mapping satisfying F( 0) = {0}, 
V' m m 

mF (- 7=1 J 


m 


-)sE F ( j 


i=l 


and 


X 

lim m n diam(F( -)) = 0 

n— 7 oo m n 

for all x\, ■ ■ ■ ,x m ,x G P, then there exists a unique additive mapping g : P -A cl(Y) such 
that g(x) C F(x) for all x G P. 


Example 1.10. Let F : [0, oo) -A cl(M) be defined by F{x) = [ax, ax + bx p ], where a,b are 
positive real numbers and p > 1. Then, since the function x p is convex, it is easily checked 
that 2 F(^±^) C F(x) + F(y) and lim n ^. 00 2 n diam(F(^)) = 0 for all ijG [0, oo). Thus, 
there exists an additive mapping g : [0, oo) -A d(M) such that g(x) = {arc} C F(x) for all 
x G [0, oo) by Corollary 1.9. 

Example 1.11. Finally, let H : [0, oo) -A cl(R) be defined by H{x) = [ax,ax + bx], where 
a,b are positive real numbers. Then, it follows easily that 2 = H(x) + H(y) for all 
x,y G [0, oo). However, there are two different additive mappings gi(x) := {ax},g 2 (x) := 
{(a + b)x} such that g\(x), <72 (x) C H(x) for all x G [0, 00 ). In fact, one notes that either 
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(1.3) or (1.7) is not satisfied for the function H, and so one cannot apply Theorems 1.5 and 
1.8 to this example. 

Thus, we remark that the set-valued function F(x) = [ax, ax + bx] has no Hyers-Ulam 
stability property for the set-valued Cauchy-Jensen additive functional equation. 
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APPROXIMATE CAUCHY-JENSEN AND BI-QUADRATIC MAPPINGS IN 

2-BANACH SPACES 


WON-GIL PARK AND JAE-HYEONG BAE 


Abstract. In this paper, we obtain the stability of the Cauchy-Jensen and bi-quadratic functional 
equation 

2/ + y, = f(x, z) + f(x, w ) + f(y, z ) + f(y, w), 

f(x + y, z + w) + f(x + y,z - w) + f(x - y,z+ w) + f(x -y,z-w) 

= 4 [f(x, z) + f{x, w ) + f(y, z) + f(y, w)], 


respectively, in 2-Banach spaces. 


1. Introduction 

In 1940, Ulam [7] suggested the stability problem of functional equations concerning the stability 
of group homomorphisms: Let a group G and a metric group H with the metric p be given. For 
each e > 0, the question is whether or not there is a 5 >0 such that if / : G — > H satisfies 
p(f(xy),f( x )f(y)) < <5 for all x,y € G , then there exists a group homomorphism h : G H 
satisfying p(f(x), h(x)) < £ for all igG. 

We introduce some definitions on 2-Banach spaces [2], [3]. 

Definition 1. Let A be a real linear space with dim A > 2 and ||-,-|| : A 2 A R be a function. 
Then (A, ||-, -||) is called a linear 2-normed space if the following conditions hold: 

(a) \\x,y\\ = 0 if and only if x and y are linearly dependent, 

(b) \\x,y\\ = \\y,x\\, 

(c) \\ax,y\\ = \a\\\x,y\\, 

(d) || x,y + z|| < \\x,y\\ + \\x,z\\ 

for all a € R and x,y,z € A. In this case, the function ||-, -|| is called a 2-norm on A. 

Definition 2. Let {x n } be a sequence in a linear 2-normed space A. The sequence {x n } is said to 
convergent in A if there exits an element x G A such that 

lim ||x n - x, 2 /|| = 0 

n—¥oo 
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for all y G X. In this case, we say that a sequence {.x n } converges to the limit x, simply dented by 
lim, woo x n = x. 

Definition 3. A sequence {x n } in a linear 2-normed space X is called a Cauchy sequence if for any 
£ > 0, there exists N G N such that for all m, n > N, \\x m — x n ,y || < e for all j/€l. For convenience, 
we will write lim^^^oo \\x n — x m , y\\ = 0 for a Cauchy sequence {x n }. A 2-Banach space is defined to 
be a linear 2-normed space in which every Cauchy sequence is convergent. 

In the following lemma, we obtain some basic properties in a linear 2-normed space which will be 
used to prove the stability results. 

Lemma 4. ([1]) Let (A, ||-, -||) be a linear 2-normed space and x € X. 

(a) If \\x, y || = 0 for all y € X, then x = 0. 

(b) | ||lc, z || — || y, z || | < ||lc — y, z\\ for all x,y, z € X. 

(c) If a sequence { x n } is convergent in X, then lim ra _ s . 0O ||a; n ,y|| = || lim n _ > , 00 x n , y\\ for all y € X. 

Throughout this paper, let X be a norrned space and Y a 2-Banach space. We introduce the 
definitions of Cauchy-Jensen and bi-quadratic mappings. 


Definition 5. A mapping / : X x X —> Y is called a Cauchy-Jensen mapping if / satisfies the 
system of equations 


f(x + y,z) = f(x, z) + f(y, z), 
2 f{x, = f(x, y) + f{x, z ). 


Definition 6. A mapping / : X x X —>• Y is called bi-quadratic if / satisfies the system of equations 

f(x + y,z) + f(x -y,z) = 2 f(x, z) + 2 f(y, z), 
f(x, y + z) + f(x, y- z) = 2 f(x, y) + 2 f(x, z). 


For a mapping f : X x!->7, consider the functional equations: 

( Z VO \ 

x + y, ~y~) = z ) + u; ) + /(y > z ) + /(y> w ) 

and 

f(x + y,z + u>) + f(x + y,z -w) + f(x-y,z + w ) + f(x-y,z- w) 

(4) = 4 [f(x, z ) + f(x, w ) + f(y, z) + f(y, w)]. 

When X = Y = M, the function / :MxM^K given by f(x, y) := axy + bx and f(x, y) := ax 2 y 2 are 
solutions of (3) and (4), respectively. 

In 2011, W.-G. Park [4] investigate approximate additive, Jensen and quadratic mappings in 2- 
Banach spaces. In this papaer, we also investigate Cauchy-Jensen and bi-quadratic mappings in 
2-Banach spaces with different assumptions from [4]. 

2. Approximate Cauchy-Jensen mappings 
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Let <p : X 5 [0, oo) be a function satisfying 

OO ^ 

(5) <p(x,y,z,w,s) 

j=0 

+ <p( 2- ? x, 2— 3 J z, 3i +1 w, s ) + ^(p(2 J x, 2'?y, 3 J+1 z, 3^ +1 w, s) 

+ 3tp(2 j x,2 j y,3 j z,—3 j w,s) + 2\\f(2 j+1 x, 0), 1 1| + 5||/(x, 0), t\\ < oo 

for all x, y , z,w,s € X, where t = f(-s). 

Theorem 7. Suppose that f : X x X -A Y is a surjective mapping such that 

( Z -b VO \ 

x + y, ~ f ( x > z ) ~ f ( x > w ) _ /(y>*) - /(y> w )> * < ¥>(®, y, z, «>,«) 

/or all x,y,z,w,s € X, where t = /(s). Then i/iere exists a unique Cauchy-Jensen mapping F : 
IxIaF such that 

(7) ||/(x, y) - f(x, 0) - F(x, y),t\\ < <p{x, x, y, y, s ) 

/or all x,y,s € X, where t = f(s). 

Proof. Let t = /(s). Letting y = x in (6), we gain 

+ VO \ 

2x, ~ 2 f( x > L) - 2 /0r, w), t < p(x, x, z, w, s) 

for all x, z,w,s € X. Putting w = —z in (8), we get 

(9) || - 2/(2x, 0) + 2/(x, z) + 2/(x, -z), t|| < <^(x, x, z, -z, s) 

for all x, z, s € X. Replacing z by — z and re by —z in (8), we have 

(10) ||/(2x, -z) - 2/(x, -z), i|| < ^(x, x, -z, -z, s) 

for all x, z, s € X. By (9) and (10), 

(11) ||/(2x, -z) + 2/(x, z) - 2/(2x, 0), i|| < ^(x, x, -z, -z, s) + <^(x, x, z, -z, s) 

for all x, z, s € X. Setting w = —3z in (8), 

||2/(2x, -z) - 2/(x, z) - 2/(x, -3z), i|| < <^(x, x, z, -3z, s) 
for all x, z, s € X. By (11) and the above inequality, 

(12) ||6/(x, z) + 2/(x, —3z) — 4/(2x, 0), i|| < <^(x, x, —z, —z, s) + 2<^(x, x, z, —z, s) + </?(x, x, z, —3z, s) 
for all x, z, s € X. Replacing z by 3z in (10), 

||/(2x, —3z) - 2/(x, —3z), i|| < ^(x, x, -3z, -3z, s) 


ip{2^x, 2 J y, 3 J z, 3 J ie, s) + 2</?(2 J x, 2 J y, —3 J z, 3 J w;, s) 
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for all x, z, s € X. By (12) and the above inequality, 

||6 f(x, z) + /(2x, -3 z) - 4/(2x, 0), t\\ 

< if(x, x, —z, —z, s ) + 2 tp(x, x , z, — z , s ) + <p(x, x , z, —3 z, s ) + -ip(x, x, —3 z, —3 z, s ) 
for all x, z, s € X. Replacing z by — z in the above inequality, 
l|6 f(x, -z) + /(2s, 3 z) - 4/(2x, 0), t|| 

< <^(x, x, 2 , z, s) + 2</?(x, x, —z, z , s) + <£>(x, x, —z, 3z, s) + -y?(x, x, 3z, 3z, s) 

for all x, z, s € X. By (9) and the above inequality, 

II6/(x, z) - /(2x, 3z) - 2/(2x, 0), t|| 

< y>(x, x, 2 , z, s) + 2<^(x, x, —z, z, s) + <p(x, x, — z, 3 z, s) + -</?(x, x, 3z, 3z, s) + 3<p(x, x, z, —z, s) 
for all x, z, s € X. Replacing x by 2' J x and z by 3^y in the above inequality and dividing 6 ?+1 , 
^rf{2 3 x,3 :, y) - —jj T /(2 J+1 ®,3 J+1 3/) - ^ I /(2 J+1 x, 0), t 


< 


1 


6J+ 1 


<p(2 3 x, 2- 7 x, S- 7 ?/, 3- 7 y, s) + 2ip(2 3 x, 2- 7 x, —33 J y, s) 


+V9(2 j x, 2 j x, — 3 J y, 3 J+1 y, s ) + -ip(2 j x, 2 J x, 3 J+1 ?/, 3 J+1 y, s) + 3<^(2 J x, 2- 7 x, 3 J y, -3 J y, s) 
for all x, y, s € X. For given integers l, m (0 < l < m), 


(13) 


m—1 


f(2 I x,3 I y) — 2—f(2 m x,3 m y) — ^ X_ /(2 i+>x,0), * 


j=l 


m —1 


< 


Esj 


i=i 


61+ 1 


ip(2 3 x, 2- 7 x, 3 J y, 3 J ?/, s) + 2ip(2 3 x, 2 j x, —3 3 y, 3 3 y, s) 


+ip(2 3 x, 2 j x, -3 j y, 3 j+1 y, s) + -<p{2 j x, 2 j x, 3 j+1 y, 3 j+1 y, s ) + 3tp(2 3 x, 2 3 x, 3 j y , — 3 j y, s ) 


for all x, y, s € X. By (14) and (13), the sequence {i/(2- ? x, 3 J x/)} is a Cauchy sequence for all x, y € X. 
Since X is complete, the sequence {i/(2 J x, 3 J y)} converges for all x,y € X. Define F:XxX->7 
by 

F(x,y) ■= bin -^/(2 J x,3 J y) 

j—)■ oo Cf 


for all x, y € X. 
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By (6), 


^f(2i(x + y), 3J{z + w) ) - 1/(2>x,3M 


fi-'n- 3 ' / "- ) - ^jf(2 J y,3hu),t 




for all x,y,z,w,s € X. Letting j —>• oo and using (14), F satisfies (3). By Theorem 4 in [6], F is a 
Cauchy-Jensen mapping. Setting l = 0 and taking m —>• oo in (13), one can obtain the inequality (7). 
If G : X x X —> T is another Cauchy-Jensen mapping satisfying (7), 

\\F(x,y)-G(x,y),t\\ = ^\\F(2 n x,3 n y) - G(2 n x,3 n y),t\\ 

< ^||F(2"s,3"y) - f(2 n x, 0) - f(2 n x,3 n y),t\\ 

+ ^\\f(2 n x, 2 n y) + /( 2 n x, 0) - G(2 n x, 3 n y ), t|| 

< ^-(^(2 n x, 2 n x, 3 n y, 3 n y, s) -> 0 as n -> oo 

for all x,y,s € X. Hence the mapping F is the unique Cauchy-Jensen mapping, as desired. □ 


Corollary 8. Let e > 0. Suppose that f : X x X —>• Y is a surjective mapping satisfying 

z + w' 


2 f[x + y, 


~ f(x, z) - f(x, w) - f(y, z) - f(y, w),t 


< e, 


for allx, y, z, w, s € X, wheret = f(s) andtp £ (x,s) := |e+||/(x, 0), t\\+Jff =0 ^ ||/(2^ +1 x, 0), t\\ < oo 
for all x, s € X, where t = f(s). Then there exists a unique Cauchy-Jensen mapping F : X x X -» Y 
such that 

II f(x, y) - f(x, 0) - F(x,y),t\\ < p £ {x,s) 
for all x,y,s € X, where t = f(s). 

Proof. Taking <p(x, y, z, w, s ) := e in Theorem 7, we have 

3 °° 2 

<f(x,x,y,y,s) = -e+ ||/(x, 0), t|| + ^2—^- [ \\f(2 1+1 x,0),t\\ = <p £ (x,s) 


j =o 


for all x, y, z,w,s € X, where t = f(s). □ 


3. Approximate bi-quadratic mappings 


From now on, let (p : X 5 —>• [0, oo) be a function satisfying 


(14) 


( p{x,y,z,w,s ) := ^ 
1=0 


1 

161+1 


<p(2^x, 2 J y, 2 9 z, 2^w, s) < oo 


for all x, y, z,w,s € X. 
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Theorem 9. Let f : X x X —x Y be a surjective mapping such that 

II f(x + y,z + w) + f(x + y,z-w) + f(x-y,z + w) + f(x-y,z- w ) 

(15) -4 [f(x, z) - f(x, w) - f(y, z) - f(y, w)], t\\ < <p(x, y, z, w, s ) 

and let f(x, 0) = 0 and /(0, y) = 0 for all x, y, z,w,s £ X, where t = f(s). Then there exists a unique 
bi-quadratic mapping such that 

(16) !!/(*, y) - F[x, y),t\\ < <p(x, x, y, y, s ) 
for all x,y,s £ X, where t = f(s). 

Proof. Let t = f(s). Putting y = x and w = z in (15), we have 

f(x, z) - —/( 2x, 2z),t < — <p(x, x, z , z, s) 

lb lb 

for all x,z,s £ X. Thus we obtain 

^j/( 2J x, 2 9z) - 2 J+1 x, 2- ?+1 z), t < 2 J x, 2?z, 2 J z, s) 

for all x, z, s € X and all j. Replacing z by y in the above inequality, we see that 

Y^y/( 2 3 x, 2 J y) - j^[f{ 2 J+1 x, 2 J+1 y), t < 2 J x, 2) 3 y, 2 J y , s) 

for all x,y,s £ X and all j. For given integers Z,m(0 < l < m), we get 

1 1 m_1 1 

(17) w /( 2 'x, 2 z y) - — f(2 m x, 2 m y),t < ]T —^(2^, 2>s, 2^, 2^, s) 

3=1 

for all x, y, s £ X. By (17), the sequence { jlj/(2 J x, 2 J 'y)} is a Cauchy sequence for all x, y £ X. Since 
Y is complete, the sequence { 2 •?$/)} converges for all x,y £ X. Define F : 1 x 1 -> 7 by 

T(x,y) := lim -^/(^x, 2 J y) 
lb - 7 


for all x,y £ X. By (15), we have 

^j/(2 J (x + ?/),2 J (z + u;)) + ^-f{2\x + y),2\z- w)) 

+ ^jf{2 J (x-y),2 :1 ( z + iv)) + ^f(2 3 (x-y),2 3 (z-w)) 

~l- ^/(^F 2 ^) - J^jf(2 3 y,2 3z ) - ^-/(2 J y,2 J u;),t 
< j^-<p{2 3 x,2 3 y,2 J z,2 3 w,s) 

for all x,y,z,w,s £ X and all j. Letting j —x oo and using (14), we see that F satisfies (4). By 
Theorem 4 in [5], we obtain that F is bi-quadratic. Setting l = 0 and taking m —X oo in (17), one 
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can obtain the inequality (16). If G : X x X —> Y is another bi-quadratic mapping satisfying (16), we 
obtain 

II F(x,y) - G(x,y),t\\ 

= ^\\F(2 n x,2 n y)-G(2 n x,2 n y),t\\ 

< ^\\F(2 n x,2 n y) - f(2 n x,2 n y),t\\ + ±-\\f(2 n x,2 n y) - G(2 n x,2 n y),t\\ 

< ^<p(2 n x,2 n x,2 n y,2 n y,s) 

—>• 0 as n —>• oo 

for all x, y,s € X. Hence the mapping F is the unique bi-quadratic mapping, as desired. □ 

Corollary 10. Let e > 0. Suppose that f : X x X —* Y is a surjective mapping satisfying 
\\f(x + y,z + w) + f(x + y,z-w) + f(x-y,z + w) + f(x - y,z-w ) 

-4 [f(x, z) - /(x, w ) - f{y , z) - f(y, iu)],t|| < e, 

for all x, y, z,w,s € X, where t = /(s). T/ien t/iere exists a unique bi-quadratic mapping F:IxIa 
Y" suc/i that 

\\f(x,y) — F(x,y),t\\ < 

for all x,y,s € X, where t = /(s). 

Proof. Taking <^(x, y, z, w, s) := e in Theorem 9, we have tp(x, x, y, y, s) = for all x, y, z,w,s € 
X, where t = /(s). □ 
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Abstract. By 

solutions of the 


using the KAM theory and time reversal symmetries we investigate the stability of the equilibrium 
system: 


x n +1 — 


Xn+Vn 


n = 0,1,2, 


Vn + l 


Xn 

Vn 


where the parameter a > 0, and initial conditions xo and yo are positive numbers. We obtain the Birkhoff normal form 
for this system and prove the existence of periodic points with arbitrarily large periods in every neighborhood of the 
unique positive equilibrium. We also use the time reversal symmetry method to find effectively some feasible periods and 
the corresponding periodic orbits. Finally, we give computational procedure for finding an infinite number of periodic 
solutions with the given period. The second order difference equation obtained by eliminating x„ from this system is an 
equation of the type y n +1 = f(y n ,yn- 1 ), where / is decreasing in both variables. Such equation can be embedded into 
fifth order difference equation which is increasing in all its arguments and it exhibits chaotic behavior. 


Keywords, area preserving map, Birkhoff normal form, difference equation, KAM theory, periodic solutions, symmetry, 
time reversal, competitive map, global stable manifold, monotonicity, period-two solution. 

AMS 2010 Mathematics Subject Classification: 37E40, 37J40, 37N25, 39A28, 39A30 


1 Introduction 


In this paper we consider the following rational system of difference equations 


%n -{-1 
Vn+l 


a 

Xn+Vn 


x n 

Vn 


n = 0,1,2,..., 


( 1 ) 


and the corresponding equation 


Vn+l 


a 

JM2/n— l(l + Vn) ’ 


n = 0,1,2,..., 


( 2 ) 


where the parameter a > 0, and initial conditions xo and yo are positive numbers. System (1) was first considered in [6], 
where boundedness of all its solutions was proved using the invariant. We will use this invariant in Section 3 to prove the 
stability of the unique equilibrium. Equation (2) gives an example of second order difference equation where transition 
function decreases in both variables and yet equation exhibits complicated dynamics. First such example was given in 
[5]. We will use similar techniques as in [5] with the addition of the new computational procedure from [7], which uses 
an invariant of the system to find effectively continua of periodic solutions of certain feasible periods. 

We will show that the corresponding map can be transformed into an area preserving map and using Birkhoff Normal 
form we will apply the KAM theorem to prove stability of the unique positive equilibrium and the existence of periodic 
points with arbitrarily large period in every neighborhood of the unique positive equilibrium. In addition, we will prove 
that the corresponding map is conjugate to its inverse map through the involution map and then use this conjugacy 
to find some feasible periods of this map. The method of invariants for proving stability of the equilibrium solution 
for all values of parameter a will be used along with Morse’s lemma to prove that the level sets of the invariants are 
diffeomorphic with circles. This method was used successfully in [11, 12] and the KAM theory was used for the same 
objective in [8, 10, 13, 14]. 

Let T be the map associated to the system (1), i.e., 



1 Corresponding author, e-mail: mkulenovic@uri.edu 
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( 3 ) 
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The map (3) has the unique fixed point (y 2 ,y) in the positive quadrant, where 

y 3 {y + 1) = a. 

An invertible mapping T is area preserving if the area of T(A) coincides with the area of A for all measurable subsets 
A [9, 12, 18]. We claim that in logarithmic coordinates, i.e., u = In (x/y 2 ), v = \n(y/y) the map (3) is area preserving. 

Lemma 1 The map (3) is area preserving in the logarithmic coordinates. 


Proof. The Jacobian matrix of the corresponding transformation T is 


with 


Jt(x, y) = 

detJrix, y ) = 


(x+y ) 2 


(x+y ) 2 


(4) 


y 2 (x + y)' 


We substitute u = In (x/y 2 ), v = In ( y/y ) and rewrite the map in (u, v) coordinates to obtain the transformation 


/ u\ /lira — 31np — ln(ye u + e v ) 

\v J u — v 


The Jacobian of this transformation is 


J(u,v) 


e u y 

e u y+e v 

1 


e u y+e v 

-1 


(5) 

( 6 ) 


It is easy to see that detj(u,v) = 1. 


□ 


A point (x, y) is a fixed point of T if T(x,y) = ( x,y ). A fixed point is elliptic if the eigenvalues of Jr(x,y) form a 
complex conjugate pair A, A on the unit circle and is hyperbolic if the the modulus of the eigenvalues is different from 1, 
see [9, 12], 

Lemma 2 The map T in the (x,y) coordinates has elliptic fixed point (y 2 ,y). In the logarithmic coordinates, the 
corresponding fixed points is (0, 0). 


Proof. For the fixed points in (x, y) coordinates, solving a/(x + y) = x and x/y = y yields the fixed points (y 2 ,y) where 
y 3 (y + 1) = a. Evaluating the Jacobian matrix (4) of T at (y 2 , y) gives 


Jr(y 2 , y) 


(y 2 +y) 2 

1 

y 



By using a = y 3 (l + y) we obtain that the eigenvalues of Jr(y 2 , y) are A and A where 


(7) 


A = 


-1-2 y + i^/Ay + 3 
2y + 2 


(8) 


It is easy to see that |A| = 1 and so (y 2 ,y) is an elliptic fixed point. 

Under the logarithmic coordinate change (x,y) —> (u,v), the fixed point (y 2 ,y) becomes (0,0). Evaluating the 


Jacobian matrix (6) of T at (0, 0) gives 





J(0,0)= ( 

y+l y+1 A 

. 1 -1 J 

0) 

with eigenvalues which are given by (8). 



□ 


This paper is organized as follows. In section 2 the KAM theorem is explained in some detail and Birkhoff normal 
form for map T is derived. By using the KAM theory stability of the unique equilibrium and existence of infinite number 
of periodic solution is proven except for a single value of the parameter a. Section 3 uses the invariant of the equation 
(2) in proving stability for all values of a. In section 4 by using symmetries it is shown that the map T is conjugate to its 
inverse through an involution. Then by using time reversal symmetry method some feasible periods and corresponding 
orbits of the map T are found. Finally in Section 5 we use the recent method of Gasull and al. [7] to find continua of 
p-periodic points lying on the level sets of the invariant /. The method is based on use of resultants and is implemented 
by Mathematica. The special attention is given to period-seven solution. 
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2 The KAM theory and Birkhoff normal form 

The KAM Theorem asserts that in any sufficiently small neighborhood of a non degenerate elliptic fixed point of a 
smooth area-preserving map there exists many invariant closed curves.We explain this theorem in some detail. Consider 
a smooth, area-preserving mapping (x, y) —t T(x,y) of the plane that has ( 0 , 0 ) as an elliptic fixed point. After a linear 
transformation one can put the map in the form 


z —> Xz + g(z, z ) 

where A is the eigenvalue of the elliptic fixed point, z = x + iy and z = x — iy are complex variables, and g vanishes 
with its derivative at z = 0. Assume that the eigenvalue A of the elliptic fixed point satisfies the non-resonance condition 
X k 7^ 1 for k = 1 ,,q, for some q > 4 . Then Birkhoff showed that there exist new, canonical complex coordinates (£, £) 
relative to which the mapping takes the normal form 

c -»• ACe iT(cc) + h( C, c) 

in a neighborhood of the elliptic fixed point, where r(££) = r i|C| 2 + - ■ - + Ts|C| 2s is a real polynomial, s = [(g — 2)/2], and h 
vanishes with its derivatives up to order q— 1 . The numbers n,... ,r s are called twist coefficients. Consider an invariant 
annulus e < |£| < 2 e in a neighborhood of the elliptic fixed point, for e a very small positive number. Note that under 
the neglect of the remainder h, the normal form approximation £ —» A£e lT ^^ leaves invariant all circles |£| 2 = const. 
The motion restricted to each of these circles is a rotation by some angle. Also note that if at least one of the twist 
coefficients r, is nonzero, the angle of rotation will vary from circle to circle. A radial line through the fixed point will 
undergo twisting under the mapping. The KAM theorem (Moser’s twist theorem) says that, under the addition of the 
remainder term, most of these invariant circles will survive as invariant closed curves under the full map. 

Theorem 1 Assuming that r(££) is not identically zero and t is sufficiently small, then the map T has a set of invariant 
closed curves of positive Lebesque measure close to the original invariant circles. Moreover the relative measure of the 
set of surviving invariant curves approaches full measure as t approaches 0. The surviving invariant closed curves are 
filled with dense irrational orbits. 

The KAM theorem requires that the elliptic fixed point be non-resonant and non degenerate. Note that for q = 4 
the non-resonance condition A fc 7 ^ 1 requires that A 7 ^ ±1 or A ^ ±i. The above normal form yields the approximation 

c -► + cic 2 c + o(ici 4 ) 

with ci = *Ati and ti being the first twist coefficient. We will call an elliptic fixed point non-degenerate if n 7 ^ 0. 

Consider a general map T that has a fixed point at the origin with complex eigenvalues A and A satisfying |A| = 1 
and Im( A) 7 ^ 0. By putting the linear part of such a map into Jordan Canonical form, we may assume T to have the 
following form near the origin 

T ( x A_f Re W fxffi fg 1 (x 1 ,x 2 )\ nm 

\X2 ) \Im(X) Re( A) J \x 2 ) \g 2 (xi,X2)J 

One can now switch to the complex coordinates z = x 1 + ix 2 to obtain the complex form of the system 

z y Xz T £ 2 oz 2 + £nzz + £o2Z 2 + £3oz 3 + £21 z 2 z + £12zz 2 + £03z 3 + 0 (|z| 4 ) 

The coefficient ci can be computed directly using the formula below derived by Wan in the context of Hopf bifurcation 
theory [19]. In [16] it is shown that when one uses area-preserving coordinate changes this formula by Wan yields the 
twist coefficient n that is used to verify the non-degeneracy condition necessary to apply the KAM theorem. We use 
the formula: 


where 


£ 2 o£ii(A + 2A - 3) |£n| 2 2 |£o2| 2 & nn 

Cl = (A 2 — A)(A — 1) + I3I+W3I +C21 (11) 

£20 = g {(51) X\X\ (91) X 2 X 2 + 2(92) x\X 2 + *[(Sa) X\X\ (52) X2X2 ‘ 2 ‘( 9 i)x\X 2 \\ 1 

61 = X\X\ + (pi) X2X2 + *[(02) X\X\ + (d^)x 2 X 2 ]} 5 

£02 = - {(91) X\X\ (pi) X2X2 2 (P 2 ) x\X 2 + * [(Pa) X\X\ (02) X2X2 ~\~ 2(^1 )cc 1 a? 2 ]} 1 

£21 = Yg \^{.9^)x\XfX\ + i^9^)x\X2X2 {,9 ^)x\x\X2 ^9^)x2X2X2 ^ [(^ 2 ) x\x\x\ ~\~ ( 9‘z)x\X2X2 (pi ^)x\x\X 2 (^ 1 ) 212 ^ 2 ^ 2 ]} * 
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Theorem 2 The elliptic fixed point (0,0), in the (u,v) coordinates, is non-degenerate for a yt ^ and non-resonant for 
a > 0 . 


Proof. 

Let F be the function defined by 


In a — 3 In y — In (ye u + e v ) 
u — v 


Then F has the unique elliptic fixed point (0, 0). The Jacobian matrix of F is given by 

f e"g e v 

J F (u, V) = { e“S+e’' e*y+ev 


v _L_ 

S+i g+l 

1 -1 


At (0,0), Jf(u,v) has the form 

Jo = Jf{ 0 , 0 ) = 

The eigenvalues of (14) are A and A where 

-1 - 2 y + iy/4y + 3 


A = 


2y + 2 


One can prove that 


|A|=1, 

X 2 = 2 y 2 -1 i(2y + l)^W+3 


2{y + iY 


2(y + lY 


3 _ y ((3 — 2y) y + 6 ) + 2 iy^/4y + 3 (3y + 2) 

2(27+ l) 3 2(y+l) 3 

^4 _ 2 y (y ((y - 4) y - 8) - 4) - 1 _ i (2y + 1) y/4y + 3 (2 y 2 - l) 
■My • l ) 4 •->■:// f l ) 4 


from which follows that A fe Y 1 f° r k — 1, 2,3,4 and a > 0. 
Then we have that 

' u 


S _l 

S+l s+l 

1 -1 


U\ , (fi{S,u,v)\ 
v) \f2(5,u,v)J , 


where 


/i(<5, u,v)=- In (e u y + e v ) + + A— 

y + l y + l 

f 2 (S,u,v) =0. 


3 In y + In a 


The system (u„+i,v„+i) = F(u n ,v„) takes the form 


fu„+ 1\ _ ( y V +1 g + 1 \ fu n \ f fl(u„,V„)\ 

U+J a i -i JUJ Uk,+)J’ 

Let 

ft)= p (t) ■ 

where 

l ( i VW+5 \ 

P = 2g+2 2g+2 

Vd{ i o J 

and 

_L). 

V++3 / 

with 

jj _ sjJy + 3 

2j/ + 2 

Then the system (u„+i,v„+i) = F(u n ,Vn) becomes 



f '^n+l\ 
\Vn+1J 


— 2y — l VZy+3 

2y+2 2y+2 

VW+Z -2y-l 

2y+2 2y+2 



+ P~ 1 H 



( 12 ) 

(13) 

(14) 

(15) 

(16) 

(17) 

(18) 

(19) 


( 20 ) 
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where 


Let 


H 


fi{u,v ) 
h(u,v)) ' 


G 

The straightforward calculation yields 
gi(u,v) =0 


= = p -1 


vj \g 2 (u,v) 


P~ H P 


92 (u,v) = - 


1 / a \ y (u — 2Dv (y + 1)) 1 / " ^ (il+1) -4fc> 

: In ( — 1 - ^ + —— In ye 2 VD(s+i) + e Yd 

yD \ 


VD‘“\V 3 J 2D(y + lf 
By straightforward calculation we obtain that 

_y (2 y (V4 y + 3 + iy) + V#+ 3 - i) 


( 21 ) 


D(y+ 1)' 


£2o|w=u=0 — 
£ll|u=ij=0 

■ — 

^ 2 l | u =«=0 = 


8(j + l) J #(f+3) 

_ iy _ 

2(S+1)V° (4» + 3)’ 
iy (gg (g + V4y + 3) + + 3-1) 

8 (y + l)V^ (4y + 3) 

(£ - 1) y (2 iy + V4y + 3 + i) 

16 D (y + l ) 3 V4F+3 


( 22 ) 


Since 


t t _ iy 2 (2 y (a/4j/ + 3 + iy) + V 4 y + 3 - i) 
421411 _ 16D(y + l) 4 (# + 3) 

t 7— = _ f _ 

1 4D(y + l) 2 (4y + 3)’ 

4 ° 24 ° 2 16D (9 + l) 2 (4 y + 3) 

the simplification of the expression for ci yields 


(23) 


£ 2 o£n(A + 2A - 3) i$n| 2 2j£ 02 j 2 

(A 2 — A)(A — 1) 1-A A 2 -A ?21 

y (2 y - 1) (2 y + 2) (2 iy + ^J\y + 3 + i) 

8 (y + l) 2 (4y + 3) 2 


One can prove that 


n = —*Aci = — 


y ( 2 y - 1 ) 

2 (4y + 3) 2 ’ 


which implies that n/0 for a ^ ^ since y 2 (l + y) = a. 


□ 


The following result is a consequence of Moser’s twist map theorem [8, 15, 17, 18]. 

Theorem 3 Let T be a map (3) associated to the system (1), and ( x,y ) a non-degenerate elliptic fixed point. If a 7 ^ 4L 
then there exist periodic points with arbitrarily large period in every neighbourhood of ( x , y). In adition, ( x , y) is a stable 
fixed point. 


3 Invariant 

In this section we prove that the restriction a ^ is not necessary for stability of the equilibrium solution. 
The system (1) possesses the invariant given by 
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( a ) 


(b) 


Figure 1: Some orbits of the map T for (a) a = 0.5 and (b) a = 10.0 


I{x n ,y„) = x n + y„ + — + —. (25) 

%n Dn 

Indeed, it is easy to see that I is continuous and that I(x n +i,y n +i) = I(x n ,y n ). In this section we use the invariant I 
to find a Lyapunov function and prove stability of the equilibrium point for all values of parameter a > 0, see[ll, 12], 
The partial derivatives of the function I(x,y) are given with 


d£ - I 

dx x 2 y ’ 

<9/ _ . _ x_ 

dy y 2 ' 

The unique positive equilibrium of (1) satisfies that x = y 2 and y 3 (y + 1) 
critical point (x, y) of (25) satisfies the system 


(26) 


a. Equation (26) implies that any 


4 . 3 

y +y = a. 


Hance, (y 2 , y) of (1) is the unique positive solution of this system and (y 2 ,y) is critical point of the invariant (25). Thus 
the unique equilibrium (y 2 ,y) is critical point of the invariant (25). 


Lemma 3 The graph of the function I(x,y) associated with (25) is a simple closed curve in a neighborhood of the 
equilibrium point of (1). The equilibrium point {y 2 ,y) is stabile. 


Proof. The Hessian matrix assosiated with I(x,y) is 


H(x,y)= “ s ! 


with determinant 


For the equilibrium ( y 2 ,y ) we have 


dot ,:Uix in) -> 


d«(«(sts)) - is# - 4 ^ 4 + f)-e 4 , is!# 


% + 3 
y 4 


> o 


Thus, in view of Morse’s lema, [9], the level sets of the function I(x,y) are diffeomorphic to circles in the neighborhood 
of (x,y). In adition, the function 

V(x,y) = I(x, y) - I(x,y) 

is Lyapunov function, and so the equilibrium point ( x,y ) is stable, see [11]. □ 
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4 Symmetries 


In this section we will show that mat T is conjugate to its inverse map and use this conjugacy to find some feasible 
periods of T and corresponding periodic orbits. A transformation R of the plane is said to be a time reversal symmetry 
for T if 


R' 1 oToR = T~\ 

If the time reversal symmetry R is an involution, i.e. R 2 = I, where / is identity map then the time reversal symmetry 
condition is equivalent to 

Ro To R = T~\ 


and T can be written as the composition of two involutions T = I\ o I 0 where Io = R and I\ = T o R. Let us note here 
that if Jo = R is reversor then so is h = T o R. Also, the j th involution defined as Ij = T 3 o R is also a reversor. 

The invariant sets of the involution maps 


Sop = {(x,y)\I 0 ,i(x,y) = (x,y)} 


are one-dimensional sets called the symmetry lines of the map. When the sets S'o,i are known the search for periodic 
orbits can be reduced to one-dimensional root finding problem using the following result, see [2, 8] 


Theorem 4 If (x,y) E So,! then T n (x,y) = (x,y) if and only if 


f T n / 2 (x,y) £ So, i, for n even 
\ T (n±1)/2 (x,y) E Spa, for n odd. 



(a) 


(b) 


(c) 


Figure 2: a) The first fourteen iterations of symmetry line So of the map T for a = 0.02 (b) The first 
twelve iterations of symmetry line S\ of the map T for a = 0.02 (c) The periodic orbits of period 14 
(blue) and 17 (red) 


The inverse map of the map T is 

T _1 (3M/) = 

The involution R = ^ is reversor for T. Indeed, 

(RoTo R)( x , y) = (R o T ) = R 

Thus T = I\ o I 0 where Io(x, y) = R(x, y) and 


ay 


x(y+ 1)’ x(y+ 1) 


ay \ f ay a 

x(y+I) ,V J \x(y + 1)’ x(y + 1) 


The symmetry lines corresponding to Io and 7i are 

So = {(x,y) : x = y 2 }, Si = {(x,y) : ay = x 2 (y+ 1)}. 


T-\x,y). 
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Periodic orbits of different orders can be found at the intersection of the symmetry lines Sj, j = 1, 2,... associated 
to the j th involution. So if (x, y) £ Sj fl Sk then T-'~ k (x,y) = (x,y). The symmetry lines are also related to each other 
by the relation 

S 2j+ i = T j {Si), S 2j - i = I j {S i ), Mi,j. 

Now we start with the point (xo, \fxo) £ So in search for periodic orbits on the symmetry line So with even period 
n and impose that (x n / 2 , Vn/ 2 ) £ So, where 

{Xn/2, Vn/2) = T n/2 (x 0, ^Xo). 

This reduces to one-dimensional root finding for the equation x n / 2 = y„/ 2 , where the unknown is xo- 
Periodic orbits on So with odd period n are obtained by solving for xo the equation 

a V(n + l)/2 = *(n,+ l)/2(j/(n + l)/2 + 1): 

where 

(x (n+ 1 )/2, 2/(n+l)/2) = T ( " + 1 )/ 2 (x 0 , a/So)- 

For example, for a = 0.02 in Figure 2 we have an intersection between the symmetry lines So and £14 = T 7 (So), 
S 4 = T 2 (S 0 ) and Sis = T 9 {S 0 ), S 5 = T 2 (Si) and S 19 = T 9 (Si), and Su = T 5 (Si) and 525 = T 12 (S 1 ) of the map T. 
The intersection points of these lines correspond to the periodic orbits of period 14. 


5 Continua of periodic points for map T 


In this section we use resultants and technique from [7] for finding continua of p-periodic points lying on the level sets 
of the invariant I. 

Let 

T p {x,y) = (Tf(x,y),T£(x,y)). 

The idea is to find the values of h for which the system 


T i (x, y)=x 
I{x,y) = h 


(27) 


has continua of solutions. Let 

F(y,h) := Res (numerator (Tf(x,p) — x), numerator (I(x,y) — h)), (28) 

where Res denote the resultant of corresponding expressions. The values of h have to be such that F(y, h) vanishes 
identically. We need to collect the factors of the above resultant that only depend on h. Denote by D p (a, h) the product 
of these factors. We introduce the functions d p (a,h) as those factors of D p (a,h) that remain after removing from this 
polynomial all the factors that already appear in some Dk(a,h) where k is either 1 or a proper divisor of p. We call 
the conditions d p (a,h) = 0 the resultant p-periodicity conditions associated to the invariant I (RPC from now on), see 
[7]. The main fact is that the energy levels filled with periodic points must satisfy the RPC what gives us the necessary 
condition for periodic point because the resultant (28) can contain some spurious factors. We will prove in our examples 
that the RPC we obtain actually give continua of p-periodic points. 

Theorem 5 The RPC of the map T associated to the invariant I for p < 10 are given by d p (a, h) = 0, where: 

d 2 (a, h) = a 
d 3 (a, h) = 1 
di(a, h) = 1 + h 
ds(a,h) = a — h — 1 
do (a, h) = a — h 2 — 3h. — 2 
dr(a, h) = a 2 — ah — a — h 3 — 3 h 2 — 3h — 1 
dg(a, h) = 2a 2 — ah 2 — 5ah — 4a + h 2 + 2h + 1 
do(a, h) = —3 + 4a — 3a 2 + a 3 — I2h + 9 ah — 3a 2 h 
— 19 h 2 + 6ah' 2 — 15 h 3 + ah 3 — 6 h 4 — h° 
dio(a, h) = 1 + 5a — 5a 2 + a 3 + 5 h + 15 ah — 8 a 2 h + 10h 2 
+ 16ah 2 — 3a 2 h 2 + 10 h 3 + 7 ah 3 + 5h . 4 + ah 4 + h° 
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Proof. For p = 2 we obtain 


and 


numerator(Ti(x, y) — x) = —x 3 — x 2 y + ay 2 , 


Res(numerator(T 2 (x, y) — x), numerator (/ (x, y) — ft), x) = 

ay 3 (a 2 + 4 ay + Aahy + 4 ay 2 + 3ahy 2 — h 2 y 2 


h 3 y 2 + 2 ay 3 + 2 hy 3 + 2 h 2 y 3 — y 4 + ay 4 — hy 4 ). 


So there is no factor of resultant without dependence on the variable y that can be equal to zero since a > 0 so 
we can ensure there are no energy levels formed by continua of period-two points. We come to the same conclusion for 
p = 3, so we continue with p = 4 where we have 


numerator(T 4 (x, y) 


\ 7, 4 5 . 6 7 , r» 2 2 2 

— x) — —x + ax y — ax y — Ax y — x y + 2a x y 

3 3 , r» 2 3, 23, 223 33 .43 

ay + 2a xy + ax y + a x y — ax y — 4x y - 


, r, 32 r, 42 c 5 2 .62, 

+ 2ax y — lax y — bx y — Ax y + 

£. 5 3, 2 4 34 ,44 35 

6 x y + a xy — x y — Ax y —x y , 


and 

Res(numerator(T 4 (x, y) — x), numerator (/ (x, y) — ft), x) = a 3 (l + h) 2 y & { 1 + y) 

(a — 2 a 2 + a 3 + 2 ah — 2 a 2 h + ah 2 + 8 ay — A a 2 y + '20ahy — Aa 2 hy + 16ah 2 y + Aah 3 y + Say 2 — Aa 2 y 2 — hy 2 + 22 ahy 2 ~ 
ha 2 hy 2 — Ah 2 y 2 + 19 ah 2 y 2 — 6 h 3 y 2 + 5ah 3 y 2 — Ah 4 y 2 — h 5 y 2 + 2j 3 — A ay 3 + 2 a 2 y 3 + Shy 3 — 6ahy 3 + 12 h 2 y 3 — 2ah 2 y 3 + 

8 h 3 y 3 + 2 h 4 y 3 — y A — ay 1 + a 2 y A — Shy 4 — ahy 4 — 3ft 2 y 4 — h 3 y 4 ). 

The only factor independent of y is 1 + ft which gives di(a, ft.) = 1 + ft. In an analogous way we compute ds(a, ft) and 
de{a, ft). For p = 7 we consider the equation 

T 4 (x,y)=T~ 3 (x,y) 

so we obtain 

Res(numerator(T 4 (x, y) — T± 3 (x, y)), numerator (I (x, y) — h),x) = 

a 4 (— 1 — a + a 2 — 3ft — ah — 3ft 2 — h 3 ) 2 y 14 (1 + y) 3 (a + Aay + 4 ay 2 — hy 2 — ft 2 y 2 + 2 y 3 + 2 ft y 3 ), 

and di(a, ft) = —1 — a + a 2 — 3ft — ah — 3ft 2 — ft 3 . The computation of ds(a, h),dg(a, ft) and dio(a, ft) is analogous to the 
previous computation. □ 

Let us now determine the feasibility region 1Z of a map T, that is those pairs (a, ft) £ R 2 that satisfy the condition 

{I{x, y) = ft} n R 2 = {x 2 + ay — hxy + x 2 y + xy 2 = 0} n R 2 ^ 0. 

From the property of the invariant / in Lemma 3 we obtain that the equilibrium point (y 2 , y) is the absolute minimum 
of the invariant (25). Let us denote the value of I in the absolute minimum with 

hc(y) = I(y 2 ,y ) = y(2y + 3) 

and therefore the region 

1Z = {(a, ft), a > 0 and ft > h c (y) and a = y 3 (y + 1)} 
is a feasibility region for the map T. 

5.1 Analysis of the 7-periodic RPC 

In this section we will determine the number of the level curves associated to the 7-periodic RPC. We will use the 
following Lemma from [7], 

Lemma 4 Let 

Ga(h) = g n (a)h n + g n - 1 (a)h n ~ 1 + ... + gi(a)h + go(a), 

be a family of real polynomials depending also polynomially on a real parameter a. Set I a = ((p{a), +oo) where 4>[a) is a 
continuous function. Suppose that there exists an open interval A C R such that 

i) There exists oo £ A such that G ao {h) has exactly r > 0 simple roots in I ao - 

ii) For all a £ A, G a {4>(a)) ■ g n (a ) ^ 0. 

in) For all a £ A, A h(G a ) ^ 0, where A h(G a ) is disriminant of the polynomial G a (h). 

Then for all a £ A, G a (h) has exactly r > 0 simple roots in I a - 
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The disriminant A h{G a ) of the polynomial G a (h ) is given as 

A h {Ga) = (-1 —Res{G a {h),G' a {h),h). 

Let us now for the sake of the convenience rewrite d 7 (a,h ) as one-parametric family of polynomials in h depending on 
the parameter y where a = y 3 (1 + y): 

Gy{h) := d 7 (a, h) = g 3 {y)h 3 + g 2 {y)h 2 + gi(y)h + g 0 {y), 

where g 3 (y) = -1, g 2 (y) = -3, gi(y) = -3 - y 3 { 1 + y) and g 0 (y) = y 3 {y + 1) ( y 4 + y 3 -l) -1. Since (a, h) £ TZ if and 
only if h £ [ h c (y ), +oo) = [y(2y + 3), +oo) and a = y 3 ( 1 + y), we have to study the number of real roots of Gy{h ) = 0 in 
the feasibility region. Let us note that 

A h(Gy(h)) = y 9 (y + 1) 3 (27 y 4 + 27 y 3 + 4) > 0 , 

so hypotheses (iii) of the Lemma 4 is satisfied. 

Further, according to Lemma 4, since g 3 (y) 7 ^ 0, the number of real simple roots in Gy(h) is constant on any open 
interval where G a (h c (y)) 7 ^ 0. We have 

G g (y(2y + 3)) = (y + l) 5 (y 3 - 3 y 2 - Ay - l) , 

and it vanishes in yo « 4.04892, which is the only positive root of y 3 —3 y 2 — 4j/ — 1 = 0. Hence, the map T has a constant 
number of real roots in Iy = [h c (y),+o o) = [y(2y + 3),+ 00 ) for y in each of the intervals (0, yo) and ( 1 / 0 , 00 ). So we 
have to determine the number of roots of Gy in Iy = [y(2y + 3),+ 00 ) for the intervals (0, yo) and (j/ 0 ,+ 00 ). We can 
reduce the problem to study one concrete value of y in each of the intervals mentioned above. Let us consider the value 
y = 2 £ (0, yo). We can compute 

G 2 {h) = -h 3 - 3h 2 - 27 h + 551, 

and it is easy to see that G 2 (h) has no simple roots in Iy. By Lemma 4 we have that Gy(h) has no simple roots in 
Iy = [y(2y + 3), + 00 ) for y £ (0, yo), i.e. for a £ (0, yo{yo + 1))- Similarly, one can see that Gy(h) has one simple root in 
Iy = [y(2y + 3), + 00 ) for y £ (y 0 , + 00 ), i.e. a £ (yl{yo + 1), + 00 ). 

From the previous discussion we obtain the following theorem: 

Theorem 6 Consider the map T given by (3) with positive parameter a and value a 0 = yo(yo + 1) ~ 335.13213. The 
set of real 7-periodic points is empty set for a £ ( 0 ,ao) and it is given by smooth non-empty level sets I a (x,y) = h for 
the values of h satisfying d 7 (a,h) = 0 for a > a 0 , with d 7 given in Theorem 5 and it is formed by one closed curve 
diffeomorphic to S 1 . 
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Durrmeyer type ( p , g , )-Baskakov operators for 
functions of one and two variables 
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Abstract. In this paper, we construct a generalization of Durrmeyer type Baskakov 
operators based on the concept of (p, ^-integers and bivariate tensor product form. For 
the univariate case, we obtain the estimates of moments and central moments of these 
operators, establish a local approximation theorem, obtain the estimates on the rate of 
convergence and weighted approximation of those operators. For the bivariate case, we 
give the rate of convergence by using the weighted modulus of continuity, give some 
graphs and numerical examples to illustrate the convergent properties of these operators 
to certain functions. We also compare these operators D n p q with another forms. 

2000 Mathematics Subject Classification: 41A10, 41A25, 41A36. 

Key words and phrases: (p, (/(-integers, Baskakov operators, modulus of continuity, 
rate of convergence, bivariate tensor product. 


1 Introduction 

In recent years, (p, (/(-integers have been introduced to linear positive operators to 
construct new approximation processes. A sequence of (p, (/(-analogue of Bernstein opera¬ 
tors was first introduced by Mursaleen [1, 2], Besides, (p, (/(-analogues of Szasz-Mirakyan 
operators [3] , (p, (/(-Baskakov Kantorovich operators [4, 5], (p, (/(-Baskakov-Beta opera¬ 
tors [6] and Kantorovich-type Bernstein-Stancu-Schurer operators [7] were also considered. 
For further developments, one can also refer to [8, 9, 28]. These operators are double pa¬ 
rameters corresponding to p and q versus single parameter (/-type operators [11, 12, 13]. 
The aim of these generalizations is to provide appropriate and powerful tools to these 
application areas such as numerical analysis, CAGD and solutions of differential equations 
(see, e. g., [14]). 

* Corresponding author. 
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In 2010, Aral and Gupta [15], Gupta [16] introduced certain Durrmeyer type q- 
Baskakov operators and got some important approximation properties, motivated by them, 
in 2012, Cai and Zeng [17] introduced a new modification of Durrmeyer type one. Re¬ 
cently, Acar et al. [18] introduced a generalization of Durrmeyer type (p, g)-Baskakov 
operators which having Baskakov and Szasz basis functions defined by 


DM/ , N r 1 ^ l([n\p,qt) Ep !q (-q[n\ P} qt) fp k+n 1 \ 

B n(f\ x ) = [ n ]p,q^ b n,k(P,r,x)Jv p 2 - — ----/ ^ gfc _i tj d P; gt, (1) 


where 


b n ,k{p,q',x) 


n + k — 1 
k 


j . n(n-l) k(k-l) 

p ^ 2 q 2 


p,q 


x 


k 


(! + *) 


n+k ’ 
P,Q 


( 2 ) 


From [5], we know J2T=o bn,k{Pi ( P x) = 1. In 2016, Mishra and Pandey [19] introduced the 
Stancu type base on operators (1). 

Inspired by these results, in this paper, we introduce a generalization of Durrmeyer 
type (p. r/)-Baskakov operators D ntPtq (f;x) as 


00 __ POO 

D n,p,q{f ; x) = [n- 1 ]p, q V b H}k (p, q; p(x)) / b H)k (p, q-,pu)f(p k u)d p>q u , 

fc=0 Jo 

where p(x) = pn ~ 2(p2q ^ ]p ’ qX ' l) , 
b n ,k{p,q;x) = 


(3) 


x e 


p2g[n- 2 k, , 00 ), 0<q<P< 1 and 


n + k — 1 
k 


n(n-l) + (k + l)(k+2) fc 2 -1 X 

p 4 q 2 - 


P.9 


(! + *) 


n+/c ’ 


(4) 


The paper is organized as follows: In section 2, we give some basic definitions regard¬ 
ing (p, g)-integers and (p. < 7 )-calculus. In section 3, we estimate the moments and central 
moments of these operators (3). In section 4, we establish a local approximation theorem, 
obtain the estimates on the rate of convergence and weighted approximation. In section 
5, we give some graphs and numerical examples to illustrate the convergent properties for 
one variable functions. In section 6-7, we propose the bivariate case, give the rate of con¬ 
vergence by using the weighted modulus of continuity and give some graphs and numerical 
analysis for two variables functions. In the last section, we compare the operators D n ^ Ptq 
with D np q , and show the former operators give better approximation to / than the latter 
ones by graphs. 


2 Some notations 


We mention some definitions based on (p. g)-integers, details can be found in [20, 21, 
22, 23, 24], For any fixed real number 0 < q < p < 1 and each nonnegative integer k, we 
denote (p. (^-integers by [fc] P)9 , where 


[^]p,9 — 


k k 
p — q 

p-q 
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Also ( p , q^-factorial and (p, c/)-binomial coefficients are defined as follows: 

[k\p ,<?! = 

l 

[n]p ’ ql „ (n> k > 0). 


1, k = 0, 


n 

k 


J p,q 


k]p } q\ 


Let n be a non-negative integer, the ( p , g)-Gamma function is defined as 

r p , g (n + 1) - ^ - [n]p, q \, 

where (p - q) pq = (p — q){p 2 — q 2 )--.{p n - q n ). 

For m, n € N, the (p, g)-Beta function of second kind is given by 

t r 


B p , q (m, n) = 

Jo 


, drtnt. 


(i + P t)zr p,q 

where the (p, q )-power basis is given by 

(1 + pt)™+ n = (1 +pt)(p + pqt)(p 2 + pq 2 t)...{p m+n ~ l + pq m+n -H). 
The relationship by the (p. g)-Beta and Gamma functions is shown as follows 

qT Pt q(m)T Pt q(n) 


B Pt q(m,n ) = 


( p m+i q m-iyn/2 Y p q (m + n) ’ 


if p = 1, q —> 1 , it reduces to the classic type B(m, n ) = 

The improper (p, g)-integral of f(x) on [0,oo) is defined to be 


f(x)dp tq x = Y 


pJ 


qJ±1 f(x)dp, q x = (p-q) Y ZJ+if 

j = — OO J pj' + l j = — OO 


d +1 


p- 


When p = 1, all the definitions of (p. g)-calculus above are reduced to g-calculus. 


3 Auxiliary results 

Lemma 3.1. For x e [0, oo) and sufficiently large n, the following equalities hold 


Bn,p,qif-i %) — 1 , 
Dn,p,q{t'iX) — T 


Bn,p,q(f , x') — 


[n - 2} P) q[n + l] P} q 2 (; p 2 + q 2 ) 


X + 


-x — 


2 p 


n —2 


q 2 [n — 3] Pt q[n] Pi q p 3 q 3 [n - 3] M q 3 [n - 3] P)g [n] M ‘ 

rJl —4 ^ 


+ 


P 


q^\n 2]pq[?T ^]p,<7 [y]p,<7 p 3 q^[n 2]p^[?r 3]^^ 


(5) 

( 6 ) 

(7) 
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Dn,p,q(t j x) 

[n + l] p q[n + 2 ] pq [n — 2 ] 2 q 3 

-x + 


([5] p,q + i^lp^Po) P n 2 [2]p,g[ n + l]p,q[ n + 2] p , 


p,q 2 

X 


+ 


+ 


n 3\p : q[n 4 ]p,g[n]p )9 p 4 Q‘[ n ]p,q[ n ^}p,q[ n ^\p,q 

{[5\p,qQ 2 + [2 ]p, q PQ 4 ~ 3 p") [n + l]p,(j[ra + 2] P) q[n — 2] Pi9 2 q 5 + 3p 3 q 2 — p 5 

-x + 




pV[n - 3] p , g [n - 4] P)9 


x 


p n 6 (2p 4 + 2<j 4 + 4pg 3 + p 3 g) 

9 8 Mp,g[ n - 3]p, g [n - 4] P)5 ~ 9 8 H M [n-3] M [n-4] M 


3p 2n - 4 [2] 


-x — 


[ 2] 2 


P-9 


P" 8 (t 5 ]p,9 + [2]p, qPQ 2 ) 


p 7 q 7 [n - 2 ] P:q [n - 3 \ p>q [n - 4] P)(? q 9 [n] p , q [n - 2] Pi? [n - 3] P)9 [ra - 4] Pj9 

_ p 2n+3 [2] Pi g _ 

p 9 g 9 [n] Pi9 [n — 2] P) g[n — 3] Pj(? [n — 4] P;(? 


n / ,4 \ [ n + Ijp.gbr + 2] p , 9 [ra + 3] Pi9 [n 2] 3 4 

Ai,p, 9 (* ;®) = yP\ -^—f- t,— r -=1 — fl 3 ~' x +0 

q [n ~ 3 }p t q[n - 4] Pi9 [n - 5] Pi Jn] 3 g 


Mp,<? 


0(x) 


( 8 ) 

(9) 


where 4>{x) is depend on x. 
Proof. Since 


/ o (1 +pu)$+ k 


d p ^ q U — Bp.q (k “I - 1, n 1) — 


qT p ,q(k + l)T p ,q(n - 1) 


fc+i 


(p k+2 q k ) 2 r Pi g(n + fc) 

Q[k\ p ,q\\n — 2] P)g ! 


(fc+l)(fc+2) fc(fc+l) ,' 

p 2 q 2 [n + k — lj p , g ! 


we have 


00 __ POO 

D n ,p, q ( l;x) = [n — l] Pi g b n fi(p, q; p(x)) / b n , k (p, q-,pu)d P)q u 

i —n ^ 0 


k= 0 
oo 


= in — 


ik,E^ ( p.« ; ^w ) ra ^|Aiw p 

P k q[k]p,q\[n - 2} P) ql 


\n+k— lL 0 ! n(n-l) + (fc + l)(fc+2) fc 2 -l 

»-» 4 q 2 


' (fc + l)(fc + 2) fc(fc+l) 

P 2 q 2 [n + k- 1J p ,g! 


X! b n,k(P,q'iP( x )) = 1- 


k =0 


Similarly, we get 




. dr. nil — 


<?[£; + l]p, g ![n - 3] p ,g! 


to (1 +p U y+q k p ' q (J^±v , 


P 2 q 2 [n + k - l] Pj9 ! 


thus, 


00 __ /*oo 

D n ,p, q (t;x) = [n - l\ p , q y^b n ,k(p,q\p{x)) / b 71 )k (p, q-,pu)p k ud Ptq i 

k =o • /o 
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\ ' . , .. [n + k — 1] M ! n(n~ 1 ) + (fc + l)(fc+ 2 ) fc 2 -1 

, rri _l1 | P 4 9 2 


fc=o 
J2k 


p 2k q[k + l] p> g![n — 3] p>g ! 

' (fc+2)(fc+3J (fc+l)(fc+2) 

p 2 q 2 |n +K — lj Pt9 ! 


X] b n,k(p,q;p(x)) 


p 2k q[k + l] p , g p ' '' 4 


(n —l) + (fc + l)(fc + 2) fc 2 -l 


9 


fc =0 


(fc+2)(fc+3) (fc+l)(fc+21 

p 2 g 2 [n — 2J Pi 


P-9 


Since [fc + l] Pi9 = g A: + p[fc] Pi<? , by simple computations, we have 


Dn,p,q[t'i x) — 


p n g 2 [n — 2] 
1 


E 


™ k =o L 

oo 


n + k 
k 


p k+ 2 q ' 2 (fj,(x)) h 


i(n+l) k(k — 1) 




(1 + p ( x))£+ fe+1 


+- 


F 




+ 


= X. 


Next, 


r °o ^fc +2 


N P , g /^(x) 

p n g 2 [n - 2] Pi g ' p 2 g[n — 2] Pj(? 

g[fc + 2] Pi9 ![n - 4] P)9 ! 


. dr) nil — 


we get 


L n -L ™A n + k P,g (fe+3)(fc+4) (fc+2)(fc+3) ’ 

Jo (1 + pu)p yq p 2 q 2 [n + k — 1] P)9 ! 

Dn,p,q(t j X) 

00 ___ POO 

[n - i] p , g X K,k(p, g; M x )) / b n ,k{p,q;pu)p 2k u 2 dp, q u 
k =0 
oo 

[ n - 


k=0 


n + k — 1 
k 


n(n-l) + (fc + l)(fc+2) fc 2 -l 
p 4 g 2 


J P,9 


/■oo 3k k+2 
/ ^ dpqU 

io (l+pu)%+q k P,Q 


n + k — 1 
k 


l n - 1 \p,q'52 b n,k(P,W( x )) 

k =0 

P 3fc <?[fc + 2] Pi g![n - 4] p , g ! 

X (fc+3)(fc+4) (fc+2)(fe+3) 

p 2 <7 2 [n +«— l| Pi9 ! 


n(n-l) + (fc + l)(fc+2) fc 2 -l 

p 4 g 2 


J p,q 


E 

fc=0 L 


n + k — 1 
k 


p,q 


(M*)) fc p ’ t( "- 1)+( 2 fc+1)(fc+ % 3 fcgfc 2 [fc + 1]p# + 2U 

(l + p(x)) n p + k [n - 2] p > - 3] Pi , 


( 10 ) 


Using [k + l] Pi9 = q k + p[fc] P)9 and some computations, we obtain 

[fc + l] Pj(? [fc + 2] Pi? = [2] Pj<? g 2fc +p[2] Pi? g fe_1 [fc] M + P 4 [k] p , q [k - 1] P)5 . 


( 11 ) 
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Since 


£ 

k =0 


n + k — 1 
k 


[Tl]p,q[n + 1 ]p,gX 


P,Q 

2 


(M*))* / ( "- 1)+( ' +1Kfc+2) ^^ - 1] M 

(1 + M*))&* [n-2] M [n-3] M 


E 


P 2 V[n - 2 } M [n - 3 ] p , q L 

[ re ]p,g[ ra + 1 ]p,q {p( x )Y 

p 2n q Q [n - 2 ] p , q [n - 3] P;(? ’ 


P 

n + k + 1 
k 


p,q 


(M«0) 

(l + /x(x))P; 


n+fc+2^ 
P,<? 


,fc+ 


(n+l)(n+2) k(k — 1) 


( 12 ) 


and 


£ 

/c=0 


n + A; — 1 
k 

[n\p,qt*(x) 


fc n(ra-l) + (fc + l)(fc + 2) , 2 

(//(x)) p 2 


g fe_ 1 [A] 


p><? 


p,i 


(l + M (x))£+ fc M± 4 ) M± 3 ) [n- 2 ] p >- 3 ] M 


E 


P n+ V[™ - 2 ] p ,Jn - 3] Pi5 L 

_ Np, g //(a) _ 

p n + 4 g 5 [n - 2 ] p , g [n - 3 ] M ’ 


n + k 
k 


(p(x)) k 


J p>g 


(i + /x(x))5J 


n+fc+1 


P 


k+ 


n(n+1) k(k — 1) 


(13) 


and 


£ 

fc=o L 


n + k — 1 
k 


k rt(rt-l) + (fc + l)(fc+2) , , 2 

(/x(x)) P 2 p d ' C g' C 


[2]p,g9' 


2fe 


J p,g 


(i+Mx))^+ fc ; t+ 3ry t + T + 3 ) [n-%,^-%. 


[ 2 ] 


p,q 


p 5 q 3 [n - 2} p , q [n - 3] p , q ^ 


E <?; M®)) 


[ 2 ] 


p,q 


p 5 q 3 [n - 2] Pi g[n - 3] p , g ’ 

combining (10), (11), (12), (13) and (14), we have 


(14) 


Dn,p,q (t J x) 

[ n ]p,g[ n d" l]p,g (M x )) 


+ 


[ 2 }l,q[ n \p,qP-( X ) 


+ 


[2 ]p, 


P,9 


P 2 n g 6 [n - 2] P)q [n - 3 ] m p n+3 q 5 [n - 2} M [n - 3] Pi9 p 5 q 3 [n - 2] p>q [n - 3 ] M 

r.n—2 


[ n -2]p, g [n + l]p,? 2 , (p 2 + 9 2 ) 


-x — 


2p" 


+- 


g 2 [n - 3]p, g [n] p ,g 4 > 3 9 3 [n - 3] Pi9 q 3 [n - 3} p , q [n\ p , q 

,n— 4 ^ 


P 


\jl p^Q^\jl 2]p ? q,[?7- 

Using the same methods, we have 
Dn,p,q(t 5 «e) 

00 __ /*oo 

= [n- l]p, g y~]fera,fe(P,g;M(^)) / b n ,k{p, <?; Pu)p 3 k U 3 d P) qU 


k =0 
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£ 

k =0 L 


n + k — 1 
k 




n-\-k 


J VA 


(l + Ai(*))SJ 


n(n —l)+2fc —18 —7fc —12 [/c -|- H“ 2]p ? g[/t H“ 3]p^g 

2]p ? qf[71 3]p ? g[Yi 4]p ? g 


since 


[k + l]p,g[fc + 2]p, q [k + 3] M 

P 9 [ k ]pA k - l V<A k ~ 2 }p,q+P 4 q k ~ 2 ([%,9 + [2 }l, q pq) [ k ]p,q[ k - !] 

+P ( T [2]p,g ([5]p,q + [2] Pj gPg) [fc]p, 9 + q^ [2]p,g[3]p, g , 


P.9 


by some computations, we have 

D n ,p,q(t J x) 

_ Wp,lj[ n + l]p,(?[ n “1 2] P) g (h(x)) 


+ 


JP.9 


+ [2 ? P , q pq) [n] P.9 [«+!]?,9 (M®))" 


p 3n g 12 [n - 2] P) Jn - 3] Pig [n - 4\ p>q p 2n+4 q u [n - 2 ) pA [n - 3] Pi9 [n - 4] Pi? 


+ 


[2]p,g ([5] P.9 + [2]p, 9 P«) [n] P ,9/i(*) 


+ 


[2]p,g[3]p,g 


p n+7 g 9 [ra _ 2] P) g[n - 3]p i9 [n - 4] m p 9 q 6 [n - 2] Pi Jn - 3] p , g [n - 4] Pi9 


[n + l]p, 9 [n + 2]p,Jn - 2] 2 


p ’ q x 3 + 


([5] P.9 “I" [2 ]p,qpq) p n 2 [2]p> + 1 \p,q[n + 2]p t 


P.9 2 
X 


+ 


+ 


[ n 3 \ P ,q[n 4:] Pi g[n] 2 ig P 4 q‘[ n \p,q[ n 3] P)9 [n 4 ] Ptq 

([^]p, 9 ^ 2 3" [2] P ,qM 3 — 3p J ) [n + 1 ]p,<j[ti + 2]p )(J [n — 2] Pi9 2 g 5 + 3p 3 q 2 — p 5 

-x + 


PVMp.qh- 3] p , 9 [n-4] Pi g 


p 7 f/ 7 [n - 3]p, g [n - 4] p , 


-x 


P.9 


3p 2n " 4 [2] 


P.9 


9 8 Np,J^-3]p,q[n-4] p ,g 


x — 


[2]p, 


P.9 


j/ 1 ' 6 (2p 4 + 2g 4 + 4pg 3 + p 3 g) 

O'® [77.]p 9 [77, 3] P) g[?T 4]p j( jr 

P 71 ~ 8 (t 5 ]p,9 + [2]p,9M 2 ) 


+ 


p^q"\n 2] P) g[?r 3] Pi g[?7 4] Pi g q 9 ['n]p ,9 [u 2]p jP [?7. 3] p ,g[?T 4] Pi g 

P 2 ” +3 [2]p,g 


P 9 Q 9 [n\l, q [n - 2} Pt q[n - 3 } P: q[n - 4] p , q ' 


Finally, 


Dn,p,q(t 5 *^) 

00 __ poo 

[n - 1 ]p, g V 6„,fc(p, g; /x(x)) / b ntk {p, q; pu)p Ak u A d 
r - ^ lo 


k=0 

n + k — 1 
k 

(i + ,.W)7f ’ 


£ 

fc=o L 


J P.9 


n(n-l)+2fc-28 fc 2 -9k-20 [k + l]p,g[& + 2]p } g[fc + 3]p ? g[fc + 4]p 5 g 

2]p 5 g-[?7/ 3]p ? g[77- 4]p 5 gr[7T- 5]p 5 g 


since 


[k + l]p,g[fc + 2] p ^q[k + 3] p ^ q [k + 4 \ p , q 
= P 16 Mp, g [fc - l]p,# - 2 ]p,q[ k ~ 3]p l9 + ([7]p, g + pg[5] Pi g + [2] 2 pq p 2 q 2 ) p 9 q k ~ 3 [k\ P:q 
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x[k 2] Pi ,j + p q ([5]p,g + [2 ] Ptq pq) ([6] p ,<j + p q [2 \ P ,q) [k] P , q [k l] p , 

4-pq 3 3 [2] P) g ([5] P) g + [2] Pt q[5\ P: qpq + p 3 q 3 [3i\ P , q ) [k\ P} g + q [2]p,g[3] P;9 [4] 


P-9 


: -lp,<?! 


we have 


Dn,p,q (t • x) 

_ [ n ]p,<?[ n + l] P ,g[n + 2 ]p,q[n + 3] Pi g _ f/yfrlY 4 

p 4n q 20 [n - 2 ] p , q [n - 3] p , g [n - 4] p ,g[ra - 5] P)9 

([7] p ,q + Pq[§\p,q + [2 ]p,qP 2 q~) [ ra ]p,g[ n + l] p , g [n + 2] Pj g 


p 3n + 5 q 19 [n - 2 ] p>q [n - 3] p ,Jn - 4] P)(? [n - 5] Pi<? 
([^]p:9 + [2]p,gP9) ([6] p,q + P 2 q 2 [2]p, g ) 


(p(xf) 


p 2n+9 q 17 [n - 2] Pj g[n - 3] p , g [n - 4] p>g [n - 5] Pi9 
[2 \p,q ([5] P) g + [2]p t q[5\p,qpq + p 3 q 3 [3] p ,q) [n]p,q 
p n+12 q u [ n - 2 ] Pj q[n - i]p,q[n - 4 ) Piq [n - 5] p>g 

[2] P ,qr [3] p ,g [4] p ,g, _ 

p 14 g 10 [ra - 2] P; g[n - 3] Pi9 [n - 4] Pi? [n - 5] Pi9 

n + l]p,g[7i + 2] Pj q[n + 3] P)IJ [n — 2] 3 q 4 

x + O 


(p(x) 2 ) 

p(x) 


q 12 [n - 3] Pi(J [n - 4] Pi ,[n - 5] p ,Jn] 3 q 
Lemma 3.1 is proved. 

Lemma 3.2. For sufficiently large n, we have 

Dn,p,q(t X , x) — 0, 

Dn,p,q((t x) , x) 


[ n ]p,q 


4>(x) 


□ 


(15) 


p n x 2 p n 3 x 2 

4— -1- 


3 /^>2 


+ 


(p 2 + g 2 ) x 


2p n 2 x 


g[n ] P ,9 g[n-3] Pi9 q 2 [n - 3] P)9 [n] P;(? p 3 g 3 [n-3] Pi q g 3 [n - 3] p ,Jn] Pi<? 


„n— 4 


+ 


= o 


qffii - 2] P)9 [n - 3] Pi9 [n] Pi9 p 3 g 4 [n - 2] Pj(? [n - 3] p , g 


— B n ,p,q{x) 


(hL) (x2+i+i) ’ 

D n ,p,q((t - x) 4 ; x) = O ( pj—) (x 4 + x 3 + X 2 + X + l) . 

V l n \p,q ) 

Proof. (15) is obtained by (5) and (6). Since 

[n-2] P) g[n + l] Pt g _ (j p n ~ 3 + g\n - 3] p , g ) ( p n + g[n] p>q ) 
q~[n — 3] Pi g[n] Pi g 

using lemma 3.1, we have 

Dn,p,q((t %) 5 *^) 


(16) 

(17) 

(18) 


q 2 [n - 3] Pi g[n] P) g 

i rrfn — 3 


2n —3 


= i + 


q[n\ 


+ 


+ 


q[n - 3] P; q q 2 [n - 3 ] p , q [n] p>q '' 
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— Dn,p,q 

— D n pq 


(t 2 ; x) - 2xM„ )P)9 (t; x) + x 2 
(t 2 ; x) — X 2 


\p> 2] P)? [n + 1 ]p t q 


\_ q^\n 3]p 5 qr[7l]p 5 g 

n —4 
U 

+ 


- 1 


2 (. P 2 + Q 2 ) 

np i _____ rp _ 

*Aj | q or ^ 


2 P 


.n —2 


p 3 q 3 [n- 3] p , g g 3 [n - 3] p , g [n] Pi , 


-x 


F 


1 


g 4 [n - 2] p ,Jn - 3] Pi9 [n] Pi9 p 3 q 4 [n - 2 ] Pj? [ra - 3] p , g 

p2n~ 3 x 


77 2 

p X p'" ”X 

H— -b 

r ^.7 


,n—3^,2 ^,2n—3^,2 ^2 _|_ ^2j ^ 


+ 


2p" 2 x 


g[n] p , g g[n - 3] p , g q 2 [n - 3] P)9 [n] P;(? p 3 q 3 [n - 3] Pi9 q 3 [n - 3] P;(? [n] Pj9 

n-4 i 

-I-'-. 

q 4 [n - 2] P;9 [n - 3] Pi9 [n] Pi9 p 3 <? 4 [n - 2] Pj? [ra - 3] p , g 

Similarly, by some computations, we can obtain (18). 


□ 


Lemma 3.3. (See theorem 2.1 of [25]). For 0 < q n < Pn < 1, set q n := \—a n , p n := l—j3 n 
such that 0 ^ (3 n < ot n < 1, cx n —^ 0, (3 n —y 0 as n —y oo. The following statements are 
true 


(A) If lim e n ^ n = 1 and e n/3n /n —> 0, then [n] v q —> oo. 

n —»oo * 

(B) If lim e n (^~ a ") < i an d e n ^ n (a n — j3 n ) —> 0, then [n] p q —> oo. 

n —>oo y 

(C) If lim . e n (hn-a„) < ^ li m e n iPn-a n ) = \ an d max{e n/3 ™/ri, e n ^ n (a n — /3 n )} 

n—>oo 

0, then [n] Pni9 „ -b oo. 


4 Approximation properties 

In this section, we establish a local approximation theorem. We give the following 
definitions at first, the space of all real valued continuous bounded functions / defined 
on the interval [0, oo) is denoted by Cb[ 0, oo). The norm on Cb[0, oo) is defined by 
||/|| = sup{|/(x)| : x G [0, oo)}. The Peetre’s A'-functional is given by 

k 2 (/;<*) = inf {||/-s|| + £11/11}, (19) 

g&W 2 

where 6 > 0, W 2 = {g € Cb[0, oo) : g',g" G Cb [0, oo)}. For / 6 (7s[0, oo), the second 
order modulus of smoothness is defined as 

W 2 (f;VS)= sup sup |/(x + 2h) - 2/(x + h) + /(x)|. (20) 

0 <h<5 a?E[ 0 ,oo) 

By [27], there exists a constant C > 0, such that 

K2(f;5)<Coj 2 (f;V5). (21) 

In order to obtain the convergence of operators defined in (3), in the sequel, let p = {p n } 
and q = {q n } be sequences satisfying p™ —> l(n —> oo) and the conditions of lemma 3.3 
(A), (B) or (C). 


489 


Qing-Bo Cai et al 481-501 



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 27, NO.3, 2019, COPYRIGHT 2019 EUDOXUS PRESS, LLC 


Theorem 4.1. For f £ Cb[0,oo) and n > 6, we have 


I D n ,p, q (f'i x ) “ f( x ) I ^ Cu >2 ^/; \J B n!P<q {x)/2j , 


where C is a positive constant, B n ^ tq {x) is defined in (16). 

Proof. Let g £ W 2 , by Taylor’s expansion, we have 

g(t) = g(x) + g'(x)(t - x) + f {t- u)g"{u)du , 

J X 

applying D n , P , q to (23), using (15), we get 

D n #, q {g\ x ) - g(x) = D n ^ q (^ J (t - u)g”(u)du ; x^j . 

Thus, we have, 


I Dn,p,q(g;x) -g(x)\ = 


D n ^p^q (/ ^ _ u)g"(u)du;x 


fi: D n p q 


|t - u\\g"(u)\du 
,//ii 




< ((i - x) 2 -x) \\g‘ 

= ^n,p,g(3l )|\g ||- 


( 22 ) 


(23) 


(24) 


On the other hand, by (3) and (5), we have 

00 ___ /*oo 

D n , p , q (f;x) = [n-l\ p , q ^2b n , k (p,q;x) / b n}k {p,q;pu)\f(p k u)\d Ptq u<\\f\\. (25) 


k =0 


Now (24) and (25) imply 


\D n ,p,q(f-,x) — f(x)\ < \D n>p , q (f -g;x) - (f -g){x )| + | D n>p , q (g;x) - g{x)\ 

< 2||/-s|| + B n ^ q (x)\\g"\\, 

from (19), taking infimum on the right hand side over all g £ W 2 , we obtain 
\D n> p >q (f;x)-f(x)\ < 2K 2 (f;B n>Ptq (x)/2). 

Finally, using (21), we get 

\D n ,p, q {f\ x) - f(x) | < Cuj 2 ^/; ^ B n , p<q {x)/2 S j . 

Theorem 4.1 is proved. □ 
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Let . 63.2 [0,oo) be the set of all functions / defined on [0,oo) satisfying the condition 
|/(x)| < Mf( 1 + x 2 ), where Mf is the constant depending only on /. We denote the 
subspace of all continuous functions belonging to oo) by C x 2[0, oo). Let C^f/oo) 

be the subspace of all functions / £ C x 2 [0,oo), for which linx r _ 5 . 0O is finite. The norm 
on C* 2 [ 0 ,oo) is 


sup 

i£[0,oo) 


1/001 

1 + X 2 ' 


We denote the usual modulus of continuity of / on the closed interval [0, a] (a > 0) by 


u a (f;5)= sup sup |/(t)-/(x)|. 

\t—x\<5 x,t€.[0,a] 

Obviously, for a function / £ C x 2[0, oo), the modulus of continuity cv a (f, 5) tends to zero. 

Theorem 4.2. Let f £ C x 2[0,oo), u a +i(f',5) be the modulus of continuity on the finite 

interval [0, a + 1] C [0, oo), where a > 0. Then for n > 6, we have 

| \D n ,p,q(f) — f\ | C x 2 [0,a] ^ 4:Mf(l + a )i?n,p,<j(a) + 2cv a +l (f', \JB n ,p,q{o,)^j , 

where B ntPjq (a) is defined in (16). 

Proof. For x £ [0, a] and t > a + 1, we have 

|/(0 - /(x) | < Mf (2 + x 2 + t 2 ) < Mf (2 + 3x 2 + 2 (t - x) 2 ) . 

Since t — x>t — a> 1, then (t — x ) 2 > 1. Thus 2 + 3x 2 + 2 (t — x) 2 < (2 + 3 x 2 )(t — x) 2 + 

2 (t — x) 2 = (4 + 3x 2 )(f — x) 2 < (4 + 3 a 2 )(t — x) 2 < 4(1 + a 2 )(t — x) 2 . Thus, we obtain 

1/(0 - f(x)\ < 4M/(1 + a 2 )(f - x) 2 . (26) 

For x £ [0, a] and t < a + 1, we have 

1/(0 - f(x)\ < w a +i (/;\t - x\) < ^1 + ^ w a+ i(/; (5), (6 > 0) (27) 

From (26) and (27), we get 

1/(0 - /OO I < 4M/(1 + a 2 )(t - x) 2 + ^1 + ^ Wo+i(/; <J). (28) 

For x £ [0, a] and f > 0, by Schwarz’s inequality and lemma 3.2, we have 


I D n!Pjq (f;x) - f(x )| 

< Ai, P ,g(|/(0 - f(x)\',x) 

< 4M/(1 + a 2 )D n , M {(t — x) 2 ;x) + cv a +i(/;<0 ^1 + D n ^ q ((t - x) 2 ;x)^ 

< 4M/(1 + a 2 )B n>Ptq (x) + Wa+ i(/; <5) ^1 + . 

By taking 5 = y/B n ^ Ptq (x), we get the assertion of theorem 4.2. □ 


491 


Qing-Bo Cai et al 481-501 



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 27, NO.3, 2019, COPYRIGHT 2019 EUDOXUS PRESS, LLC 


Now we discuss the weighted approximation theorem. 

Theorem 4.3. For f £ C* 2 [0, oo) and n > 6, we have 

lirn ||A*,*>„,<?„(/) - /IUa = 0. (29) 

71 —>• OO 

Proof. By using the Korovkin theorem, we see that it is sufficient to verify the following 
three conditions 


lirn \\D np qn (f;x) - x l \\ x 2 =0, i = 0,1, 2. (30) 

n —S'-oo 

Since D n ^ Pnjqn (1; x) = 1 and D nq)nqn (t; x) = x, equality (30) holds true for i = 0 and i = 1. 
Finally, for i = 2, from lemma 3.2, we have 


Dn,p„,q n \t i x ) x | lx 2 

D n,p n ,q n (t 2 ]x) -X 2 


sup 

zG[0,oo) 


1 + X 2 


< 


+ 

+ 


Pn Pn 3 + P^f 3 \ su 

9n[7i]p n ,q n — 3]p ni g n Qn\ n ~ 3]p n ,q n [ n ]pn,qn J xe[0,oo) 

( Pn + ti | 2 K~ 2 \ gup g 

Tn9 3 [ n — 3 ]p n ,<2„ — 3]p n , 9n [n]p ni g n / xe[0,oo) 

K“ 4 , 1 


1 + X 2 


lfi[ n e ^]pn,qn[ ri 3]p n ,q n [ n ]pn,q n PnQn [ n 2}p n ,q n [n ^\pn,qn ) xe[ 0,oo) 

„ o o „ o o _ „ o 


< Pn , Pl + Ql+PnQl , Pn” 3 gn + 2K 2 | _1_ 

Qn\p\ Pn ,q n Pn.qn[ n ~ 3\p n ,q n Qn[ n ~ 3\p n ,q n [n\p n ,q n PnQn [ n ~ ‘Apn.qn [ n ~ 3]p nj g n 
„n—4 

_|_£ai_ 

9n[ n — ^]pn,gn [ n — 3 ]p n ,q n [n]p„,q n 

We can obtain lim^oo \\D n}Pn} q n (t 2 ; x) — x 2 \ | = 0 by using lemma 3.3 and lim r) _ 5 . oc p]] = 1, 
theorem 4.3 is proved. □ 


Table 1: The errors of the approximation of Dn, Pn ,q„{t 2 ',x) with p n = 0.999999 and different 
values of q n and n . 


Qn 

11 / 0*0 - D n ,p n ,q n (f^ x )\\oo 

n = 10 

n = 20 

O 

CO 

II 

£ 

n = 50 

0.95 

0.756459 

0.471385 

0.396404 

0.348978 

0.99 

0.545694 

0.264869 

0.185654 

0.126539 

0.999 

0.502874 

0.224749 

0.146152 

0.087113 

0.9999 

0.498679 

0.220856 

0.142352 

0.083372 

0.99999 

0.498261 

0.220468 

0.141973 

0.083000 
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Table 2: The errors of the approximation of D n ^ PnAn {t 2 -,x) with q n = 0.99 and different values of 
p n and n . 


Pn = 1 - l/10 m 

II f(x) - D n>Pnyqn (f;x )||oo 

n = 10 

n = 20 

n = 30 

n = 50 

m = 3 

0.545703746 

0.264908767 

0.185736472 

0.126723749 

m = 4 

0.545694253 

0.264872541 

0.185660670 

0.126555374 

m = 5 

0.545693781 

0.264869729 

0.185654271 

0.126540622 

m = 6 

0.545693738 

0.264869456 

0.185653644 

0.126539167 

m = 7 

0.545693733 

0.264869429 

0.185653581 

0.126539022 




Figure 1: The figures of D n ^ Pri ^ qri (t 2 \ x) for n = Figure 2: The figures of D n ^ Pri ^ n (t 2 -,x) for 
50, p n = 0.99999 and different values of q n . p n = 0.99999, q n = 0.9999 and different val¬ 

ues of n. 


5 Graphical and numerical analysis for one variable func¬ 
tions 


In this section, we give several graphs and numerical examples to show the convergence 
of D n j Jv t q n (/; x) to f(x) with different values of parameters which satisfy the conclusions 
of lemma 3.3. 

Let f(x) = x 2 , the graphs of D njJn:qn (/; x) with n = 50, p n = 0.99999 and different 
values of q n is shown in Figure 1. The graphs of D njPnt(]ri (/; x) with p n = 0.99999, q n = 
0.9999 and different values of n is shown in Figure 2. The graphs of (/; x) with 

n = 50, q n = 0.95 and different values of p n is shown in Figure 3. Moreover, we give the 
errors of the approximation of (/; x) to /(x) with different parameters in Table 1 

and Table 2. 
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Figure 3: The figures of Dn,p„,q„{t 2 ',x) for n = 50, q n = 0.95 and different values of p n . 


6 Construction of bivariate operators and approximation 
properties 

We introduce the bivariate tensor product (p. g)-analogue of Durrmeyer type Baskakov 
operators as follows 


OO OO ^ ^ ^ ^ COO c 

[ni - 1] 

Pn^ [ n 2 ^\pn 2 ,Qn 2 EE K 1 ,k 1 (Pni^Qn 1 ]IJ-{x))b n2! k 2 (p n2 ,q n2 ;i'(y)) / / 

i a ?. n «/ 0 «/ 0 


OO coo 


ki=0 Jc2=0 


^* 1 ,fc 1 (Pni.9ni;Pni«)&n2 ) fca(Pn2.9n2;Pn 2 v)/ (Pn>>Pn 2 ^) d p ni ,q ni ud Pn2 ,qn 2 v , ( 31 ) 


where 


A*(®) = 

Kz/) = 


Pni Vl ~ Ap ni ,q ni x ~ l) 

[ n l]pn! i9t»i 

(z£ 2 W«2 - 2] pn2>?rl2 y - 1) 


M 


. * > 


y > 


l 


Pn 2 j?n2 


Pni ( 2Vil[ n l 2]p nii q ni y 

_I_1, 

Pn 2 9n 2 [l72 ^]pn 2 ,qn 2 ) 


o < q ni ,qn 2 < Pm,Pn 2 < 1 and b n ^{p,q\x) is defined in (4). 

Lemma 6.1. Let e*j(x', y) = x l y° ,i,j G N, (x,y) G ([0, oo) x [0, oo)) 6e f/ie two dimen¬ 
sional test functions and ni,ra 2 > 6, using lemma 3.1, we easily obtain the following 
equalities 


^ > Pn 1 ,qn 1 ,Pn 2 ,qn 2 ^ e °P’ X 'y') ^ ’ 
^Pni,q ni ,Pn 2 ,Qn 2 ( e fiO> X 1 V) = X 1 


(32) 

(33) 
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,<?ni ,Pn 2 ,<Jn 2 (^i 1 ’ 

,lni ,Pn 2 ,<Jn 2 ( e M> 2/) = •’'P) 


(34) 

(35) 


Dpnl ,q ni ,Pn 2 ,qn 2 ( e 2 , 0 ) X 1 It) 

2 Kr 2 


[ n l 2] Prli i9ni [m + l]p ni ,g ni 2 (Pni+9rai) 


Qni [ n l 




-X + 


Kr 4 


Q , ,j) 1 [?7l 3]p ni) g ni [wi]p ni ,g ni 2]p ni t q ni \n\ 3]p nj ,g ni [?Tl]p ni ,q ni 

1 

Pni<?niK - 2]p ni ,g ni [«1 - 3] p „ 1 ,g„ 1 ’ 


(36) 


nm >^2 

Pn x ,<?n! ,Pn 2 ,Qn 2 


(eo, 2 ;x,9) = [ ^ r _ 21 -^ 1 " 2 + 1 ,U,.^ g 2 


(Pn 2 + 9n 2 ) 


2p^ 


-2 


9n 2 [ n 2 ^]pn 2 ,<2n 2 [n 2 ]p„ 2 ,g„ 2 Pn 2 Qn 2 [ n 2 ^]p« 2 ,9n 2 

-y + 


y 


7/12-4 

rn 2 


9n 2 [ n 2 3]p n2)l j„ 2 [W2]p„ 2 ,g„ 2 Un 2 [ n 2 2]p n2 ,q n2 [n 2 3]p„ 2 ; g n2 |/l 2 ]p n2 ,g„ 2 

1 


Pn 2 9n 2 [ n 2 -2L ,g„ 2 [n 2 -3] 


(37) 


JPn 2 j<?n 2 


Lemma 6.2. For sufficiently large n\ and n 2 , using lemma 6.1 and lemma 3.2, we have 
the following statements 


J} %Ifc 2 * 2 ( f - j: ^-!') 

nni,n 2 

Pri-^ ^Pn 2 ’ < ? n 2 


nni,n 2 

Pn-^ ?Pn 2 ? <7n 2 


= o, 


f)ni,n2 

Pn -^ jQn-^ iPn 2 }(/n 2 


r)ni,ri2 

Pn^ iQn-^ iPn 2 iQn 2 


r)ni,n 2 

Pn^ jQVii iPn 2 iQn 2 



{{s-y) -,x,y) = 


Let B p be the space of all functions / defined on [0, oo) x [0, oo) satisfying the condition 
|/(x)| < Mfp(x,y), where Mf is a positive constant depending only on / and p{x,y ) = 
l+x 2 +y 2 is a weighted function. We denote the subspace of all continuous functions belong 
to B p by C p . Let C* be the subspace of all functions / £ C p , for which lim / x 2 +y 2 _> 00 ^(x y) 

is finite. The norm on C* is \\f\\ p = sup X2/g [ 0oo ) ^ p \x’y) • For the infinite interval [0,oo), 
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/gC* and Si, 62 > 0, Ispir and Atakut [28] introduced the weighted modulus of continuity 
as 


^p(/;< 5 i, 62 ) 


sup sup 

a:,yG[0,oo) 0<|fci|<<5i,0<|fc2|<<52 


\f(x + ki,y + fcg) - f(x,y) | 
P(x,y)p(ki,k 2 ) 


which satisfy the following inequality 

^p(/i d\Si, d 2 S 2 ) < 4(1 + c/i)(1 + d 2 )(l + <5i)(l + <5 2 )^p(/; di, S 2 ), d±, d 2 > 0. (38) 

From the definition of f l p , we have 


I - f(x,y) | 

< P(x,y)p(\t, - x\, |s - y\)n p (f; \t - x\,\s - y |) 

< (l + x 2 + y 2 ) (l + (f-x) 2 ) (l + (s-y)' 2 )n p (f-,\t-x\,\s-y\) (39) 

Now, we establish the degree approximation of operators Dp^q p q in the weighted 
space C* by the weighted modulus of continuity il p . 

Theorem 6.3. For f G C*, then for sufficiently large n\,n 2 , we have the following in¬ 
equality 


sup 

#,t/E[0,oo) 


D Pn 1 ,qn 1 ,Pn 2 ,qn2 X > V) ~ f ( X > V) 


<cn p /; 


( p ( x,y )) 3 

where C is a positive constant. 

Proof. From (38) and (39), for S n ,, S ri2 > 0, we get 


[ni] 


Pni ,Qni 


H 


Vn 2 ,Qn 2 


I - f(x,y) | 

= 4 (1 + x 2 + y 2 ) (1 + (t - x) 2 ) (1 + (a - y) 2 ) ^1 + (* + O 

x (l + dn 2 ) fip(/; ^ni > d n2 ) 

= 4 (1 + X 2 + y 2 ) (l + 5 2 J (1 + <S 2 2 ) ^1 + ^ ^ + (i — a:) 2 + —-(£ - ®) 2 ^ 

x f 1 + ^“7 ■ + ( s — 2/)" + ^“7 "( s — 2/) 2 ) ^p(/; &n\ 1 dn 2 ), 

V ^n 2 / 

applying the operators D P ^q ni , Pn2 ,q n2 on the above inequality, we have 


< 

< 


- /(x,y)|;x,y) 

4(1 + x 2 + y 2 ) (1 + S 2 t ) (1 + S 2 2 ) Dp^,q ni , Pn 2 ,q n2 


+ 


\t — X 

S ni 



nm ,n2 

Pni^ni.P^ >9«2 



g - y\ 

dn 2 


! + fclf! + (t _ ^ 

+ (a - y ) 2 + ~(g - y) 2 ; ®, y) 

On 2 / 
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X^p(/j $ni i $712) 

4 (l + x 2 + y 2 ) (1 + <) (1 + %,) (l + 

\ °n 1 

pi ,n 2 _ _^2. xv) , (\t-x\(t-x) 2 -x,y) 

Pni^ni.Pno^no ^ X •> U) ^~ r 

Vni 


+ Dv U l 

Pn i Mi 

+ (i + "»7 (k-yl^.;/) + pg , ((a _ s)2;i>y) 

£>£;?!„! J>n 2 ,gn 2 (|a — 2/|(g — i/) 2 ; g. y) 


r I ttp(f-,6 ni ,5n 2 ). 

bn 2 J 

Using Cauchy-Schwarz inequality, we get 

x ’I 

2 2 / jDZ^^iit-xY-x.y) 

< 4(1+1 +!/ ) H T ^ -^Pn^nj.Pna.gna “ X ) i X ’ 2/) 

\/,Pn 2 ,flf„ 2 ((* “ ®, 2/) ,P„ 2 ,flf„ 2 ((* “ ®, 2/) ' 

1~ r 


X 


u ni 

, 2W 2 / +»£;”?», ,p„ 3 , S n 3 ((»- »UU) 
(i + «,) (i + 4) i + 1 - t- 

\ u n2 


\ 

+ D Pn^ni,Pn 2 ,qn 2 (( S “ + \/ (( S “ ^ X ’ &) 

'Dpn™q tP >q ({s - y) 4 -X,y)\ 

-T- n p (f-S ni ,8 n2 ). 

°n 2 I 

Using lemma 6.2, we have 

\ D pt'Xl^2^2 X ’ ^ 

4(1 + x 2 +- y 2 )( 1 + + 5 2 2 ) ( 1 + 


< 


5ni \ 0 [m] 


1 


I Pni iQni 


(x + if 


2 i 1 


+0 f J (x + l) 2 + 

\ i n iJ p ni ,q ni J 


Qn\ 


X 1 + 


$n 2 \ 0 ^ [n 2 ] 




'^1° VniW^J (X + 1)2 ^^[n 1 W^ 1 . 

(y + 1) 2 


(x + If 


. (y +1) 2 + o | - 

ipn 2 ,<?« 2 y \ i n 2jp„ 2 ,5„ 2 


+ t a O | 7—j— J (y + 1) 2 a O ( J (y + l) 4 J Qp(f;8 ni ,8 n2 )• 

"n 2 \ y [ n 2jp„ 2 ,g„ 2 J \ \ v [n2jp n2 ,g„ 2 J J 
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Then, we have 


\ d p^m^ 2 (/; y) ~ /(*> y) I 

< 4(1 + x 2 + y 2 )( 1 + )(1 + e> 2 2 ) f 1 + y 

1 


$ni V 


Cl (*+l) + 7TT—-O + l) 2 


[ni] 


Pni ,9n]_ 


+ 


+ 


C? 


fin! V [ n l ] 2 


-(x + l) d 1 + 5 , 


Pri]_ >#ni 


n 2 l/ 7 p (y + 1) + 7 i — (y + l) 2 

[ n 2 [ n 2]? 


JPri2 ?Qn2 


1 


V H 2 


^ -(y + !) 3 J top(f’,fini,Sn 2 )- 


Pn 2 ,qn 2 


Let 5ni ~~ v/RT 


and (5 n , = „—L 

2 \/Rh 


Pni>9ni Y L'^J Pn 2 ,qn 2 

TCX , P „ 2 ,g„ 2 (/;y) - /(*> y)l 


= , we have 


< 4(1 + x 2 + y 2 ) 1 + 


1 


M 


1 + 


C(1 + x 2 + y 2 ) 2 Q p (f; 5 ni , S n2 ), 


Pn 1 ,qni 


H 


Pn 2 ,q?i 2 


where C is a positive constant. Theorem 6.3 is proved. 


□ 


7 Graphical and numerical analysis for two variables func¬ 
tions 

In this section, we give several graphs and numerical examples to show the convergence 
of Dp^q p q (f-, x,y) to f(x,y) with different values of parameters which satisfy the 
conclusions of lemma 3.3. 

Let f(x,y) = x 2 y 2 , the graphs of , P „ 2 , g „ 2 (/; x, y) with n, = n 2 = 30, p m = 

p n2 = 0.9999, q ni = q n2 = 0.999 and /(x, y) = x 2 y 2 are shown in Figure 4. The graphs of 
D pl.’™q ni ,p n2 ,q n2 {f',Xiy) with ni =n 2 = 50, p ni = p n , 2 = 0.99999, q ni = q n , 2 = 0.9999 and 
f(x,y ) = x 2 y 2 are shown in Figure 5. Moreover, we give the errors of the approximation 
of Dp^q p q (/; x, y) to f(x,y) with different parameters in Table 3 and Table 4. 

Table 3: The errors of the approximation of p 9 (f;x,y) with p ni = p„ 2 = 0.99999 

and different values of q ni = q n2 = q and ni = n 2 = n . 


q 

11/0*0 

\ _ n ni ’ n2 / f- T 

1 Jy Pn 1 ,q ni ,Pn 2 ,qn 2 \J > X 5 

y) II oo 

n = 10 

n = 20 

n = 30 

n = 50 

0.95 

2.085144 

1.164978 

0.949957 

0.819780 

0.99 

1.389169 

0.599895 

0.405776 

0.269094 

0.999 

1.258631 

0.500011 

0.313666 

0.181816 

0.9999 

1.246041 

0.490490 

0.3049678 

0.173697 
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o 


Figure 4: The figures of (the upper one) Figure 5: The figures of (the upper one) 
D™ 1,n 2 „ „ ( f;x,y ) for m = «2 = 


30, p ni = p n2 = 0.9999, q nx = q n2 = 0.999, 
and (the below one) f(x,y) = x 2 y 2 . 


D pl’ x ,L x ,Pn 2 ,q n Sf'' X ' V>> fOT Ul = 712 = 

50, p ni — Pn 2 = 0.99999, q ni = q n2 = 0.9999, 
and (the below one) f{x,y) = x 2 y 2 . 


Table 4: The errors of the approximation of p g (/; x, y) with q ni = q n2 = 0.999 and 

different values of p ni = p n2 = p and n\ = ri 2 = n . 


p= 1 l/10 m 

II fix) ~ D p ^ n ^ Pn9jqn7 (f-,x,y )||oo 

77, = 10 

77 = 20 

77 = 30 

n = 50 

m = 4 

1.25863727 

0.50001245 

0.31366763 

0.18181861 

m = 5 

1.25863086 

0.50001052 

0.31366566 

0.18181572 

m = 6 

1.25863023 

0.50001034 

0.31366548 

0.18181546 

m = 7 

1.25863016 

0.50001033 

0.31366546 

0.18181544 


8 Further discussion 


If we consider the following modified forms D ntPtq , 


OO 


D n,p,q(f ; X) = [n~ 1 ] p , q ^ 6 n ,fc(P, <1\ x) 

k =0 


bn,kip, q',pu)f(p k u)d p , q u, 


(40) 


where x 6 [0, oo), b Uy k{p,q',x) is defined in (4). Here we omit the bivariate forms of oper¬ 
ators (40). By similar computations in section 3, we know these operators (40) reproduce 
only constant functions, but not linear functions. We also provide two graphs to show that 
the operators D n , v , q give a better approximation to / than D UtPtq and so is the bivariate 
case (See Figure 6 and Figure 7), hence it is more appropriate to consider the operators 
D n ,p,q and the bivariate ones defined in (31). 
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Figure 6: The figures of Ai,p„, 9n (/; ^) (the 
red one), D ntPntqn (f;x) (the yellow one)for 
n = 50, p n = 0.99999, q n = 0.999, and 
f(x) = x 2 (the blue one). 



Figure 7: The figures of (the mid¬ 
dle one) T>p r l;"| rM :Pn 2 ,«n 2 (./'; x ',y) and 

Dpn^qn^Pn^q^if^iy) (the upper one) for 
77-1 = 77-2 = 50, p ni = Pn 2 = 0.99999, q ni = 
q n2 = 0.9999, and f(x,y ) = x 2 y 2 (the 
below one). 
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Abstract 

Making use the fractional integral associated with the convolution product of Salagean operator and 
Ruscheweyh derivative, we introduce a new class of analytic functions D(/j, A, a, (3) defined on the open unit 
disc, and investigate its various characteristics. Further we obtain distortion bounds, extreme points and 
radii of close-to-convexity, starlikeness and convexity for functions belonging to the class T>(p,, X, a, f3). 

Keywords: Analytic functions, univalent functions, radii of starlikeness and convexity, neighborhood property, 
Salagean operator, Ruscheweyh operator. 
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1 Introduction 


Denote by U the unit disc of the complex plane, U = {z G C : \z\ < 1} and TL(U) the space of holomorphic 
functions in U. 

Let A(p,t) = {/ G H(U) : f(z) = z p + YfjLp+t a jZ 3 , z € U}, with A{l,t) = A t and TL[a,t] = {/ € TL(U) : 
f(z) = a + a t z 4 + a t +\z t+l + ..., z £ U}, where p,tsN, a € C. 

Definition 1.1 (Salagean [4]) For f € At, and n € N, the operator S n is defined by S n : At —t At, 

S°f (z) = f (z ), S 1 /(z) = zf'(z ),..., S n+1 f(z) = z (S n f (. z))', z€U. 

Remark 1.1 If f G A t , f(z) = ^ + J2^L t +i a j zJ - then S n f (z) = z + j na jZ J , z GP. 

Definition 1.2 (Ruscheweyh [3]) For f G A t and n G N, the operator R n is defined by R n : A t —> At, 

R°f (z) = /(«), R 1 /(z) = zf (z) ,..., (n + 1) R n+1 f (z) = z ( R n f (.z))' + nR n f (z), z G U. 

Remark 1.2 If f G A t , f(z) = z + E°l t+1 ajZ j , then R n f (z) = z + E^t+i r(n+i)r(j) a J gJ ' f or zgU - 

Definition 1.3 Let n,m G N. Denote by SR™’ n : At —> At the operator given by the Hadamard product of the 
Salagean operator S m and the Ruscheweyh derivative R n , SR m ' n f {z) = ( S m * R n ) f (z ), for any z G U and 
each nonnegative integers m, n. 

Remark 1.3 If f G A t and f(z) = z + J2°° =t+1 ajZ j , then SR m ’ n f(z) = z + Ejlt+i 3™ r(f+i)r0) a j zi > z gU - 

Definition 1.4 ([2]) The fractional integral of order A (X > 0) is defined for a function f by D~ x f(z) = 
rUT /o' ( Jt)i-x dt> where f is an analytic function in a simply-connected region of the z-plane containing the 
origin, and the multiplicity of (z — <) A 1 is removed by requiring log (z — t ) to be real, when (z — t) > 0. 


From Definition 1.3 and Definition 1.4, we get the fractional integral associated with the convolution product 
of Salagean operator and Ruscheweyh derivative, which has the following form 


Df x SR m,n f (z) = 


1 


vA+l 


r (A + 2) 


oo 

'^r( 

j=t +1 v 


j m+ 1 r(n+j) 2j+x 

n + 1) r (j + A + 1) ’ 


for a function f(z) = z + 1 ajz 3 G At- 

Following the work from [1] we can define the class T>(p, A, a, (3) as follows. 
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Definition 1.5 For /j> 0, AeN,aeC- {0} and 0 < p < 1, let V(p, A, a, P) be the subclass of A t consisting 
of functions that satisfying the inequality 


A (1 - n) 


D7 x SR m ’ n f{z 


+ p(Df x SR m ’ n f(z))' 


< P 


| A (1 - n) D ‘ + n ( y Dz X SR m ’ n f ( 2 ))' - a | 

2 Coefficient bounds 

In this section we obtain coefficient bounds and extreme points for functions is 2?(/r, A, a, (3). 


( 1 . 1 ) 


Theorem 2.1 Let the function f £ At- Then f £ V(pt, A, a, p) if and only if 

< P |a| — 


E 

j=t +1 


(P + 1) (A + pj) j m+1 T (n + j) _ 2 ^ 0 (/? + 1) (A + /x) 


T (n + 1) T (j + A + 1) 


r (A + 2) 


T7ie result is sharp for the function F(z) defined by F{z) = z + 
Proof. Suppose / satisfies (2.1). Then for \z\ < 1, we have 


(/3|g|— )r(n+l)r(j+A+l) 

(/3+l)(A+ J uj)j m + 1 r(n+j) 


( 2 . 1 ) 

z j , j > t+ 1. 


A (1 - A*) 


D7 X S R m ' n f (z) 


A+jj _A 


r(A+2)' 

A+p ~A 
r(A+2) z 


+ /i(Dr A 51? m >"/W) 

(A+w)j’" + T(n+j) 2 yj+A—1 

i=t+i r(n+i)r(i+A+i) 


- p 


A (1 — At) 


DZ x SR m ’ n f(z) 


+ p(Df x SR m ' n f (z))’ - a 


A+;t „A -L ^°° . (A+Mj)f" +1 r(n+j) ^ 2 ^ ? - + A-l _ ( 


T(A+2)' 


j=t+i r(n+i)r(i+A+i) u i' 


< 


(A+pj'b m + T(n+j) 2 j+A-1 
j=t+l r(n+l)r(j+A+l) a 3 z 

(/3+l)(A+Mj)j m+1 T(ra+j) „2 


Er= 


— P |cr|+/3 


A+A& ~A 
r(A+2)^ 


+p 


Y^oo (A+Mj)f TT 1 + 1 T(n+j) 2 „ 7 +A —1 

Z^j=t +1 r(n+i)r(i+A+i) u i z 


< 


(d+l)(A+M) __ o |„,| , IP + UIA +UJU 1 J, m+Jj „2 ^ n 

r(A+2) p l a l + Z^j=t +1 r(n+l)T(j + A+l) a j ^ u - 

Hence, by using the maximum modulus Theorem and (1.1), / € V(p, X,a, p). Conversely, assume that 


a(i-p) 


D -*SR m ’ n f(z) 


+li(D7 x SR m ^f(z))' 


A(1-m) 


P- 


+n(D7 X SR m>n f(z))' — c 


r ( a - 2)' 




(A + ^^j^ + ^Cn+j) a 2^.7+A-l 


j=t + l r(n+l)r(j + A + l) 


A + P ,A I V°° (A + ^j)j m + 1 r(n+j) 2^1-l-A-l - 

r(A+2) z ^Z^j=t+1 r(n+i)r(j+A+i) a j z c 


Since i?e(z) < \z\ for all z eU, we have Re 


r(A+2) 
r a 




(A + Mj)j’ T1 + 1 r(>»+j) „2_j + A-l 


3 = t+i rm + nrij + A+i) 


r(A+2)"' +H)“=f+1 r(n+i)r(j+A+i) 


< P, Z GU. 

< p. By choosing 


choose values of 2 on the real axis so that A (1 — p) 
through real values, we obtain the desired inequality (2.1). 

Corollary 2.2 If f G At be in V(p, A, a, p), then 


0 2 z j +a - 1 _ c 

D7 X SR™ n f(z) (£>-A SR m,nf j^))' ig real and letting 2 -t 1 


at < 


~\ 




a — 


(/^+i)(a+m) ^ 


J r (n + 1 ) r (j + a + 1 ) 


(P + 1) (A + pj)j m+1 T (n + j) 

with equality only for functions of the form F{z). 


j>t+ 1, 


( 2 . 2 ) 


Theorem 2.3 Let fi(z) = z and fj(z) = z — 


(£M- )r(w+i)r(j+A+i) 


(d « i)(A • ,uii m • ’ r(» • j; J > t + 1) / or f 1 > 0, A € N, 


a £ C — {0} and 0 < p < 1. T/ien f(z) is in the class V{p, A, a, /?) */ and only if it can be expressed in the form 

OO 

/( z ) = E^iW’ (2-3) 

1=i 

where u>j > 0 and Ejli Wj = 1. 

Proof. Suppose /( 2 ) can be written as in (2.3). Then f(z) = z—Y^f=t+ 1 


(/ 3 |q|— (/ 3 + ( 1 E A 2 t' J) )r(n+l)rq+A+l) 


(S+l)(X+uj)j m+1 T(n+j) 


z J . 


now, Er= 


j=t +1 


(^+l)(A+Mj)j T, 1 + 1 r(n+j) 




(/ 3 |«l ^ r(A+ 2 ) 


)r(n+l)T(i+A+l) 


|aH ^rtx+y )]•(»• A - I) ^oo 

(/S+lKA+wlj^+irln+j) Z^j=t+1 w i — 1 W 1 A: 


1. Thus / G T){p, A, a, /3). 


Conversely, let / G X,a, p). Then by using (2.2), setting uij = 


I (/ 3 |a|— (/ 9 +y + X + M) )r(w+l)r(j+A+l) 


(/3+l)(A+/Aj)j m + 1 r(n+j) 


Zj, 


j >t+ 1 and wi = 1 — E )=2 w e have /( 2 ) = E 7 =i w f/j( 2 )- A n d this completes the proof of Theorem 2.3. 
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3 Distortion bounds 

In this section we obtain distortion bounds for the class T>(n, X, a, p). 

Theorem 3.1 If f £ A, a, /?), then 


(p 

, V _ * v " 1 > _:_:_— r t+1 < \f(z)\ 

\ (p + 1) (A + nt + n) (t + l) m+1 r (n + t + 1) 


l«l - ^±^fo)r(n + l)r(< + A + 2) 


{? 


Q l - %A+ 2 t M) ) r (n + 1) r (t + A + 2) 


< ' + M (/3 + 1) (A + fit + n) (t + l) m+1 r (n +1 + 1) 

holds if the sequence {<Jj(p, A, a, P)}fLt+i *s non-decreasing, and 


(3.1) 




(p H - ) r (n + 1) r (t + A + 2) 

(P + 1) (A + /rf + /x) (t + 1) F (n + f + 1) 


< !/'(*)! 


(3.2) 


< 1 + {t + 1)\ 


(p H - r (n + 1) r (t + A + 2) 

00 +1) (A + ^t + n) (t + i) m+1 r (n +1 + 1) r 


holds if the sequence { gj is non- decreasing, where aj(p,X,P) = ^/ ( p+^^^•* 

77ie bounds in (3.1) and (3.2) are sharp, for f(z) given by f(z) = z + 
z = ±r. 


(/3M- 


(iJ + lHA + n) 
r(A+2) 


^r(n+l)r(t+A+2) 


(/3+l)(A+/x£+/x)(£+l) m- *" 1 r(n+£+l) 


Proof. In view of Theorem 2.1, we have — 

M t+1 E°E+ 1 % < 1/001 < 1*1 + l*l t+1 E°°=t +1 Thus 


(/3|a|- 


(g + l)(A + (J ) 
r(A+2) 


)r(n+l)r(t+A+ 2 ) 


(/3+1) (A4-/a i + /a ) (i +1) m P 1 T (n + i+1) 


We obtain \z I — 


r — 


N 


(n |o| - ) r (n + 1) r (i + A + 2) 

00 + 1) (A + nt + m) (t + l) m+1 r (n +1 + 1) r 


< I/Ml 


(3.3) 


< r + 


N 


(p M - PSly ) r (n + 1) r (« + A + 2) 

(/? + 1) (A + fit + p.) ( t + l) m+1 r (n +1 + 1) 


Hence (3.1) follows from (3.3). Further, E^U+iJOj < ^ Hence ( 3 ' 2 ) followS 
from 1 - A E£t+i JOj < l/'MI < 1 + r 4 EJE+i jaj. ■ 


4 Radius of starlikeness and convexity 

The radii of close-to-convexity, starlikeness and convexity for the class "D(/i, A, a, /?) are given in this section. 


Theorem 4.1 Let the function f £ At belong to the class V(p,,X,a,p), Then f(z) is close -to-convex of order 
5, 0 < 6 < 1 in the disc \z\ < r, where r := infj> t+ i 


with extremal function f(z) given by (2.2). 


(i-<5) 2 (/3+l)(A+nj)j m_1 r(n+j) 

9 + lKA + i 
r(A+2) 


(/3|«|- (< ^M ^(n+l)r(3+A+l) 


. The result is sharp, 


Proof. For given / £ At we must show that 


\f'(z)-II <1-6. 


(4.1) 
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By a simple calculation we have \f'(z) — l\ < Ejlt+i d a j \ z t • The last expression is less than 1 — <5 if 
E?=t +1 i —s a o 1*1* < L Usin s the fact that / e A, a, p) if and only if £°l t+1 ^ |a| ]X i i) a i < 


1 14 11 holds true if J— M 1 < V°° /_ (/ 3 4 + 1 )(A+w')j m+1 r(r i .+j) _ 

o els tie i _5 l~l - J ^| a |_iw|i^) r(n+1)r(j+A+1) - 


Or, equivalently, \z\ t < Y7Lt 


(i-g) 2 (/j+i)(A+^j)j m - 1 r(? t +j) 
j=t+i W (^| a |- »w)^) )r(n+i)r(i+A+i) 


, which completes the proof. 


Theorem 4.2 Let f G V(n, \,a, (3). Then 

1. f is starlike of order 5, 0 < S < 1 , in the disc \z\ < r% where, 


r\ = inf 


3>t +1 


(l-<5) 2 (/3+l)(A+/ii)j m + 1 r(n+j) 

(/3|a|- ld + 1 ’ ( + A +^ )r(n+l)0+j-2) 2 r(i+A+l) 


, 2 . / convex of order S, 0 < S < 1, in the disc \z\ <r 2 where, 

J 

r 2 = inf-^-/ ./ (i-«5) 2 (ff+i)(A+ w )i^-ir(n+j) 1 1 


j>t +1 


(ft]«|- )r(n+l)(j-l) 2 r(j+A+l) J 

Uac/i o/ f/iese results is sharp for the extremal function f(z) given by (2.3). 


Proof. 1. For 0 < 5 < 1 we need to show that 

!*/'(*) 


m 


-1 


<1-4. 


(4.2) 


We have 


;/'(*) 


f(z) 


- 1 


< 




i+HJii+i a j\ z \ 


. The last expresion is less than 1 — 6 if Eylt+i \z\ b < 1. 


Using the fact that / G 2?(/r, A, a, ft) if and only if YpL 


U3+l)(X+^j)j m+1 r(n+j) 


j = t+1 (ffM~ 1|J r 1 1 i+ 2 )' j) )r(ra+l)r(j+A+l) 3 


a? < 1, (4.2) holds 


true if J ^ (5 2 


< 


(/3+l)(A+/b)j m + 1 r(n+j) 

(0\a\- )r(n+l)r(j+A+l) ' 


Or, equivalently, \z\ l < 


(l-S) 2 (0+l)(\+ l j,j)j™+ 1 r(n+j) 


-, which yields the starlikeness of the family. 


(/?M— )r(n+l)(j+,?-2) 2 T(j+A4S) ’ 

2. Using the fact that / is convex if and only zf is starlike, we can prove (2) with a similar way of the proof 
of (1). The function / is convex if and only if 


I zf" (*)| <1-4. 


(4.3) 


We have \zf" (z)\ < £°l t ■ i j(j ~ 1 ) a i M* *| <1-4, i.e. £°l t +i 
/ G T>(n,\,ot,p) if and only if E^+i (y, a |r(?I -Y 1 1)"’ < (4 ' 3) h ° lds trUe if l*l * _1 < 

< 4 / /_. lr l” +J ^. , ti which yields 


^oo j(j- 1) 


a,- \z\ l 1 < 1. Using the fact that 


(d+i)(A+w)U' +1 r(»+j) 
(0\ a \- )r(n+i)r(j+A+i) 

the convexity of the family. ■ 


or, equivalently, | z 


t-i 


(i-A-) 2 (/j+i)(A+ w b'»-ir(«+j) 
(g|a|- (,3 +^F^ ) r (n+l)(j-l) 2 r( 3 +A+l) ’ 
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Abstract 

In this paper we have introduced and studied the subclass C(X, d, a, (3) using the fractional integral as¬ 
sociated with the convolution product of Salagean operator and Ruscheweyli derivative. The main object is 
to investigate several properties such as coefficient estimates, distortion theorems, closure theorems, neigh¬ 
borhoods and the radii of starlikeness, convexity and close-to-convexity of functions belonging to the class 
£(A, d, a, p). 

Keywords: Analytic functions, univalent functions, radii of starlikeness and convexity, neighborhood property, 
Salagean operator, Ruscheweyh operator. 

2000 Mathematical Subject Classification: 30C45, 30A20, 34A40. 

1 Introduction 

Denote by U the unit disc of the complex plane, U = {z € C : \z\ < 1} and T~i(U) the space of holomorphic 
functions in U. 

Let A(p,t) = {/ € H(U) : f(z) = z p + Y%L p + t a j zJ ’ z G U}> with A (1,1) = A and 'H[a,t\ = {/ € H(U) : 
f(z) = a + a t z * + a t +\z t+1 + ..., z € 17}, where p,teN, a £ C. 

Definition 1.1 (Salagean [4]) For f £ A, and n € N, the operator S n is defined by S n : A —> A, 

S°f (z) = f{z), S 7 (z) = zf'(z), ..., S n+1 f(z) = z ( S n f (z)Y , z£U. 

Remark 1.1 If f £ A, f(z) = z + a o z ^> then S n f (z) = z + Y^jL 2 j na i z ^> z £ U. 

Definition 1.2 (Ruscheweyh [3]) For f £ A and n £ N, the operator R n is defined by R n : A -> A, 

R°f (z) = f(z), R 7 (z) = zf (z ), ..., (n + 1) R n+1 f (z) = 2 ( R n f (.z))' + nR n f (z), z £ U. 

Remark 1.2 If f £ A, f(z) = z + T,JL 2 a j zj > then Rn f (z) = z + r(n+i)f(j) a i zj f or z ^ u - 

Definition 1.3 Let m.,n € N. Denote by SR™' n : A —> A the operator given by the Hadamard product of the 
Salagean operator S m and the Ruscheweyh derivative R n , SR m,n f(z) = ( S m * R n ) f (z) ,for any z £ U and 
each nonnegative integers m, n. 

Remark 1.3 If f £ A and f(z) = z + Y,T= 2 a j zi > then SR m ’ n f{z) =z + j m r(n+i)r(j) °S zi ’ z G U ' 

Definition 1.4 ([2]) The fractional integral of order A (X > 0) is defined for a function f by D~ x f(z ) = 
rfXT jzzpjr=\dt, where f is an analytic function in a simply-connected region of the z-plane containing the 

origin, and the multiplicity of (z — t) X 1 is removed by requiring log (z — t) to be real, when (z — t) > 0. 

From Definition 1.3 and Definition 1.4, we get the fractional integral associated with the convolution product 
of Salagean operator and Ruscheweyh derivative, which has the following form D~ x SR m,n f (z) = r p + 2 ) zX+1 + 

J2f=t+1 r(Ci)rS+A+i) °S zj+X ’ for a function f ( z ) = * + E 7=2 a i zj G A. 

We follow the works from [1], 
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Definition 1.5 Let the function f € A. Then f(z) is said to be in the class C(X,d,a, (3) if it satisfies the 
following criterion: 


1 / z{D7 x SR m ' n f (z))' + az 2 (Df x S R m,n f (z))" _ \ 
d V (1 - a)DL x SR m ’ n f (z) + az(D7 x SR m ’ n f (z))' ) 


<13, 


( 1 . 1 ) 


where A > 0, £ C - {0}, 0 < a < 1, 0 < /3 < 1, m, n £ N, 2 : £ U. 


In this paper we shall first deduce a necessary and sufficient condition for a function f(z) to be in the class 
C(X, d, a, (3). Then obtain the distortion and growth theorems, closure theorems, neighborhood and radii of 
univalent starlikeness, convexity and close-to-convexity of order 6, 0 < S < 1, for these functions. 


2 Coefficient Inequality 

Theorem 2.1 Let the function f £ A. Then f(z) is said to be in the class £(A, d , a, /3) if and only if 
+ \ + i a d 2 + [« (2A - 2 + (3\d\) + 1] j + [a (A — 1) + 1] (A — 1 + /? |d|)} a 2 < 

(aA + l)(/?|d|-A)j^±^, (2.1) 

where A > 0, G C — {0}, 0 < a < 1, 0 < /3 < 1, m, n € N, 2 : € U. 


Proof. Let f(z ) € C(X,d,a, 6). Assume that inequality (2.1) holds true. Then we find that 

z(D- x SR m ’"f(z)y+az 2 (D- x SR m ’ n f(z)y 


(1 -a)D£ x SR rI 

A(q:A + 1) A + l iV^oo 
r(A+2) z r ^?= 


-1 


f(z)+az(D7 x SR™’"-f(z)Y 

J=2 rpr+TyrUTXTTy{«i 2 + [ 2 «( A - 1 ) + l]j + (A-l)[a(A-l) + l]}o J 2 2 j + x 

+ ir(TT+i) 


A(q;A+ 1) _|_v^ 
r(A+2) ~2.^ 


r(Ci)ryAA+i) [ a J+ Q ( A - 1 )+ 1 ] Q j^ +A 
+i)i^+1\+i) { Q! J 2 + [ 2a ( A— 1)+1].?+( A— 1 )[ a ( A— l)+l]} a f 1 


< 


■7—2 r(n + l)r(j-i 


<p\d\. 


rpftsj-EJS* rd+t'r^+D [°j+°(A-l)+l la] 1 1 

Choosing values of z on real axis and letting z —> 1 _ , we have 

Yl°jL 2 J 'r(j+A+i)^ i a 3 2 + i a ( 2 ^ - 2 + ^ |d|) + 1] j + [a (A - 1) + 1] (A - 1 + /3 |d|)} a 2 < 
(aA + l)(/3|d|-A)fg±g. 

Conversely, assume that f(z) £ £(A, d, a, ft), then we get the following inequality 

Re f z(DY x SR m ^f(z)Y+ a z 2 (DY x SR m ^f(z)Y‘ 

Re 


(- 

l(i 


-a)D~ x SR n 


y - 1 } >-m 


(^ + 1 )(° ! -^ + :1 -) ~A + 1 _|_V^ 
T(A + 2) ^ 


f{z)+az(D7 x SR™™f(z))' 

j=2 rfn+qr^+x+i) [aj 2 + (2aA-a+l)j + A(aA-a+l)]a 2 z J + A 


ryxfe^ +1 +i: 


Re- 


(oA + l)(/3|<i|-A) _A + 1 
T(.\ + 2) * 


+£ 


. m+lr , -1 + P\d\ > >0 

j =2 r((,+i)r(j+~A+i) [ai+a(A-l)+l]a^zJ+ A J 

(^±(l Ty {ai 2 + [a(2A-2+/3|d|) + l]j + [a(A-l) + l](A-l+/3|d|)}a 2 z l+ A 


3=2 r(n+i)r(j 


•' A ' , ->:/2 rd+or^D [a J+ a(A-l) + l]a^3 + A 

Since Re(—e x6 ) > — \e l8 \ = —1, the above inequality reduces to 

(a A+i)(g|d| —A) ^ + i_ E o^2_ ^+ 1 r r ( (^i ) { aJ -2 + [a(2 A_ 2+ffM|) + 1]j + [a( A_ 1) + 1] (A- 1+ ^ | d |) }a j 2 r .3+A3 


> 0. 


r(A+2) 


> 0. 


A +1 -E~= 2 r ( CTO + ^i) W+“(A”l) + l]a 2 ^+ A 

Letting r —t 1” and by the mean value theorem we have desired inequality (2.1). This completes the proof 
of Theorem 2.1 ■ 


Corollary 2.2 Let the function f £ A be in the class C{ A, d, a, /?). 


Then aj < 


_ (aA+l)(/3|d|-A)TIg±T _ 

j ’r(j+A+i'/ ) { a J 2 +[ a ( 2 A— 2 +/3|^|)+ 1 ]j+[a(A—1)+1](A—l+/9|d|)> 


, J > 2. 


3 Distortion Theorems 


Theorem 3.1 Let the function f £ A be in the class £(A, d, a, /?). TTien for \z\ = r < 1, we have 

r - , / («A+l)(A+2)(/j|rf|-A) 2 < I \i < r 1 T_ 

r V 2 ™+i(n+l){(A+l)[a(A+l+/3|d|) + l]+/3|d|} r - lA^ll ^ r + y 5 

77ie result is sharp for the function f(z) given by f(z) = z 


_ In A— I )(A I 2)(3d -A j _ 

2 TTl + 1 (n+l){(A+l) [a(A+l+/3|rf|) + l]+/3|d|} 


(aA+l)(A+2)(/3|d|-A) 


2m+i [ (A+l) [a(A+l+/3|d| ) + l]+/3|<i|} ' 
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Proof. Given that f{z) £ £(A, d, a,/3), from the equation (2.1) and since 
2 m+1 (n + 1) {(A + 1) [a (A + 1 + /? \d\) + 1] + /3 |d|} is non decreasing and positive for j > 2, then we have 
y / 2 m+1 (n + 1) {(A + 1) [a (A + 1 + (3 \d\) + 1] + /? jdf} £A = 2 a i — 

Y^jLi ^/ J r(j+A+TT — 2 + (3 |d|) + 1] j + [a (A — 1) + 1] (A — 1 + /3 |d|)}a,- < 

\j (aA + 1) (/3|d|-A)£g±§, which is equivalent to, 2 <*i < \] 2 .+i( n+ i){(A + + ^HS|) + ii+^|} • 
We obtain for f(z) = z + a 3 z ' 


j=2 U/ 3* 5 
00 

3 = 


(q;A+l)(A+2)(/3|(i| —A) 


\f{z)\ < kl + E7=2 % \A j < r + E°l 2 ajri <r + r 2 £“ 2 aj < r + y 2~+i(n+i){(A+i)[ Q (A+i+0|d|)+i]+fld|} ' 
Similarly, |/(^r)| > r - This completes the proof of Theorem 3.1. 

Theorem 3.2 Let the function f £ A be in the class £(A, d, a, /?). Then for \z\ = r < 1, we have 

_ j (aA+l)(A+2)(/3|d| — A) ~ , | p / \| ^ / («A+l)(A+2)(/3|d| —A) ~ 

V 2™- 1 (n+l){(A+l)[a(A+l+/3|d|) + l]+/3|d|}' - \ J \ Z >\ - \J 2™" 1 (n+l ){(A+l)[a(A+l+|8 |d|)+l]+j3|rf|} ’ ‘ 

The result is sharp for the function f(z) given by f(z) = z+ y' 


Proof. We have f(z) = 1 + J 27=2 3 a j z ^ 1 an d 


I f'(zM < 1 — V°° in -lzl-7- 1 < 1 4- V 00 in r-i- 1 < 1 4- J («A+i)(A+2)(/3|d|-A) ~ 

\ Z )\ — 1 2_yj=2d M dl“l - 1 + 2^=2 — 1 ' Y 2 m - 1 (n+l){(A+l)[a(A+l+/3|d|) + l]+/3|d|} ' • 

Similarly, |/ / (^)| > 1 - ^ 2 ™-i(n+i){C^ This completes the proof of Theorem 3.2. 


4 Closure Theorems 

Theorem 4.1 Let the functions fk, k — 1,2,..., I, defined by f k {z) = z + Y 27=2 a j,kZ-’, aj <k > 0, be in the class 
£(A, d, a, (3). Then the function h(z) defined by h(z) = Efe=i Mfc/fc( 2 )> p k > 0, is also in the class £(A, d, a, (3), 
where El=i Mfc = 1- 


Proof. We can write /i(z) = Y7k=iTkZ + Efc=i J2p=2 t J ’kO-j,kZ j = z + £“L 2 £fc=i hk a j,kZ j . Furthermore, 
since the functions f k (z), k = 1,2,..., I, are in the class £(A, d, a, /?), then from Corollary 2.2 we have 

£°°=2 + [ Q ( 2A - 2 + p Ml) +1] 3 + [<* (A -1) +1] (A -1 + /? \d\)}aj < 

\J(aX + 1) (/3 |d| -A)^±g. 

Thus it is enough to prove that 

£7=2 ^ro+A+tf W 2 + [a (2A - 2 + /? |d|) + 1] j + [a (A - 1) + 1] (A - 1 + /3 \d\ )} (£™ 1 /w) = 

ELi Tk £°1 2 ^tuIx + \) i^' 2 + [a (2A - 2 + f3 jdj) + 1] j + [a (A - 1) + 1] (A - 1 + (3 \d\)}a hk < 

£™=i hk\J (aA + 1) (/? jd| - A) = \J (aA + 1) (/3 jdj - A) r[^ 2 j • Hence the proof is complete. ■ 

Corollary 4.2 Let the functions fk, k = 1,2, defined by f k {z) = z + £yL 2 a j,k zl , &j,k > 0 be in the class 
£(A, d, a, (3). Then the function h{z) defined by h(z) = (1 — C)/i(z) + Cfziz), 0 < C < 1, is also in the class 
£( A, d, a, /3). 


Theorem 4.3 Let fi(z) = z, and fj(z) = z 



_ (aA+l)(/3|d|-A)^g±^ _ 

ro 1 4 ( ++/ ) {«J 2 + [a(2A-2+/3|d|)+l]j+[a(A-l)+l](A-l+/3|d|)}' 


3> 2. 


Then the function f(z) is in the class £(A, d, a,/?) if and only if it can be expressed in the form f(z) = 


hifi{z) + E 7=2 hjfj(z), where pi > 0, pj > 0, j > 2 and pi + £^ 2 pj = 1. 


Proof. Assume that f(z) can be expressed in the form 
f{z) = pifi(z) + V ( x 2 /o,/){•:) = 2 + £°1 2 ' 


(aA+l)(/3|d|-A)j^±^ 


ro 1 + r £y ) {«i 2 + [«(2A-2+/3|d|) + l]j + [a(A-l) + l](A-l+/3|d|)} 


Mi 


;Z j . Thus 


£r= 


i=2 


'To+x+o" ) {«i 2 + [a( 2 A-2+/3|d|) + l]i + [a(A-l) + l](A-l+ / 3|d|)} 

r(r,+i) 


(aA+l)(/3|d|-A)^±ij 


_ (aA+l)(/3|d|-A)^±l} _ 

qt±f^^ {ai 2 + [a(2A _ 2+ ^| d | ) + 1]i+[a(A _ 1) + 1](A _ 1+/3 | d | )} 


Mi = 127=2 Mj = 1 - Mi < 1- Hence /(z) £ £(A, d, a, /3). 
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/ J r^ 1 + r x ( ;+/ ) {ai 2 + [a(2A—2+/3M|) + lb-+[g(A—1) + 1](A —l+/3|d|)} 


(aA+l)(/9|d|-A)f&±i} 


Conversely, assume that f{z) £ £(X,d,a,/3). Setting jij = 

since /xi = 1 — ^°^_ 2 Mi- Thus f{z) = liifi(z) + Tjfji 2 )- Hence the proof is complete. ■ 

Corollary 4.4 The extreme points of the class £(d,a,(3) are the functions fi(z) = z, and fj{z) = z + 
I (qA+l)(/ 3 |d|-A)^±i} 


qHT£^{ aj2+[Q(2A _ 2+/3 | d | )+1]j+[ct(A _ 1)+1](A _ 1+/3 | d | )} 


Z j ,j> 2- 


aj, 


5 Inclusion and Neighborhood Results 

We define the 5- neighborhood of a function f(z) € A by Ng(f) = {g £ A : g(z) = z + Y^p= 2 b j z ^ an d 

Er= 2 iK-&i \<8}. 

In particular, for e(z) = 2 , Ng(e) = {g £ A : g(z) = z + Y^°p =2 b j and EjE i\ b i\ — 

Furthermore, a function f £ A is said to be in the class £^(X,d,a,0) if there exists a function h(z) € 


£(A, d, a , /3) such that 


m 

h(z) 


— 1 


< 1 - £, Z£U, 0 < £ < 1. 


Theorem 5.1 If S = ^ 2m - 1(ra+ ^^Sg^^; +11 ^, then £(X,d,a, /?) C N s (e). 

Proof. Let / £ £(A, d, a, ft). Then in view of assertion of Corollary 2.2 and since 
J 'r(j+A+i) J) { a d 2 + (^A — 2 + fi |d|) + 1] j + [a (A — 1) + 1] (A — 1 + /? |d|)} > 

2 r(A+ 3 ) h2) i( A + 1) [«(A + 1 + /? |d|) + 1] + /? |d|} for j > 2, we get 

\/~ r(A+3j^ "K A + 1) [a (A + 1 + /3 |d|) + 1] + (3 jdj} E p=2 a i — 

E^l 2 Y //j r(j+ATTT { a j 2 (^A — 2 + ^ |d|) + 1] j + [a (A — 1) + 1] (A — 1 + /3 Jd\)}aj < 

^(aA + l)(/3|d|-A)g±g, which implise E % 2 a j < yj 2 ~+i (n+ iH? A + + 1 j}S 2 +i^ ) V iI+^• 

Applying assertion of Corollary 2.2, we obtain E7=2 J a j < \J 2 ™-i(n+i){i^+i)|^^^ = 6 ’ so we 

have f £ Ng(e). This completes the proof of the Theorem 5.1. ■ 

Theorem 5.2 If h £ £(X,d,a, f3) and 

(aA + l)(A + 2)Q3|d|-A) 

? 2\/ 2™+i(n + l){(A + l)[a(A + l+/3|d|) + l]+/3|d|}’ 


then Ng(h) C £^(d,a, /3). 


Proof. Suppose that f £ Ng(h), we then find that EjEil a i — bj\ < S, which readily implies the following 
coefficient inequality EE 2 \ a j ~ b j\ — f • 


Next, since h £ £{d, a, 0), we have EjE 2 b J < \Z 2^+Mn+i){?A + +i)KA+i+)?| d\]+i}+M} and we get 

Ti j—2 I a j — bj I 


f(z) 

h(z) 


- 1 


< 


< 


2 1- 


[>A + l)(A + 2)(/3|d|— A) 


2 m+l(„ + i) { (A + i)[ ct (A + l + 3|d|) + l]+/3|d|} 

£«(A ,d, a,/?), where £ is given by (5.1). ■ 


= 1 — provided that £ is given by (5.1), thus / € 


6 Radii of Starlikeness, Convexity and Close-to-Convexity 

Theorem 6.1 Let the function f £ A be in the class £(X, d, a, 0). Then f is univalent starlike of order 6, 


r|j+A+i) 


0 < <5 < 1, in \z\ < r\, where rq = inf,- 


The result is sharp for the function f(z) given by 


(IS ) 2 


-|qj 2 + [a(2A—2+/3|d|) + l]j-t-[q(A—1) + 1](A —l-(-/3|d|)} 1 [J 


(aA+l)(/3|d|-A)Li5±i|(i-5) 


1 


fj ( z ) = * + 


(aA + 1) G8|d|-A)3=±g 


\ J 'r(j+A+i)'' { a d 2 + I a ^2 + (3 |d|) + 1] j + [ol (A — 1) + 1] (A — 1 + /? |d|)} 


z j , j > 2. (6.1) 
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< 1 — <5, |jz| < r\. Since 
E^UO'-UAibP 




f(z) 


-1 


Proof. It suffices to show that Z fff ~ 1 

1)a , . To prove the theorem, we must show that z 1 ,J= A v ^c ^‘77j'-i <1 — 5. 

i-EJig^bP i-EJ= 2 <**bP ~ 

It is equivalent to ~ 5)oj|z | J_1 <1 — 5, using Theorem 2.1, we obtain 




< 


1*1 < 


(1—<5) 2 3 rq+)!+i"/' {«t 2 + [«(2A—2+/3|d|) + l]j + [a;(A—1)+1](A—l+/3|d|)} ^ 


20-D 


(aA+l)(/3|d|-A)^5±i}0-5)2 


. Hence the proof is complete. 


Theorem 6.2 Let the function f £ A be in the class £(A, d, a, f3). Then f is univalent convex of order 5, 

1 

(1—<^) 2 3 ' rq+A+i) 3 ^ 2 + [a(2A—2+/3|d|)+l]j + [a;(A—1)+1](A—l+/3|d|)} ^ lj 

(aA+l)(/3|d|-A)3^±^0-5) 2 


0 < 5 < 1, in \z\ < T 2 , where r 2 = inf,- 


The result is sharp for the function f(z) given by (6.1). 


J 


Proof. It suffices to show that 


zf"(z) 

/'(*)) 


< 1—5, |z| < V 2 - Since 


*/"(*) 


E 1 

^ E” 2 iG-iKbP 1 

/'(*) 


!+E f=2 0 a i zi ~ 1 

— i-E^jAPP'- 1 


To prove the theorem, we must show that j^pp-i < 1 — 5, i.e. 2 j{j — 5)aj\z\^ 1 < 1 — 5, using 


j m +lr(n+j) 


Theorem 2.1, we obtain I zP 1 < l 1 - s ), < / r(j+A+1) 


{ai 2 + [a(2A-2+/3|d|) + l]j + [a(A-l) + l](A-l+/3|d|)} 


— jU~ s ) ' 


(aA+l)(/3|d|-A)Li=±i| 


or 


* < 


(1 —<5) 2 j {aj 2 + [a(2A —2+/3|d|) + l]j + [a(A—1) + 1](A—l+/3|d|)} ^ 


20 -») 


. Hence the proof is complete. 


(aA+l)(/3|d|-A)f{5±i}0--5) 2 

Theorem 6.3 Let the function f £ A be in the class C( A, d, a , (3). T/ien / is univalent close-to-convex of order 

' (l-g) 2 j ro+ r x+o :) {aj 2 + [a( 2 A- 2 +/3|d|) + 1 b- + [a(A- 1 ) + 1 ](A- 1 + / 3|d|)} ) 


5, 0 < 5 < 1, in \z\ < r 3 , where r$ = inf, 

The residt is sharp for the function f(z) given by (6.1). 


(aA+i)G8|d|—A)?g±g 

Proof. It suffices to show that | f(z) — 1| < 1 — 5, |^| < r 3 . Then \f(z) — 1| = |^°1 2 3 a j Z ^~ X 


< 


J2 < jL23 a j l*P' Thus \ f(z) — 1| < 1 — 5 if r=ll z l ' 7 1 < 1- Using Theorem 2.1, the above inequality holds 
true if UP " 1 < 


(l-g) / 3 4 'rr/4+y ) ffiU+U( 2A - 2 +/ 3 l d l)+ 1 b+[«U-i)+i](A-i+/3|rf|)} 


y (aA+l)(/3|d|-A)^±ii 

(1 — <5) 2 3 p{at 2 + [a(2A —2+^|d|) + l]j + [a(A—1) + 1](A—l+/3|d|)} 1 
(aA+l)(/3|d|-A)i^±i} J 


1*1 < 


or 


2(3-1) 


. Hence the proof is complete. 
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Abstract 

In this paper, we mainly investigate the problem of normal families of meromorphic 
functions concerning shared functions, and obtain some normality criteria of meromor¬ 
phic functions sharing a holomorphic function. Our results generalize or extend the 
previous theorems given by Ding J. J., Ding L. W. and Yuan W. J.. 


1 Introduction and main results 

Let & be a family of meromorphic functions defined in a domain D. In the sense 
of Montel, & is said to be normal in D , if for any sequence {f n } C & there exists a 
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subsequence {f nj } which converges spherically locally uniformly in D, to a meromorphic 
function or oo. For simplicity, we take —>• to stand for convergence, for convergence 
spherically locally uniformly, and A4(D) (resp. A(D)) for the set of meromorphic (resp. 
holomorphic) functions on D. Let F and G two non-constant meromorphic functions defined 
in D. Then we say that / and g share a IM if F — a and G — a assume the same zeros 
ignoring multiplicity. The zeros of F — a mean the poles of F when a = oo . 

In 1959, Hayman [9] proposed a conjecture: if F £ A4(C) is transcendental, then F n F' 
assumes every finite non-zero complex number infinitely often for any positive integer n. 
The conjecture is showed to be true by many authors, such as Hayman [10], Mues [17], 
Clunie [6], Bergweiler and Eremenko [2], Chen and Fang [4]. Accordingly, Hayman [10] 
conjectured that if .‘F is the family of Ai(D) such that each / £ satisfies f n f ^ a for a 
positive integer n and a non-zero complex number a, then & is normal. This conjecture has 
been confirmed by some authors, such as Yang and Zhang [26] , Gu [8], Pang [20], Oshkin 
[18] and Pang [20]. In 2008, from the point of shared values, Zhang [29] concluded that 
if ,'F is the family of M{D) such that each pair (/, g) of & satisfies that f n f and g n g' 
share a finite non-zero complex number a IM for n > 2, then & is normal. Recently, Jiang 
and Gao [12] generalized Zhang’s result based on the ideas of shared functions. For other 
generations, we can refer to [3, 15, 24], 

For the case of F n F^ k \ Zhang and Li [31] proved that if F £ A4(C) is transcendental, 
then F n L[F] — a has infinitely many zeros for n > 2 and a/0, oo, where L[F] = a^F^ + 
a?;_i F^ k ~^ + • • • + clqF in which a* (i = 0, 1,2, , k) are small functions of F. Pang 

and Zalcman [22] further obtained the corresponding normality criterion as follows: If & 
is the family of A(D) such that zeros of each / £ & have multiplicities at least k and 
such that each / € & satisfies f n f^ ^ a for a non-zero complex number a, then & is 
normal. Recently, Meng and Hu [16] extended Pang’s result, by replacing /"/^ ^ a into 
the condition that f n f k and g n g k share a IM. Similarly, we also have analogues related to 
some conditions of / (f^) 1 for a positive integer l (refer to [1, 11, 13, 30]). 

In 2013, considering the general case of F n (F^) 1 from the view of shared values, Ding, 
Ding and Yuan [7] proved a normality criterion as follows: Let a be a non-zero value, if & 
is the family of Ai(D) such that each pair (/, g) of & satisfies that f n (f^) 1 and g n (g^) 1 
share a non-zero value a, where each / € F has only zeros of multiplicity at least max(k, 2), 
then is normal. Naturally we ask: whether there exists normality theorem when a is a 
function? 

Take four integers k > 1, m > 0, n > 1 and l > 2. Let a 0) be a holomorphic 
function in a domain D such that multiplicities of zeros of a are at most m and divisible by 
n + l. In this paper, we prove the following normality criterion: 
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Theorem 1.1. Let IP be the family of M(D) such that multiplicities of zeros of each f £ IP 
are at least k + m + 1 and such that multiplicities of poles of f are at least m + 1 whenever 
f have zeros and poles. If each pair ( f,g ) of & satisfies that f n (f^) 1 and g n (g^) 1 share 
a IM, then IP is normal in D. 

In special, when k = 1, we may modify Theorem 1.1 as follows: 

Theorem 1.2. Suppose a = a(z ) as in Theorem 1.1, if TP is the family of J\4(D) such that 
each f £ IP satisfies that f n {f') 1 a, then IP is normal in D. 

Similar to the proof of Theorem 1.2, we conclude the following result: 

Theorem 1.3. Suppose a = a(z) as in Theorem 1.1, if IP is the family of M(D) such that 
each f € IP satisfies that f n (f(z)) 1 = a implies \f(z)\ > A for a positive number A, then 
IP is normal in D. 

As a matter of fact, Theorem 1.3 is inspired by the ideas of papers [11, 13] initially. 


2 Preliminary lemmas 

First of all, we introduce the following Zalcman’s lemma [28]: 

Lemma 2.1. Take a positive integer k. Let IP be a family of meromorphic functions in 
the unit disc A with the property that zeros of each f £ IP are of multiplicity at least k. If 
IP is not normal at a point zq € A, then for 0 < a < k, there exist a sequence {z n } C A 
of complex numbers with z n Zq; a sequence {f n } of IP ; and a sequence {p n } of positive 
numbers with p n —>• 0 such that g n (Q = Pf a fn(z n + p n fi) locally uniformly (with respect 
to the spherical metric) to a nonconstant meromorphic function g{fi) on C. Moreover, the 
zeros of g{f) are of multiplicity at least k, and the function g(fi) may be taken to satisfy the 
normalization g^(f) < g\ 0) = 1 for any ^ G C. In particular, g(f) has at most order 2. 

This Lemma is Pang’s generalization [19, 21, 25] to the Main Lemma in [27] (where a 
is taken to be 0), with improvements due to Schwick [23], Chen and Gu [5]. 

Next, by applying the results from [1, 14, 31, 30] we can deduce the following lemma: 

Lemma 2.2. Let f be a transcendental meromorphic function in the complex plane. Let 
n,l,k be three positive integers and a = a(z) ^ 0 be a polynomial. Then fori > 2, f n (f— 
a has infinitely many zeros. 

Finally, we investigate the zeros of f n (f^) 1 — a if / is rational, and thus give Lemma 
2.3 and 2.4: 
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Lemma 2.3. Let p > 0, n, k > 1 and l > 2 be four integers, and let a be a non-zero 
polynomial of degree p. If f is a non-constant rational function which has only zeros of 
multiplicity at least k+p+1 and has only poles of multiplicity at least p+l, then f n {f <yk ^) 1 —a 
has at least two distinct zeros. 

Proof. Firstly, we assume that / is a non-constant polynomial. It follows that / ^ / 0 
from / has only zeros of multiplicity at least k + p + 1. Hence we have 

deg > n(k +p + 1) + l(p + 1) > p = deg(a). 

Therefore, it follows that / n (/W) ; —a is also a non-constant polynomial, and hence f n (f^) 1 — 
a has at least one zero. 

Further, we claim that / n (/Wy — a has at least two distinct zeros if / is a non-constant 
polynomial. To the contrary, suppose that f n (f^) 1 — a has only one zero zq, which means 

f n (z)(fW) l (z)-a(z) = A'(z-z 0 ) d , 


where A’ is a non-zero constant and d is a positive integer. Since / is a non-constant 
polynomial which has only zeros of multiplicity at least k + p + 1, we find /^ / o, and 
hence 


d = deg U n if (k] ) 1 - a) > deg(/ n ) > n(k + p + 1) > p + 2. 


By computing we find 

{n/ w )'} 
{/”(/ ( ‘))‘} <! ' +1) 


O+i) 


(z) = A'd(d- l)...(d-p)(z - z 0 ) d p \ 


hence 


has a unique zero zq. Take a zero £o °f /i then it is a zero of f n 

with multiplicity at least n(k + p + 1). It follows that £o is a zero of {/ n (/^)*}^ and 
{/ n (/( fc )) i }^ P+1 ); which further implies that £o = zq. Therefore, we obtain {/ n (/^ fc ' ) ) z }^' ) (^o) 
0. On the other hand, we get {/"(/^y}^ (z) = b + A'd(d — 1 )...(d — p + l)(z — zo) d ~ p , in 
which b is a non-zero constant such that b = a( p \z). This yields that {f n (f^) 1 (zo) = 
6/0, which is contradictory to {f n (f^) 1 }^ (zo) = 0- The claim is proved. 

Secondly, we assume that / has poles, and then set 


f(z) = 


A(z - «i) mi (z - a 2 ) m2 • • • (z - a s ) n 
(z — /3i) ni (z — /3 2 ) n2 • • • (z — /3t) nt 


( 2 . 1 ) 


where A is a non-zero constant, a* distinct zeroes of / with s > 0, and flj distinct poles of 
/ with t > 1. For simplicity, we put 


mi + m 2 + • • • + m s = M > (k + p + l)s, 


( 2 . 2 ) 
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ni + n 2 H-b n t = N > (p + 1 )t. 


(2.3) 


From (2.1), we obtain 

f{k)( , = (z - «i ) mi ~ k (z - a 2 ) m ^ k • • • (z - a s ) m ’- k g(z) 

1 {z-Pi) n i- +k {z-p 2 ) n 2 +k --{z-Pt) nt+k 

where g is a polynomial of degree < kl(s + t — 1). From (2.1) and (2.4), we get 
f n (z)(f {k) )\-) = An(<z ~ ~ “ 2 ) M2 ''' ( z “ a s) Ms 9 l {z) 


(z-p 1 )Ni(z-/3 2 )^---(z-p t )»< 


(2.4) 


(2.5) 


in which 


Mi = (n + l)rrii — kl, i = 1, 2, • • • , s, 

Nj = (n + l)rij + kl, j = 1,2,-- - , t. 

Differentiating (2.5) yields 

(P+ 1 ) , . (z — ai) Ml_p_1 (z — a2) M2_p ~ 1 ■■■ (z — a s ) Ms ~ p ~ 1 go(z) 




(z - /?i) 7 V i+p + 1 • • • (z - 


( 2 . 6 ) 


where <70 (z) is a polynomial of degree < (p + kl + l)(s + t — 1 ). 

We claim that — a has at least one zero if / is a non-polynomial rational 

function. In order to prove this claim, suppose the contrary holds, thus we set 


r(z)(fW)\z) = a(z) + 


C 


(z - Pi ) Nl {z - P 2 ) N2 ■■■(z- Pt) Nt ’ 
where C is a non-zero constant. Subsequently, (2.7) yields 


{nf (k) y} 


(p+i) 


(Z = 


9i(z) 


(2.7) 


( 2 . 8 ) 


(z - /?i) 7 V i+p +1 ■■■(z — Pt) Nt+p +i ’ 
where g\{z) is a polynomial of degree < (p+ l)(t — 1). Comparing (2.6) with (2.8), we get 

(p + l)(i — 1) > deg(cq) > (n + l)M — kls — (p + l)s, 

and hence 


p + kl + 1 p+ 1 

M < -— s + - jt. 

n + / n + l 

On the other hand, from (2.5) and (2.7) we have 

(n + l)N + kit + p = (n + l)M — kls + deg (g l ). 
Since deg (g l ) < kl(s + t — 1), we find 

(n + l)N < (n + l)M — kls + kl(s + t — 1) — kit — p, 


(2.9) 
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implying that (n + l)N < (n + l)M, and thus we have 

N < M. (2.10) 


By (2.9), (2.10) and noting that M > {k + p + l)s, N > (p + 1 )t, we deduce that 


M< y + H + h + L±!t< 


n + l 


p + kl + 1 


+ 


n + l { (n + l)(k + p + 1) n + l 


M. 


( 2 . 11 ) 


Noting that l > 2 we immediately obtain 

p + fcZ + 1 1 _ (1 + l)k + 2p + 2 < 

(n + /)(& +p + 1) n + l (n + l)(k +p + 1) — 


Hence it follows from (2.11) that M < M, which is a contradiction. The claim is proved. 

Now we suppose that f n (f^) 1 — a has only one zero zq, where / is a non-polynomial 
rational function, then we find 


rw+)+) = + ( , _ . ( , _ w , ■ 

where C' is a non-zero constant and d is a positive integer. We distinguish two cases to 
deduce contradictions. 

Case 1 . p > d. Since p> d, the expression (2.5) together with (2.12) imply that 


(n + l)N + kit + p = (n + l)M — kls + deg (g l ). 


Therefore, we can also conclude (2.10), that is, N < M. Differentiating (2.12), we obtain 

_ 32 (*) _ 

(z - /3 1 ) n ^+p+ 1 ■■■(z- p t ) N *+P +1 ’ 

where < 72 ( 2 ) is a polynomial of degree at most (jp + 1 )t — (p + 1) + d, and hence 


{n/ (fc) y} (p+1) (z) 


(p + l)t — (p + 1) + d > deg(^ 2 ) > (n + l)M — kls — (p + l)s. 


Then we have 


p+l-d^p + kl + l^ p+1^ M < f p + kl + l 1 

n + Z — n + l S n + l ~ \ (n + l)(k + p + 1) n + l 


1 ^ M 


(2.13) 


since M > (k + p + l)s, N > {p + 1 )t, M > N. It follows that 

P + kl + l 1 1 

(n + l)(k + p + 1) n + l 

since l > 2. Therefore, from (2.13) we conclude that p+ r ^i d < 0, a contradiction with the 
assumption p > d. 
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Case 2. d > p. The expression (2.12) yields 


{f n (f {k) y} iP+1) (z) 


(z-z 0 ) d p 1 g 3 (z) 

(z - /3 1 ) n i+p+ 1 ■■■(«- p t ) N *+P +1 ’ 


(2.14) 


where g 3 (z) is a polynomial with deg(<? 3 ) < (p + 1 )t. We claim that zq / a* for each i. 
Otherwise, if zq = oq for some i, then ( 2 . 12 ) yields 


a {p \z 0 ) = {r(/ (fc) )'} (p) (z 0 ) = {nf {k) y} (p) m = o 

because each at is a zero of f n (f^) l of multiplicity > n(k+p+ 1) > p+2. This is impossible 
since deg(a) = p. Hence (z — zo) d ~P~ l is a factor of the polynomial go in (2.6). By (2.6) 
and (2.14), we conclude that 


(p + 1 )t > deg(< 73 ) > (n + l)M — kls — (p + l)s, 


which is equivalent to 


M< y + H + b + L±l t . 


n+l n+l 

If d 7 ^ (n + l)N + kit + p, then (2.5) together with (2.12) implies 

(n + l)N + kit + p < (n + l)M — kls + deg (g l ), 


(2.15) 


so we get N < M from deg(g ,i ) < kl(s + t — 1). Therefore, by using the facts M > 
(k + p + l)s, N > (p + 1 )t, (2.15) implies a contradiction 


M < 


p + kl + 1 


+ 


(n + l)(k + p+ 1 ) n + l 


M < M. 


Hence d = (n + l)N + kit + p. 

Now we must have N > M, otherwise, when N < M , we can deduce the contradiction 
M < M from (2.15). Comparing (2.6) with (2.14), we find 


(p + kl + l)(s + t — 1) > deg(go) >d — p— 1 
since (z — zo) l ~ p ~ 1 \go, and hence 

(n + l)N + kit + p = d < (p + kl + l)s + (p + kl + l)t — kl, 


which further yields 


N< P±k++ + P±l t 


n+l n+l 
Since M > (k + p + l)s and N > (p + 1 )t, it follows from that 

p + kl + 1 ,, . 1 


N < 


(n + l)(k + p + 1 ) 
7 


M + 


n +1 


N. 
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Hence N > M yields 


N < 


p + kl + 1 1 


(n + l)(k + p + 1 ) n + l 
Since l > 2, we obtain consequently 


N. 


(2.16) 


P + kl + 1 1 < 1 


(n + l)(k + p + 1 ) n + / 

Hence (2.16) yields N < N. This is a contradiction. Proof of Lemma 2.3 is completed. □ 

Lemma 2.4. Let p > 0 ,n > 1 and l > 2 be three integers such that p is divisible by n + l, 
and let a be a non-zero polynomial of degree p. If f is a non-constant rational function, 
then f n (f') 1 — a has at least one zero. 

Proof. If / is a non-constant polynomial, then f ^ 0. We consequently conclude that 

deg (/"(/')*) = (n + l) deg (/) -l^p 

since p is divisible by n + l. It follows that f n (f') 1 — a is also a non-constant polynomial, 
so that f n (f) 1 — a has at least one zero. 

If / has poles, we can express / by (2.1) again, and then, by differentiating (2.1), we 
deduce that 

(.z — ai) mi ~ 1 (z — « 2) m2_1 • • • (z — a s ) ms ~ 1 h(z ) 


* ^ (z - Pi) ni+1 (z - /3 2 ) n2+1 •••(*- Pt) nt+1 
where h(z) is a polynomial of form 

h(z) = (.M - IV )^- 1 + • • • . 

From (2.1) and (2.17), we obtain 


(2.17) 


P 


nf'Y = q. 

in which 

P(z) = A n (z - ai Y n+l)mi ~\z - a 2 Y n+l)m2 ~ l ■ • • (z - a s Y n+l)ms ~ l h l (z), 
Q(z) = (z - ft )("+0m+J( z _ /3 2 )(”+0«2H ( 5 ( )(«+0n t H_ 

We suppose, to the contrary, that Z™/ 7 — a has no zero. When M ^ N, we have 

B P 
J J Q Q~ 

where B is a non-zero constant. Therefore, we obtain 


deg(P) = deg(Qa + B) = deg(Q) + p. 
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Note deg(h l ) > l(s + t — 1) implies that 


( Tl T Z)A 1 — Is + l(s T t — 1) ^ ( Tl T l)N + It T p, 


or equivalently 


(n + l)M — N > 0 p + l ), 

which further yields M > IV and deg(h) = s +1 — 1. It follows that 
(n T /)1\T — /s T ^(s T t — 1) = ( n T tyN + It T p. 
Thus we immediately obtain 


M -N = 


p + l 


71 +V 

which is impossible since M — N is an integer. Therefore, f n f — a has at least one zero. □ 


3 Proof of Theorem 1.1 

Without loss of generality, we may assume that D = {z € C | \z\ < 1}. For any point zq 
in D, either a(zo) = 0 or a(zo) / 0 holds. For simplicity, we assume zo = 0 and distinguish 
two cases. 

Case 1. a(0) ^ 0. To the contrary, we suppose that & is not normal at zo = 0. Then, 
by Lemma 2.1, there exist a sequence {zj} of complex numbers with Zj -A 0 (j -A oo); a 
sequence {fj} of and a sequence {pj} of positive numbers with pj -+ 0 (j —> oo) such 
that 

Ik 

9j(0 = Pj n+l fj(*j + PjO 

converges uniformly to a non-constant meromorphic function </(£) in C with respect to the 
spherical metric. Moreover, g(£) is of order at most 2. By Hurwitz’s theorem, the zeros of 
5(0 have at least multiplicity k + m + 1 . 

On every compact subset of C which contains no poles of g , we have uniformly 

f-{zj + PjO(fj k \ z j + PjOf ~ a ( z j + PjO 
= - a( Zj + Pjt) ^g n (O(9 {k \Oy-<0). ( 3 . 1 ) 

If g^g(k)y 

= a(0), then g has no zeros and poles. Then there exist constants C{ such that 
(ci,c 2 ) / (0,0), and 

5(0 = e C0+Cl ^ +c ^ 2 

since g is a non-constant meromorphic function of order at most 2 . Obviously, this is 
contrary to the case g n {g^) 1 = a(0). Hence we have g n (g^) 1 ^ a(0). 
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By Lemma 2.2 and Lemma 2.3, the function g n (g^) 1 — a(0) has two distinct zeros £o 
and We choose a positive number 5 small enough such that D± n D -2 = 0 and such that 
g n (g (k} )' — a(0) has no other zeros in D\ U D 2 except for £0 and £o> where 

Di = {£, e C \ |£-£o|<5}, D 2 = {£€ C| |e-^l<5}- 


By (3.1) and Hurwitz’s theorem, there exist points G f>i, G D 2 such that 
fj{zj + + p&j )) 1 - a(zj + pjij) = 0 , 

and 

fj'Cj + PjCj)(f-\zj + PjCj)) 1 ~ a (zj + PjCj) = 0 

for sufficiently large j. 

By the assumption in Theorem 1.1, and f r J l {.ff'' > ) 1 share a IM for each j. It 

follows 

fi{zj + PjZj)(fi k \zj + Pjij)) 1 ~ a{zj + Pjtj) = 0 , 

and 

fi( z j + PjCj){f\ \zj + PjCj)) 1 ~ a(zj + PjCj) = 0. 

By letting j —>• 00 , and noting Zj + pjC —> 0, Zj + pj£* —>• 0, we obtain 

/f(0)(/i W (0)y-a(0) = 0. 

Since the zeros of /”(C)(/i^(C))^ ~ a (C has no accumulation points, in fact we have 


z j + PjC ~ z j + PjC — 0 , 


or equivalently 


t _ _zL c* __ zL 

s j ~ > Si — 


Pi 


pj 


This contradicts with the facts that € D\, S* € D- 2 , D\ n D 2 = 0. Thus & is normal at 
zo = 0. 

Case 2. a(0) = 0. We assume that zq = 0 is a zero of a of multiplicity p. Then we have 
p < m by the assumption. Write a(z) = z p b(z), in which 6(0) = b p / 0. Since multiplicities 
of all zeros of a are divisible by n + 1, then d = Cpi is just a positive integer. Thus we 
obtain a new family of A 4(D) as follows 


J^ = 


f(z) 


f€& 


We claim that is normal at 0. 


10 
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Otherwise, if is not normal at 0, then by lemma 2.1 there exist a sequence {zj} of 
complex numbers with Zj —>• 0 (j —> oo); a sequence { hj } of ; and a sequence { pj } of 
positive numbers with pj -> 0 (j —t oo) such that 


Ik 

9j(0 = Pj n+l h i( z i + PjO 


(3.2) 


converges uniformly to a non-constant meromorphic function g(0 in C with respect to the 
spherical metric, where g^(0 < 1 , ord(g) < 2 , and hj has the following form 

M*) - ^ 

We will deduce contradiction by distinguishing two cases. 

Subcase 2.1. There exists a subsequence of ))', for simplicity we still denote it as , 

such that - c as j -> oo, where c is a finite number. Thus we have 
Pi 


m) = 


fj(pjO (PjO d hj( z j + Pj(£ pjj) 


-%+d 


and 


Fno^m 1 - 


L K 

(Pj) (Pj) n+l 


a« = ^ ft . (£)(fc <»> (£)) . _ „«, ( 3 .3, 


Z d g(t-c) = 






7 

Noting p < rn. it follows from Lemma 2.2 and Lemma 2.3 that h n (0(h^ k \0Y — b p O has 

at least two distinct zeros. Similar to the proof of Casel, we can obtain a contradiction. 

Subcase 2.2. There exists a subsequence of for simplicity we still denote it as 

such that I 2 - —>• oo as i —> oo. Then we deduce that 
Pi J 

fj ( z j + PjO = {( z j + PjO hj( z j + Pji )| 

k 

= (Zj + pj£,) d hf ] (Zj + PjO + Y a i( z j + PjO d ~ l hf~ l) ( z j + PjO 

i= 1 

nk . . ^ nk ■ • . 

= (.Zj + PjO d Pj n+l 9j (0 + Y/ ai ( z i + PjO d L Pj n+l Sj ( 0 ) 


1=1 


in which a*(z = 1, 2, k) are all constants. Thus the expansion of (/■ (zj + Pji)) 1 can be 


stated as 


(gf\0)\ z j + pjO ld (pjO + Y II ( ai9 t l) (0) li ( z i + pjO ld (pjO "+* ( 2 a ) 

; 0 <z*=o \ z i + Pj^J 




where li(i = 0 , 1 ,..., A:) are arbitrary non-negative integers satisfying Xi=o ^ = ^ 
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Since jf —> oo, b(zj + pj£) b p as j —> oo, it follows that 

f?(*j + Pjt)(fj k \zj + Pit)) 1 u 

b P -—A- b P 

a(zj + pj£) 

Mzj + P0 n+l)d 9^m9f\i)) 1 

b(zj + PjO( z J + PjO p 

x - b p( z j + pjO {n+l)d 9j(o nLo^gf -0 (0) Zi f pj \ E ' =iik 

b ( Z J + PjO(Zj + PjO p V Zj + Pjt ) 

=4 g n {0(9 {k) m l -bp 


b p 


(3.4) 


on every compact subset of C which contains no poles of g. 

Since all zeros of fj € & have at least multiplicity k+m+ 1, then multiplicities of zeros of 
g are at least k + 1. Then from Lemma 2.2 and Lemma 2.3, the function g n (^)(g^(£)) 1 — b p 
has at least two distinct zeros. With similar discussion to the proof of Casel, we can get a 
contradiction. 

Hence the claim is proved, that is, is normal at zq = 0. Therefore, for any sequence 
{ft} C & there exist A r = {z : |s:| < r} and a subsequence {ht k } of { ht(z ) = ft(z)/z d } C J4? 
such that ht k =4 / or oo in A r , where I is a meromorphic function. Next we distinguish two 
cases. 

Case A. Assume ft k ( 0) ^ 0 when k is sufficiently large. Then 1(0) = oo, and hence for 
arbitrary R > o, there exists a positive number 6 with 0 < 5 < r such that |I(z)| > R when 
z € As- Hence when k is sufficiently large, we have \ht k (z)\ > which means that j- is 
holomorphic in A^. In fact, when \z\ = |, 


1 


1 

ft k {z) 


ht k (z)z d 


2 d +i 

~RM' 


By applying maximum principle, we have 


1 

ft k (z) 


< M 


for z € A< 5 ^ 2 - It follows from Motel’s normal criterion that there exists a convergent subse¬ 
quence of {ft k }, that is, & is normal at 0 . 

Case B. There exists a subsequence of ft k , for simplicity we still denote it as ft. k , such 
that ft k (0) = 0. Then we get 1(0) = 0 since ht. k (z ) = - ^4 I(z ), and hence there exists 
a positive number p with 0 < p < r such that I(z) is holomorphic in A p and has a unique 
zero z = 0 in A p . Therefore, we have ft k (z ) =1 z d I(z) in A^ since ht k converges spherically 
locally uniformly to a holomorphic function I in A p . Thus & is normal at 0. 

Similarly, we can prove that & is normal at arbitrary zq € D, hence & is normal in D. 
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4 Proof of Theorem 1.2 

Similar to the proof of Theorem 1.1, we assume that D = {z £ C | \z\ < 1} and zq = 0, 
and then distinguish two cases by either a(0) = 0 or a(0) ^ 0. 

Case 1. a(0) A 0. To the contrary, we suppose that & is not normal at 0. By using 
the notations in the proof of Theorem 1.1, we also obtain 

fj(zj + Pjt)(lj(zj + PjO)‘ - “(zj + Pit) (4.1) 

= - a(zj+Pit) =>»”({)(/({))' - «(o), 

where g n (g^) 1 ^ a(0). 

By Lemma 2.2 and Lemma 2.4, the function g n (g') 1 — a(0) has a zero r/Q. By (4.1) and 
Hurwitz’s theorem, there exist points r/j —>• rj ,o (j —>• oo) such that for sufficiently large j, 
Zj + PjTjj € D and 

f-{zj + Pjrtj)(fj(zj + pjiy)) 1 - a(zj + pjiy) = 0, 

which contradicts the assumption that f n (f) 1 ^ a. 

Case 2. a(0) = 0. By using the notations in the proof of Theorem 1.1, we also get the 
formulas (3.1)~(3.4). Therefore, with the similar method in Case 1, we can prove that & 
is normal at zq = 0, and hence & is normal in D. 

5 Proof of Theorem 1.3 

We also take the assumptions in the proof of Theorem 1.1, distinguishing two cases as 
follows: 

Case 1. a(0) 7 ^ 0. Similar to the proof of proof of Theorem 1.2, we get that g n (g') l —a( 0) 
has a zero 7 / 0 • By Hurwitz’s theorem, there exist points r/j —>• rj 0 (j 00 ) such that 
for sufficiently large j, Zj + pjpj € D and ff(zj + PjVj){f'Azj + PjPj)) 1 = a(zj + PjPj)- 

Ik Ik 

Consequently, we have \gj{gj)\ = \pj n+l fj(zj+PjVj)\ > \pj n+l \ A, which implies that < 7 ( 770 ) = 
00 . This contradicts the assumption that g n (g'(g o)) / = a(0). Hence & is normal at zo = 0. 

Case 2. a(0) = 0. We also obtain the formulas (3.1)-(3.4), thus we can prove that ^ 
is normal by using the similar method of Case 1. 
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1 Introduction and Preliminaries 

In 1989, Bakhtin ||2j introduced the notion of b-metric spaces and studied the concept of b-metric spaces as a 
generalization of metric spaces. Also he proved the Banach contraction principle in b-metric spaces. After that the 
study of fixed point theorems in b-metric spaces is followed by some other mathematicians (see Q, (T3)). 

In 2011, Ran and Rarings jl2j introduced the existence of fixed point in partially ordered metric spaces and studied 
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some applications to matrix equations. 

Guo and Lakshmikantham (8} introduced the concept of coupled fixed point, later on Bhaskar and Lakshmikan- 
tham |3] introduced the notions of a mixed monotone mappings and then established some coupled fixed point 
theorems for mixed monotone mappings. They also discussed the existence and uniqueness of the solution for 
periodic boundary value problems. 

In 2009, Lakshmikantham and Ciric [9] defined g- monotone property and proved coupled coincidence and cou¬ 
pled common fixed points theorems for nonlinear mappings satisfying certain contractive conditions in partially 
ordered metric spaces. Some remarkable contributions on this line can be seen in 03 - 

In 2012, Gordji et al. |7i|, proved some coupled fixed point theorems for a contractive-type mappings with the 
mixed weakly monotone property in partially ordered metric spaces. In this article, utilizing the notion of a mixed 
weakly monotone pair of mappings we prove coupled common fixed points theorems for mappings on partially 
ordered b-metric spaces. 

First we recall some basic definitions, notions, lemmas, and examples which will be needed in the sequel. 

Definition 1.1. ^ Let X be a (nonempty) set and s > 1 be a given real number. A function d : X x X —► [0, oo) 
is called a b-metric on X if, for all x,y, z £ X, the following conditions hold: 

(i) d{x, y) = 0 if and only ifx = y; 

(ii) d(x, y) = d(y,x); 

(iii) d{x,z) < s[d(x,y) +d(y,z)\. 

In this case, the pair (X, d) is called a b-metric space. If (X, X) is still a partially ordered set, then ( X , yf, d) is 
called a partially ordered b-metric space. 

Definition 1.2. £?]/ An element ( x,y ) £ X x X is called coupled fixed point of a mapping F : X x X —> X if 
x = F(x,y) and y = F(y,x). 

Definition 1.3. (jzty Let (X, d, if) be a partially ordered set and f : X x X —> X be mapping. We say that f has 
the mixed monotone property on X if, for all x, y £ X, 

xi,x 2 £ X, x\ lfx 2 => f(xi,y) 3 f(x 2 ,y) 
and 2 /i, 2/2 € X,y x < y 2 => f{x,yi) >3 f(x,y 2 ). 

Definition 1.4. /[7^ let (X, if) be a partially ordered set and f,g:XxX-^Xbe mappings. We say that a pair 
(/, g) has the mixed weakly monotone property on X, if for all x, y £ X,we have 

X 3 k f( x i y)>f(y> x ) ^ y implies f(x, y) ^ g(f(x, y), f(y, x)), g(f(y, x), f(x, y)) ^ f(y, x) 
and x ^ g(x,y),g(y,x) ^ y implies g{x,y)f:f(g{ x ,y),g(y,x))J(g{y,x),g{xpy))i<g{y,x). 
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For mixed weakly monotone property related examples one is suggested to refer 0 

Remark 1.1. Let (X, X) be a partially ordered set, f : X X X X be a map with the mixed monotone 
property on X. Then for all n £ N, the pair ( f n , f n ) has the mixed weakly monotone property on X. 

Lemma 1.1. ^7] Let (X, d) be a metric space. Then X x X is a metric space with the metric D d given by 
D d ((x, y), ( u , v )) = d(x, u ) + d(y , v), for all x , y,u,v £ X. 

2 Main result 

In this section, some fixed point theorems for contraction conditions described by rational expressions are proved. 

Lemma 2.1. Let ( X , d) be a b-metric space. Then X x X is a b-metric space with the b-metric D given by 
D((x , y), ( u , v)) = d(x , u) + d(y, v), for all x, y , u , v, w , t £ X. 

Proof. For all x, y, u, v,w,t £ X, we have D((x, y), (u, v )) £ [0, oo) and 
D((x, y), (u, v)) = 0 if and only if d(x, u ) + d(y, v) = 0 
if and only if x = u, y = v, that is (x, y) = (it, u) and 

V), (u, v)) = d(x, u) + d(y, v) 

= d{u, x) + d(v, y) = D((u , v), (x, y)). 

Also, D((x, y), (it, i;)) = d(x, it) + d(y, v) 

< s[d(x, w) + d{w, it)] + s[d(y, t ) + d(t, n)] 

< s[d(x, w ) + d(y, f)] + s[d(w, u) + d{t, u)] 

< s[D((x, y), {w, t)) + D((w, t), (it, t>))]. 

Hence, D is a 6-metric on X x X. □ 

Let (X, d, f ) be a partially ordered complete metric space. We consider the product space X x X with the 
following partial order, for all (x, y), (it, v) £ X x X 

(x, y) ^ (it, v) •<=> x ^ it, y £3 v. 

Adso let ( X x X, D) be a b-metric space with the following metric 

D((x, y), ( 11 , i>)) = d(x, it) + d(y, v), for all (x, y), (it, v) £ X x X. 
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Theorem 2.1. Let (X, d. be a partially ordered complete b-metric space. Let f,g:XxX^Xbe the 
mappings such that the pair (/, g) has the mixed weakly monotone property on X. Suppose there exists a, /3, 7 , 5 £ 
[ 0 , 1 ) with a + !3 + 2 s (7 + 5) < \ such that 


d(f{x,y),g(u,v)) < a 


[1 + D((x, y ), (/(x, y), f(y , x)))].D((u, v), ( g(u , v),g(v, u))) 


[1 + D((x,y),(u,v))\ 

+ l[D((x, y), (f(x, y ), f{y, x))) + D((u, v ), (g(u, v),g(v, u)))] 
+ S[D({u, v ), (/Or, y), f(y , x))) + D{{x, y), (g(u, v),g(v, u)))] 


+ PD((x,y), (u,v)) 


( 2 . 1 ) 


for all x,y,u,v £ X with x ^ u and y £3 v and D is defined as in Lemma 2.1 Let Xo,yo £ X be such that 
Xo 7 $ f( x 0 ; 5 o), yo £ f(yo, Xq) or x 0 3 g(x 0 , 2 / 0 ), Vo £ 5 ( 2 / 0 , zo). If f or g is continuous, then f and g have a 
coupled common fixed point in X. 


Proof. We construct two Cauchy sequence in X. Let xo, yo £ X, be such that xo ^ /(x 0 , 50 ), 50 'iZ f(yot x o)- 
Putxi = f(x 0 ,y 0 ), 2 /i = f{yo,xo),x 2 = g(x 1 ,y 1 ),y 2 = g(yi, xi) 

Continuing this, way x 2 „+i = /(x 2n , j/ 2 n), 5277+1 = /( 52 n, ® 2 n), 


®2n+2 — <?(T2n+li 2/2n+l)j 2/2n+2 — <7(2/271+1) a ; 2n+l) /or all 71 £ N. 


From the choice of x 0 ,2/0 and the (/, 5) has mixed weakly monotone property, we have 

x\ =/(x 0 ,2/0) 3 g(f{xo,yo),f(yo,xo) = g{x 1,2/1) = x 2 => xr 3 x 2 , 

£2 =#(xi,2/i) ^ f(g(xi, 2/1), 5(2/1, xi) = f{x 2 ,y 2 ) = x 3 => x 2 ^ x 3 . 

Similarly , 2/1 =/(2/o, ^0) 5 (/( 2 /o, x 0 ),f(x Q , y 0 ) = 5(3/1, Xi) = 2/2 =k 2/1 £ 2/2, 

2/2 =5(2/1,®i) f(g{yi,xi),g(x ll y 1 ) = f(y 2 ,x 2 ) = 2/3 => 52 fc 2/3- 

Therefore, we acquire 

^0 ^ ^1 ^ *2 ^ • • • ajn ^ a; n+ i A • • • 

5 o 5 i £ 52 £ • ■ ■ y n tZ 2 /n+i £ • • • 

the sequences {x n } and { y n } are monotone increasing and decreasing respectively. Applying ( |2.1| ), we obtain 

d(x 2n _|_i, X 2n _f_ 2 ) — d(/(x 2 „, y 2 n ), 5(^277+1, 2 / 2 n+l)) 

-<J [l + T > ((x2r»,7/2r.),(/(a;2^,l/2^),/(^2r I ,g2n)))]T ) ((a;2n + l,l/2n+l),(g(3;2T I + l,'l/2n + l),g(i/2 ra + l,g2r,+ l))) 

~ [l+-D((*2n,l/2n),(*2»+l,lfcl»+l))] 

+ / 3 D((x 2 n ,y 2n ), (x 2 n+ll y 2n+1 )) 

+ l[D((x 2 n ,y 2n ), (f(x 2n , y 2 n ),f{y 2 n, x 2n ))) + D((x 2 n+ 1 ,y 2n+1 ), (g(x 2 n+ 1 ,y 2n+1 ), 5 ( 5277 + 1 , x 2n+ i)))] 
+ < 5 [-D((x’ 2 n +i, 5 2 I 7 +i), (f(x 2n , y 2n ), f(y 2n , x 2n ))) + H((x 2 „, y 2n ), (.g{x 2 n+ 1 ,y 2 n+ 1 ),g{y 2 n+ i,x 2n+1 )))] 
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d(X2n+l, £ 2 ra+ 2 ) ^ a 


[1 + D((x2n , 2/2 n), (X2n+1 , 2/277+1) )] D( (x 2n +i , J/2n+l), (^2n+2, 2/277+2)) 


[1 + D{(X2ni U2n), (x 2n +l , 2/277+1))] 

+ /3D((x 2n , V2n), (®2n+l, J/2n+l)) + 

7[£>((a; 2fl ,y2n), (3 2r i+l,2/2T7+l)) + -D((3 2r 7+1,2/277+l), (*2n+2, 2/277+2))] + 
<5[Z/((x2 rl +l, ?/2n+l)) (a ; 2n+li J/2n+l)) + -D((3 2n> V2n)i (x 2n+2 , 2/2ti+2))] 


d(x 2 „+l, X 2 „+2) + 7 )D((x 2 „+1,2/277+l), (®2n+2, 2/2ti+2)) + 

(/3 + 7)Z?((x 2 „, y 2n ), {X2n+l,V2n+l)) + dD((x 2n , 2 / 271 ), (® 2 n+ 2 , 2 / 277 + 2 )) 

+ 7)D((x 2 „_|_i, 2/277+l), (®2n+2; 2/277+2)) + 

(/9 + l)D({x 2 n, 2/277 ), (®2n+l, 2/277+l)) + 

£’^[-*-^((3 2 n, V2n) •> (3 2 t7+1, 2/2ti+i)) + -*^((3 2 77+l, 2/277+l)? (3 2 77+2, 2/2ti+2))] 
^(a + 7)[d(x 2 „+i, x 2 „ +2 ) + £*( 2 / 277 + 1 , 2 / 277 + 2 )] + 

{P + ”f)[d{x 2 n, X 2n +l) + d(y 2 n, 2/277+l)] + 

s5[d(x 2 „,x 2n+ i) + d(X 2 n+l,X 2 n+ 2 ) + d(y 2 n , 2/277+1) + d(y 2 n+l , 2/277+2)] 


d(x 2n+ i, x 2rl+2 ) + (a + 7 + s<J)[(i(x 2n+ i, x 2n+2 ) + d(y 2n + 1,2/277+2)]+ 

(/3 + 7 + s^)[d(x 2n ,x 2 „+i) + d( 2 / 2 n, 2 / 2 n+i)] /or a// b£ 1 V. 


Similarly, we have 


d(z/2n+i,2/271+2) + 7 + S(5)[d(y 2 n+l,2/2n+2) + d(x 2n+ i,x 2n+2 )] + 

(/8 + 7 + s5)[d(2/ 2 „,2/ 2 n+i) + d(a: 2 7i,a: 2 7i+i)] /or a// n € TV. 

Thus it follows from ( |2.2[ > and ( |2.3[ i that 


( 2 . 2 ) 


(2.3) 


d(x 2n+ i,x 2n+2 ) + <*(2/277+1,2/271+2) ^2(a + 7 + si5)[d(x 2n+ i,x 2 „ +2 ) + <*(2/277+1,2/277+2)]+ 

2(/3 + 7 + s<5)[d(x 2n , x 2n+ i) + £*(2/277,2/2n+i)] 

or 


£*(3277+1,3:277+2) + £*(2/271+1,2/271+2) ^ T ^f/ + T + „ [t*(x2n, X277+1) + £*(2/277,2/277+1)] for all n G N. 

1 — 2(a + 7 + so) 

n a 


Moreover, if we apply ( |2. 1 [ >. then we have 

d(x 2 n+2, 3 2ra +3) = £*(5(3277+1, 2/277+l),/(32n+2, 2/2ra+2)) 

+ Q [l + T > ((x2r. + l,^2T I + l),(g(a2n+l,7/2r. + l),g(7;2^ + l,a2n+l)))]T ) ((g2n+2,7/2r 1 +2),(/(a2n + 2,j/2^ + 2),/(y2^+2,a;2^+2))) 

~ [l + D((x 2 „+l,S/ 2 n+l).(* 2 n.+ 2 ,!/ 2 n+ 2 ))] 

+/3I?((3277+1, 2/277+1), (3277+2,2/277+2)) + 7[^((32T7+1,2/277+1), (</(3 2 t 7+1, 2/277+l) , </(2/2 t7+1, 3 2 t7+1 ) ) ) 

+D((x 2n +2, 2/277+2), (/(3 2 n+2,2/277+2), /(2/2T7+2,3 2 7i+2)))]+<5[£ ) ((3277+2, 2/277+2), (</(3 2 t7+1 , 2/277+1) , </(2/2t7+1,3 2 ,i+1 ) ) ) 
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+-D((*2t 7+1, 2/277+l), (/(*2 t7+2 , V2n+2 ) , f (]j2n+2 , *271+2)))] 

,, \ [1 +-D((*2t 7+1, 2/277+l), (*2 t7+2,2/277+2))]-D((*2t7+2, 2/277+2), (*2t7+3, 2/277+3)) 

U(*2t7+2,*2t7+3) A) a -fi 1 rwY-W-\vi- 

[1 + (*((*277+1, 2/277+l), (*271+21 2/277+2))] 

+ /3-D((*2t 7+1, 2/277+l), (*2 t7+2, 2/277+2)) + 

7[-C ) ((*2r! + l, 2/277+l)> (*2 t7 +2, V2n+2 )) + D( {X2n+2 , V2n+2) , (*2 t7 +3, 2/277+3))] + 

<5[D((x2 n +2,2/277+2)) (*2?7+2, 2/277+2 )) + -D((*2t7+1 , 2/277+1), (*2t7+3; 2/277+3))] 


<((*2t7+2, *277+3) ^(<2 + 7)D((X2„+2, 2/277+2), (*277+3, 2/2t7+3)) + 

(/3 + 7)-D((*2n+l, V2n+l), (*2t7+2, 2/2t7+2)) + <5£>((*2t 7+1,2/277+l), (*2 ti+3, 2/2t 7+3)) 
^(a + 7 )D((x 2 „+2, 2 / 277 + 2 ), (*277+3, 2 / 277 + 3 )) + 

(/? + 7)- D ((*2n+l, 2/277+l), (*2 t7+2, 2/277+2)) + 

S(5[D((*277+1, 2 / 277 + 1 ), (*2t7+2 , 2/277+2)) + -D((*2t7+2, 2/2ti+2), (*2t7+3, 2/277+3))] 

(a + 7 + S(5)[£)(x 2 n+2, 2/277+2), <((*277+3, 2/277+3)] + 

(/? + 7 + S(5)[D(x 2 77+i, 2/277+1), rf(*277+2,2/277+2)] 


<((*2ti+2, *277+3) + 7 + s5)[d(*2n+2, *277+3) + <((2/277+2, 2/277+3)] + 

(/9 + 7 + s5)[d(*2n+i, *277+2) + <^(2/277+1,2/277+2)], for all n £ N. 


Similarly, we have 


(2.5) 


^(2/271+2, 2/277+3) + 7 + s 3)[d{y2n+2, 2/277+3) + <((*277+2, *277+3)] + 

(/3+ 7 +5^)^(2/277+1,2/277+2) + (((*277+1, *277+2)], /o* all n £ N. 

Thus it follows from ( |2.5| > and ( |2.6[ i that 

d(*277+2, *277+3) + <((2/277+2,2/277+3) ^2(a + 7 + sS)[d(x 2 n+2, *277+3) + d(y 2n +2, 2/271+3)] + 

2(/3 + 7 + S(5)[d(x27i+i, *277+2) + <((2/277+1,2/277+2)] 


( 2 . 6 ) 


-1 - / y —|— sS^) 

d(*277+2, *277+3)+<((2/277+2, 2/277+3) ^ Z - 7 £, - I - , - 7 + [<((*277+1, *2t7+2)+<((2/277+1 , 2/277+2)], f OT all 71 £ N. 


1 — 2 (a + 7 + s<5) 


Moreover, it follows from ( |2.4[ > and \2.1) that 

2(/3 + 7 + s<5) i 2 


<((*277+2, *2t7+3)+<((2/277+2, 2/277+3) ^ 


-1 — 2(ck + 7 + sS) 


(2.7) 

[d(x 2 77,*277+i)+<((2/277,2/277+1)], for all n £ N. 

( 2 . 8 ) 
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Let A = -i 2( ^ + I + l^ • Then 0 < A < 1 and 

1 —2(o:+7+soj — 

d(x 2n +l,X 2 n+ 2 ) + d(y2n+l,y2n+2) ^[d{x 2n , X 2 n+l) + d(j/2n> Z/ 2 n+l)] + 

-<\ 3 {d(x 2 n- 2 ,X 2 n-l) + d{y 2 n- 2 , J/2n-l)] 

^A 5 [d(a;2 ra _4, X2n-z) + d(xj 2n -i ; V2n-3)] 

^A 2n+1 [d(x 0 , Xi) + d(y 0 ,2/i)] 

and d(X2n+2, X2n+3) + d(y 2n +2i V2n+3) 7$^[d{x 2n +l , X2n+2) + ^(j/2n+l > 2/2n+2)] + 

^A.A 2n+1 [d(x 0 , Xi) + d(j/o, 2 /i)] 

^A 2 ” +2 [d(x 0 ,xi) + d(y 0 ,yi)\ for all n G N. 

Now, for all m,n> 1 with n < m, we have 

^(X 2 n+l > X 2 m+ 1 ) T d(jj2n-\- 11 2/2m-f-l) iTi s[ti(x 2 n+l 5 X 2 n+ 2 ) T t^(x 2 n-f 2 5 X 2 m+ 1 )] 

+ s[c?(t/ 2 n+l: 2 / 2 n+ 2 ) + d(y 2n + 2 j x 2m+l )] 

^s[(X2n+l 5 X’2n+2) + d(2/2ra+l > 2/2n+2] + s[X2n+2> X2m+l) + d(y 2n +2 1 2/2m+l] 

^s[(X 2 n+l, X’ 2 n+ 2 ) + ^(t/ 2 n+l, 2 / 2 n+ 2 ] + S 2 [X 2 n+ 2 , X2n+3) + d(y 2n + 2 , 2/2n+3] 

+ S 2 [(i(x 2 n+3, X 2m+ l) + d{y 2n +3, V2m+l)} 

^s[(X 2 n+l, X’ 2 n+ 2 ) + d(y 2 n+l, V 2 n+ 2 \ + S 2 [X 2 n+ 2 , X2n+3) + d(y 2 n+ 2 , V2n+3\ 

+ ■ ■ ■ + S 2(m_n) [d(x 2m , X 2 m+l) + <% 2 m, V 2 m+l)] 

^sA 2n+1 [ti(x 0 , xi) + d(yo, t/i)] + s 2 X 2n+2 [d{x 0 , Xi) + d(y Q , j/i)] 

+ ■ • • + s 2(m "■* A 2m [^(xo, Xi) + d(yo, t/i)] 

^sA 2n+1 [l + sA + (sA) 2 + ... + (aA) 2(Tn_n)_1 ][d(x 0 ,x 1 ) + d(y 0 , yi )} 
sA 2n+1 

^ 1 _ [d(x 0 , xi) + d(yo, 2 / 1 )]- 

Similarly, we have 

d(x 2 n,X 2 m+l) + d(y 2n , t/ 2 m+l) ^sA 2 " [1 + sA + (sA) 2 + . . . + (sA) 2< - m n -*][d(xo, Xi) + d(y0)2/l)] 

sA 2ra 

_ sA M(x 0 ,xi) +d(yo,2/i)]. 

d{x 2 n,X 2 m) + d(j/ 2 „, t/2m) ^sA 2 ”[l + sA + (sA) 2 + . . . + (sA) 2(m_n)_1 ] [d(x 0 , X’l) + (%0,t/l)] 

sA 2 ™ 

^ x _ sA [d(x 0 , Xi) + d(y 0 , t/i)] 
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and 


d{X 2 n+l,X 2 m) + ^(j/2n+l ; Him) ^sA 2 " +1 [l + sA + (sA) 2 + . . • + (s A)" ( '™ " 1 ^] [d(xg, X\) + d(?/o,2/l)] 



—— [d(x 0 , x x ) + d{y 0 , yi )]. 


Hence for all to, n > 1 with n < to, it follows that 


d{x n ,x m ) + d(y n ,y m ) ^ —--[d(a;o, aq) + c%o,Z/i)]- 

1 — sA 


Since 0 < A < 1, we can conclude that 

d(x n , x m ) + d{y n , y m ) —»• 0 as n — > oo, which implies that d(x n , x m ) — k 0 and d(y n , y m ) —> 0 as to, n — > oo. 

Therefore the sequences {x n } and { y„ } are Cauchy sequence in X. 

Since (X, d) be a partially ordered complete b-metric space, then there exist x, y € X such that x n x and 
y n —>• y as n —> oo. 

Suppose that / is a continuous then we have 

x = lim X 2n +1 = lim f{x 2n ,y 2 n) = f(x,y) 

n—t oo n—>oo 

and y = lim y 2n + 1 = lim f{y 2 n,x 2n ) = f(y,x). 

n—>oo n—>oo 

this implies (x, y) is coupled fixed point of /. 

Taking u = x and v = y in (|2. 1 [i, we have 


d{f{x, y),g(x, y)) + d(f{y, x),g{y, x)) 

^ [1 + D((x, y), (/(s, y), /(y, x)))]£>((x, y), (g(z, y), g(y, x))) 

[1 + D((x,y),(x,y))] 

+ l[D{{x, y), (/(a:, j/), f(y, x))) + D((x, y), (g{x, y), g(y , a;)))] 

k + 5[D((x,y), (f(x,y),f(y,x))) + D{{x,y), (g{x,y),g{y,x)))\ 

[1 + D({y, x), {f{y,x),f{x,y)))\D{{y,x), (g(y,x),g(x,y))) 
[1 + D((y,x),(y,x))] 


+ l3D({x,y),(x,y)) 


+ 0D((y,x), (y,x)) 


+ 7 [D((y, x), ( f{y , x),f(x, y))) + D((y, x), ( g(y , x), g{x, y)))} 
+ S[D((y,x), (f(y,x),f(x,y))) + D{{y,x ), (g(y,x),g{x,y)))\ 
3 a[l + D((x, y), (x, y))\D((x, y), (g(x, y),g(y , a;))) 

+ 7 [-D((®, V), {x, y))) + £>((a;, y), (g(x, y),g{y, a;)))] 

+ S[D((x, y), (x, y))) + D((x, y), {g{x, y), g(y, a;)))] 

+ a[l + D((y, x), (y, x))]D((y, x), ( g{y , x),g{x, y))) 

+ 7 [D{{y, x), (y, x)) + D((y , x), ( g(y , x),g(x, y)))] 

+ S[D((y, x), (y, x)) + D((y, x), (g(y, x),g(x, y)))}. 
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Hence, we have 

d{x,g(x,y )) + d(y, , g(y,x)) if {a + j + S)[D((x,y),{g(x,y),g(y,x)))+ 

D((y,x), {g(y,x),g(x,y)))\ 

if 2(a + j + 5)[d(x,g(x,y)) + d{y,g(y,x))] 

Since 2(a + y + S) < 1, we get d(z, g(x,y)) = 0, d{y,g{y,x))= 0 => x = g{x, y), y = g(y,x)). 

This implies (x, y) is a coupled fixed point of g. Hence (x. y ) is a coupled common fixed point of / and g when / 
is continuous. 

Similarly, we can prove that (x, y) is a coupled common fixed point of / and g when g is continuous. □ 


Next result is proved, relaxing continuity. 

Theorem 2.2. Let (X,d,if) be a partially ordered complete b-metric space. Assume that X has the following 
property: 

1 if {x n } is a increasing sequence with x n x, then x n if x for all n £ N: 

2 if {y n } is cl decreasing sequence with y n —» y, then y n £3 y for all n £ N. 

Let f,g:XxXmXbe the mappings such that the pair (/, g) has the mixed weakly monotone property on X. 
Also, Suppose there exists a , /3, 7 , S £ [0,1) with a + (3 + 2s(j + <5) < \ such that 

d (/<*, ,)) 3 ° 11+P((I - y X ' (9( "'" ) - 9(l ''" ))) + mix »>, k »» 

+ 7 [D((x, y), (f(x, y), f(y , a:))) + D{(u, v), ( g{u , i>), y(u, u)))] 

+ S[D({u, v), (/(x, y), f(y, x))) + D((x, y), ( g{u , u), y(u, w)))] 


/or all x,y,u,v £ X with x if u and y fz v and D is defined as in Lemma 2.1 Let xo,yo £ X be such that 
x 0 if f(xo, yo),yo £3 f(yo,Xo) or Xq if g(xo, yo),yo iZ ff(yo,Xo), then f and g have a coupled common fixed 
point in X. 

Proof. Following the proof of Theorem |2.1| we only have to show that 


/( X, y) = g(x, y) = x, f(y, x) = g{y, x) = y. 
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It is clear that 

D{{x, y), {f(x, y), f(y, x))) ^ s[D{{x, y), {x 2 n+ 2 ,y 2n+2 )) + D{{x 2n+2 , V2n+2), (f(x, y), f(y, x)))} 

= sD((x, y), (x 2 n+ 2 ,y 2n+2 )) + sD((g(x 2 n+ 1 ,y 2n+1 ), g{y 2 n +i,x 2n+1 )), (f(x, y), f(y, x))) 

= sD((x, y), {x 2 n+ 2 ,y 2n+2 )) + sd(f(x, y), g(x 2n+1 , y 2 n +i)) + sd{f(y, x), g(y 2 n+ 1 ,x 2n+1 )) 

3 sD((x, y), {x 2 n+ 2 l y 2n+2 ))+ 

r [1 + D{{x, y), (f(x, y),f{y, x)))]D((x 2 n+ 1 ,y 2n+1 ), (g(x 2 n+ 1 ,y 2n+1 ), g(y2n+i,x 2n + 1 ))) , 

SCk r-1 

l 1 + D((x,y), (x 2 n+ i,y 2 n+ i)) 

PD((x, y), (X 2 n + 1 , y2n+l)) + 

(2.9) 

l[D{{x, y)i {f(x, y), f(y, x))) + D((x 2n+1 , y 2 n +i), (g(x 2 n+ i, y 2 n +i), g{y2n+i, x 2n+1 )))\+ 

S[D((x 2 n +i,y2n+i), (f{x, y), f(y, x))) + D((x, y), {g{x 2 n+ 1 ,y 2 n+ i), g(y 2n + 1 j % 2 n-\-l )))]} 

r [1 + D((x, y), (f(x, y),f{y, x)))]D{{y 2n+1 , x 2n+1 ), {g{y 2 n+i,x 2 n+ 1 ),g{x 2 n+ 1 ,y 2n+1 ))) 

—1— -U- 

l 1 + D((y,x), (y 2 n+l,X 2 n+l)) 

PD({y,x), (y2n+l,%2n+l)) + 

l[D{{y, x), (f(y, x), f(x, y))) + D((y 2 n+ 1 ,x 2n+1 ), (g(y 2 n +i, x 2n+1 ), g(x 2n+1 , y 2 n+ 1)))] + 
fi[D((y 2 n +i,X2n+i), ( f{y, x), f (x, y))) + D((y, x), (g(y 2 n + 1, x 2 n +i), g(x 2 „+i, j/2n+i)))] }■ 

Letting n —> oo in ( |2.9[ ), we obtain 

d{x, /( x, y) + d(y, f(y, x))) R s~/D{{x, y), (f(x, y),f{y, z)))+ 

s 6 D((y 2 n +i, x 2 n +i), {f{x, y),f{y, x)))+ 
siD{{y, x), (f(y, x), /( x, y)))+ 
s 6 D({y 2 n +i,x 2 n+ i), ( f(y , x), f(x, y))) 

3 2s(7 + 6 )[d{x, f{x,y) + d(y, f{y,x)))] 

and, since 2 s (7 + S) < we have d{x, f{x, y)) + d{y, f(y, x)) = 0 and so f{x,y) = x, f{y,x) =y. 

Similarly we can show that g{x, y) = x and g{y, x) = y. Therefore {x, y) is a coupled common fixed point of / 
and g. □ 


Following example establishes validity of Theorem|2.1| 


Examplex 2.1. Consider (R, d, <), where < represents the b-metric with usual order relation and metric d(x, y) = 
(\x — y\) 2 = {x — y) 2 on R, where s = 2. 

Let /,j:RxR->Rie two functions defined by 


f(x,y) 


10a; — 5y + 115 
120 


g{x,y) 


16a; — 8 y + 184 
192 
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Then the pair (/, g) has the mixed weakly monotone property. 

In order to verify the condition m first we notice that 

n < [1 + D((x, y), (f(x, y),f(y, x)))\.D((u, v), ( g(u, v),g(v, u))) 

[1 + D((x,y),(u,v))\ 

0 < 7 [D((x, y), (/( x, y), f(y, x))) + D((u, v), ( g{u , v), g(v, «)))], 
0<S[D((u,v),(f(x,y),f(y,x))) + D((x,y),(g(u,v),g(v,u)))\ for all x,y G R. 
Thus it is sufficient to show that d(f(x , y),g(u, v)) < 0D((x , y), (y, v)). 


Now , d(f(x,y),g(u,v)) =(| f(x,y) - g(u,v)|) 5 


IO.t — 5y + 115 16 m — 8 v + 184 


120 


192 


12 ' 


24' 


< - u \ + 7n\y ~ H ^ - u \ + \y - v \) 


< 


5 (\ x -uf + \y-v\ 2 ) 


12 

, \/x,y £ R 


<0D((x,y), (y,v)). 


For 0 = \ and choosing a, 7 , S > 0 such that a + 0 + 2 s (7 + 6) < 2 , Thus condition is satisfied. Following 
Figure 1 and Figure 2 show that (1,1) is the coupled fixed point of mapping f. 



Figure 1: [Figure showing x=f(x,y)] 
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Figure 2: [Figure showing y=f(y,x)] 

Next two Figure 3 and Figure 4 are demonstrating that (1,1) is coupled fixed point of mapping g also. 



Figure 3: [Figure showing x=g(x,y)] 

Thus we conclude that (1,1) is a coupled common fixed point of f and g. 
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Figure 4: [Figure showing y=g(y,x)] 


Theorem 2.3. In Theorems 2.1 and 2.2 if X is a total ordered set with ordering f, then a coupled common fixed 


point of f and g is unique and x = y. 


Proof. If (x*,y*) £ X x I is another coupled common fixed point of / and g, then, invoking ( |2. 1 [ >, we have 

d{x,x*) + d(y,y*) = d{f(x,y),g(x*,y*)) +d{f{y,x),g{y*,x*)) 

[1 + D((x,y), (f(x,y),f(y,x)))].D((x*,y*), (gpr*, y*), g{y*, x*))) 
[1 + D((x,y),(x*,y*))} 

PD((x,y), (x*, y*))+ 

l[D({x, y), (/(:r, y), f(y, x))) + D((x*,y*), (g{x*,y*), g{y*,x*)))]+ 

S[D({x*,y*), (/(tc, x))) + D{(x, y), (g(x*,y*),g(y*,x*)))]+ 

[1 + D((y, x), ( f(y , x), /pr, y)))\.D{{y*,x*), (g{y*, x*), gpr*, y*))) 

“ [1 + D((y,x),(y*,x*))} 

PD((y,x), ( y*,x*))+ 

7 [D({y, x), (f(y, x), f(x, y))) + D((y*,x*), {g(y*, x*), g(x*,y*)))]+ 
5[D{(y*, x*), (, f(y, x), /( x, y))) + D((y, x), (g(y*,x*),g(x*,y*)))\ 

= 2p(d(x, x*) + d(y, y*))+ 

2S(d(x*,f(x,y)) + d(y*,f(y,x)) + d(x,g(x*,y*)) + d(y,g(y*,x*))) 

= (2/3 + 4S)(d(x,x*) + d(y,y*)) 
and hence d(x, x*) + d(y, y*) = (2/3 + A8)(d(x,x*) + d(y, y*)) 


539 


Deepak Singh et al 527-543 

































J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 27, NO.3, 2019, COPYRIGHT 2019 EUDOXUS PRESS, LLC 


14 


Since, (2/3 + 4<5) < we have d(x, x*) + d(y , y*) = 0 which implies that x = x* and y = y*. On the other 
hand, we have 


d{x,y) = d(f{x,y),g(y,x)) 

a . t 1 + x )>(g(^> ^ g))) 

[l + .D((x,y),(y,x))] 

+ l[D{{x, y), {f(x, y), f{y , x))) + £>((y, x), (g(y, x),g(x, y)))] 

+ S[D((y, x), (/(x, j/), /(y, x))) + D((x, y), (y(y, x), g(x, y)))] 

^ (/3 + 2 S)(d(x, y) + d(y, x)) 

^ ( 2 ^ + 4 S)d(x,y). 

Since (2/3 + 45) < |, we have d(x, y) = 0 and x = y. This complete the proof. 


+ /3£>((x,y),(y,x)) 


□ 


Let / : X x X —> X be a mapping. Now we denote / n+ 1 (x, y) = /(/ ra (x, y), f n (y, x)), for all x, y £ X 
and n £ N k 8 


3 Application to metric space 


Taking s = 1, / = g and a = 7 = 5 = 0 in Theorem 2.1 we get the following: 


Corollary 3.1. Let ( X , d. 7 )) fee a partially ordered complete metric space. Let f : X x X -A X be the mapping 
such that f has the mixed monotone property on X. Suppose there exists j3 £ [0,1) with j3 < \ such that 

d(f(x, y), f(u, v)) 3 /3D((x, y), {u, v)) 


for all x,y,u,v £ X with x u and y £3 v and D is defined as in Lemma 2.1 Let xo,yo £ A be such that 


x o ^5 /(x 0 , yo)j 2/0 /L /(yo, Xq). If f is continuous, then f has a coupled fixed point in X. 


3.1 Application to system of integral equations 

Consider the following system of integral equations: 

r T 


u(t)=p{t)+ [ \{t,s)[fi(s,u(s)) + f 2 {s,v(s))]ds 
Jo 

v(t)=p(t)+ [ X(t, s)[/i(s, v(s)) + / 2 (s, u(s))]ds. 
Jo 


(3.1) 


We consider the space X = C([0, T],M) of continuous functions defined on [0, T], Obviously, the space with the 
metric given by 

d(u,v) = max \u(t) — v(t)\, u, v £ C([0, Tl, R) 

*e[o,T] 
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is a complete metric space. Consider on X = C([0,7’], R) the natural partial order relation, that is, 

u,v £ (7([0,T],R), u<v 4=> u(t)<v(t), ie[0,T]. 


Theorem 3.1. Consider the problem ( |J.7| ) and assume that the following conditions are satisfied: 

(i) fh S 2 : [0,T] xl-ll are continuous; 

(ii) p : [0, T] —> R is continuous; 

(Hi) A: [0,T] xR-} [0,oo) is continuous; 

(iv) there exists c > 0 and £ [0,1) with ft < \ such that for all u, v £ R, v > u, 

0 < fi{s,v) - fi{s,u) < c / 3(v- u ) 

0 < f 2 (s,u) - f 2 (s,v ) < c / 3(v- u); 


(v) assume that c max te [o,i] fo A(i, s)ds < 1; 

(vi) there exists Xq, yo £ X such that 


xo(t) >p(t) + 
2 /o( 7 ) < p(t) + 


/ X(t,s)[f 1 (s,x 0 (s)) + f 2 (s,y 0 (s))]ds 

Jo 

[ A(/,s)[/i(s,2/o(s)) + f 2 (s,x 0 {s))]ds. 


Jo 


Then the system of integral equation (3.1) has a unique solution in X 2 with (X = C([0, T], 


Proof. Consider the mapping F : X x X —> X defined by 

F(u,v)(t) = p(t) + ( X(t,s)[fi(s,u(s)) + f 2 (s,v(s))\ds, (3.2) 

Jo 

for all u, v £ X and t £ [0, T\. Now, we shall show that all the conditions of Corollary [3J] are satisfied. From the 
condition (iv) of the Theorem |3.1[ it is easy to prove that F has mixed monotone property. 

Now, for x, y,u,v £ X with x > u. y < v we have 


d(F(x,y),F(u,v)) = max | F(x,y){t) - F(u,v)(t)\ 
te[o,T] 


= max 
te[o,r] 


< max 
*6[0,T] L Jo 


A (t,s) h(s,x(s)) + f 2 (s,y(s)) ds- A (t,s) /i(s, u(s)) + f 2 (s, v{s)) 


ds 


|/i(s, x(s)) - fi(s, u(s))|.|A(f, s)\ds + / |/i(s,y(s)) - /i(s, u(s))|.|A( 7 , s)\ds 


= max c ft / |a;(s) — u(s)|.|A(f, s)\ds + / \y(s) — u(s)|.|A(f, s)\ds 

«e[o,T] l J 0 Jo 


< 


max \x(t) — u(t)\ + max \y(t) — v(t)\ c 3 |A(t, s)|ds 

LtG[0,T]' W ' te[0,T]' WW W 'J Jo 


< P(d(x,u) + d(y, v)) 
= / 9 B((x,y), (u,v)). 
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Which implies d(F(x, y), F(u, v)) < (3D((x, y ), (u, v)). 

Which is just the contractive condition given in Corollary |3.1| Therefore, from Corollary |3.1| we deduce that, F 
has a coupled fixed point (x, y) in X, that is the system of integral equations has a solution. □ 

The following example shows that the superiority of Theoren f3~T| 

Examplex 3.1. Consider the following integral equation in X = C([0,1], R) 

t 2 + 8 r 1 s 2 r , , i 


F(u,v)(t) = 


i(s) 


v(s) + 1 


ds. 


(3.3) 


5 J 0 35(f + 4) L 

It is easy to verify that the aforesaid equation is the special case ofequation \3.2\ in which 

m = Hr’ A(i - s) = 35(ff4j- /lM) = i ’ = 

Indeed, the function p, A, f± and f 2 are continuous. Hence the assumption (i)-(iii) are fulfilled. Further, for all 
u,v £ R,v > u there exist C = 16 > 0 and f3 = | € [0,1) with < \ such that 


0 < fi(s,v) - fi(s,u) < c/3{v - u), 

0 < f 2 (s,u) - f 2 {s,v) < c/3(v - u). 

Thus the condition (iv) of Theorem\3. l\is satisfied. For condition (v), we have 


c max / A(f, s)ds = 16 max / 
te[o,i] 7 0 te[o,i] Jo 


1 s 2 


ds = max 


16 


o 35(f + 4) te[o,i] 105(f + 4) 


< 1 


shows the validity of condition (v). 

Consider Xo(t) = 1 and yo(t) = 1, then we get 

P(t)+ [ A(t, s)[/i(s, xq(s)) + f 2 (s, yo(s))]ds = 
Jo 


t 2 + l 


* s 2 


t 2 +1 


t 2 + 1 


t 2 + : 


Jo 35(f + 4) 

/ 1 52 , , 

/o 35(< + 4) L 2J 

3 /-s 3 \i 


[/i(s,l) + / 2 (s, l)]ds 


i + l 


ds 


-(-) 
V 3 A 


70(f+ 4) V 3 Jo 
3 


70 It + 4) 


> 1 


that is x 0 > f{x 0 ,y 0 ). 

Similarly, one can show that yo < f(yo,Xo). It follows that all the conditions are satisfied. Thus the integral 
equation has a solution in X 2 with X = C([0,1], R). 
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FUNCTIONAL INEQUALITIES IN FUZZY NORMED SPACES 

AND ITS STABILITY 

GILJUN HAN AND CHANG IL KIM* 


Abstract. In this paper, we investigate the functional inequality 
N(f(x + 2 y) - 3 f(x + y) + 3 f(x) - f(x - y) - 6 f(y),t) 

> N(f(2x + y) + /( 2x -y)- 2f(x + y) - 2f(x - y) - 12/(x), kt) 

for some fixed nonzero real number k and prove the generalized Hyers-Ulam 
stability for it in fuzzy Banach spaces by fixed point methods. 


1. Introduction 

In 1940, Ularn proposed the following stability problem (cf. [25]): 

“Let Gi be a group and G 2 a metric group with the metric d. Given a constant 
S > 0, does there exist a constant c > 0 such that if a mapping / : Gi —> 
G 2 satisfies d(f(xy),f(x)f(y)) < c for all x,y € Gi, then there exists a unique 
homomorphism h : Gi —> G 2 with d(f(x), h(x)) < 6 for all x € Gi?” 

In the next year, Hyers [12] gave a partial solution of Ulanrs problem for the case of 
approximate additive mappings. Subsequently, his result was generalized by Aoki 
([1]) for additive mappings and by Rassias [24] for linear mappings to consider the 
stability problem with unbounded Cauchy differences. During the last decades, the 
stability problem of functional equations have been extensively investigated by a 
number of mathematicians (see [4], [5], [6], [9], and [19]). 

In 2001, Rassias [23] introduced the following cubic functional equation 

(1.1) f{x + 2 y) - 3 f{x + y) + 3 fix) - fix - y) - 6/(y) = 0 

and every solution of the cubic functional equation is called a cubic mapping and 
in ([14]), the following cubic functional equation was investigated 

(1.2) f(2x + y) + fi2x -y) = 2 fix + y) + 2 fix - y) + 12 fix). 

Katsaras [15] defined a fuzzy norm on a vector space to construct a fuzzy vector 
topological structure on the space. Later, some mathematicians have defined fuzzy 
norms on a vector space in different points of view. In particular, Bag and Samanta 
[2], following Cheng and Mordeson [3], gave an idea of fuzzy norm in such a manner 
that the corresponding fuzzy metric is of Kramosil and Michalek type [16]. 

In [10], Glanyi showed that if a mapping / : X — Y satisfies the following 
functional inequality 

(1-3) l|2/(x) + 2 fiy) - fixy~ l )\\ < \\fixy)\\, 
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then / satisfies the Jordan-Von Neumann functional equation 
2/0) + 2/(y) - f(xy _1 ) = f(xy). 

Glanyi [11] and Fechner [ 8 ] proved the Hyers-Ulam stability of (1.3). Park, Clio, 
and Han [22] proved the Hyers-Ulam stability of the following functional inequality: 

(i-4) 11/0) + f(y) + /0)ll < \\f(x + y + z)\\. 

Further, Park [21] proved the generalized Hyers-Ulam stability of the Cauchy addi¬ 
tive functional inequality (1.4) in fuzzy Banach spaces using the fixed point method 
if / is an odd mapping. 

In this paper, we investigate the following functional inequality related by (1.1) 
and ( 1 . 2 ) 

N(f(x + 2 y) - 3/0 + y) + 3/0) - f(x - y) - 6 f(y),t) 

> N(f(2x + y) + /( 2x -y)- 2/0 + y) ~ 2/0 - y) ~ 12/0 ), kt ) 

for some fixed nonzero real number k and prove the generalized Hyers-Ulam stability 
for (1.5) in fuzzy Banach spaces by fixed point methods. 


2. PRELIMINARIES 


In this paper, we use the definition of fuzzy norrned spaces given in [2], [17], and 
[18]- 

Definition 2.1. Let A be a real vector space. A function N : X x K — > [ 0 , 1 ] is 
called a fuzzy norm on X if for any x.y £ X and any s, t € R, 

(Nl) N(x,t) = 0 for t < 0; 

(N2) x = 0 if and only if N(x , t) = 1 for all t > 0; 

(N3) N(cx, t ) = N 0, jU) if c ^ 0; 

(N4) N(x + y,s + t) > min{IV(a;, s), N(y,t)}\ 

(N5) IVO, •) is a nondecreasing function of M and hint-**, N(x,t) = 1; 

(N 6 ) for any x ^ 0, N(x,-) is continuous on R. 

In this case, the pair (A, N) is called a fuzzy normed space. 

Let (A, N) be a fuzzy normed space and {x n } a sequence in A. Then (i) {x n } 
is said to be Cauchy in (A, N) if for any e > 0, there exists an m € N such that 
N(x n + P — x n , t) > 1 — e for all n > m, all positive integer p. and any t > 0 and 
(ii) {x n } is said to be convergent in (A, N) if there exists an x £ X such that 
linin-Kx, N(x n — x,t) = 1 for all t > 0. In this case, x is called the limit of the 
sequence {x n } in X and one denotes it by N — limn-^ x n = x. 


Example 2.2. For example, it is well known that for any normed space (A, || • ||) 
and any nonnegative real number e, the mapping Nx : AxK —> [0,1], defined by 


N x (x, t) 


t+e\\x\ 


is a fuzzy norm on A([17], [18], and [19]). 


if t < 0 
if t > 0 , 


It is well known that every convergent sequence in a fuzzy normed space is 
Cauchy. A fuzzy normed space is said to be complete if each Cauchy sequence in it 
is convergent and a complete fuzzy normed space is called a fuzzy Banach space. 
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In 1996, Isac and Rassias [13] were the first to provide applications of stabil¬ 
ity theory of functional equations for the proof of new fixed point theorems with 
applications. 

Theorem 2.3. [7] Let (X , d ) be a complete generalized metric space and let J : 
X —> X be a strictly contractive mapping with some Lipschitz constant L with 
0 < L < 1. Then for each given element x € X, either d{J n x , J n+l x) = oo for all 
nonnegative integer n or there exists a positive integer no such that 

(1) d(J n x, J n+1 x ) < oo for all n > n 0 ; 

(2) the sequence {J n x} converges to a fixed point y* of J ; 

(3) y* is the unique fixed point of J in the set Y = {y £ X \ d(J n °x, y) < oo}; 

(4) d(y, y*) < d(y , Jy) for all y GY. 

Throughout this paper, we assume that X is a linear space, (Y, N) is a fuzzy 
Banach space, and {Z 1 N') is a fuzzy normed space. 

3. Solutions of (1.5) 

In this section, we investigate the solution and prove the generalized Hyers-Ulam 
stability of the functional inequality (1.5) in fuzzy Banach spaces. For any mapping 
f :X —> Y, let 

Af{x, y) = /( 2x + y) + f(2x - y) - 2 f(x + y)~ 2 f(x - y) - 12 f(x) 

and 

Bf(x, y) = f(x + 2 y) - 3 f(x + y) + 3 f(x) - /(x - y) - 6 f(y). 

By (N5), we can easily shown the following lemma. 

Lemma 3.1. Let a* : [0, oo) —> [0, oo)(z = 1,2, • • -,n) be a mapping and r a 
positive real numbers with r > 1 and y, z, Z\, Z 2 , ■, z n £ Y. Suppose that 

N{y , t) > min {N(z, r n t), N(z 1 ,a 1 (t)), N(z 2 , a 2 (t)), ■ ■ •, N(z n , a n (t))} 

for all t > 0 and all «eN. Then 

N(y,t) > mm{N(zi,a 1 (t)),N(z 2 ,a 2 (t)),- ■ ■,N(z n ,a n (t ))} 

for all t > 0. 

By Lemma 3.1, we have the following corollary. 

Corollary 3.2. Let r be a real number with r > 1 and y £ Y. Suppose that 

N(y,t) > N(y, rt) 

for all t > 0. Then y = 0. 

Using Lemma 3.1 and Corollary 3.2, we will prove the following theorem : 

Theorem 3.3. Let f : X —> Y be a mapping. Suppose that k is a real number 
with k > 4. Then f is cubic if and only if f is a solution of (1.5). 

Proof. Letting x = 0 and y = 0 in (1.5), we have 

N(m,t)>N(m,*kt) 

for all t > 0 and sicne > 1, by Corollary 3.2, we get /(0) = 0. 
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Suppose that / is a solution of (1.5). Letting * = 0 in (1.5), we have 

(3.1) N(f(2y) - 9 f(y) - f(-y), t) > N(f(y) + f(-y), kt) 
for all y £ X and all £ > 0 and letting y = —x in (1.5), we have 

(3.2) N(f(2x) - 3 f(x) + 5/(-*),£) > N(f(3x) - 2/(2*) - ll/(*), kt) 
for all x £ X and all t > 0. Letting y = x in (1.5), we have 

(3.3) N(f(3x) - 3/(2*) - 3 f(x),t) > N(f(3x) - 2/(2*) - 11/Or), kt) 
for all x € X and all t > 0. By (3.1) and (3.2), we get 

N ( 6 /(*) + 6 /(—*), t) 

> min j./v(/( 2x) - 9/(*) - /(-*), * ) ,N^f(2x) - 3f(x) + 5/(-*), } 

> min jiv(/(*) + /(-*), y), Af(/(, 3x) - 2/(2*) - ll/(*), y)} 

for all * £ X and all £ > 0 and so we obtain 
, . N(f(x) +/(-*),£) 

> min{iV(/(*) + /(-*), 3fc£), N(f(3x) - 2/(2*) - ll/(*), 3fc£)} 
for all * € X and all t > 0. For any * £ X, let 

G(x) = f(3x) - 2 /( 2 *) - ll/(*), H(x) = /(*) + /(-*) 
for all * G X. By (3.1), (3.4), and (N5), we have 

N(f ( 2 *) - 8/(*),£) > min jiv(/( 2 *) - 9/(*) - /(-*), ,n(h(x), ^ J 

(3.5) > min |lV^iJ(*), y), n (h(x), yp), A/^G/*), 

> min{iV(tf(*), y), AT (<?(*), } 

for all * € X and all £ > 0. Further, by (3.3), (3.5), and (N5), we have 

N(G(x), £) > min jiv(/(3*) - 3/(2*) - 3/(*), ^, N^f(2x) - 8 /(*), ^ | 

(3.6) > min |AT^G(*), y), n (h(x), ^,n(g(x), ^y)} 

> min { AT (<?(*), y) ,N(H(x), y ) } 
for all * € X and all £ > 0 and since k > 4, by (3.6) and (N5), we have 
N(G(x),t) > min ^G(x), ^,n(h(x), y) } 

> min |fV^G(*), ^r), Ar (- ff (*)> y)} 

> min |fV^G(*), ^^),n(h(x), y)} 
for all * € X and all £ > 0. Hence by induction, we get 

(3.7) N(G(x),t) > min { AT (<?(*), ^j,N(H{x), y)} 
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for all x £ X, all t > 0 and all n £ N. By Lemma 3.1 and (3.7), we obtain 

kt n 


N(G(x),t) > N(H(a 


for all x £ X and all t > 0. By (3.4) and (N5), we have 

kt' 

~4 


N(G(x), t) > n[h{x), 


(3.8) 


> min 

> min 


> min 


{n(h(x) 

in ^N^H(x) 


12 

(3 k) 3 t 

12 

(3 k) 3 t 


, W(GW ,®), W(GW ,® )} 


for all x e X and all t > 0. By induction and (3.8), we get 
^ g) a r(ri(~.\ 4.\ \ at (ru (3 k)H' 


N(G(x), t) > n(g(x), 


12 


for all x £ X and all t > 0. By (3.9) and Corollary 3.2, we get 

(3.10) G{x) = /(3a:) - 2/(2*) - U/(*) = 0 
for all x € X. By (3.4) and (3.10), we get 

(3.11) N(H(x), t) > N(H(x), 3 kt) 
for all x £ X and by Corollary 3.2, we have 

(3.12) ff(*) = /(*) + /(—*) = 0 

for all x £ X. Hence / is an odd mapping. Further, by (3.5), (3.10), and (3.12), 
we get 

(3.13) /(2*)=8/(*) 

for all x £ X. Now, letting x = 2y in (1.5), by (3.13), we have 

N(8f(x + y)~ 3/(2* + y) + 24/(*) - f(2x - y) - 6 f(y), t ) 

> N(f{4x + y) + /(4* -y)- 2/(2* + y)~ 2/(2* - y) - 96/(*), kt) 
for all x,y £ X and all f > 0 and letting y = — y in (3.14), by (3.12), we have 

N(8f(x -y)~ 3/(2* -y) + 24/(*) - /(2* + y) + 6/(y), t) 

>N(f(4x + y) + f(4x-y)-2f(2x + y)-2f(2x-y)-96f(x),kt) 
for all x,y £ X and all t > 0. By (3.14) and (3.15), we have 

N(AA f (x,y),t) > N(A f (2x,y), y) 

for all *, y £ X and all t > 0 and so we have 

(3.16) N(A f (x, y),t)> N(A f (2x, y), 2kt) 

for all *, y £ X and all t > 0. Letting y = 2 y in (1.5), we have 

N(f(x + Ay) - 3/(* + 2 y) + 3/(*) - /(* - 2y) - 48 f(y), t) 

> N(8f(x + y) + 8/(* - y) - 2 /(* + 2y) - 2/(* - 2y) - 12/(*), kt) 


(3.14) 


(3.17) 
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for all x,y € X and all t > 0 and interchang x and y in (3.17), by (3.12) and (1.5), 
we get 

N(f{ 4* + y)~ 3f(2x + y) + 3 f(y) + f(2x - y) - 48 f(x),t) 

> N(8f(x + y)~ 8 f(x -y)- 2/(2* + y) + 2 /( 2 * - y) - 12 f(y), kt) 

= N(—2A f (x, y) - AB f (y, -x), kt) 

(3.18) > min ^N^A f {x,y), ^,N^B f (y,-x), y)} 

> min ^N(A f (x,y), ^,N^A f (y,-x), } 

> min |TV (A f (x,y), ^,N^A f (y,x), } 

for all x, y € X and all t > 0. Letting y = — y in (3.18), we get 

N(f(4x -y)- 3/(2* -y)~ 3 f(y) + f(2x + y)~ 48/(*), t) 

( 3 . 19 ) > min ^N^A f (x, -y), y) , N^A f {-y, -a), } 

> min{ N(A f (x,y), ^j,N^A f (y,x), } 

for all x,y € X. By (3.16), (3.18), (3.19), and (N5), we have 

N ( A f(x,y),t) > N(A f (2x,y),2kt) > minj-/v(^/(*,y), A^A^y,*), 

for all x,y £ X and all t > 0. By Lemma 3.1 and induction, we get 

A f(x, V ) = /( 2 a; + y) + f(2x - y) - 2f(x + y)~ 2f(x - y) - 12 /(*) = 0 

for all *, y £ X. Thus / is a cubic mapping. □ 

By Theorem 3.3, we have the following corollaries : 

Corollary 3.4. Let f : X —> Y be a mapping. Suppose that a , b are real numbers 
with |a| > 4|6| > 0. Then f is cubic if and only if f satisfies the following inequlaity 

(3.20) N(aB f (x , y), t) > N{bA f (x, y), t) 
for all x, y £ X and all t > 0. 

Corollary 3.5. Let f : X —> Y be a mapping. Suppose that a is a real number 
with |a| > 8. Then f is cubic if and only if f satisfies the following inequlaity 

(3.21) N(aBf(x, y) + A f (x, y), t) > N(A f (x, y), t) 
for all x,y £ X and all t. > 0. 

Proof. By (3.21) and (N5), we have 

N(B f (x,y),t ) = N(aB f (x,y), \a\t) 

> min {n( aB f (x,y) + A f (x,y%~ 

= N ( A f (x,y), yt) 

for all x,y £ X and all t > 0. Hence by Theorem 3.3, we have the result. □ 


t)’ N ( A f( x >y)> y*)} 
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Using the fuzzy norm Nx '■ X xK —> [0,1] in Exmaple 2.2, we have the following 
corollary : 


Corollary 3.6. Let (X, || ■ ||) be a normed space and f : X —> Y a mapping. 
Suppose that a is a real number with |a| > 8 . Then f is cubic if and only if f 
satisfies the following inequlaity 

(3.22) \\aB f (x,y) + A f (x,y)\\ < \\A f (x,y)\\ 

for all x, y £ X. 


4. The generalized Hyers-Ulam stability for (1.5) 

Now, we will prove the generalized Hyers-Ulam stability for (1.5) in fuzzy normed 
spaces. 

Theorem 4.1. Assume that <fi : X 3 —> [0, oo) is a function such that 

(4.1) N'{cj)(2x, 2 y), t) > N'(8L<j>(x, y),t) 

for all x,y £ X , t > 0 and some real number L with 0 < L < 1. Let f : X —> Y 
be a mapping such that /(0) = 0 and 

(4.2) N(B f (x,y),t) > min {N(A f (x,y),kt),N'(<j>(x,y),t)} 

for all x, y £ X and t > 0. Then there exists a unique cubic mapping C : X —> Y 
such that 

( 4 -3) N(f(x) - C(x), ]_ t) > 

for all x £ X, t > 0, and some real number k with k > 4, 

where ^(x,t) = min jiV 7 (^(x.x), , N'(^j)(x. — x),%fj, N 1 ^(0, x), |^ |. 

Proof. Letting x = 0 in (4.2), by (N2), we have 

(4.4) N{f{2y) - 9 f(y) - f(-y),t) > mm{N(H(y),kt),N'(<j>(0,y),t)} 
for all y £ X and t > 0 and letting y = —x in (4.2), by (N2), we have 

(4.5) N(f(2x) + 5/(— x) — 3 f(x),t) > min{N(G(x), kt), N'(<j>(x. — x),t)} 
for all x £ X and t > 0. Letting y = x in (4.2), we have 

(4.6) N(f(3x) — 3f(2x) — 3f(x),t) > mm{N(G(x),kt),N'((j)(x.x),t)} 
for all x £ X and all t > 0. By (4.4) and (4.5), we get 

N(H(x),t) 

(4.7) 

> mm{N(H(x), 3kt), N(G(x), 3kt), N'(<f>( 0, x), 3t), N'(<j>(x. — x), 3f)} 
for all x £ X and all t > 0. Similar to the proof of Theorem 3.3, by (4.7), we have 

(4.8) N(H(x),t) > min{7V(G(a;), 3 kt), N'(<f>( 0, x), 3 1), N'(<j>(x. — x), 3t)} 
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for all x £ X and all t > 0. By (4.4), (4.8), and (N5), we get 

( 4 - 9 ) 

N(f(2x) - 8f(x),t) > min | n(h(x), |),^(/( 2x) - 9 f(x) - 

> min {n(h(x), ^),n(h(x), y), N' (^(0, x), 

> min|AT^G(a;), - x), 0,x), 

for all x € X and all t > 0 and by (4.6), (4.9), and (N5), we get 

( 4 - 10 ) 

N(G(x),t) > min jiV (/(3a;) - 3/(2ar) + 5 f{-x), ,N^f(2x) - 8 f(x), } 

> min ^N^G(x), y), (x.x), , N' (${x. - x), 0,x), | 

for all x € X and all t > 0. Since k > 4, by (4.10) and (N5), we obtain 
(4.11) N(G(x),t) > min jlV'^z.x), ^),N'($(x. - x), ^,N'(<f>(0,x), *)} 

for all x £ X and all t > 0. By (4.9), (4.11), and (N5), we get 
N(f(2x)-8f(x),t) 

> min |IV' ($(x.x), , iV' (j>(x. - x), , N' ($( 0, x), , 

^ N'(^>(x.-x),^,N'(j>(i 0,x),^)} 

> min (iV 7 (rf>(x.x), N'(j>(x. - x), ^ ,N'(j>(0,x), 

for all x £ X and all t > 0. 

Consider the set S = {g \ g : X —> Y} and the generalized metric d on S 
defined by 

d(g,h) = infjc £ [0, oo) | N(g(x) — h(x),ct) > 4 ’(x,t),\/x £ X,\/t > 0}. 

Then (S, d) is a complete metric space(See [20]). Define a mapping J : S —> S by 
Jg(x) = \g(2x) for all x £ X and all g £ S. 

Let g,h £ S and d(g, h) < c for some c £ [0, oo). Then by (4.1), we have 

N(Jg(x ) — Jh(x), ct ) = N{g(2x) — h(2x),8ct) > 4'(2x, 8 1) > 4i(a:, y) 

jL/ 

for all x £ X and t > 0. Hence N(Jg(x) — Jh(x),cLt) > ^>(x,t) for all x £ X and 
t > 0 and thus d(Jg, Jh) < Ld(g, h) for any g,h £ S. Moreover, by (4.12), we have 
d(Jf , /) < | < oo. By Theorem 2.3, there exists a mapping C : X — > Y which is 
a fixed point of J such that d{J n f 1 A) —> 0 as n —> oo. That is, 

(4.13) C(x) = N- lim 

n—> oo 

for all x £ X. Replacing x, and y by 2 n x and 2 n y in (4.2), respectively, by (4.1), 
we have 

N(B f (2 n x, 2"), 2 3n t) 

> min {iV (Af(2 n x, 2 n y),2 3n t), N'fax, y), } 
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for all x, y € X and all n € N. Letting n —>■ oo in (4.14), C is a solution of (1.5) and 
so by Theorem 3.3, C is a cubic mapping. Since d(f, J /) < |, by Theorem 2.3, we 
have (4.17). 

Now, we show the uniqueness of C. Let Cq be another cubic mapping with 
(4.17). Then for any positive integer n, 


C(x) 


C{ 2 n x) 
2 3n 


C 0 (x) 


C 0 (2 n x) 
2 3 " 


for all x € X. Hence by (4.17), (N3) and (N4), we have 


N(C(x) - C 0 (x), t) = N(C(2 n x) - C 0 (2 n x), 2 3n t) > T(2 n a;, 2 3n 8(l - L)t) 


for all x € X, t > 0, and all n € N. Hence, letting n —> oo in the above inequality, 
we have C(x) = C 0 (x) for all x € X. □ 


By Corollary 3.5 and Theorem 4.1, we can show that the following corollaries: 


Corollary 4.2. Let e and p be real numbers with e > 0 and 0 < p < |. Let 
f : X —> Y be a mapping such that 


(4.15) N(B f (x,y),t) > min ^N(A f (x,y),kt), 


t 

t + e{ \\x\\2 P + \\y\\2 P + \\x\\r\\y\\r) 


} 


for all x,y £ X, all t > 0 and some real number k with k > 4. Then there exists a 
unique cubic mapping C : X —> Y such that 


N(f(x) — C(x),t) > 


(8 - 2 2 P)t 

(8-2 2 P)f + 2e||xp 


for all x £ X and all t > 0. 


Corollary 4.3. Assume that <f) : X 3 —> [0, oo) is a function with (f.l) Let f : 
X —> Y be a mapping such that /(0) =0 and 

(4.16) N(aB f (x, y) + A f (x, y), t) > min {N(A f (x, y ), t),N'(<t>(x, y ), t)} 

for all x,y £ X, all t > 0 and some real numbers a with |a| > 8. Then there exists 
a unique cubic mapping C : X —> Y such that 

( 4 -!7) N(f(x) - C(x), l _ t) > V{x,t) 

for all x € X, t > 0, and some fixed real number k with k > 4, 

where ^(x, t) = min jiV 7 (^{x.x), ? N'(^j>{x. — x), N'^cj)( 0, x), |. 

Proof. By (N5) and (4.16), we have 

N(B f (x, y),t) > min j N(aB f (x,y) + A f (x,y%~tj,N(A f (x, y ), yt) | 

> min ^N(A f (x,y), yt), AT'^(a;,j/), yt)} 

> min ^N^A f (x,y), yt),Ar'^(a;,j/),^| 

for all x, y £ X, all t > 0. Hence we have the results. □ 
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Corollary 4.4. Let e and p be real numbers with e > 0 and 0 < p < §. 
/ : X —> Y be a mapping such that 


N(aB f (x, y) + A f (x, y ), t) 

>mm {N(A f (x,y),t), ; + e{ \\ x \\2 P + || y ||2 P + ||a;||^||2/||} 


Let 


for all x,y £ X, all t > 0 and some real number a with |a| > 8. Then there exists 
a unique cubic mapping C : X —> Y such that 


N(f(x) — C(x),t) > 


(8 - 2 2 P)t 

(8 — 2 2 P)t + 2e||x|| 2 P 


for all x £ X and all t > 0. 


Related with Theorem 4.1, we can also have the following theorem. And the 
proof is similar to that of Theorem 4.1. 

Theorem 4.5. Assume that <fi : X 3 —> [0,oo) is a function such that 

( 4 -! 9 ) >N'^(j>(x,y),t^ 

for all x,y € X, t > 0 and some L with 0 < L < 1. Let f : X —> Y be a mapping 
with /(0) =0 and (4-2). Then there exists a unique cubic mapping C : X —> Y 
such that 

(4.20) N^f(x) - C(x), YZJ*) - ^o(®, t) 

for all x £ X, t > 0, and some fixed real number k with k > 4, 

where To (a:, t) — min | N' ^ <f(x.x ), 6 kt^j , N' [f){x. — x), 12t^, N' (<f(0, a;), 4t^ j . 

Proof. By (4.12) in Theorem 4.1, we get 


N (f(x)-8f(fj,t) 

(^• 21 ) , , 6 kt\ t 12 <\ / 4 1\'\ 

> min ^N' (^)(x.x), —N’(^>{x. - x), —) , N' (c/>(0, x), —) | 

for all x £ X and all t > 0. 

Consider the set S = {g \ g : X —>• Y } and the generalized metric d on S 
defined by 

d(g, h) = inf{c £ [0, oo) | N(g(x) — h(x), ct) > T 0 (a:, t), V x £ X, Vt > 0}. 

Then ( S , d) is a complete metric space(See [20]). Define a mapping J : S — S by 
Jg(x) = for all x £ X and all g £ S. 

Let g,h. £ S and d(g, h) < c for some c € [0, oo). Then by (4.19), we have 

N(Jg(x) - Jh(x),ct) = N(8g(^x^j - 8h(^x^j,ctj > *r) 

for all x £ X and t > 0. Hence N(Jg(x) — Jh(x), cLt) > T 0 (a;, t) for all a: £ AT and 
t > 0 and thus d(Jg, Jh) < Ld(g, h) for any g,h £ S. Moreover, by (4.21) we have 
d(f, J /) < L < oo. The rest of the proof is similar to Theorem 4.1. □ 

By Corollary 3.6 and Theorem 4.5, we can show that the following corollaries: 
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Corollary 4.6. Let e andp be real numbers with e > 0 andp > §. Let f : X —»• Y 
be a mapping such that 


(4.22) N(Bf(x,y),t) > min ^N(A f (x,y),kt), 


t 

t + e(\\x\\ir + \\y\\*P + \\x\ny\\P) 


} 


for all x,y £ X, all t > 0 and some real number k with k > 4. Then there exists a 
unique cubic mapping C : X —> Y such that 


N(f(x) — C(x),t) > 


(2 2p - 8 )t 

(2 2 p — 8)t + 2e||x|| 2p 


for all x € X and all t > 0. 


Corollary 4.7. Assume that cj> : X 3 —>• [0, oo) is a function with (f.l) Let f : 
X —> Y be a mapping such that /(0) = 0 and 

(4.23) N(aBf(x, y) + A f (x, y), t) > mm{N(A f (x, y), t),N'(<j)(x, y), i)} 

for all x,y £ X, all t > 0 and some real numbers a,b with |a| > 8. Then there 
exists a unique cubic mapping C : X —> Y such that 

(4.24) N{f{x )- C (x), Y ^ 1 -t)>^o(x,t) 

for all x £ X, t> 0, and some fixed real number k with k > 4, 

where 'I'o(£, t) = min j N' (^f>(x.x), 3|a|£^, N' [^){x. — x ), 12t^ , N' ^</>(0, x), 4 tj |. 


Corollary 4.8. Let e andp be real numbers with e > 0 andp > |. Let f : X —>■ Y 
be a mapping such that 


(4.25) 


N(aB f (x, y) + A f (x, y), t) 

> mm {N(A f (x, y), t), t + e q x p P + \\ y p P + \\ x \\p M p) } 


for all x,y £ X, all t > 0 and some real number a with |a| > 8. 
a unique cubic mapping C : X —> Y such that 


N(f(x)-C(x),t)> 


(2 2p - 8 )t 

{2 2p - 8)t + 2e\\x\\ 2 P 


Then there exists 


for all x £ X and all t > 0. 
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Abstract 

In this paper, we prove several fixed point results for mappings of 
Caristi type in the setting of G —metric spaces. 


1 Introduction 

The class of G —metric spaces introduced by Z. Mustafa and B. Sims (See 
[7]) was to provide a new class of generalized metric spaces and to extend the 
fixed point theory for a variety of mappings. Moreover, many theorems were 
proved in this new setting with most of them recognizable as counterparts of 
well-known metric space theorems (See [6], [8], [9]). 

Caristi’s fixed point theorem provides a generalization of Banach’s con¬ 
traction mapping principle (See [2]). Due to the importance of Caristi’s fixed 
point theorem, it has been improved, generalized, extended and used in many 
application ( See [1], [3], [4], [5]). In this paper, we prove several fixed point 
results for mappings of Caristi type in the setting of G —metric spaces. 

0 2000 Mathematics Subject Classification. 47H10, 54E50. 

Key words and phrases. Caristi’s Fixed Point Theorem; G-Metric Spaces; Lower semi- 
Continuous Functions. 
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Definition 1 ([7]) G-metric space is a pair (. X , G), where X is a nonempty 
set, and G is a nonnegative real-valued function defined on X x X x X such 
that for all x, y,z,a G X, we have: 

(Gl) G(x , y, z) — 0 if x — y — z\ 

(G2) 0 < G(x, x , y), for all x, y G X, with x y; 

(G3) G(x,x,y ) < G(x,y,z), for all x,y,z G X, with z ^ y; 

(G4) G(x,y,z ) = G(p{x, z,y}) (symmetry in all three variables); 

(G5) G(x, y, z ) < G(x, a, a) + G(a, y, z), (rectangle inequality). 

The function G is called a G— metric on X . 

Definition 2 ([7])A sequence (x n ) in a G— metric space X is said to con¬ 
verge if there exists x G X such that lira G(x,x n ,x m ) = 0, and one say 

n,m—>oo 

that the sequence (x n ) is G— convergent to x. 

Proposition 3 ([7])Let X be G— metric space. Then the following state¬ 
ments are equivalent. 

1. (. x n ) is G—convergent to x. 

2. G(x n , x n , x) —> 0, as n —■> oo. 

3. G(x n ,x,x) —> 0, as n —> oo. 

4- G(x m , x n , x) —> 0, as m,n —> oo. 

In a G— metric space X , a sequence (x n ) is said to be G— Cauchy if given 
e > 0, there is N e G N such that G(x n , x m , xi) < £, for all n, m, l > N e . 

Proposition 4 ([7])In a G— metric space X, the following statements are 
equivalent. 

1. The sequence (x n ) is G— Cauchy. 

2. For every e > 0, there exists N e G N such that G(x n ,x m ,x m ) < e, for 
all n, m > N. 
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Definition 5 ([7]) Let (X,G) and (X',G') be two G—metric spaces, and let 
f : (X,G) —> (X',G') be a function, then f is said to be G—continuous at a 
point a G X if and only if, given e > 0, there exists 5 > 0 such that x, y G X; 
and G(a,x,y) <5 implies G'(f(a),f(x),f(y)) <£. 

A function / is G— continuous on X if it is G— continuous at all a G X. 

Proposition 6 ([7])Let (X,G) and (X',G') be two G-metric spaces. Then 
a function f : (X,G) —> (X',G') is G—continuous at a point, x G X if 
and only if it is G—sequentially continuous at x; that is, whenever (x n ) is 
G— convergent to x we have ( f(x n )) is G—convergent to f(x). 

A G— metric space (. X , G) is called symmetric G— metric space if G(x, y , y) = 
G(y,x, x) for all x,y G X , and called nonsymmetric if it is not symmetric. 

Proposition 7 ([7])Let X be a G— metric space, then the function G(x, y, z ) 
is jointly continuous in all three of its variables. A G—metric space X is said 
to be complete if every G— Cauchy sequence in X is G— convergent in X. 

Definition 8 With M. we indicate the space of functions p, where 

1. p : [0, oo) —> [0, oo) is strictly increasing, continuous and concave, 

2. p (0) = 0. 

Lemma 9 Let (X,G) be a complete G— metric space and let p G M.. Then 
(X,p o G) is a complete G—metric space. 

Proof. First let us prove that p is subadditive. To do so, let x,y G [0, oo) 
p(x) 

and set k =---—. Then since p is increasing, we have 

p{x) + p(y) 

k 1 — k . r x y , 

pfx + y) = p{-x + YXJ.y) ^ max lP(^))P(j— 

Since p is concave and p(0) = 0, we have 

A/ A/ 1 1 

pfx) = p{-x) = p(-x + (1 - k). 0) > kp(-x) + (1 - k)p{ 0) = kp(-x) 
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which implies that — p(x ) > p(\x). Similarly 
k K 

fore, 


p(y) > p(-- -x). There- 


1 -k 


x y 1 

p(x + y) < max{p(-),p( —-)} < max{-p(x),- 


k 


1 -k 


p(y)} < p(x) + p(y)- 


This completes the proof that p is subadditive. Now to prove that p o G 
dehnes G— metric on X , we let x, y,z,a £ X. Then 

Gl) Since p is strictly increasing and p( 0) = 0 then p o G(x,y,z ) = 0 
implies G(x, y,z) = 0 which means x — y — z\ 

G2) Since 0 < G(x,x,y); with x y and p is strictly increasing with 
p( 0) = 0, then 0 < p o G(x, x, y); with x y; 

G3) Since G(x,x,y) < G(x,y,z), with z y and p is strictly increasing 
then p o G(x, x,y) < p o G(x, y, z), with z y, 

G4) Since G(x, y, z ) = G(p{x, z, y}) and p is strictly increasing(injective) 
then p o G(x, y, z) = p o G(p{x, z, y}) (symmetry in all three variables); ■ 

G5) Since G(x,y,z ) < G(x,a,a ) + G(a,y,z ) and p is strictly increasing 
and subadditive then 

p o G(x, y, z) < p(G(x, a, a) + G(a, y, z)) < p o G(x, a, a) + p o G(a, y, z), 

which proves that p o G dehnes G— metric on X. We still need to prove 
that (X, p o G) is complete, so let {x n } be a Cauchy sequence in (X, p o G). 
Then lim p o G(x n ,x m ,x m ) = 0. Since p is continuous and strictly in- 

n,m—xx) 

creasing with p( 0) = 0, we have p{ lim G(x n , x m , x m )) = 0. This implies 

n,m—>oo 

lim G(x n , x m , x m ) = 0, which means that {x n } is Cauchy sequence in the 

n,ra— kx) 

complete G— metric space (X,G). Therefore, there exists x* e X such that 
{x n } G-converges to x* G X. Hence lim G(x n , x*, x*) = 0, which implies 

n—>x) 

p{ lim G(x n , x*, x*)) = p( 0) = 0. By continuity of p, we have lim p(G(x n , x*,x*)) 

n^oo n^oo 

0, which implies {x n } is p o G— convergent in (X, poG). This completes the 
proof of Lemma 9. 

Definition 10 With C{X) we indicate the space of functions <j>, where <f : 

X —> M + is lower semi-continuous. 

Remark 11 Let (X,G) be a G— metric space and <f £ £(W). Define on 
X by 

x<y G(x, y, y) < <f>(x) - fi{y) Vx, y £ X , 
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then (X, G,X) is partially ordered G—metric space. In fact, Vx, y, z G X the 
following conditions are satisfied 

i) since 0 = Gfx, x, x) < <f(x) — <f(x) = 0, we have that x A x 

ii) if x A y and y A x,then 0 < Gfx, y, y) < <ffx) — <ffy) = —( <ffy) — <ffx)) < 

—Gfy,x,x) < 0. This implies that Gfx,y,y) = Gfy,x,x) = 0. Hence, 
x = y. 

iii) if x <y and y A x,then 

Gfx, z, z ) < Gfx, y, y) + Gfy, z, z) by rectangle inequality 

< <j>(x) - <t>{y) + <t>fy) - f{z) 

= (/>(x) - <f>(z), 

which implies x ^ z. 


2 Main Results 

In this section, we introduce several fixed point results for mappings of Caristi 
type in the setting of G— metric spaces. We use the existence of a maximal 
element to prove Caristi’s fixed point theorem in the setting of G— metric 
spaces. 

Theorem 12 Let (X,G,X) be a partially ordered G—metric space with ■< 
as defined in Remark 11. Then the following statements are equivalent: 

1 Any selfmapping T on X satisfies Gfx, Tx, Tx) < <ffx) — <f(Tx) has a fixed 

point. 

2 X has a maximal element. 

Proof. 1 =^> 2) Suppose that T : X —> X has a fixed point, say x* , and X\ A 
x 2 A ... ^ be a chain in X. Fix Xj, then Gfcj, x*, x*) = G(xj,Tx* ,Tx*) < 
</>(xj) — <f(Tx*) = </>(xj) — <f>(x*) which implies that x 3 A x*. Hence X has x* 
as the maximal element. 

2 =y> 1) Suppose X has x* as a maximal element, then Tx* A x*. Since 
T satisfies Gfx*,Tx*,Tx*) < <ffx*) — <f(Tx*) which implies that x* A Tx*. 
Therefore, Tx* = x*. ■ 
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Theorem 13 Let (X, G, X) be a partially ordered complete G—metric space, 
(f) : X —> M + be a lower semi-continuous and T : X —> X be selfmapping 
satisfying the inequality; G(x,Tx,Tx) < fix) — <f(Tx). Then T has a fixed 
point. 

Proof. Let C = {x t : t G A} C A" be any chain in A" and let {t n } be 
any increasing sequence of elements of A. We prove first that <f(C ) is a 
decreasing net. To do so, let c t and c s be any pair of elements in C, with 
x t A x s for t, s G A. Then G(x t ,x s ,x s ) < 4>(x t ) — 4>(x s ), which implies 
that <f(x s ) < 4>{x t ) — G(x t ,x s ,x s ). Therefore, {4>{x t )}t &a is a decreasing net 
of positive real numbers. Thus inf{0(ay) : t G A} exists by completeness 
property of M. Now choose {t n } ne N to be an increasing sequence of A such 
that lim0(A tn ) = inf{0(ay) : t G A}. Then { x tn } is G —Cauchy since for 

n—xx) 

n, m G N, we have 

G(x tn , x tm , x tm ) < <f>(x tn ) - </>{x tm ). (1) 

Thus passing to the limit in the inequality (1) implies G(xt n ,Xt m ,Xt m ) = 0 
as n, m —> oo. Since (A", G , X) is G— complete then there exists x* G A" such 
that {x tn } converges to x*. To prove that x* is an upper bound of the set 
C , let m,n G N since {x tn } converges to x* and { x tn } is increasing imply 
Xt n — x* Vn > 1. Therefore, 

G(x tn ,x*,x*) = lim G{x tn ,x tm ,x tm ) 

oo 

< f{x tn ) - lim (j)(x trn ) 

oo 

< H'XtJ - lim f{x t J 

oo 

< o{x tn ) - o(.r*). 

Then <fi(x*) < <f>{xt n ) Vn > 1 which implies that <f>{x*) < inf{0(a; t ) : t G A}. 
Hence x t X x* Vf G A since (!) is decreasing which means that x* is an upper 
bound of the chain C. Therefore Zorn’s lemma implies that (A", X) has a 
maximal element. By Theorem 12 any selfmapping T : X —> X satisfies the 
inequality G(x , Tx, Tx ) < f>(x) — <f[Tx ) has a fixed point. ■ 

Corollary 14 Let (X, G) be a partially ordered G—metric space. Suppose 
f : X —> X is any function and T : X —» A" be G—continuous. If there exists 
a real number r < 0 such that for all x G A" 

G(f(x), T fix), T f[x) < Gfx, Tx, Tx) + rG(x, fix), fix)), 
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then f has a fixed point. 

G(Xj Tx j T X s ) 

Proof. Define (j) : X —> M 4 by <f>(x) = -----. Then the lower semi 

r 

continuity of <fi follows from the G— continuity of T. Now 

G(f(x),Tf(x),Tf(x) = -r<j>(f(x)) < -r(/>(x) + rG(x, f(x), f(x)). 


Then 

<f>(f(x)) < <j)(x) - G(x, f(x), f(x)), 

which implies 

G(x, f(x), f(x)) < <j)(x) - <f>(f(x)). 


Define R on X by 

x <y G{x, y, y) < <j>(x) - <j>(y) Vx, y e X. 

Then by Theorem 13, there exists x* G X such that fix*) = x*. ■ 


Corollary 15 Let (X,G) be a complete G— metric space and let p G AT 
Then (X, p o G) is a complete G— metric space. Then any selfmapping T on 
X satisfies p o G(x,Tx,Tx) < <ffx) — <f(Tx ) has a fixed point. 


Corollary 16 Let (X,G) be a complete G— metric space and let p G AT 
Suppose f : X —> X is any function and T : X —> X is G—continuous. If 
for all x G X 

G(f(x),Tf(x),Tf(x) < G(x,Tx,Tx) - p o G(x, f(x), f(x)). 

Then f has a fixed point. 

Proof. Define (f)(x) = p^ 1 o G(x,Tx,Tx). Then lower semi continuity of <fi 
follows from the G— continuity of T and continuity of p -1 . Now 

G(f(x),Tf(x),Tf(x) = p(f(f(x))) < p(<f>(x)) - poG(x,f(x),f(x)). 

Then 

P(<f>(f(x))) < P(<f>(x)) ~ P ° G(x, f(x), f(x)). 

By the subaddivity of p, the above inequality becomes 

pW(x)) + G(x,f(x),f(x))) < p((f>(f(x)))+poG(x,f(x),f(x)) 

< p{<j>(x)). 
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Now since p is increasing, we obtain 

0(/(V)) + G(x, f(x), f(x)) < <t>{x). 

Hence 

G(x, f{x), f(x)) < <i>{x) - (f>(f(x)). 

Define ■< on X by 

x <y <=i> G(x, y, y) < </>(x) - <j>(y) \/x, y G X. 

Then by Theorem 13 there exists x* G X such that f(x*) = x*. ■ 

Corollary 17 Let (X, G ) be a complete G—metric space and Suppose f : 
X —> X is any function and T : X —> X is G— continuous. If there exist a 
real number r < 0 and n G N such that for all x, y G X 

G(f(x),Tf(x),T n f(x ) < G(x,Tx,T n x) + rG(x, f(x), f(x)) 

then f has a fixed point. 

G(x Tx T n x 1 

Proof. Define (j) : X —> M + by 0(x) =-----. Then lower semi 

r 

continuity of <f follows from the G— continuity of T. Then 

~r<Kf(x)) = G(.r. I f(.r). I"f(.r) 

< —r<f)(x)+rG(x,f(x),f(x)). 

Then we obtain 

G(x, f(x), f(x)) < <f(x) - <p(f(x)). 

Define T on X by 

x < y G(x, y, y) < f(x) - f(y) Vx, y G X. 

Then by Theorem 13 there exists x* G X such that f(x*) = x*. 

Corollary 18 Let (X,G) be a complete G— metric space and let p G A4. 
Suppose f : X —> X is any function and T : X —> X is G—continuous. If 
there exist p G M. and n G N such that for all x G X 

G(f(x), If (.if. I" f{.r) < G(x, Tx, T n x) - p o G(x, f(x), f(x)), 

then f has a fixed point. 
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The following theorem gives a natural generalization of Caristi type map¬ 
ping in the setting of (S'—metric spaces. 

Theorem 19 Let (X,G) be a complete G—metric space. Suppose T : X —» 
X is G— continuous. If there exists <f y G C{X) for all y G X such that for 
all x G X 

G(Tx , T 2 x,Ty) < (f> y {x) - <f> y {Tx), 
then T has a fixed point. 


Proof. Fix xo G X and let x n = T n x 0 n = 1,2, 3,.... Then 


G(x n ,x n+1 ,Ty) = 
< 


G(Tx n _ i, Tx n , Ty) = G(Tx n - U T 2 x n _i, Ty) 
</> y (x n - i) - <t>y(Tx n - 1 ) 

(fryiptn— l) 


Then for each y G X, 


^G(x n ,x n+l ,Ty) = 

3=1 

< 

< 

< 


G(x 1 ,x 2 ,Ty ) + G(x 2 ,x 3 ,Ty ) + ... + G(x n ,x n+1 ,Ty) 

f>y(x o) - <Py{Xl) + <t> y {xi) - 0 y (x 2 ) + ••• - <f>y(x n -l) + <t> y (Xn -1 

0 y (^o) - 0j,(a:n) 

4>y{ X 0 ) + C, 


where C > 0, which implies that 


^G(a; n , £n+i, Tty) < 0j,(x o ) + C < 00 . 
i=i 


OO 

Then ^G(x n , x n+ i, Ty) is a convergent series. Hence lim G(x n , x n+ \ ) Ty) — 

j —1 n—XX) 

0. Therefore, 


G(x n ^ x m , x m ) ^ G(x n , Ty, Ty) T G(Ty, x m , x m ) 

^ G(x n , x m , Ty) + G x m , Ty) 

m 

< 2^^G(xj, Xj + 1 , Ty) —> 0 as m, n —> 00 

j=n 
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which implies that {x n } is Cauchy in complete G —metric space. That is, 
there exists x* G X such that {x n } converges to x*. Now 

G(Tx*,T 2 x*,x*) = lim G(Tx n ,T 2 x n ,x n ) = linr G(x n+1 , x n+2 , x n ) = 0, 

n—>oo n—>oo 

which implies that x* is a fixed point of T. m 

Corollary 20 Let (X,G) be a complete G—metric space. Suppose T : X —> 
X is G—continuous and for all x G X 

G(Tf(x ), T 2 f(x), Ty) < G(x, Tx, Ty) - G{f{x), f 2 (x), Ty ). 

Then f has a fixed point. 

Proof. For each y G X, choose (f> y (x) = G(x, Tx, Ty) then the result follows 
by applying Theorem 19 ■ 
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Abstract 

In this paper, we generalize the notion of Meir-Keeler contraction condition in M 5 - 
metric spaces. We prove some fixed point theorems for this class of contractions which 
enables us to extend and generalize the recent results of Gholmian and Khanehgir [2]. 


1 Introduction and preliminaries 

First of all, we would like to mention that this work is inspired by the work of Gholmian 
and Khanehgir [2]. In 1922 Banach established one of the most important theorem in fixed 
point theory known as the ’’Banach contraction principle”. Subsequently, many authors have 
extended this theorem in many different ways. For example, in 1969, Meir and Keeler [3] 
generalize the Banach’s theorem using the weakly uniformly strict contraction and proved 
the following theorem: 

Theorem 1. Let (. X , d) be a complete metric space and f a mapping of X into itself satisfying 
the following condition: 

given e > 0, there exists 5 > 0 such that e < d(x, y) < e + 5 implies d(f(x ), f(y)) < e. 
Then f has a unique fixed point £. Moreover, For any x G X, lim f n (x) = f. 

n—>-oo 

The Theorem 1 has been extended in many different metric spaces under several con¬ 
tractive definitions, see [2], [5]. 

On the other hand, several types of generalized metric spaces are proposed and a series of 
fixed point theorems for various classes of mapping are obtained, see [4], [6], [8], [9], [10], 
| 11 ], [ 12 ], 

M-metric spaces was introduced by Asadi see [1], which is an extension of partial metric 
spaces. So, first we remind the reader of the definition of an M-metric spaces along with 
some other notations. 
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Notation 1. [1] 

1. m Xt y := min{m(x, x), m(y, y)} 

2. M X:V max{m(x,x),m(y,y)} 

Definition 1. [1] Let X be a nonempty set, if the function m : X 2 —» R + satisfies the 
following conditions: for all x,y,z G X 

(1) m(x,x) = m(y,y) = m(x,y ) if and only if x = y, 

(2) m Xt y < m(x,y), 

(3) m{x,y) = m(y,x ), 

(4) (m(x,y) - m X} y) < ( m(x,z ) - m XiZ ) + (m(z,y) - m XtV ). 

Then the pair (X, m) is called an M-metric space. 

Recently, Mlaiki et al. [7] developed the concept of M b - metric spaces which extends the 
M-metric spaces and some fixed point theorems are established. Motivated by the properties 
of this original metric space, we introduce the notion of generalized Meir-Keeler contraction 
mappings in the M b - metric spaces. 

Now, let’s recall some definitions and notations of M&-metric spaces. 

Notation 2. [7] 

L rn bx . y := min{m b (x,x),m b (y,y)} 

2. M bx . y := max{m b (x,x),m b (y,y)} 

Definition 2. [7] An M b -metric space on a nonempty set X is a function rn b : X 2 —y R + 
that satisfies the following conditions, for all x,y,z G X we have 

(1) m b (x, x) = m b (y, y ) = m b (x , y) if and only if x = y, 

(2) m bXt y < m b (x,y), 

(3) m h (x,y ) = m b {y,x), 

(4) There exists a real number s > 1 such that for all x,y, z G X we have 

(m b (x,y) - m bXt y) < s[{m b (x,z) - m bx , z ) + (m b (z,y) - m bz , y )} -m b (z,z). 

The number s is called the coefficient of the M b -metric space (X,m b ). 

Now, we give an example of an M b - metric which is not an M-metric space. 

Example 1. [7] Let X = [0, oo) and p > 1 be constant and rn b : X 2 —> [0, oo) defined by for 
all x, y G X we have 

m b {x , y ) = max{x , y} p + \x — y\ p . 

Note that (X, m b ) is an M b -metric with coefficient s = 2 P . Now, we show that (X, m b ) is not 
an M-metric space. Take x — 5, y — 1 and z = 4, we get m b (x, y ) — m bX:y = 5 P + 4 P — 1 and 
( m b {x , z) — m bXtZ ) + (m b (z, y) — m bZty ) = 5 P + 1 — 42 + 4 P + 3 P — 1 = 5 P + 3 P . Therefore, 

m b (x, y ) - m bX! y > (m b (x, z) - m hx , z ) + (m b (z, y ) - m bZiV ), 


as required. 
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Definition 3. [7] Let (. X,mi ,) be a M b -metric space. Then: 

1) A sequence {x n } in X converges to a point x if and only if 

lim (m b (x n ,x) - m bXn , x ) = 0 . 

n—>oo 

2) A sequence {x n } in X is said to be m b -Cauchy sequence if and only if 

lim (m b (x n ,x m ) - m bXntXm ), and lim (M bx Xrn - m bXnjXrn ) 

n,m—>oo n—>00 

exist and finite. 

3) An M b -metric space is said to be complete if every m b -Cauchy sequence {x n } converges 
to a point x such that 

lim (m b (x n , x) - m 6w ) = 0 and lim ( M ix x - m bXn , x ) = 0. 

n —>og n—>oc 

Definition 4. Each m b -metric generates a topology r mb on X whose base is the family of 
open m b -balls {B mb (x, e) | x G X, e > 0} where B mb (x, e) = {y G X | m b (x, y ) — m bXty < e}. 

Definition 5. Let X be a nonempty set, T : X —» X be a mapping and a \ XxX —* [0, oo) 
be a function. Then, T is said to be a-admissible if for all x, y G X we have 

a(x,y) > 1 ==► a(Tx,Ty) > 1. (1) 

Definition 6. A mapping T : X —>• X is called triangular a-admissible if it is a-admissible 
and it satisfies the following condition: 

d{x, y) > 1 and a(y, z ) > 1, then a(x, z) > 1 where x,y,z G X. 

Definition 7. Let (X, m b ) be an m b -metric space with coefficient s, an a-admissible mapping 
T : X —» X is said to be generalized Meir-Keeler contraction of type (I) if for every e > 0 
there exists 5 > 0 such that 

e < j3(m b (x, y))M(x, y) < e + 5 implies a(x, y)m b (Tx, Ty) < e (2) 

where 

M(x,y) = ma x{m b (x,y),m b (Tx,x),m b (Ty,y)}, for all x,y G IN (3) 

and /3 : [0, oo) —» (0, -) is a given function. 

Definition 8. Let (X,m b ) be anm b -metric space with coefficient s. A triangular a-admissible 
mapping T : X —» X is said to be generalized Meir-Keeler contraction of type (II) if for 
every e > 0 there exists 5 > 0 such that 

e < /3(m b (x, y))N(x, y) < e + 5 implies a(x, y)m b (Tx, Ty) < e (4) 

where ^ 

N(x,y) = ma x{m b (x,y), ~[m b (Tx,x) + m b (Ty,y)}}, forall x,y G IN (5) 

and /3 : [0, oo) —* (0, ^) is a given function. 

Remark 1. 1. Suppose that T : X —» X is a generalized Meir-Keeler contraction of 

type (I). Then 

a(x , y)m b (Tx, Ty) < /3(m b (x, y))M(x, y) (6) 

for all x, y G X when M(x, y) > 0. 

2. Note that for all x,y G X, we have N(x,y) < M(x,y). 
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2 Main Results 

Theorem 2. Let ( X,m b ) be a complete M b metric space and T : X —y X be a triangular 
a-admisible mapping. Suppose that the following conditions hold: 

(a) There exists xq G X such that a(xo,Txo ) > 1, a(Txo,xo) > 1. 

(b) If { x n } is a sequence in X that converges to z as n —>■ oo, and a(x n ,x m ) > 1 for all 
n,m G IN, then a(x n , z) > 1 for all n G IN. 

(c) If for each e > 0 there exists 5 > 0 such that 

2se < m b (y,Ty) TX ) + N(x, y) < s(2e + S), 

1 + M (x, y) 

then we have a(x,y)m b (Tx,Ty ) < e. 

Then, T has a fixed point in X. 

Proof. Note that condition (c) implies that 

a(x,y)m b (Tx,Ty) < ^-m b (y, Ty ) 1 4TX ) + ^-N(x,y )• 

2s 1 + M{x,y) 2s 

Let xo G X that satishes condition (a) and define the sequence { x n } by x\ = Tx o and 
x n+ \ = Tx n for all n G IN. If there exists an n such that x n+ \ = x n , then we are done. 
Without lost of generality, we may assume that x n+ \ ^ x n for all n G IN. 

Since T is a-admisible, we have a(x 0 ,x i) = a(x 0 ,Tx 0 ) > 1 and thus a(Tx 0 ,Tx i) = 
a(xi,x 2 ) > 1. By repeating the same argument, we get a(x n , x n+ f) > 1, for all n G IN. 
Hence, 


'Tnb(x n +\, x n -\. 2 ) 


< 

< 


m b (Tx n ,Tx n+ 1 ) 


%n+l')Wlb(.'-Sx n , Tx n j r \) 


2 § ^b(*^n+1) *^n+ 2 ) 


1 + m b (x n ,x n+ 1 ) 
1 + M(x n ,x n+ 1 ) 


+ —N(x n ,x n+ 1 ). 


Note that M(x n , x n+1 ) = ma x{m b (x n , x n+1 ),m b (x n+l , x n+2 )}. So, if M(x n , x n+1 ) = m b (x n+1 , x n+2 ) 
then we have 


m b {xn + i,Xn + 2 ) =m b (Tx n ,Tx n+l ) < a(x n ,x n+1 )m b (Tx n ,Tx n+1 ) 


1 , \ 1 + m b (x n ,x n+1 ) 1 

n 1 ^n+ 2 ) -. / \ T r , ; *^ n +2) 

2s 1 + m b (x n+ i,x n+2 ) 2 S 

< j-m b (x n+1 , x n+2 ) + ±-m b (x n+1: x n+2 ) 

— ^b(*^n+l) *^n+ 2 ) ^ ^b(*^n+lj *£71+2)j 
S 
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which leads to a contradiction. Therefore, M(x n ,x n+ 1 ) = m b (x n ,x n+ 1 ). Also note that 
N(x n , x n+x ) < M(x n ,x n + 1 ) and hence 


i. x n+l j x n+2) < ^- 


< 


1 , 1 + m b (x n ,x n+1 ) 1 , , 

—m b {x n+ uX n+2 )— - 7 -c + —m b (x n ,x n+1 ) 

2 s 1 +m b (x n ,x n+ i) 2 s 

ym b (x n+1 , Xn+2 ) + ^m b ( Xn ,x n+1 ) 


-m b (x n ,x n+ 1 ) < m b (x n , x n+ \). 
s 


Therefore, m b (x n+ i, x n+2 ) < m b (x n , x n+ \) and thus the sequence {m b (x n ,x n+ 1 )} is a strictly 
decreasing positive sequence that converges to some number say r > 0. By Condition 
(c) in the hypothesis of the theorem, choose e = A Note that, \im. n ^^[m b (x n+ i,x n+2 ) + 
m b (x n ,x n+ i)\ = 2r. Hence, there exists N 0 G IN such that 


2 r < m b (x No+ i,x No+2 ) + m b (x No ,x N 0 +i) < 2 r + 8. 


Therefore, 


2 se < 


< 


™b( x No+li TV0+2) + ^JVo+l) 

, rp \l + m b (x No ,Tx No ) 

TTlbyEN q-\-\•> ^Nq-\-1 ) 

2se + 5 < s(2e + 8) 


1 + M(x No ,x N 0 + 1 ) 


+ N(x No ,x No+1 ) 


Using the fact that a(x]y 0 , apv 0 +i) A 1 and condition (c), we deduce that 

T 

m b\ x N 0 +li x N 0 +2) < Ot( x N 0 , x No+l)m b (TxN 0 ,TxN 0+ i) < 6 — - < r. 

But we know that for all n G IN, r < m b (x n ,x n+ 1 ) which leads to a contradiction. Thus 
r = 0; that is, lim^oo m b (x n , x n+ \) = 0. Now let e > 0 and 8' = min{<5, e, 1}. Since 
lim^oo m b (x n , x n+ i) = 0, there exists k G IN such that m b (x m , x m+1 ) < j, for all m > k. 
Let rj = s( 2e + |-) and consider the set 


B[x k ,r)\ = {xi | i > k,m b ( Xi ,x k ) - m hxuXk < 77 }. 

We prove that T maps to itself. Let xi G B[x k ,rj\. Then we have m b (xi,x k ) — 

rribxi,xh < V- If l — k, then we have Txi = Tx k = x k+ \ G B[x k ,rj\. So we may assume that 
l > k. Suppose that 2se < m b (xi,x k ), so that 


2se < m b (x h x k ) - m bxi)Xk < rj. 


Note m b (xi,x k ) < N(xi,x k ). Hence, 2se < m b (xi,x k ) and this implies that e < ^m b (xi,x k ). 
Thus, 


e < 


1Tlb(. x ki *^fc+l) 


l + m b (xi,xi+i) 
1 + M{xi,x k ) 


+ —N(xi,x k ). 
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Therefore, 


2 § *£fc+l) 


1 + m b (xi,xi+ 1 ) 
1 + M(x h x k ) 


+ —N(x h x k ) < e + 


2’ 


and this implies that 


2se < m b (x k ,Tx k ) 


l + m b (xi,Txi) 
1 + M{x h x k ) 


+ N(xi,x k ) < s(2e + 5'). 


Thus, by part (c) of the theorem, we have m b (Txi,Tx k ) < a(xi,x k )m b (Txi,Tx k ) < e. 
Therefore, 


m b (Tx h x k ) - m bTxuXk < m b (Tx h x k ) 

< s [( m b (Txi , Tx k ) - m bTxu Tx k ) + (m b (Tx k ,x k ) - m bTxk , x J] 

< s [m ft (Tx/,Tx fe ) + m b (Tx fc ,x fe )] 

< s [ e +^] 

r 5' 

< s t 2e + 77] 

which implies that xi+ 1 G .B [ 0 ^, 77 ] as desired. Now assume that m b (xi,x k ) < 2se. Then we 
have 


m b (Tx h x k ) - m bTxuXk < m b (Tx h x k ) 

< s [(m b (Txi,Tx k ) - m bTxi ,Tx k ) + ( m b (Tx h x k ) - m bTxi , Xk )\ 

< s [m b (Txi, Tx k ) + m b (Tx k , x k )] 

< sa(x h x k )m b (Txi,Tx k ) + sm b (Tx k , x k ) 


< s 


+ h N(XhXh \ 


+ sm b (x k +!,x k ) 


^ 1 / x . m b (x k ,x k+ i)m b (xi,xi + i) l 

< 2 m b\x k , X k + 1 ) H- 2(1 + m b (xi x k )) - f 2 Xk ’ + smb ^ Xk + u Xk > 

5' m b (x k ,x k+1 )m b (xi,xi+i) 1 . . , S' 

- 8 + 2(1+ „*(«„„)) +2 W( *>.**)+«4- 


On the other hand, note that 

*£fc+l) 


5' 




Hence, 


m b (Txi,xi) - m bTxiXl < m b (Tx h x k ) 




< 


5 ' 5 ' 

8 + 8 +S£ 
O' 


5' 

+ S 4 


< ' s (^ _ + 2e )- 
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Therefore, for all m > k, we have 

m b {x m ,x k ) - m bXmtXk < s ^ + 2e 
Now, for every m,nelN such that m > n > k, we have 

mi m) Wlbx m ,Xn — ® n't bx m ,Xk ) T ij^bip^ki Xn) ^bxfc,a; n )] 

< sm b (x m , x k ) + sm b fx k , x n ) 

< + 2e ) + s - s ( ^ + 2e ) 

= s 2 (4e + 5') < 5s 2 e 

which implies that lim n>nwoo m b (x m , x n ) —m bXmiXn exists and finite. Using the same argument 
it is not difficult to show that linp^^oo M b (x m , x n ) — rn bXm , Xn exists and finite. Therefore, 
the sequence { x n } is an m b -Cauchy sequence and since X is complete, there exists u € X 
such that lim, woc M bXn U - m bXn , u = 0 . 

Finally, we show that is a fixed point for T; that is Tu = u. 



lim {M bXniU - m bx ) = 0 

n—>00 

lim (M bx u - m bXn+1 ) = 0 

n—>00 

lim (M bTx u - m bTxnu ) = 0 

n—>00 

M b (Tu,u) - m bTu u = 0 


Then, M b T U ,u = rn b T U ,u, and similarly by the convergence of x n we obtain that m b (Tu, u ) = 
m b Tu , u j which implies that Tu — u as required. □ 

Definition 9. Let (X,m b ) be an m b -metric space and let T be a self mapping on X. T is 
called m b -orbitally continuous if whenever 


lim m b {T x , z) = m b (z, z ) =>- lim m b (TT ", T z ) = m b (T z , T z )Mx , z G X. (7) 

n —>-+oo n —>+00 

Remark 2. Note that, continuous mappings are m b -orbitally continuous. But the con¬ 
verse is not necessary true, for example, consider the m b -metric space defined by m b (x,y) = 
[max(x, y)] q (q > 1) for all x,y e X where X = [0,1] and the map T : X —> X defined by 

r I if 0 < x < 1 

{ 0 if x=l 

It is not difficult to see that T is not continuous, but T is m b -orbitally continuous. 

Theorem 3. Let (X,m b ) be a complete m b -metric space with coefficient s and T : X —> T 
be a mapping. Suppose that the following conditions hold: 
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a) T is an m b -orbitally continuous generalized Meir-Keeler contraction of type (I), 

b) there exists x 0 G X such that a(x 0 ,Tx 0 ) > 1, a(Tx 0 ,x 0 ) > 1, 

c) if {x n } is a sequence in X such that x n —* z as n —* oo and a(x n ,x m ) > 1 forall 
n,m G IN, then a(z,z ) > 1, 

d) s > 1 or (3 is a continuous function, 
then, T has a fixed point in X. 

Proof. Let xq G A" be such that condition b) holds and define {x n } in X so that x\ = Tx o, 
x n+ \ = Tx o Vn G IN. Without lose of generality, we may suppose that x n+ \ ^ x n Vn G 1NU0. 
Since T is ce-admissible, then a(x n , x n+ \) > 1 Vn G IN. 

As T is a generalized Meir-Keeler contraction of type (I), then by replacing x by x n and y 
by y n in (4), we observe that for every e > 0 there exists 6 > 0 such that 

e < / 3(m b (x n , x n+ i))M(x n , x n+1 ) <e + S a(x n , x n+l )m b (Tx n , Tx n+1 ) < e (8) 

where 

M(x n ,x n+ 1 ) = max[m b (x n ,x n+1 ),m b (x n+2 ,x n+1 )\. (9) 

Next, we distinguish two following cases: 

Case 1 . Assume that M(x n ,x n+ f) = m b (x n+ 2 , x n+ \). 

In this case, equation ( 8 ) becomes 

e < P(m b (x n ,x n+ i))m b (x n+2 ,x n+ i) < e + 5 => a(x n , x n+l )m b (Tx n , Tx n+1 ) < e 

and using that a(x n ,x n+ 1 ) > 1 Vn G IN, we have 

m b (Tx n ,Tx n+1 )m b (x n+1 ,x n+2 ) <e< /3(m b (x n ,x n+1 ))m b (x n+2 ,x n+1 ). 

Then m b (x n +i,x n+2 ) < m b (x n+2 , x n+ f) Vn G IN which gives a contradiction. 

Case 2 . Assume that M(x n ,x n+ 1 ) = m b (x n ,x n+ 1 ). 

Since M(x n ,x n+ 1 ) > 0 Vn G IN due to Remark 1, we get 

^bip^n+i} ^n+ 2 ) A cx{x n , x n j r \)m b {Tx n ,Tx n j r \) 

< e 

< 13(m b (x n ,x n+1 ))m b (x n ,x n+1 ) 

< -m b (x n ,x n+1 ) < m b (x n ,x n+1 ). ( 10 ) 

s 

That is {m b (x n , x n+ i)} is a strictly decreasing positive sequence in M + and it converges to 
some r > 0. Let prove that r = 0. 

Let be untrue, the we have r > 0. We assert that 0 < r < m b (x n ,x n+ 1 ) Vn G IN. 

First, suppose that s > 1. Applying equation (10), we have m b (x n+ i, x n+2 ) < -m b (x n , x n+ 1 ). 

! s 

By taking the limit as n tends to infinity, we get r < -r < r which is a contradiction and so 

s 

r = 0 . 

Next, suppose that fd is a continuous function. We prove in the following claim that 
{/3(m b (x n , x n+ i))m b (x n , x n+ i)} is a strictly decreasing positive sequence in M + . 

8 


587 


N. Mlaiki ETAL 580-592 



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 27, NO.4, 2019, COPYRIGHT 2019 EUDOXUS PRESS, LLC 


Claim 1. Let (5 : [0, oof —» [0,-) a continuous function. Then, {/3(m b (x n , x n+ i))m b (x n , x n+ i)} 
is strictly decreasing positive sequence in M + . 

First, note that 

/3(m b (x n+1 ,x n+2 ))m b (x n+1 ,x n+2 ) < m b (x n+ i,x n+2 ) 

< a(x n ,x n+l )m b (Tx n ,Tx n+ i) 

< /3(m b (x n ,x n+ i))M(x n ,x n+ i). 

If M(x n ,x n+ 1 ) = m b (x n ,x n+ 1 ), we obtain 

f3(m b (x n+ 1 , x n+2 ))m b (x n+1 , x n+2 ) < f3(m b (x n , x n+1 ))m b (x n , x n+1 ). 

If M(x n ,x n+ 1 ) = m b (x n+2 ,x n+1 ), we have m b {x n+2 ,x n+1 ) < m b (x n ,x n+l ) (as m b (x n ,x n+1 ) is 
a strictly decerasing). Then, /3(m b (x n+1 , x n+2 ))m b (x n+ i, x n+2 ) < f3(m b (x n ,x n+1 ))m b (x n ,x n+1 ). 
Thus, {j3(m b (x n ,x n+ i))m b (x n ,x n+ i)} is strictly decreasing positive sequence in M + which 
prove onr claim as desired. 

From Claim 1, we have {(3(m b (x n ,x n+ i))m b (x n ,x n+ i)} converges to some r' > 0. We con¬ 
sider the two follwing cases: 

Case 1 . r' — 0 

Since lim m b (x n ,x n+ 1 ) ^ 0 so we have 

n—>oo 

3e > 0, V7c G IN ,3n k > k, m b (x nk , x nk+1 ) > e. 

Now, let e' > 0 be given. Since lim /3(m b (x nk , x n . +1 ))m b (x n ., x n . J = 0. 

n—>oo 

Therefore, using (4), we derive 

3k' G IN,V/c > k',e/3(m b (x nk ,x nk+1 )) < P(m b (x nk , x nk+1 ))m b (x nk , x nk+1 ) < e’. 

It enforces that lim /3(m b (x nk ,x nk J) = 0. 

n—>oc 

By continuity of f3, we obtain fi(r) = 0 r = 0 which is a contradiction. 

Case 2. r' > 0 

we can distinguish two subcases: r < r’ and r > r'. 

If r < r', then (3(m b (x n , x n+ i))m b (x n , x n+ i) < -m b (x n ,x n+ i) and by taking the limit as n 

s 

T 

tends to inhnity we get r' < - < r which is a contradiction with r’ > 0. 

s 

If r > r', let 6 > 0 be such that satisfying (4) whenever e — r'. We know there exists N 0 G IN 
such that 

r < P(m b (x No ,x No+ i))m b (x No ,x No+ i) < r f + 5. 

Thus 


r < m b (xN 0 +i,XN 0+2 ) < a(xN 0 ,X]sr 0 +i)rn b (TxN 0 ,TxN 0+ i) 

< r' < r 

which leads to contradiction with 0 < r < m b (x n ,x n+ 1 ) Vn G IN. 
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Thus, r — 0 and so lim m b (x n ,x n+ i). 

n—>■ oo 

Next, we intend to show that the sequence {x n } is an m b - Cauch sequence. For this 
purpose, we will prove that for every e > 0 there exists N e IN such that lim m b (x n , x m ) — 

n,m—>oo 

rr ^bxn,m < °°- We will prove that for every e > 0, there exists N e IN such that 

m b (xi,xi +k ) - m bxil+k < e. (11) 

Since the sequence {m b (x n , x n+ i)} —* 0, n —* oo, for every 5 > 0 there exists IV e IN such 
that m b (x n ,x n+ i) < 5 for all n > N. Choose 5 < e. We will prove equation (11) by using 
induction on k. 

• for k — 1, we have m b (xi,xi + 1 ) < e =>■ m b (xi,xi + 1 ) — m bxil+1 < e so, (11) it clearly holds 
for all / > N (due to the choice of <5). 

• Assume that the inequality (11) holds for some k = m, that is m b (xi, xi +m ) — rn bxi l+m < e 
V/ > N. 

For k — m + 1, we have to show that 

m b (xi,xi +m+ 1 ) - m bxi l+m+1 < e V l > N (12) 

Employing condition (4) of the definition fo the M b -metric space, we get 

m^xi-^xi+m) - m bxil+m < s[m b (xi^xi) - + m b (x h xi +m ) - m bxil+m - m b {x h xi)} 

< s[m b (xi-i, xi) + m b {x h x i+m )\ 

< s[<J + e] V/ > N. 

If /3(m b (xi-i, xi +m ))m b (xi-i, xi +m ) > e, then we deduce 

e < f3(m b (xi-i, xi +rn ))m b (xi-\, xi +m ) 

< /3(rn b (xi_ 1 ,xi +m ))M(xi_ 1 ,xi +m ) 

= P(m b (xi- 1 , xi +m ))max[m b (xi- 1 , xi +m ), m b {x h x t - 1 ), m b (xi +m+1 , xi +m )\ 

< P(m b (xi- 1 , xi +m ))max[s{8 + e), 5, A] 

< 5 + e. 

Using (8) with x = xi- 1 , y = xi +m , we End 

e < l3(rn b (xi_ 1 ,xi +m ))M(xi^ 1 ,xi +m ) <e + 5, 


then 


a(xi-i,xi +m )m b (Txi-i,Txi +m ) < e 


which gives m b (xi,xi +m+ 1 ) < e. Hence, (8) holds for k — m+ 1. 


If f3(m b (xi- 1 , xi +m ))m b (xi-i, x i+m ) < e, then 


P(m b (xi-i, xi +m ))M(xi- 1 ,xi +m ) = 


< 

< 


/3(rn b (xi-i,xi +m ))max[m b (xi-i,xi +m ), 

3Cl — l); m b (Xl+m+ 1) *H+m)] 
f3(m b (xi- u xi +m ))max[m b (xi-i, xi +m ), 5 , <5] 
e. 


10 
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From Remark 1, we get 

a(x J _i,x^)m 6 (Tx { _i,Tai +m ) < fi{rn h {xi- 1 ,xi +m ))M{xi- 1 ,xi +m ) < e 


then 


Ot{xi— i, Xi+ui^Tflf){xi, 3^-|_ m _|-i) e. 


So 


rfl'bi.'E 1 1 l+m+1 ) 1 j *H+m) Wlb (*Ri *R+m+l) ^ 


that is (11) holds for k = m + 1. 

Note that M(xi_i,xi +m ) > 0, otherwise m b (xi,xi_i) = 0 and hence xi = xj_i, which is 
contradiction. Thus, m b (xi,xi + k ) < e \/l > N and k > 1, it means 


m b (x n , x m ) < e V m > n > N. 


(13) 


Hence, it is easy to deduce that {x„} is an m*,—Cauchy sequence. Since X is a complete 
mft-metric space, there exists u G X such that lim (M bXnU ~ m bx nu ) = 0. 

n— >og 

Now, we will show that Tu = u for any n e IN. We have 


lim {M bXn}U - m bx ) = 0 

n—>oc 

lim (M bx ljU - m bXn+l u ) = 0 

n—>oo 

lim (. M bTxn , u ~ m bTxnu ) = 0 

n—>oo 

M b (Tu, u) - m bTu u = 0 


Then, M bTu ,u — m bTu,u , and similarly by the convergence we obtain that m b (Tu,u) = 
m b T U ,u j which implies that Tu — u as desired. □ 

Next, we prove the same result for a self mapping T on X which is an mfe-orbitally 
continuous generalized Meir-Keeler contraction of type (11). 

Theorem 4. Let (X,m b ) be a complete m b -metric space, T : X —> X be a mapping. 
Assume that the following conditions are satisfied: 

a) T is an m b -orbitally continuous generalized Meir-Keeler contraction of type (II), 

b) there exists xq G X such that a(xo,T Xo ) > 1, a(T Xo ,x o) ? 

c) If {x n } is a sequence in X such that x n —* z as n —* oo and a(x n ,x m ) > 1 for all 
n,m G N, then a(z,z ) > 1, 

d) s > 1 or (3 is a continuous function, then T has a unique fixed point in X. 

Proof. By remark 1 , we have N(x,y) < M(x,y). Hence, similarly to the proof of theorem 
3, the result of our theorem will follow as desired. □ 

Theorem 5. Let (X,m b ) be a complete m b -metric space with coefficient s and satisfies the 
following conditions: 
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a) if {x n } is a sequence in X which converges to z with respect to r TO6 and satisfies 
a(x n+ i,x n ) > 1 and a(x n , x n+ i) > 1 for all n, then there exists a subsequence {x nk } 
of {x n } such that a(x z ,x nk ) > 1 and a(x nk ,x z ) > 1 for all k, 

b) T : X —> A" is a generalized Meir-Keeler contraction of type (II), 

c) there exists xq G A" such that a(xo,T Xo ) > l, a(T Xo ,x o) > 1 

d) s > 1 or (3 is a continuous function then, T has a fixed point in X. 

Proof. By the proof of theorem 2, one can easly deduce that {a; n } defined by x\ = T xo and 
x n+ i = T Xn (n G N) converges to some z E X with m b (z,z ) = 0, by condition a), there exist 
a subsequence {x nk } of x n such that a(z,x n J > 1 and a(x nk ,z ) > 1 for all k. 

Note that, if N(z,x nk ) = 0, then T z = z and we are done. 

Now, by remark 1 for all k G N we have 

m b (T z ,x n+l ) =m b (T z ,Tx n ) < a(z,x nk )m b (T z ,T Xrik ) 

< /3(m b (z,x nk ))N(z,x nk ). 

Taking the limit k —» oo we obtain lim N(z,x nk ) = max{0, -m b {T z , z)} = -m b (T z , z). 

k->- oo 2 2 

Thus, lim m b (T z , x n , J < —m b (T z ,z). Hence, 

n—>oo ZS 

m b (T z ,z ) < sm b (T z ,x nk+1 ) + sm b (x nk+1 , z). 


Taking the limit k —> oo we obtain 

1 

m b (T z , z) < -m b (T z ,z). 

which implies m b (T z , z) = 0, similarly we can show that M b r z , z = 0 and therefore, T z = z as 
desired. □ 
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(7 — ip) — Meir-Keeler Mappings via Fixed Point Theory in 

S'—metric spaces 
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Abstract: In this paper, we introduce several extensions of Meir-Keeler contractive mappings in 
the structure of S'—metric spaces. Then we investigate some existence, uniqueness, and generalized 
Ulam-Hyers stability results for the classes of MKC mappings via fixed point theory. Besides the the¬ 
oretical results, we also present some illustrative examples to verify the effectiveness and applicability 
of our main results. 

MSC: 47H10;54H25 

Keywords: Generalized Ulam-Hyers stability; (7 — ^)—Meir-Keeler contraction mappings; S'—metric 
space; fixed point theory. 

1. Introduction 

1.1. S'—metric spaces 

Very recently, Sedghi et al. [1] have introduced the notion of an S—metric space and proved that this 
notion is a generalization of a G— metric space and D *—metric space. Also, they have proved some 
properties of an S—metric and some fixed point results for a self-map on S—metric spaces. After that, 
many interesting results were obtained by transporting certain results in metric spaces and known 
generalizes metric spaces to S—metric spaces, see ([2]-[10]). 

First, we recall the definition of an S'—metric space and some useful notions and lemmas for the 
following discussion. 

In the sequel, the letters N, R + and ffi. will denote the sets of positive integers, nonnegative real numbers 
and real numbers, respectively. 

Definition 1.1. [1] Let A be a nonempty set. An S—metric on A is a function S : A 3 1 —»• [0, 00) 
that satisfies the following conditions for \/x, y,z,a € A: 

(51) S(x, y,z) = 0 if and only if x = y = z; 

(52) S(x, y, z) < S(x, x, a) + S(y, y, a) + S(z, z, a). 

* Correspondence: stellalwp@163.com 
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The pair ( X , S) is called an S'—metric space. 

Immediate examples of such S— metric spaces are: 

( 1 ) Let X = R + and || • || be a norm on X, then S(x, y, z) = \\2x + y — 3z|| + ||x — z\\ is an S—metric 

on X, for Vx, y,z £ X. 

(2) Let X be a nonempty set, d is ordinary metric on X, the Sd(x,y,z) = d{x,z) + d(y,z) is an 

S— metric on X , for Mx,y,z € X. 

Lemma 1 . 1 . [ 1 ] Let (X,S) be an S—metric space. Then 

S(x, x, z) < 2 S(x, x, y) + S(y, y, z), and S(x, x, z) < 2 S(x, x, y) + S(z, z, y), 
for Vx, y,z £ X. 

Lemma 1.2. [1] Let (X, S) be an S—metric space. Then S(x,x,y) = S(y,y,x), for \/x,y € X. 

Lemma 1.3. Let (X, S) be an S—metric space. Then, for Vx,y,z € X , it follows that 

( 1 ) S(x, y, y) < S(x,x,y). 

(2) S(x, y, x) < S(x,x,y). 

(3) S(x,y,z) < S(x,x,z) + S(y,y,z). 

(4) S(x,y,z) < S(y,y,z) + S(x,x,z). 

(5) S(x,y,z) < S(y,y,x) +S{z,z,x). 

(6) S(x, x, z) < | [S(y,y,z) + S(y,y,x)\. 

(7) S(x, y, z) < | [S(x,x,y) + S{y,y,z ) + S(z,z,x)\. 

Proof. It follows from (S2) and Lemma 1.2, one can easily obtain (1) — (5). Now, we prove ( 6 ) and 
(7) also hold true. 

By Lemma 1.1 and Lemma 1.2, we have 

2S(x, x, z ) = S(x, x, z ) + S(z, z, x) 

< [ 2 S(x, x, y) + S(y,y,z)\ + [2 S(z,z,y) + S(x,x,y)] 

= 3 [S(y,y,z) + S(y,y,x)]. 

Hence, S(x,x,z) < | [S(y,y,z) + S(y,y,x)]. Then ( 6 ) holds true. 

By virtue of (3) — (5) and Lemma 1.2, we have 3S(x, y , z) = 2[S(x, x, y) +S(y, y, z) + S(z, z, x)], which 
implies (7) holds true. □ 

Definition 1.2. [1] Let {X,S) be an S— metric space. 

(1) A sequence {x n } C X is said to convergent to x € X if S(x n ,x n ,x) —> 0 as n —> oo. That is, for 

each e > 0, there exists no € N such that for Vn > no, we have S(x n , x n ,x) < e. 

(2) A sequence {x n } C X is said to be a Cauchy sequence if S(x n ,x n ,x m ) —> 0 as n,m —> oo. That 

is, for each e > 0, there exists no G N such that for Vn, m > no, we have S(x n , x n , x m ) < e, or 
for each e > 0, there exists no € N such that for VZ, m, n > no, we have S(xi, x m , x n ) < e . 
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(3) The S'—metric space (X , S ) is said to be complete if every Cauchy sequence is a convergent 

sequence. 

(4) A mapping T : X X is said to be S—continuous if {Tx n } is S—convergent to Tx, where {x„} 

is an S—convergent sequence converging to x. 

Lemma 1.4. [1] Let ( X , S) be an S —metric space. If there exist sequences {x n } and {y n } such that 
x n — > x and y n —> y as n —► oo, then S(x n , x n , y n ) -Y S(x, x, y). 

Lemma 1.5. [1] Let (X, S) be an S—metric space. If the sequences {x n } in X such that x n —> x, 
then x is unique. 

1.2. The generalized Ulam-Hyers Stability 

The stability problem of functional equations, originated from a question of Ulam [11], in 1940, 
concerns the stability of group homomorphism which stated as follows: 

Let G i be a group and Gi be a metric group with a metric d(-, •). Given e > 0, does there exist 6 > 0 
such that if a function h : G\ K > G^ satisfies the inequality 

d(h(xy),h(x)h(y)) < 8, 

Vx,y £ G i, then there is a homomorphism H : Gi >->• G 2 with d{h{x),H{x)) < e, \/x £ G\7 
If the answer is affirmative, then we say that the equation of homomorphism H(xy) = H(x)H(y) 
is stable. The first affirmative partial answer to the equation of Ulam for Banach spaces was given 
by Hyers [12] in 1941. Thereafter, this type of stability is called the Ulam-Hyers stability and has 
attracted attentions of many mathematicians. 

In particular, Ulam-Hyers stability results in fixed point theory and remarkable results on the stabil¬ 
ity of certain classes of functional equation via fixed point approach have been studied densely, see 

([13H16]). 


Definition 1.3. Let (X, S) be an S'—metric space and T : X i-> X be a mapping. By definition, the 
fixed point equation 


x = Tx, x £ X (1) 

is said to be generalized Ulam-Hyers stable in the framework of an S —metric space if there exists an 
increasing operator ip : [0, oo) i —> [0, oo), continuous at 0 and y>(0) = 0, such that for each e > 0 and 
an e—solution w* £ X, that is 


S{w*,Tw*,Tw*)<e, (2) 

there is a solution x* £ X of the fixed point equation (1) such that 

S(w*, x*, x*) < <p(e). (3) 

If ip(t) = ct, Vf > 0, where c > 0, then (1) is said to be Ulam-Hyers stable in the framework of an 
S —metric space. 
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1.3. The generalized (7 — if;)— Meir-Keeler contractive mappings 

In 1969, Meir and Keeler [17] established a fixed point theorem in a metric space (X, d) for mappings 
satisfying the condition that for each e > 0 there exists 8(e) >0 such that 

e < d(x, y) < e + 6 implies d(Tx,Ty) < e, (4) 

Vx, j/ £ X. This condition is called the Meri-Keeler contractive ( MKC , for short) type condition. 
Since then, many authors extended and improved this condition and established fixed point results for 
new generalized conditions, see Maiti and Pal [18], Park and Rhoades [19], Mongkolkeha and Kurnan 
[20] and so on. On the other hand, Samet et al. [21] introduced the concepts of a — ip— contractive 
mapping and a—admissible mapping in metric spaces. Also they proved a fixed point theorem for 
a —ip contractive mappings in complete metric spaces using the concept of a— addmissible mappings. 
Motivated by Samet’s work, Latif et al.[22] introduced a new type of a generalized (a — ip)— Meir- 
Keeler contractive mapping and established some interesting theorems on the existence of fixed points 
for such mappings via admissible mappings. 

Admissible mappings in the setting of S— metric spaces can be defined as follows. 

Definition 1.4. A mapping T : X 1 —>• X is called 7 — admissible if for \/x,y,z £ X, we have 


7 (x,y,z) > 1 => 7 (Tx,Ty,Tz) > 1, 
where, 7 : X 3 1 —> [0, 00 ) is a given function. If in addition, 


7 (x,y,y) > 1 . 


7 (y,z,z) > 1 


implies 7 ( 2 :, z, z) > 1, V 27 y, z £ X. Then T is called triangular 7 —admissible. 


2 if x z' 

Example 1.1. Let X = [1, 00) and T : X 1 —>■ X. Define Tx = x 2 and 7 ( 2 ;, y, z)= ' 

0 , otherwise. 

Then T is 7 —admissible. 

Definition 1.5. We say that: 

(1) A sequence {x„} in X is (T, 7 )—orbital if x n = T n x 0 and 7 ( 27 ,, x n +i, x n +i) > 1 ,\/n£ {0} U N. 

(2) T is 7 —orbital continuous if, for every (T, 7 )—orbital sequence {x n } in X such that x n —> x as 

n —> 00, there exists a subsequence {x nk } of {x n } such that Tx nk —> Tx as k —> 00 . 

(3) X is (T, 7 )—regular if, for every (T, 7 )—orbital sequence {x n } in X such that x n —> x as n — > 00, 

there exists a subsequence {x nk } of {x„} such that 7 (x nfc ,x,x) > 1, Vfc £ N. 

(4) X is 7 —regular if, for every sequence {x n } in X such that x n —> x as n —> 00 and j(x n , x n +i, x ra +i) > 

1, \/n £ {0} UN, there exists a subsequence {x nk } of {x n } such that 'y(x nk ,x,x) > 1, V/c £ N. 

(5) X is (T, 7 )—limit if, for every sequence {x n } in X such that x n —> x as n —> 00 and 7 ( 27 ,, x n +i, x n +i) > 

1, V?i £ {0} U N, then 7(27 Tx, Tx) > 1. 

Remark 1.1. (1) If T is continuous, then T is 7 —orbital continuous (for any 7 ). 

(2) If X is 7 —regular, then X is also (T, 7 )—regular (for any 7 ). 
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Lemma 1.6. Let 7 : X 3 1 —»• [0, 00 ) and T : X 4 I be 7 —admissible with triangular admissibility. 
Assume that there exists Xq £ X such that 7(xo, Txo, Tx 0) > 1 . Define a sequence {x n } by x n = T n x o- 
Then 7 (x m , x n , x n ) > 1, for Vm, n £ N with m < n. 


Proof. Since there exists xq £ X such that "f(xo,Txo,Txo) > 1, then from the definition of 7 — 

admissibility, we deduce that 7 ( 37 , X 2 , £ 2 ) = 7 (Txo, Txi, Txi) > 1 . 

By continuing this process, we get 7 (x n , x n +i, x n +i) >1, VnEOUN. 

o-l Xm+l, Xm+l) P. 1 

Suppose that m < n. Since < 


^ 5 ^m+2) 1) 

by the definition of triangular 7 — admissibility, we deduce that 7 (x m , x m+ 2 , aim+ 2 ) > 1- By continuing 
this process, we get 7 (x m , x n , x n ) > 1, Vm, tiEN with m < n. □ 


Let US' stand for the family of nondecreasing functions if : [0, 00 ) 1 —> [0, 00 ) satisfying conditions: 
(\&1) Y,'ff =1 ip n (t) < 00 , Vi > 0, where tf n is the n th iterate of if; 

($ 2 ) if{ 0 ) = 0 . 


Remark 1.2. For every function if : [0, 00 ) 1 — >• [0, 00 ) the following holds: 
if if is nondecreasing, then for each t > 0 , 


lim if n (t) = 0 => if(t) <t=> if(0 ) = 0. 

n—to o 

Therefore, if if £ T, then for every t > 0, if(t) < t and if is continuous at 0. 

Definition 1.6. Let (X,S) be an S— metric space and T : I 4 I. The mapping T is called a 
(7 — if)— Meir-Keeler contractive mapping if there exist two functions if £ and 7 : X 3 1 —> [0, 00 ) 
satisfying the following condition: for each e > 0 there exists (5(e) > 0 such that 

e<if(S(x,y,y)) <e + S(e) implies j{x,y,y)S(Tx,Ty,Ty) < e,\/x,y £ X. 

Remark 1.3. It is easily shown that if T : X 1 —»• X is a (7 — if)— Meir-Keeler contractive mapping, 
then 


7 (x,y,y)S(Tx,Ty,Ty) < if(S(x,y,y)), 


Vx, y £ X, when x ^ y. 

Definition 1.7. Let (X,S) be an S— metric space and I : I 4 I. The mapping T is called a 
(7 — if)— Meir-Keeler contractive mapping of dim3 if there exist two functions if £ and 7 : X 3 1-4 
[0, 00 ) satisfying the following condition: for each e > 0 there exists (5(e) > 0 such that 

e < tf(S(x, y, z)) < e + 5(e) implies y(x, Tx, Tx) , y(y, Ty , Ty)j(z,Tz, Tz)S(Tx, Ty, Tz) < e. 

Remark 1.4. It is easily shown that if T : X 1-4 X is a (7 — if)— Meir-Keeler contractive mapping of 
dim3, then 

j(x,Tx,Tx)'y(y,Ty,Ty)'y(z,Tz,Tz)S(Tx,Ty,Tz) < if(S(x,y,z)), 

Vx, y,z £ X when x ^ y ^ z. 
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Definition 1.8. Let (X,S) be an S'— metric space and T : X K»• X. The mapping T is called a 
generalized (7 — ip)— Meir-Keeler contractive mapping of type A if there exist two functions ip G T 
and 7 : X 3 i-g [0, 00 ) satisfying the following condition: for each e > 0 there exists 5(e) > 0 such that 

e < ip(Mi(x, y)) < e + <5(e) implies 7 (x,y,y)S(Tx,Ty,Ty) < e, 

where M ± (x,y) = max{S(x, y, y), S(x, Tx, Tx), S(y, Ty, Ty)}, Va :,y G X. 

Definition 1.9. Let (X,S) be an S'— metric space and T : X 1 —»• X. The mapping T is called a 
generalized (7 — ip)— Meir-Keeler contractive mapping of type B if there exist two functions ip £ ^ 
and 7 : X 3 i-g [0, 00 ) satisfying the following condition: for each e > 0 there exists 5(e) > 0 such that 

e<ip(M 2 (x,y)) <e + 6(e) implies 7 (x,y,y)S(Tx,Ty,Ty) < e, 

where M 2 (x,y) = max{S(x,y,y), \[S(x,Tx,Tx) + S(y,Ty,Ty)]}, Va c,y G X. 

Remark 1.5. (1) It is obviously that M 2 (x,y) < Mi(x,y),\/x,y G X, where M\(x, y), M 2 (x, y) are 
defined in Definition 1.8 and Definition 1.9, respectively. 

(2) Let T : X 1 —y X be a generalized (7 — ip)— Meir-Keeler contractive mapping of type A (resp., type 
B). Then 7 (x,y,y)S(Tx,Ty,Ty) < ip(M^(x, y)), (resp., ip(M 2 (x, y))), \/x,y G X. 

Definition 1.10. Let (X,S) be an S— metric space and T : I G I. The mapping T is called a 
generalized (7 — ip)— Meir-Keeler contractive mapping of dim3 of type A if there exist two functions 
ip G 'L and 7 : X 3 i-g [0,oo) satisfying the following condition: for each e > 0 there exists 5(e) > 0 
such that 

e < ip(M x (x , y, z)) < e + 5(e) implies j(x, Tx, Tx)j(y,Ty, Ty)'y(z, Tz,Tz)S(Tx, Ty,Tz) < e, 


where 


M L (ar, y, z) = max{5(a;, y, y),S(y, z, z),S(z, x, x),S(x, Tx, Tx),S(y,Ty, Ty)S(z,Tz,Tz)},\/x, y,z£ X. 


Definition 1.11. Let (X,S) be an S— metric space and T : I G I. The mapping T is called a 
generalized (7 — ip)— Meir-Keeler contractive mapping of dim3 of type B if there exist two functions 
ip G T and 7 : X 3 i-g [0, 00 ) satisfying the following condition: for each e > 0 there exists 5(e) > 0 
such that 

e < ip(M 2 (x, y,z)) < e + d(e) implies 7 ( 2 :, Tx, Tx)'y(y, Ty,Ty)'y(z,Tz,Tz)S(Tx, Ty, Ty) < e, 


where 

M 2 (x, y, z) = max{S(x,y,y),S(y,z,z),S(z,x,x), ^[S(x,Tx,Tx) + S(y,Ty,Ty)}, 

^\S(y,Ty,Ty) + S(z,Tz,Tz)],^[S(z,Tz,Tz) + S(x,Tx,Tx)}}, 

\/x, y,z G X. 

Remark 1.6. (1) It is obviously that M 2 (x, y, z) < M x (x,y, z),\/x,y,z G X, where M r (x, y, z), M 2 (x, y, z) 
are defined in Definition 1.10 and Definition 1.11, respectively. 

(2) Let T : X G X be a generalized (7 — ip)— Meir-Keeler contractive mapping of dim3 of type A (re¬ 
sp., type B). Then 7 ( 2 ;, Tx,Tx)j(y,Ty, Ty)^(z, Tz,Tz)S(Tx,Ty,Tz) < ip(M[(x, y, z)), (resp., ip(M 2 (x, y, z))), 
Vx,y,z G X. 
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2. Fixed point theorems for several types of (7 — -0) —Meir- 
Keeler contractive mappings in S —metric spaces 

In this section, by introducing the class of (7 — ip)— Meir-Keeler contractive mapping and the classes 
of generalized (7 — ip)— Meir-Keeler contractive mappings, we study the existence and uniqueness of 
fixed points for these contractive mappings via 7 —admissible mappings. 

Proposition 2.1. Assume that T is 7 —admissible and (7 — ip)— Meir-Keeler contractive. Let x, y G X 
such that 7 {x,y,y) > 1. Then 

l{T n x,T n y,T n y) > 1, Vn G N, (5) 

the sequence {S(T n x, T n y, T n y)} is non-increasing, bounded and S(T n x,T n y,T n y) -4 0 as n —» 00 . 

Proof. Since T is 7 —admissible and 7 (x,y,y) > 1, then (5) follows directly by induction on n. 

Next, let n G N. If T n x 7 ^ T n y, by (5) and Remark 1.3, it follows that 

S(T n+1 x, T n+1 y, T n+1 y) <7 (T n x, T n y, T n y)S(T n+1 x, T n+1 y, T n+1 y) 

= 7 (T"s, T n y, T n y)S(T(T n x),T(T n y),T(T n y)) 

< 1 P{S{T n x,T n y,T n y)) 

< S{T n x,T n y,T n y). 

Else, if T n x = T n y, then S{T n x,T n y,T n y) = S(T n+1 x, T n+1 y, T n+1 y). 

Eventually, we conclude that {S(T n x,T n y 1 T n y)} is a non-increasing and bounded sequence. 

Hence, there exists r G [0, 00 ) such that lim S(T n x,T n y,T n y) = r. 

n—> 00 

In what follows, we will prove that r = 0. Suppose, on the contrary, that r > 0. Since T is a 
(7 — ip)— Meir-Keeler contractive mapping, for e = ip(r) > 0, there exists 6 > 0 and a p £ N such that 

e < ip(S(T p x, T p y, T p y)) <e + 5 implies j(T p x, T p y , T p y)S{T p+1 x, T p+1 y , T p+l y) < e. 

By taking (5) into account, we get that 

S(T p+1 x,T p+1 y,T p+1 y) < e = ip(r) < r, 

which is a contradiction, since r = inf {S(T n x,T n y,T n y)}^L 1 . 

Consequently, we have lim S(T n x, T n y, T n y) = 0. □ 

n—>00 

Proposition 2.2. Assume that T is 7 —admissible and (7 — ip)— Meir-Keeler contractive of dim3. Let 
x,y,z € X such that 7 (x,Tx,Tx) > 1, 7 (y,Ty,Ty) > 1, 7 (z,Tz,Tz) > 1. Then 

7 (T n x,T n y,T n z) > 1, Vn G N, ( 6 ) 

the sequence {S(T n x, T n y, T n z)} is non-increasing, bounded and S(T n x,T n y,T n z) —> 0 as n —> 00 . 

Proof. Using similar process to the proof of Proposition 2.1, one can safely draw the conclusion. □ 

Theorem 2.1. Let (X,S) be a complete S'—metric space and T : I 4 I be a (7 - ip )—MKC 
mapping. Assume that 

(Al) T is 7 —admissible; 
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( A2 ) there exists Xo € A such that 7(xo, Txg, Txq) > 1; 

(A3) T is 7—orbital continuous. 

Then, there exists x* £ X such that Tx* = x*. 

Proof. Due to assumption (A2), there exists Xq £ X such that 7(^0, Tx 0, Tx 0) > 1. Define an iterative 
sequence {x n } in X by x n +\ = Tx n , Vn € {0}UN. Note that if x no = x no +i for some no, then x* = x no 
is a fixed point of T. So we suppose that x n ^ x n +i for V?i £ {0} U N. Since T is 7—admissible, we 
have that 


7(x 0 , £1, xi) = 7(x 0 , Tx 0, Tx 0) > 1 => 7 (Tx 0 , Txi, Txi) = 7(xi, x 2 , £2) > 1- 


By induction, we get that 


7(x n ,x n+ i,x n+ i) > 1, Vn £ {0} U N. (7) 

From (7) together with the assumption of the theorem that T is a (7 — ip )—MKC mapping, it follows 
that for Vn £ N, we have that 


5(Xn, X n _|_i, X n _j_i) — S{Tx n —\,Tx n ,Tx n ) 

— 7(^71— 1 , , X n )S{Tx n ~\, Tx n , Tx n ) 

< 1 p(S(x n _ 1 , £„,£„)). 

Since ip £ \ 1/, by induction, we have that 

5(x„, Xn+ 1 , Xn+i) < ip n {S{x 0 , Xl, Xi)), Vn £ N. (8) 

Using (52) and (8), for Vm, n £ N with m < n, we have that 

71-2 

2 ^ ' 5(xfc,Xk_|_i,x/i,-}_i) T S(x n —\,x n ,x n ) 

k—m 
n —2 

2 ^ ^ fc («S(x 0 ,xi,xi)) + ^ n ' 1 (5(x 0 ,*i,®i)). 

k—m 

Since ip £ \& and 5 (xo,£i,xi) > 0, by Remark 1.2, we get that 

lim 5(x m , x n , x n ) = 0. 

n,m—>oo 

This implies that {x n } is a Cauchy sequence in the 5—metric space (X, S). 

As (A, 5) is complete, then there exists x* £ X such that 

lim 5(x n , x„, x*) = 0. (9) 

n—>o o 

Since T is 7 —orbital continuous, then there exists a subsequence {x nk } of {x n } such that Tx nk 
converges to Tx* as k — > 00. By the uniqueness of this limit, we get x* = Tx*, that is x* is a fixed 
point of T. □ 

Theorem 2.2. Let (A, 5) be a complete 5—metric space and T : A 4 A be a (7 - ip)— MKC 
mapping of dim3. Assume that 


S(x m , x n , x n ) V 


< 
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(Al) T is 7—admissible; 

(A2) there exists Xq £ X such that 7(2:0, Txo, Txo) > 1 ; 

(A 3 ) T is 7—orbital continuous. 

Then, there exists x* £ X such that Tx* = x*. 

Proof. Due to assumption ( A2 ), there exists xq £ X such that 7(20, Tx 0, TXq) > 1 . Define an iterative 
sequence {x n } in X by x n +i = Tx n for all n G { 0 } U N. Note that if x no = x no +i for some no, then 
x* = x no is a fixed point of T. So we suppose that x n 7^ x n +i for all n € { 0 } U N. Since T is 
7—admissible, we have that 

7(2:0,27,27) = "f(x 0 ,Tx 0 ,Tx 0 ) > 1 => "i{Txo, T27, T27) = 7(2:1,27, x 2 ) > 1 . 

By induction, we get that 


7(2:71, x n+1 ,x n+1 ) > 1 , Vn £ { 0 } U N. ( 10 ) 

From ( 10 ) together with the assumption of the theorem that T is a (7 — ^))-MKC mapping of dim. 3 , 
it follows that for Vn £ N, we have that 

S(x n , x n+1 ,x n+1 ) = S{Tx n —\,Tx n ,Tx n ) 

— 7(^71—i? *£ n , *Tti)v(*T 77 ) *£77+1, *£77+1)7(2:71, *£77+17 x n +i)S{Tx n ^i, Tx n , Txjf) 

< 4>(S(x n -i,x n ,x n )). 

Since ip £ H/, by induction, we have that 

S(x n , x n+1 , x n+1 ) < ip n (S(x 0 , xi, 2:1)), Vn £ N. 

Using Lemma 1.3 and ( 10 ), for l, in, n £ N with l < m < n, we have that 

S(xi ) ^ S(X [, Xi , Xm) + S(jXrfi, Xm ^ X 

m— 2 n— 2 

— 2 ^ ^ S{Xk , , X^_|_i) + Si^Xrn—XiXjyiiXrri) H - 2 ^ ^ S{Xk, Xk-\- S{x n — i, X n , X n ) 

k—l k—m 

m— 2 n—2 

< 2 ^ ip k {S{xo,xi,xi)) +ip m ~ 1 (S(x 0 ,x 1 ,x 1 )) + 2 ^2 ip k {S{x 0 ,xt r X])) + ip n ~ 1 {S{xo,xuX\)). 

k—l k—m 

Since ip £ U/ and 5(2:0, 27, 2:1) > 0 , by Remark 1 . 2 , we get that 

lim S(xi,x m ,x n ) = 0 . 

l,m,n—>o o 

This implies that {x n } is a Cauchy sequence in the 5 —metric space (X, S). 

As {X, S) is complete, then there exists x* £ X such that 

lim S(x n , x n , x*) = 0 . 

n—>00 

Since T is 7—orbital continuous, then there exists a subsequence {x nk } of { x n } such that Tx nk 
converges to T2:* as k —>■ 00. By the uniqueness of this limit, we get x* — Tx*, that is 2;* is a fixed 
point of T. □ 
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In the next theorems, we replace the 7—orbital continuity of T by a regularity condition or (T — 
7)—limit condition over the S'—metric spaces (A, S). 

Theorem 2.3. Let (X,S) be a complete S—metric space and T : I 4 I be a (7 - ip )—MKC 
mapping. Assume that 

(Al) T is 7—admissible; 

(A2) there exists x 0 £ X such that 7(010, Txo, Tx$) > 1; 

(A3) (X, S) is (T, 7)— regular. 

Then, there exists x* £ X such that Tx* = x*. 

Proof. Following the line of the proof of Theorem 2.1, it follows that the sequence {x n } defined by 
x n+ i = Tx n , Vn € {0} U N is a Cauchy sequence in the complete S—metric space (X,S), that is 
convergent to x* & X. 

Since {x n } is a (T,7)—orbital sequence, by (A3), there exists a subsequence {x nk } of {x n } such that 

j(x nk ,x*,x*) > 1, \/k £ N. (11) 

Using Remark 1.3 and (11), we have that 

Q( r , . 7V* 7V*1 — C(TV Tr* TV* I 

+ 5 -L ) O y-L 5 •, -L Jj J 

< l{x nk , x* ,x*)S(Tx nk ,Tx*,Tx*) 

< ip{S{x nk ,x* ,x*)). 

Letting k —> 00, since if is continuous at t = 0, it follows that S(x*,Tx*,Tx*) = 0, then x* = Tx*. □ 

Theorem 2.4. Let (X,S) be a complete S— metric space and T : I 4 I be a (7 - ip )—MKC 
mapping of dim3. Assume that 

(Al) T is 7—admissible; 

(A2) there exists x$ £ X such that 7(0:0, Txo, Txq) > 1; 

(A3) (X, S) is (T, 7)—limit. 

Then, there exists x* £ X such that Tx* = x*. 

Proof. Following the line of the proof of Theorem 2.1, it follows that the sequence {x„} defined by 
x n+ i =Tx n , for all n £ {0} UN is a Cauchy sequence in the complete S— metric space ( X , S), that is 
convergent to x* £ X. 

By (A3), we have 

-y(x*,Tx*,Tx*) > 1. (12) 

Using Remark 1.4 and (12), we have that 

S(x n+1 ,Tx*,Tx*) =S(Tx n ,Tx* ,Tx*) 

< 'y{x n ,x n+ i,x n+1 )'y(x*,Tx*,Tx*)j(x*,Tx*,Tx*)S(Tx n ,Tx*,Tx*) 

< ip(S(x n ,x*,x*)). 

Letting n —> 00, since ip is continuous at t = 0, it follows that S(x*,Tx*,Tx*) = 0, then x* = Tx*. □ 
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Example 2.1. Let X = [ 0 , oo) be an S'— metric space with the S— metric defined by S(x,y,z ) = 
\x — z\ + \y — z\, Vx, y, z € X. For Vk > 1, consider the self-mapping T : X H > X given by 
e x_1 , x > 1 , 


Tx=< 


X- 0 < x < 1 . 


Also, define 7 : X 3 >->• [0,1) as 

1 , x,y, z £ [ 0 , 1 ), 
0 , otherwise. 


7 (x,y,z)=< 


Let ip(t) = | for t> 0. 

Clearly, T is not continuous at x = 1. Then we will claim that T is a (7 — ip) — MKC. 

Let e > 0 be given. Take S = e and suppose that e < ||x — y\ < e + S, we want to show that 
7 {x,y,y)S{Tx,Ty,Ty) < e. 

Suppose that j(x, y , y) = 1, then x,y £ [0, 00) and \x + y\ < 2. So Tx = \ £ [0,1), Ty = £ [0, 1). 

Hence, S(Tx,Ty,Ty) = - £| = ^ ^ < e. 

Also, T is 7 —admissible. To see that, let x,y,z £ X such that 7 (x,y,z) > 1, which implies that 
x,y,z £ [0,1). Due to the definitions of 7 and T, we have that 


2 2 2 
Tx=^£[ 0,1), Ty= V -£[ 0,1), Tz= Z -£\ 0,1). 

Hence, 7 (Tx,Ty,Ty) > 1. Moreover, there exists x 0 £ X such that 7 (x 0 ,Tx 0 ,Tx 0 ) > 1. Indeed, for 
any x 0 £ [ 0 , 1 ), we have 7 ( 271 , ^ 1 - 

Finally, let {x n } be a (T, 7 )—orbital sequence such that x n —> x as n —> 00 . By the definition of 7 , 
we have that x n £ [0,1). Then there exists a subsequence {x nk } of {x n } such that 'y(x nk ,x,x) > 1, 
Vfc £ N. 

So we conclude that all the hypotheses of Theorem 2.3 are fulfilled. In fact, 0 and 1 are two fixed 
points of T. 

Example 2.2. Let X = [0, 00 ) be an S— metric space with the S'—metric defined by S(x,y,z) = 
\x — z\ + \y — z\, Vx, y, z £ X. For Mk > 1, consider the self-mapping T : X 1 —> X given by 
f x x ~ 1 , x > 1 , 

Tx= 2 

{ 0 < x < 1 . 

Also, define 7 : X 3 i-> [0,1) as 

, , ( 1 , x,y,z£[ 0 , 1 ), 

7 (x, y, z )=< 

j 0 , otherwise. 

Let ip(t) = | for t > 0. 

Clearly, T is not continuous at x = 1. Then we will claim that T is a (7 — ip)— MKC mapping of dim3. 
Let e > 0 be given. Take 5 = e and suppose that e < 5 (|x — y\ + \y — z\) < e + 6, we want to show 
that 7 (x, Tx, Tx)j(y, Ty,Ty)'y(z,Tz,Tz)S(Tx, Ty,Tz) < e. 

Suppose that 7 (x,Tx,Tx) = 7 (y,Ty,Ty) = z,Tz,Tz) = 1, then x,y, z,Tx,Ty,Tz £ [0,1) and 

|x + y\ < 2, \y + z\ < 2. So Tx = ^ £ [0,1), Ty = £ e [0,1), Tz = £ £ [0,1). 
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Hence, 


S(Tx,Ty,Tz) = \*-£\ + \£-*\ 

\* 2 -y 2 1 , \y 2 ~z 2 \ 


\x + y\\x~y\ \y + z\\y-z\ 


\x~y | |y - z | 

2 2 
e + <5 
2 


Also, T is 7 —admissible. To see that, let x,y,z G X such that 7 (x,y,z) > 1, which implies that 
x,y,z € [0,1). Due to the definitions of 7 and T, we have that 


2 2 2 
Tx = -Jj- € [0,1), Ty = 7 j- € [0,1), T*=^G[0,1). 

Hence, 7 (Tx,Ty,Tz) > 1. Moreover, there exists Xq G X such that 'y(xo,Txo,Txo) > 1 . Indeed, for 
any x 0 G [0, 1 ), we have 7(0:0, > 1 . 

Finally, let {x n } be a sequence such that x n —> x as n —> 00 with j(x n , x n+ i, x n+ i) > 1. By the 
definition of 7 , we have that x,Tx G [0,1). Then "/(x,Tx,Tx) > 1. 

So we conclude that all the hypotheses of Theorem 2.4 are fulfilled. In fact, 0 and 1 are two fixed 
points of T. 

Now, we propose the following conditions for the uniqueness of a fixed point of a (7 — ip)— MKC 
mapping and a (7 — ip)— MKC mapping of dim3. Let Fix(T) denote the set of fixed points of the 
mapping T. 

(U 1) For Vx, y G Fix(T), there exists z G X such that 7 ( 2 :, z,z) > 1 and 7 (y, z, z) > 1. 

Theorem 2.5. Adding the condition (HI) to the hypotheses of Theorem 2.l(resp.Theorem 2.3), we 
obtain the uniqueness of a fixed point T. 


Proof. Let u, v G X be two fixed points of T. By (HI), there exists z £ X such that j(u,z,z) > 1 
and j(v, z, z) > 1 . 

Since T is 7 —admissible, we get by induction that 


7 (u,u,T n z) > 1 and 7 (v,v,T n z) > 1, Vn G N. (13) 

From (13), we have that 

S(u, u, T n z) = S(Tu, Tu, T(T n ~ 1 z)) 

< 7 (u,u,T n - 1 z)S(Tu,Tu,T{T n - 1 z)) 

< ip(S(u,u,T n ~ 1 z)). 


Iteratively, we get 


S(u,u,T n z) < ip n (S(u,u, z)). 
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Letting n —> oo, and since ip € 'I', we have that 

lim S(u,u,T n z) = 0. (14) 

n—>o o 

Similarly, we also can get 


lim S(v,v,T n z) =0. (15) 

n—>• oo 

Combining (14) and (15), it follows that T n z u and T n z —>■ v, as n —> oo. 

By Lemma 1.5, we get u = v, that is, fixed point of T is unique. □ 

As an alternative uniqueness condition for fixed points of (7 — ip )—MKC mappings, we suggest the 
following hypothesis: 

(C/2) For \/x,y G Fix(T), then 7 (x,y,y) > 1. 

Theorem 2.6. Adding the condition (C/2) to the hypotheses of Theorem 2.l(resp.Theorem 2.3), we 
obtain the uniqueness of a fixed point T. 


Proof. Let u, v be two distinct fixed points of T. Then 7 (u, v, v ) > 0. 

Due to the property of ip, we get that 

ip(S(u, v, v)) > 0. 

Let e = ip(S(u,v,v)) > 0; then, for any <5 > 0, we find that 

e = ip(S(u, v, v)) < e + S. 

Considering (C/2) and the assumption of theorem that T is a (7 — ip )—MKC mapping, we obtain that 

S(u,v,v) < 7 {u,v,v)S(Tu,Tv,Tv) < ip{S(u,v,v)) < S(u,v,v), 

which is a contradiction. Then u = v. □ 

As a uniqueness condition for fixed points of (7 — i/))-MKC mappings of dim3, we suggest the 
following hypothesis: 

(C/3) For \/x € Fix(T), then j(x, x,x) > 1. 

Theorem 2.7. Adding the condition (C/3) to the hypotheses of Theorem 2.2(resp.Theorem 2.4), we 
obtain the uniqueness of a fixed point T. 

Proof. Let u, v be two distinct fixed points of T. 

Due to the property of ip, we get that ip(S(u,v,v)) > 0. 

Let e = ip(S(u,v,v)) > 0; then, for any S > 0, we find that 

e = ip{S(u, v, v)) < e + 5. 

Considering (C/3) and the assumption of theorem that T is a (7 — ip)— MKC mapping of dim3, we 
obtain that 

S(u,v,v) < 'y{u,Tu,Tu)'y(v,Tv,Tv)'y(v,Tv,Tv)S(Tu,Tv,Tv) < ip(S(u,v,v)) < S(u,v,v), 
which is a contradiction. Then u = v. □ 
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Theorem 2.8. Let (X, S) be a complete S'—metric space and T : I H I be a generalized (7 — 
ip)— MKC mapping of type A. Assume also that: 

(Al) T is triangular 7 —admissible; 

(A 2 ) there exists x 0 £ X such that y(x 0 ,Tx 0 ,Tx 0 ) > 1; 

(A3) (X, S) is (T, 7 )—regular. 

Then, there exists x* £ X such that Tx* = x*. 

Proof. In view of assumption (A2), let Xq € X be such that y(xo,Txo,Txo) > 1. 

Define the sequence {x n } in X by x n+ i = Tx n , Vn £ { 0 } U N. Without loss of generality, we assume 
that x n ^ x n+ ±, for V?i G { 0 } U N, then 

S(x n ,x n+1 ,x n+1 ) > 0, Vn{0}UN. (16) 

Indeed, if there exists some no G N such that x no = x no +i, then the proof is complete, since x* = 
x n 0 +i = Tx n 0 = Tx* . Since T is triangular 7 —admissible, by Lemma 1.6, we have that 

y(x n , x m , x m ) > 1, Vn, m G N with n < m. (17) 

Stepl. We will prove that 


(18) 

/ 0)—MKC mapping 

S{Xm 3?n+l ? *£n+1 ) = S(Tx n -i } Tx n ,Tx n ) 

— y( x n—h x m x n)S(Tx n —\,Tx n ,Tx n ) 

< 'ip{M 1 {x n -i,x n )) 

< ip(Mi(x n -i,x n )), 

where 


lim S(x n ,x n+ i } x n+1 ) = 0. 

n—>o o 

Taking (16) and (17) into account together with the fact that T is generalized (7 — 
of type A, for each n G {0} U N, we get 


Mi(x„_i, x n ) = max{S’(x„_i, x n , x n ),S{x n _ 1 ,Tx n ^ ll Tx n _i),S{x n , Tx n , Tx n )} 

= ma,x{S(x n - 1 ,x n ,x n ),S(x n ,x n ,x n+1 )}. 

If Mi(x n -i,x n ) = S(x n ,x n +i,x n +i). Since ip is nondecreasing, from the inequality above, we have 
that 


S{x ni X n ^-\ , ) A 1 p{S(x m ^n+1 -> x n+ 1 )) V S(x n , x n ^-i , x n ^-i ) , Vn G M, 

which is a contradiction. Thus, Mi(x n _i,x n ) = S(x n _i,x n ,x n ) and we also have that 

S(x n , x n +\ , x n ^-i ) G ip{^S{x n —\)X n ,x n )) < S{x n — i,x n ,x n ), Vn G M. (19) 

So, we deduce that the sequence {S(x n , x n +\, x n +\)} is non-increasing and bounded below by zero. 
Hence, there exists t £ [0, 00 ) such that 

lim S(x n ,x n+ 1 ,x n+1 ) = t. (20) 

n—too 
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Iteratively, we derive from (19) that 

S(x n ,x n+1 ,x n+ i) < ijj n (S(x 0 ,xi,x 1 )), Vn € N. (21) 

On account of (21) and Remark 1.2, we obtain 


lim S(x n , x n -\-i , x n -\-i ) — 0. (22) 

n—>• oo 

Step2. We will show that {x n } is a Cauchy sequence. 

Suppose, on the contrary, that there exist e > 0 and a subsequence {£„(;)} of { x n } such that 

^{x n {i)i *Tn(z+l), •Tn(i-{-l)) ^ 2e. (23) 


First, we will show that the existence of k £ N such that n(i) < k < n(i + 1). Later, we will prove 
that for given e > 0 above, there exists S > 0 such that 


e 

2 


< ip(Mi(x n (i),x k )) < 


e + <5 
2 


but 


7 {x n (i),Xk,x k )S(Tx n ^,Txk,Tx k ) > e, 

which contradicts (23), where M 1 (x n ^,x k ) = rna x{S(x n ^,x k , x k ), S(x n ^,x n ^ +1 ,x n ^ +1 ), S(x k , x k +i,x k +i)} 
Let r = minje, |}. Taking Stepl into account, we will choose no € N such that 

T 

S{x n i *£n+l i «£n+l) ^ g? (24) 

for all n > n o. Let n{i) > n o- According to our construction, we have n(i) < n(i + 1) — 1. 

If S'(x n ( i ),x n ( i+ i)_i,x n ( i+ i)_i) < then by Lemma 1.1, we have 

■> *^n(i+l) ? ^n(i+l)) 5: (x n (i ), #ri( 2 +l) — 1? ^n(i+l)— 1) H” *^(^n(i+l) —1 5 *^n(i+l) 5 ^n(i+l)) 

s'+'+i 

7r 

= e+ y 

< 2e, 

which contradicts (23). Consequently, there exist values of k £ N such that n(i) < k < n(i + 1) and 
S{x n (i),Xk,Xk) > 

Indeed, if S(x n ^,x n ^ +1 ,x n ^ +1 ) > ^, then we have S(x n ^,x n ^ +1 ,x n ^ +1 ) > §, which contra¬ 
dicts (24). 

Hence, we can choose the smallest integer k > n(i ) such that 

6 + r 

So, necessarily, we also have S(x n ^, x k _\, x k ~\) < 

Therefore, we find that 


^{x r i{i')i x k i x^ 7 *2S{x kl x k —\, x k —\) T S{x n (j ^, x k —\, i) 


< 2 - 


r 

8 


+ 


e + r 
2 


e 



3r 
"4 ' 
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Hence, we get the following approximation: 

e + r 


3 r 


— *T/c, X k ) S ^ A ^ 


(25) 


for a integer k satisfying n{i) <k< n(i + 1 ). 

On the other hand, the three terms of Mi{x n ^,x k ) are bounded above by § + r, that is 

, e 3r e 

S( x n (i),x k ,x k ) <- + — <-+r. 

v e 

+ A — — + r. 

r e 

S(x k ,x k +i,x k+ 1 ) < - C - +r. 

o Z 

Combing these estimations presented above, we conclude that 

ip{Mi(x n (i),Xk)) < M 1 (x n(i ),x k ) < | +r < 

Since T is generalized (7 — ip)— MKC mapping of type of A and it is 7 —triangular admissible mapping, 
we have that 


S(x n (^)_|_i > %k+l 1 T+-fl) ^ r Y{&n{i)i3Cki'Ek)S{x n (i)-\-\iX k -\-\,X k - k \) <C 

At the same time, by Lemma 1.1, we have that 


i^Cki %k) — 2S(x n ^), X n (i^i , Xnp)-{-i) + S(x n [j^_\_i , Xfc, X k ) 

— ^S(x n {i ) 5 3 +(i) + l 5 *Tn(i) + l) A 2 S(x k , X k +i , Xfc-t-l ) + S(x n p)_{_i, , Xfc-|-i ) 



e + r 


2 ’ 

which contradicts (25). 

Thus, claim (23) is false and the sequence {x n } is a Cauchy sequence, that is 

lim S(x n , x m , x m ) = 0. (26) 

n,m—>00 

Since (X , S) is a complete S'—metric space, then there exists x* € X such that 

lim S(x n ,x*,x*) = lim S(x n , x m , x*) = 0. (27) 

n—>00 n,m—>o o 

We will prove that x* =Tx*. Suppose, on the contrary, that S(x*,Tx*,Tx*) > 0. 

From (27) and assumption (A3), there exists a subsequence {x nk } of {x n } such that 

'y(x nk ,x*,x*) > 1 , VfceN. (28) 

By using Lemma 1.1 and (28) together with the assumption of the theorem that T is a generalized 
(7 — ip)— MKC mapping of type A , we get that 

S(x* , Tx*,Tx*)< 2 S(Tx nk , Tx* , Tx*) + S{Tx nk ,x*,x*) 

< 27 (x nk ,x*,x*)S(Tx nk ,Tx*,Tx*) + S(x nk+ll x*,x*) 

< ip(Mi(x nk ,x*)) + S(x nk+ i,x*,x*), 
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where, Mi (x „ k , x *) = max{ S(x nk , x *, x *), S(x nk , x nk+1 , x nk+1 ), S(x *, Tx *, Tx*)}. 
Suppose that Mi(x nk ,x*) = S(x nk ,x*,x*), then from the above inequality, we get that 

S(x*,Tx*,Tx*) < 1p(S(x nk ,X*,X*)) + S(x nk+ 1,X*,X*) 
<S(x„. k ,x*,x*) + S(x nk+ i,x*,x*). 

Taking k — > oo in the inequality above, we have 

S(x*,Tx*,Tx*) < 2 S(x*,x*, x*) = 0, 


which is a contradiction. 

Next, we suppose that Mi(x nk ,x*) = S(x nk ,x nk+ i,x nk+ i), then we have that 

S(x*,Tx*,Tx*) < i/)(S(x nk ,x nk+ i,x„ k+1 )) + S(x nk +i,x*,x*) 

<S( x n k i x n k + 1; x n k +1 ) + S(x nk + i,X ,X ). 

Taking k —> oo in the inequality above, this implies that 

S(x*,Tx*,Tx*) < lim [S(x nk ,x nk+1 ,x nk+1 ) + S(x nk+1 ,x*,x*)] = 0, 

k—too 

which is again a contradiction. 

Finally, we suppose that x nk ,x*) = S(x*,Tx*,Tx*), then we obtain that 

S(x*,Tx*,Tx*) < il>(S(x*,Tx*,Tx*)) + S(x nk +i,x*,x*). (29) 

Letting k — > oo in (29), we get that 

S(x*,Tx*,Tx*) < ip(S{x*,Tx*,Tx*)) + S{x*,x*,x*) 

< S(x*,Tx*,Tx*) + S(x*,x*,x*) 

= S(x*,Tx*,Tx*), 

so we also have a contradiction. Thus, we have S(x*, Tx*, Tx*) = 0, and by (51) in Definition 1.1, 
we have x* = Tx*. □ 

Theorem 2.9. Let (X, S) be a complete S— metric space and T : I H I be a generalized (7 — 
1 /))—MKC mapping of dim3 of type A. Assume also that: 

(Al) T is triangular 7— admissible; 

(A2) there exists x 0 € X such that ^(xq,Tx 0 ,Txq) > 1; 

(A3) (X, S) is (T, 7)— limit. 

Then, there exists x* € X such that Tx* = x*. 

Proof. In view of assumption (A2), let Xq € X be such that j(xo,Txo,Txo) > 1. 

Define the sequence {x n } in X by x n+ \ = Tx n , for all n € {0} U N. Without loss of generality, we 
assume that x n ^ x n +i, for Vn £ {0} U N, then 

S(x n ,x n+1 ,x n+1 ) > 0, V?i € {0} U N. (30) 
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Indeed, if there exists some n o £ N such that x no = x no +i, then the proof is complete, since x* — 
x n 0 +i = TXn 0 = Tx*. Since T is triangular 7 —admissible, by Lemma 1.6, we have that 

7 (x m , x n , x n ) > 1, Vm,neN with m < n. (31) 


Stepl. We will prove that 


lim S(x n ,x n+ i,x n+1 ) = 0. 

n—too 

Taking (30) and (31) into account together with the fact that T is generalized (7 — ijj )—MKC mapping 
of dim3 of type A, for each n G {0} U N, we get 

S(x n , x n .j-i 1 x n -t-i) = S(Tx n —i^Tx ni Tx n ) 

— — 1? x m x n) r ){ x m x n-\- 1 ? x n J cl)'h( x m x n-\- 1 , x n-\-l) ^ (.'-h'x n — 1 , Tx n , Tx n ) 

A ^ (x n _i, , x n )) 

^ (x n — 1 , Xnt Xn ), 


where 


Ah 1 (x n —i , x n , Xn) — max{5 ( x n —\, x n , x n ), 5(^ n , x n , x n ), S{x n , 1 , x n —i ), 

^(■Tn— 1 , Tx n —i , Tx n — 1 ), S{x n , Tx n , Tx n ), S(x n , Tx n , Tx n )} 

= max{S'(a; Il _i, x n , x n ),S(x n , x n , x n+ ±)}. 

If M 1 (x„_ x,x n ,x n ) = S(x n ,x n+ i,x n+ i). Since is nondecreasing, from the inequality above, we 
have that 


S'(a;„,£ n+ i,:E„ + i) < ^(^(^rn^n+l^n+l)) < a: n+ i, z„ + i), Vn G N, 

which is a contradiction. Thus, M 1 (x n _i, x n , x n ) = S(x n -i,x n ,x n ) and we also have that 

^(•Tn 5 x n+l 5 *Tn+l ) ^ '^^^i x n—\T X m x n)) ^{ x n—li x ni x n) , j Vn £ kb (32) 

So, we deduce that the sequence {5(r„,a;„+i,a:„+i)} is non-increasing and bounded below by zero. 
Hence, there exists t G [0, 00 ) such that 

lim S(x n ,x n+ i,x n+ i) = t. 

n—>o o 

Iteratively, we derive from (32) that 

S(x n , x n+ i,x n+ i) < ijj n (S(x 0 , xi,xi)), Vn G N. (33) 

On account of (33) and Remark 1.2, we obtain 

lim S(x n , x n+1 , x n+1 ) =0. 

n—>o o 

Step2. We will show that {x n } is a Cauchy sequence. 

We will prove that for each e > 0, there exists n 0 G N such that for Vm, n > n 0 , 

S(xm,x m ,x n ) < e. (34) 
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Taking Stepl into account, for each e > 0, we can choose no £ N such that 

S(x n ,x n+1 ,x n+1 ) < -—^-,Vn > n 0 . (35) 

We prove (34) by induction on n. (34) holds for m = n and n = n +1 by using (35) and the fact that 
< e. Assume (34) holds for n = k. For n = k + 1, we have 

^(^mi •Tfc+lj •Tfe+l) S 2S{x rn , , X m -\-l ) A 5(lC m |i, Xfc-j-i, X k -\-\) 

< e-V’(e) + i/'(S'( 5 Xk,X k )) 

< e - ^(e) + V’(e) 

= e. 

By induction on n, we conclude that (34) holds for all n > m > no- So {i n } is a Cauchy sequence 
that is 

lim S(x n ,x m ,x m ) = 0. 

n,m—t oo 

Since (-A, S') is a complete S—metric space, then there exists x* £ X such that 

lim S(x n , x*, x*) = lim S(x n ,x m ,x*) = 0. 

n—t oo n,m—>o o 

We will prove that x* = Tx*. Suppose, on the contrary, that S(x*,Tx*,Tx*) > 0. From assumption 
(A3), we have that 

”/(x*,Tx*,Tx*) > 1, Vfce N. 

By using Lemma 1.1 and above inequality together with the assumption of the theorem that T is a 
generalized (7 — ^))-MKC mapping of dim.3 of type A, we get that 

S(x*,Tx*,Tx*) < 2S(Tx nk ,Tx*,Tx*) + S(Tx nk ,x*,x*) 

< 2'y(x nk ,Tx nk ,Tx nk )'y(x*,Tx*,Tx*)"/(x*,Tx*,Tx*)S(Tx nk , Tx*,Tx*) + S(x nk+1 ,x*,x*) 

< 2ip(M 1 (x nk ,x*,x*)) + S(x nk+ t,x*,x*), 

where, M^x^, x*, x*) = max{S(a; nfc , x*, x*), S(x nk , x„ k +i, x„ k+ i), S(x*, Tx*, Tx*)}. Suppose that 
M 1 (x nk , x*, x *) = S(x nk ,x*,x*), then from the above inequality, we get that 

S(x*,Tx*,Tx*) < 2ip(S(x nk ,x*,x*)) + S(x Uk+1 , x*, x*) 

<2 S{x nk ,x*,x*) + S(x nk+1 ,x*,x*). 

Taking fc —* 00 in the inequality above, we have 

S(x* ,Tx* ,Tx*) < 3 S{x*,x*,x*) = 0, 

which is a contradiction. 

Next, we suppose that AI 1 (x nk ,x* ,x*) = S(x nk ,x nk + i,x njfe +i), then we have that 

S(x*,Tx*,Tx*) < ip(S(x nk ,x nk+ i,x nk+ i)) + S(x„ k+ i,x*,x*) 

<S( Xnk 1 x nk + 1 ; X nk + i ) + S(x nk + i, X ,X ). 

Taking fc —> 00 in the inequality above, this implies that 

S(x*,Tx*,Tx*) < lim [S{x nk ,x nk+1 ,x nk+1 ) + S(x nk+1 ,x*,x*)] = 0, 

k—>00 
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which is again a contradiction. 

Finally, we suppose that M' 1 (x nk ,x*,x*) = S(x*, Tx*, Tx*), then we obtain that 
<?!r* Tr* TV*'! Tr* TV* A 4 - <?IV , t* 

L/ ^ th « _L *X/ • JL *1; J \ Ljy ^ b/ y tX/ « X th •, jl J J \ kJ 77-“I - 1 *t ^ y • 

Letting k —>■ oo in above inequality, we get that 

S(x*,Tx*,Tx*) < ip{S(x*,Tx*,Tx*)) + S{x*,x*,x*) 

< S(x*,Tx*,Tx*) + S(x*,x* ,x*) 

= S{x*,Tx*,Tx*), 

so we also have a contradiction. Thus, we have S(x*,Tx*,Tx*) = 0, and by (51) in Definition 1.1, 
we have x* = Tx*. □ 

Example 2.3. Let X = [0, oo) and S(x,y,z) = |a; — y | + |x — z\,\/x,y,z € X. Then (X,S) is a 
complete 5—metric space. 

Define T : X h* X and 7 : X 3 1 —» [0, 00 ) as follow: 

f kx — (k — 1), k > 1, x > 1; f 1 , if x,y,z e [0,1); 

lx=i and 7 {x, y,z)=<. 

j x G [ 0 , 1 ). I 0 , otherwise. 

Let ^;(t) = |, t > 0. 

We first show that T is a triangular 7— admissible mapping. Let x,y,z € X , if 7 (x,y,z) > 1, the 
x,y,z € [0,1). On the other hand, for \/x,y,z G [0,1), we have Tx = f G [0,1), Ty = | G [0,1), 
Tz = | G [0,1). It follows that 7 (Tx,Ty,Tz) > 1. Also, if 7 (x,y,y) > 1 and 7 (y,y,z) > 1, then 
x,y,z G [0,1) and hence 7(2:, z, z) > 1. Thus, the first assertion holds. Notice that 7 ( 0 , 0,0) = 1. 
Next, if {x n } is a (T, 7)— orbital sequence such that x n —> x as n —> 00 . By the definition of 7 , 
we have that x n G [0,1) and x G [0,1). Then there exists a subsequence {x nk } of {x„} such that 
7(x nfe ,x,x) > 1 , Vfc G N. 

Finally, we will show that T is generalized (7 — ?/>)—MKC mapping of type A. 

If j(x, y , y) = 0, it is obviously to verify the assertion. 

If 7(27 y , y ) ^ 0, it follows that x, y G [0,1) and 7(27 y,y) = 1. 

For e > 0, 

Case 1. If Mi(x,y) = 2|x — y |, taking S = e, then e < ip(Mi(x,y)) = \x — y\ < 2e implies that 
l(x,y,y)S(Tx,Ty,Ty) = < £ . 

Case 2. If M\{x,y) = taking S = then e < ijj(Mi(x,y)) = ^ < e + | implies that 

7 (x,y,y)S(Tx,Ty,Ty) = ||x - y| < \(\x\ + |y|) < \{\x\ + |x|) = |x| < e. 

Case 3. If Mi(x,y) = taking 5 = then e < ip{M\(x,y)) = ^ < e + | implies that 

7 (x,y,y)S(Tx,Ty,Ty) = \\x -y\< |(|x| + |y|) < \{\y\ + \y\) = \y\ < e. 

Therefore, conditions of Theorem 2.8 hold and T has a fixed point. Indeed, x* = 0 and x* = 1 are 
two fixed points. 

In what follows, we present an existence theorem for fixed point of a generalized (7 — ip )—MKC 
mapping of type B and a generalized (7 — ip )—MKC mapping of dims3 of type B. Taking Remark 
1.5 and Remark 1.6 into account, we observe that the proof of this theorem is similar to the proof of 
Theorem 2.8 and Theorem 2.9. 

Theorem 2.10. Let (X,S) be a complete 5—metric space and T : X 1 —»• X be a generalized (7 — 
ip )—MKC mapping of type B. Assume also that: 
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(Al) T is triangular 7 —admissible; 

(A2) there exists x 3 £ X such that ^(x 3 ,Txq,Txq) > 1; 

(A3) {X,S) is (T, 7 )—regular. 

Then, there exists x* £ X such that Tx* = x*. 

Theorem 2.11. Let (X,S) be a complete S'—metric space and T : I H I be a generalized (7 — 
ip)— MKC mapping of dim3 of type B. Assume also that: 

(Al) T is triangular 7 —admissible; 

(A2) there exists xq £ X such that ^{xq,Txq,Txq) > 1; 

(A3) (X,S) is (T, 7 )—limit. 

Then, there exists x* £ X such that Tx* = x*. 

Definition 2.1. Let (X, S) be an S— metric space and T : I 4 I. The mapping T is called a 
generalized (7 — ip)— Meir-Keeler contractive mapping of type C if there exist two functions ip £ ’F 
and 7 : X 3 1-4 [0,oo) satisfying the following condition: for each e > 0 there exists 5(e) > 0 such that 

e < ip(M 3 (x,y)) < e + 5(e) implies j(x,y,y)S(Tx,Ty,Ty) < e, (36) 

where M 3 (x,y) = max{S(x, y, y), S(x, Tx, Tx), S(y, Ty, Ty), \[S(x,Ty,Ty) + Spy, Tx, Tx)}}, Vx,y £ 
X. 

Theorem 2.12. Let (X,S) be a complete S— metric space and T : X 1-4 X be a generalized (7 — 
ip)— MKC mapping of type C. Assume also that: 

(Al) T is triangular 7 —admissible; 

(A2) there exists x 3 £ X such that j(xo, Txg, Tx$) > 1; 

(A3) (X,S) is (T, 7 )—regular. 

Then, there exists x* £ X such that Tx* = x*. 

Proof. In view of assumption (A2), let Do £ I be such that j(xo,Txq,Txo) > 1. 

Define the sequence {x n } in X by x n+ \ = Tx n , \/n £ {0} U N. 

Since T is triangular 7 —admissible, by Lemma 1.6, we have that 

j(x n , x m , x m ) > 1, \/n,m£N with n < m. 


If there exists some no £ N such that x no = x„ 0 +i, then the proof is complete, since x* = x no +i = 
Tx 0 = Tx*. For this, we assume that x n ^ x n+ i, Vn £ {0} U N, then 

S(x n ,x n+1 ,x n+1 ) > 0, Vn £ {0}UN. (37) 


Stepl. We will prove that 


lim S(x n ,x n+1 ,x n+1 ) = 0. (38) 

n—too 
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Taking (36) and (38) into account together with the fact that T is generalized (7 — ijj )—MKC mapping 
of type C, for each n G {0} U N, we get 

*T n _(-i, Xyj-j-i) — S(Tx n — 1 , Tx ni TXn) 

— 1 > ‘En)S{Tx n —l , Tx n , Tx n ) 

< ip(Mz{x n - i,x n )) 

<y lj)( A /3 (x-n—l j XjiYj , 

where 

A /3 (*Tn —15 *Tn) — max{ S (x n —\, X n , x n ), S{x n — 1 , Tx n _i, Tx n — i), S(x n , Tx n , TXn ), 
^[S'(x„_i,Tx„,rx„) + S^Xn, Tx n _i, Tx„_i)]} 

o 

max{ 5 (x n _i, x n , x n ), S(x n , x^, x n _{_i), — [S^Xyj— i, x n _j_r, x n _j_i) T S(x n , x n , x n )]}. 

o 

Regarding Lemma 1.1, we estimate the last term in the expression of M^(x n -i,x n ) as follows: 

g 1 j •Tn+l? ^n-fl) T S(x n) X n , X n )] 

— ~ S[x n — i, X n _|_i, X n _|_i) 

^ g [2*5 , (x n _r, x n , x n ) T S(x n , x n _)_i, x n _|_i) 

— ~ S[x n — i, x n , x n ) T — S{x n , x n -\.\, x n _f_i) 

< nrax{S'(x„_ i, x„ + 1 , x n+ 1 ), S'(x„, x n , x n )}. 

Consequently, we get that 

A/ 3 (x n _i, x n ) — max{S(x n _i, x ra , x n ), S(x n , x n +i, x n +i)}. (39) 

Let us consider the two cases. If M^(x n -i, x n ) = S(x n ,x n + i,x„+i). Since if) is nondecreasing, then 
we have that 

^(*Tn 5 *Tn+l, *Tn+l) S 1p(S(x n , *Tn+l? *Tn+l)) ^ S(x n , X n _f_i, X n _|_i), (40) 

which is a contradiction. Thus, A/ 3 (x„_i, x n ) = S(x n -i,x n ,x n ) and we also have that 

S(x n ,x n+1 ,x n+1 ) < V>(<5(x„-i,x n ,x„)) < S(x„_i,x n ,x„), Vn € N. (41) 

So, we derive that the sequence {S(x ra , x n +i, x n +i)} is non-increasing and bounded below by zero. 
Hence, there exists t G [0, oo) such that 

lim S(x n ,x n+1 ,x n+1 ) = t. (42) 

n—>o o 

Recursively, we deduce from (41) that 

S(x„, x„+i, x„+i) < ip n (S(x o, xi, xi)), Vn € N. (43) 

On account of (43) and Remark 1.2, we obtain 

lim S(x„,x n+ i,x n+ i) = 0. (44) 

n—too 
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Step2. We will show that {x n } is a Cauchy sequence. 

Suppose, on the contrary, that there exist e > 0 and a subsequence {y r ,.(,;)} of {x n } such that 

*Tn(i+l); ^7i(z+l)) ^ 2e. (45) 


First, we will show that the existence of k £ N such that n(i) < k < n(i + 1). Later, we will prove 
that for given e > 0 above, there exists 5 > 0 such that 

■S 


| < ^{^h{x n (i),x k )) < <i — 


but 


5 x k , x k ^)S(Tx n ^, Tx k , Txfc') ^ e, 

which contradicts (45), where 

4^3 (x n ^, x k ) max{S'(a;„(j), x^, x&), S{x n , X T x n ^) > ) ■ ^(x k ? kx ‘ k , Tx^), 

g [*^(Xn(i) , Tx kl TXk) T S{x k ) Tx n (iy, Tx n ^)] j-. 

Let r = min{e, |}. Taking Stepl into account, we will choose no € N such that 

v 

S(x n ,x n+ i,x n+1 ) < -, (46) 

for all n > no- Let n(i) > no- According to our construction, we have ?i(t) < n(i + 1) — 1. 

If 5 , (x nW ,x„( i+ 1 )_i,x rl ( i+ 1 )_i) < ^, then by Lemma 1.1, we have 

‘-’(•Tnfz) 5 TAp-i-i), ^ 2A(x n ^p X n ^.j_j_ 3 j_ 3 , n n ^.j 3 _ 3 ^_i) A *S f (x n (j_j_i)_i, X n ( ? ;_(_i), n n (^_j_i)) 

£e+r+ r 

7 r 

= e+ y 

< 2e, 

which contradicts (45). Therefore, there exist values of k € N such that n(i) < k < n(i + 1) and 
S(x n (i),x k ,x k ) > ^■ 

Indeed, if S(x n(i ),x„ (i ) + i,x n(i ) + i) > ^, then we have S(x n ^),x n ^ + i,x n ^ +1 ) > §, which contra¬ 
dicts (46). 

Hence, we can choose the smallest integer k > n(i) such that 

€ V 

5 %k) ^ ^ • 

So, necessarily, we also have S(x n ^,x k ~i,x k -i) < 

Therefore, we find that 


^(.Xn(i) ? x k , x^) ft 2 S , (x/ c , x k — i, x k —\ ) T »S(x n (q, x k —\, x k —\) 


< 2 - 


r 

8 


+ 


e + r 
2 


e 



3r 
"4 ' 


Hence, we get the following approximation: 


e + r 
2 


^ *5 (^n(i), Xfc 5 X k ) ft 


e 

2 


3r 

T’ 


(47) 
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for a integer k satisfying n(i) <k< n{i A 1). 

On the other hand, the first three terms of M 3 (x n u), x k ) are bounded above by | + r, that is 

, e 3r e 

d(x n (i),x k ,x k ) < 2 + T < 2 +r ' 

r e 

5 •> «^n(i)+l) ^ g 2 

v e 

S(x k ,x k + i,a:fc+i) < - < - + r. 

o z 

Eventually, the last term of M^(x n ^),Xk) can be estimated as follows: 

— [S(x n (i^ , Txk, Txk) H - S(xk , Tx n (j^ , Tx n ^ )] 

^ g [2*S > (3'n(i) 5 i %k) H - Sixk) Xk-\-l 7 ) H - 2 S(x n (i) i Xki Xk) S{x n (^ , 3?n(i) + l j *^n(i)+l)] 

= g [4*5 f (^n(i) 7 “ 1 “ S{Xk) Xk+l 7 ) + S{x n ({), ^n(i) + l ? *^n(i) + l)] 

e3 r r 

< 4 + " 8 " + 32 
e 13r 
= 4 + ~32~ 

<i +r - 

Combing these estimations presented above, we conclude that 

ip(M 3 (x n (i),x k )) < M 3 (x n (i),x k ) < 7 ) +r< • 

Since T is generalized (7 — ip) —MKC mapping of type of C and it is 7 —triangular admissible mapping, 
we have that 


^(^n(i)+l) *T/c+l? ‘Tfc+l) — ^(^71(2)? ^ ' 

At the same time, by Lemma 1.1, we have that 


*^ , (*Tn(i) > X k , X k ) ^ 2S(x n (f j , ^n(i) + l; ^A(z)-l-l) d* 5 2-fc) 

— 2$(Xji(j ), £n(i) + l) A 2S(x k , X k +i , £/c-f-l) A S(£ n ^)_j_i, Xfc+i, £fc-|-i) 



e A r 


2 


which contradicts (47). 

Thus, claim (45) is false and the sequence {x n } is a Cauchy sequence, that is 


lim S(x n ,x m ,Xm) = 0. 

n,m—> oo 

Since (A, 5) is a complete S'—metric space, then there exists x* £ X such that 


(48) 


lim S(x n ,x*,x*) = lim S(x n , x m , x*) = 0. 

n—too n,m—t oo 

We will prove that x* =Tx*. Suppose, on the contrary, that S(x* ,Tx* ,Tx*) > 0. 

From (42) and assumption (A3), there exists a subsequence {x nk } of {x n } such that 

l{x nk ,x*,x*) > 1, VfceN. (49) 
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By using Lemma 1.1 and (48) together with the assumption of the theorem that T is a generalized 
(7 — if ))—MKC mapping of type C, we get that 

Of' T * TV* < 98Y7V Tr* Tr*\ 4- 8Y7V t* 

O , -L X , -L X J \ LO y-L ? -*■ X ? X j T o X^^, 5 / 

< 2y (x nk ,x*,x*)S(Tx nk ,Tx*,Tx*) + S(x nk+ i,x*,x*) 

< 1 p{M 3 (x nk ,X*)) + S(x nk+ !,X*,X*), 

where, 

M 3 (x nk ,x*) = max{ S(x nk ,x*,x*),S(x nk ,x nk+1 ,x nk+1 ),S(x*,Tx*,Tx*), 
^\S(x„ k ,Tx*,Tx*) + S{x*,x nk+1 ,x nk+1 )]}. 

Notice that as S(x*,Tx*,Tx*) > 0, then we have that M 3 (x nk ,x*) > 0. 

From Lemma 1.1, it follows that 

^ [S(x„ k ,Tx*,Tx*) + S(x*,x nk+1 ,x nk+1 )\ 

< ^[2 S(x nk ,x*,x *) + S(x*,Tx*,Tx*) + 2S(x *, x nk , x n J + S(x nk , x nk+1 ,x nk+1 )\ 

= ^ S(x nk ,x*,x *) + \s{x* ,Tx* ,Tx*) + \s(x nk ,x nk+ 1 ,x nk+1 ) 

Z o o 

< max{S(x nk ,x*,x*),S(x*,Tx*,Tx*),S(x nk ,x nk+1 ,x nk+1 )}. 

By the above inequality, we have that 

M 3 (x nk , x*) = max{ S(x nk ,x* ,x*),S(x* ,Tx*,Tx*),S(x nk ,x nk +i,x nk+1 )}. 

Suppose that M 3 [x nk ,x*) = S(x nk ,x*,x*), then, we get that 

S(x*,Tx*,Tx*) < ip(S(x nk ,x*,x*)) + S(x nk+1 ,x*,x*) 

<S(x nk ,x*,x*) + S(x nk+1 ,x*,x*). 

Taking k —> 00 in the inequality above, we have 

S(x*,Tx*,Tx*) < 2S(x*,x*, x*) = 0, 

which is a contradiction. 

Next, we suppose that M 3 (x nk ,x*) = S(x nk ,x nk +i,x nk +i), then we have that 

S(x*,Tx*,Tx*) < lj){S(x nk ,X nk+ i,X„ k+ i)) + S(x nk+ 1 ,X*,X*) 

<S( x nk 1 x nk + li x nk +1 ) + S(x nk+ i,x*,x*). 

Taking k —> 00 in the inequality above, this implies that 

S(x*,Tx*,Tx*) < lim [S(x nk ,x nk+1 ,x nk+1 ) + S(x nk+1 ,x*,x*)] = 0, 

k—>o o 

which is again a contradiction. 

Finally, we suppose that M 3 (x Uk ,x*) = S(x* ,Tx* ,Tx*), then we obtain that 
S(x*, Tx*, Tx*) < ip(S(x*, Tx*, Tx*)) + S{x nk +\,x*,x*) < S(x* ,Tx* ,Tx*) + S(x n . k +\,x*,x*). 
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Letting k —> oo in above inequality, we get that 

S{x*,Tx*,Tx*) < S(x*,Tx*,Tx*) + S(x* ,x*,x*) 

= S(x* ,Tx* ,Tx*), 

so we also have a contradiction. Thus, we have S(x* ,Tx* ,Tx*) = 0, and by (51) in Definition 1.1, 
we have x* = Tx*. □ 

Definition 2.2. Let (X, S) be an S— metric space and T : I 4 I. The mapping T is called a 
generalized (7 — if)— Meir-Keeler contractive mapping of dim3 of type C if there exist two functions 
if € T and 7 : X 3 1-4 [0,oo) satisfying the following condition: for each e > 0 there exists S(e ) > 0 
such that 

e < tf(M 3 (x, y, 2 )) < e + i5(e) implies 7 (x,Tx, Tx) 7 ( 2 /, Ty, Ty)j(z,Tz,Tz)S(Tx, Ty, Tz ) < e, 
where 

M' 3 (x, y, z) = max{5(x, y , y),S(y, z, z),S(z, x, x),S(x, Tx , Tx),S(y , Ty, Ty), S(z,Tz,Tz), 
^[S(x,Ty,Ty) + S(y,Tx,Tx)],^[S(y,Tz,Tz) + S(z,Ty,Ty)\, 

S{z,Tx,Tx) + S{x,Tz,Tz)]}, 

\/x, y,z £ X. 

Theorem 2.13. Let (X,S) be a complete S— metric space and T : I 4 I be a generalized (7 — 
ijj)— MKC mapping of dim3 of type C. Assume also that: 

(Al) T is 7 —admissible; 

(A2) there exists xq € X such that y(xo,Txo,Txo) > 1; 

(A3) (X, S) is (T, 7 )—limit. 

Then, there exists x* £ X such that Tx* = x*. 

Proof. In view of assumption (A2), let Xq £ X he such that j(xo,Txq,Txo) > 1. 

Define the sequence {x n } in X by x n+ ± = Tx n , for all 11 £ {0} U N. 

Since T is triangular 7 —admissible, by Lemma 1.6, we have that 

7 (^n,a; n+ i,a; n+ i) > 1, Vn e N . (50) 


If there exists some no £ N such that x no = ar no +i, then the proof is complete, since x* = x no +i = 
Tx no = Tx*. For this, we assume that x n ^ x n +i, for all n £ N, then 

S(x n ,x n+ i,x„+i)>0, Vn £ {0} U N. (51) 


Stepl. We will prove that 


lim S(x n ,x n +i,x n + 1 ) = 0. 

n—>- 00 
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Taking (50) and (51) into account together with the fact that T is generalized (7 — ip )—MKC mapping 
of dim3 of type C, for each n G N, we get 

&(Xm Xn+1 7 — S{Tx n —\ 1 Tx n ^Tx n ) 

— ^f(x n — 1 ? 'Em •En') / y(,'Em •En+li En-\-l) / y(x n , •En-\-li Xn-\-l) ^ {Tx n — 1 , Tx ni Tx n ) 

V (*Tn— 1 7 Xn , , X n )) 

< M 3 (x„_i,x n ,x„), 


where 

-^3(*Tn—1 1 *Tn 5 *Tn) max j,S T (x n _i, x n , x n ) , S(x n , x n , x n ) , S(x n , X n _i, X n — 1), S(x n — 1, Tx n —1 , Tx n — 1), 

S(x n , Tx n , Tx n ), S(x n , Tx n , Tx n ), — [^(x^—i , Tx n , Tx n ) T S[x n , Tx n — 1, Tx n — 1)], 
^[S(r„,Ta;„,rj; n ) + S(x n ,Tx„,Tx„)], ^[S(x„,Tx n _i,Tx„_i) + S(x n _i,Tx„,Tx n )]} 

— maxes' (x n _i, x n , x n ), S(x n , x n , x n _|_i), — [S^Xy*—1, x n _|_i, x n _f_i) T S(x n , x n , x n )], 

— [ 2 * 5 '(x n , x n _)_i, x n3 _i)], — [ 5 < (x n _i, x n _j_i, x n _j_i) T S(x n , x n , x n ]}. 

Regarding Lemma 1 . 1 , we estimate the last term in the expression of M 3 (x„_i,x n ,x„) as follows: 

g 1 ? , X n ^_i ) T S(x n , x n , x n )] 

— g S[x n — 1, X n _|_i, X n _|_i) 

g [ 2 * 5 , (x n _i, x n , x n ) T S{x n , x n -|_i, x n _(-i) 

— ^ S(x n — 1, x n , x n ) T g S(x n , x n _|_i, x n ^_i) 

< max{^(Xrj-1, x n+ i , x n+ i), S(x n , x n , x n )}. 

Consequently, we get that 

-^3 (x n — 17 X n 7 ) max{S f (x n _ 1, X n , X n ), S[x n , X n _|_i, X n _f_i) }. 

Let us consider the two cases. If M 3 (x n _i, x n , x n ) = S(x n , x n+ i, x n+ \). Since ip is nondecreasing, 
then we have that 


S(x n 7 T^n+1 7 *Tn+l) G: 1p(S (x n , Xn-\-li ^n+l)) ^ S(x n , X n _|_i, X n _|_i), 

which is a contradiction. Thus, M 3 (x„_i, x ra , x n ) = S(x n -i,x n ,x n ) and we also have that 

S(x„, x n+1 ,x n+1 ) < ip(S(x n _ 1 , x n , x n )) < ^(x^—i, x n , x n ), Vn € N. (52) 

So, we derive that the sequence {>S(x ra , x„+i, x n +i)} is non-increasing and bounded below by zero. 
Hence, there exists t G [0, 00 ) such that 

lim S{x n ,x n+1 ,x n+1 ) = t. 

n—>o o 

Recursively, we deduce from (52) that 

S(x n , x„+i, x„+i) < ip n (S(x 0 , xi, xi)), Vn G N. (53) 
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On account of (53) and Remark 1.2, we obtain 

lim S(x n ,x n+ i,x n +i) = 0. 

n—>■ oo 

Step2. We will show that { x n } is a Cauchy sequence. 

We will prove that for each e > 0, there exists no € N such that for Vm, n > no, 

S(x m ,Xm,x n ) < e. (54) 

Taking Stepl into account, for each e > 0, we can choose n 0 € N such that 

S[x n , x n _{-i) ~ , V?r ^ n.Q. 

We prove (54) by induction on n. (54) holds for m = n and n = n + 1 by using 
< e. Assume (54) holds for n = k. For n = k + 1, we have 

S{Xmi Xk-\- ^ 2S(x m , ) T S(x m -\-i , Xfc-j-i, Xk-\-l ) 

< e-ip(e) + tp(S( %m •> Xk,Xk)) 

< e - ip(e) + ip{e) 

= e. 

By induction on n , we conclude that (54) holds for all n > m > no- So {x n } is a Cauchy sequence 
that is 

lim S(x n ,x m ,x m ) = 0. 

n,m—> oo 

Since (X, 5) is a complete S'—metric space, then there exists x* £ X such that 

lim S(x n , x*, x*) = lim S(x n , x m , x*) = 0. 

n—>o o n,m—> oo 

We will prove that x* =Tx*. Suppose, on the contrary, that S(x*,Tx*,Tx*) > 0. 

From assumption (A3), we have that 

7 (x*,Tx*,Tx*) > 1, VfceN. 

By using Lemma 1.1 and above inequality together with the assumption of the theorem that T is a 
generalized (7 — ip)— MKC mapping of dim.3 of type C, 

S(x* ,Tx* ,Tx*) < 2S(Tx nk ,Tx*,Tx*) + S(Tx nk ,x*,x*) 

< 2y (x„ k ,Tx nk ,Tx nk )'y(x*,Tx*,Tx*)j(x*,Tx*,Tx*)S(Tx nk ,Tx*,Tx*) + S(x nk+1 ,x*,x*) 

< ip(M 3 (x nk ,x*,x*)) + S(x nk+ i,x*,x*), 

where, 

M 3 (x nk , x *, x* ) = max{ S(x nk ,x*,x*),S(x*,x*,x*),S(x*,x nk ,x nk ),S(x nk ,x nk+ i,x nk+ i), 

S(x*, Tx*,Tx*), S(x*, Tx*,Tx*), S(x*, Tx*,Tx*), 

\[S(x nk ,Tx* ,Tx*) + S(x*,x nfc+ i,x nfc+ i)]}. 


(55) 

(55) and the fact that 
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Notice that as S(x*,Tx*,Tx*) > 0, then we have that M 3 (x nk ,x*,x*) > 0. 

From Lemma 1.1, it follows that 

^[S(x nk ,Tx* ,Tx*) + S(x*,X nk+ 1 ,X nk+ i)] 

< ^[2 S(x nk ,x*,x*) + S(x*,Tx*,Tx*) + 2 S(x*,x nk ,x nk ) + S(x nk ,x nk+ 1 ,x nk+1 )] 

= ^ S(x nk ,x*,x *) + ^ S(x*,Tx*,Tx*) + ^ S(x nh ,x„ h+ 1 ,x nk+1 ) 

< max{S(x„ k ,x*,x*),S(x*,Tx*,Tx*),S(x nk ,x nk+ 1 ,x nk+1 )}. 

By the above inequality, we have that 

M 3 (x Uk , x*,x*) = max{S(x nk ,x*,x*),S(x*,Tx*,Tx*),S(x nk ,x nk+ 1 ,x nk+1 )}. 

Suppose that M 3 (x nk ,x*,x*) = S(x nk ,x*,x*), then, we get that 

S(x*,Tx*,Tx*) < i/j(S(x nk ,x*,x *)) + S(x nk+ i,x*,x*) 

<S(x nk ,x*,x*) + S(x nk+ 1 ,x*,x*). 

Taking k —> oo in the inequality above, we have 

S(x*,Tx*,Tx*) < 2 S(x*,x*,x*) = 0, 

which is a contradiction. 

Next, we suppose that M 3 {x nk ,x*,x*) = S(x nk ,x nk +i,x nk +i), then we have that 

S(x*,Tx*,Tx*) < 1p(S(x nk ,X nk+ i,X nk+ i)) + S(x nk+ i,x*,x*) 

<S( x n k i x n k + li x n k +1 ) + S(x nk + i, X ,X ). 

Taking k —> oo in the inequality above, this implies that 

S(x*,Tx*,Tx*) < lim [S(x nk ,x nk+ 1 ,x nk+1 ) + S(x nk+X ,x*,x*)] = 0, 

k—> oo 

which is again a contradiction. 

Finally, we suppose that M 3 (x Uk ,x* ,x*) = S(x*, Tx*, Tx*), then we obtain that 

Sir* TV* Tt*1 il>( c U'r* TV* Tt*)) 4- t* FM <r <?fV* Tr* Tr*) 4- r* 

Letting fc —► oo in above inequality, we get that 

S(x*,Tx*,Tx*) < S(x*,Tx*,Tx*) + S(x*,x*,x*) 

= S(x*,Tx*,Tx*), 

so we also have a contradiction. Thus, we have S(x*,Tx*,Tx*) = 0, and by (51) in Definition 1.1, 
we have x* = Tx*. □ 

In what follows, we propose the condition for the uniqueness of a fixed point of a generalized 
(7 — i /))—MKC of type C mappings: 

(UV) For \/x*,y* € Fix(T), there exists z* £ X such that 7 (x*,z*,z*) > 1, 7 (y*,z*,z*) > 1 and 
7 (z*,Tz*,Tz*) > 1 . 

(U 2') Let x*, y* € Fix(T). If there exists a sequence { x n } in X such that 7 ( 2 ;*, x n , x n ) > 1, 
7 (y*,x n ,x n ) > 1, then S(x n ,x n+ i,x n+1 ) < inf{5(a;*, x n , x n ), S(y*, x n , x n )}. 
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Theorem 2.14. Adding conditions (U 1'), (C/2') to the statements of Theorem 2.12, one has that T 
has the unique fixed point. 

Proof. Let x*,y* be two distinct fixed points of T. Form condition (C/1'), there exists z* G X such 
that 


7 (x*,z*,z*) > 1 , 7 WV) > 1,7 (z*,Tz*,Tz*) > 1 . 

Owing to the fact that T is triangular 7 —admissible and 7 (z*,Tz*,Tz*) > 1, we have 

7 (TV,/ 2 /*,/ 12 .?*) > 1. 


Inductively, we find 


7 (T n - 1 z*,T n z*,T n z*) > 1, Vn G N. 

Since 7 (x*,z*,z*) > 1 and 7 (z*,Tz*,Tz*) > 1, then by the triangular 7 —admissibility of T, we have 

7 ( 21 *,TV,TV) > 1 . 

Again, since 7 (V,TV,TV) > 1 and 7 {Tz*,T 2 z*,T 2 z*) > 1, we derive 

7 ( 2 ;*, TV,TV) > 1. 


Inductively, we get 


~l(x*,T n z*,T n z*) > 1, Vn G N. (56) 

In the similar way, we also have that 

7 V,TV,TV) > 1, Vn G N. (57) 

Define an iterative sequence { z n } by z n+ 1 = Tz n , Vn G {0} U N and Zq = z*. 

Stepl. We will prove that lim S(x*,z n , z n ) = 0. 

n—too 

By (56) and the statement of the theorem that T is generalized (7 — (i)-MKC mapping of type C. 
we have 


S{x*,z n+ i,z n+ i) < 7 ( 2 ;*, 2 n , z n )S(Tx*,Tz n ,Tz n ) 
< ip(M 3 (x*,z n )). 


If ip(M 3 (x*, z n )) = 0, then 


lim S(x*,z n , z n ) = 0. 

n—>o o 

Now, suppose that %j){M 3 {x*, z n )) > 0, then M 3 (x*,z n ) > 0. 

Since T is a generalized (7 — if )—MKC mapping of type C, we get 


S{x*,z n+1 ,z n+1 ) < j(x*, z n , z n )S(Tx*,Tz n ,Tz n ) 
< if{M 3 (x *, z n )) 

<M 3 (x*,z n ), 
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where M 3 (x*, z n ) = ma x{S(x*, z n , z n ), S(x*,Tx*,Tx*), S(z n ,Tz n ,Tz n ), \[S(x* ,Tz n ,Tz n )+S(z n ,Tx* ,Tx*)}}. 
Taking (U2 1 ) and Lemma 1.1 into account, we have 

M 3 (x*,z n ) = S(x*,z n ,z n ). 

Thus, S(x , Z n -\-\, Z n -\-\ ) <t S(x , Z n: Z n ) . 

Letting n — > oo in the inequality above, we obtain 

lim S(x*,z n+1 ,z n+1 ) < lim S(x*,z n ,z n ), 

n—>o o n—>o o 

which is a contradiction. Then, 


M 3 (x*,z n ) = S(x*,z n , z n ) = 0. 

Hence, we get that 

lim S(x*,z n , z n ) = 0. 

n—>o o 

Step2. We will prove that lim S(y *, z n , z n ) = 0. 

n—too 

In a analogous way of Stepl., we can complete the proof of lim S(y*, z n , z n ) = 0. 

n—too 

By Lemma 1.1, 

S(x*,y*,y*) < 2 S(x*,z n ,z n ) + S(y *, z n , z„). 

Letting n —> oo in the above inequality, we get 

S(x*,y*,y*) = 0, 

therefore, we have x* = y*. □ 


As a uniqueness condition for fixed points of (7 — ip) —MKC mappings of dim.3 of type C, we 
suggest the following hypothesis: 

(US') For \/x*,y* e Fix(T), j(x*,x*,x*) > 1, j(y*,y*,y*) > 1. 

Theorem 2.15. Adding condition (US') to the statements of Theorem 2.13, one has that T has the 
unique fixed point. 

Proof. Let x*,y* be two distinct fixed points of T. Form condition (US') 

j(x*,x*,x*) > 1,7 (y*,y*,y*) > i- (58) 

By (58) and the statement of the theorem that T is generalized (7 — ^>)—MKC mapping of dim3 of 
type C. we have 

b(x ,y ,y )<l(x ,Tx ,Tx ) 7 (y ,Ty ,Ty )y (y ,Ty ,Ty )S(Tx ,Ty ,Ty ) 

<iP(M' 3 (x*,y*,y*))<M' 3 (x*,y*,y*). 


but 


M 3 (x*,y*,y*) = max{S(x*,y*,y*),S(y*,y*,y*),S(y*,x*,x*) 1 S(x*,Tx*,Tx*),S(y*,Ty*,Ty*), 
S(y *, Ty*,Ty *), ^ [S(x *, Ty*,Ty*) + S(y *, Tx *, Tx *)], 
l [S(y* ,Ty*,Ty*) + S(y*, Ty *, Ty *)], £ [S(y*, Tx *, Tx*) + S(x *, Ty* ,Ty*)}} 


Cl ( * * * \ 

= S(x ,y ,y ). 
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SO, 

S(x*,y*,y*)<S(x*,y*,y*) 

which is again a contradiction.therefore, we have x* = y*. □ 

3. Generalized Ulam-Hyers Stability for MKC mappings 

In the following section, by introducing the generalized Ulam-Hyers stability in the framework of 
S— metric spaces, we study the stability for MKC mappings. 

Theorem 3.1. Let (X , S) be a complete S'—metric and T : X —> X be a self-mapping. Suppose that 
all the hypotheses of Theorem 2.12 hold. In addition, assume that 

(Al) the function (3 : [0,oo) —► [0,oo),/3(r) = r — if(r) is strictly increasing and onto. 

(A2) for any e—solution w* G X of (2), one has 7 (u>*, x*, x*) > 1, where x* € Fix(T). 

Then, the fixed point problem (1) is generalized Ulam-Hyers stable. 

Proof. From the conclusion of Theorem 2.12, it follows that there exists x* £ Fix(T) such that 
S(x*,Tx*,Tx*) = 0. Let e > 0 and w* be a e—solution of (2). 

From (A2), we have j(x* ,w* ,w*) > 1. Since T is triangular 7 —admissible, we can obtain that 
7 {Tx*,Tw*,Tw*) =7 {x*,Tw*,Tw*) > 1 . 

Thus, we also get that 

S(x*,w*,w*) = S(Tx*,w*, w*) 

< S(Tx*,Tw*,Tw*) + 2 S(w*,Tw*,Tw*) 

<7 {Tx*,Tw*,Tw* )S(Tx *, Tw* ,Tw*) + 2 S(w*,Tw*,Tw*) 

<iP(M 3 (x*,w*)) + 2e, 

where M 3 (x* ,w*) = ma x{S(x* ,w* ,w*), S(x* ,Tx* ,Tx*), S(w* ,Tw* ,Tw*), | [S(x* ,Tw* ,Tw*)+S(w* ,Tx* ,Tx*)]}. 
We also get 

-Ki-r* Tin* Tin*) 4- S' (in* Tr* TV* 11 
I j ix , ± uu . ± uj j o yuj • t x , ± .l j \ 

8 

< -iPSY-r* in* Slb/i* Tin* Tin*) -t- 9 Q(m* r* r*l 4- <?fr* Tr* Tr* 11 

8 

= l [4S(x* ,w*,w*) + S(w* , Tw *, Tw*)) 

8 

= ls(x*,w*,w*) + ls(w*,Tw*,Tw*) 

2 8 

< ^S(x*,w*,w*) + 

< ma x{S(x* ,w*, w*), e}. 

From the inequality above, we have that 

M 3 (x*, w*) < max{ 6 , (x*, w*, w*), e}. 

It is obviously that if S(x*,w*,w*) < e, then the proof is complete. 

Suppose that max{S'(a;*, w*, w*), e} = S(x*,w*,w*). Then, we have 

M 3 (x*,w*) < S(x*,w*,w*). 
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So, we can deduce that 

S(x* ,w*,w*) < ip(S(x*, w* ,w*)) + 2e, 

S(x*,w*,w*) — if>(S(x*,w*,w*)) < 2e. 

From assumption (Al), we get that 

(3(S(x*,w*,w*)) < 2c. 

Hence, S(x*,w*,w*) < /3 _ 1 (2e). 

Therefore, (1) is generalized Ulam-Hyers stable. □ 

Theorem 3.2. Let (A, S) be a complete S'—metric and T : X —> X be a self-mapping. Suppose that 
all the hypotheses of Theorem 2.13 hold. In addition, assume that 

(Al) the function /3 : [0,oo) —> [0, oo),/3(r) = r — if(r) is strictly increasing and onto. 

(A2) for any e —solution w* € X of (2), one has 7 (w*,x*,x*) > 1, where x* € Fix(T). 

Then, the fixed point problem (1) is generalized Ulam-Hyers stable. 

Proof. From the conclusion of Theorem 2.13, it follows that there exists x* £ Fix(T) such that 
S(x* ,Tx* ,Tx*) = 0. Let e > 0 and w* be a e—solution of (2). 

From (A2), we have j(x*, w*, w*) > 1. Since T is triangular 7 —admissible, we can obtain that 
'y(Tx*,Tw*,Tw*) = j(x*,Tw*,Tw*) > 1. 

Thus, we also get that 

b(x ,w ,w ) = t>(lx ,w ,w ) 

< S(Tx*,Tw*,Tw*) + 2S(w*,Tw*,Tw*) 

< ^(Tx*,Tw*,Tw*)S(Tx*,Tw*,Tw*) + 2S(w*,Tw*,Tw*) 

< i/j{M 3 (x*, w*, w*)) + 2e, 

where 

M 3 (x*, w*) = ma x{S(x*,w*,w*), S(w* ,w*, w*), S(w*,x*,x*), 

Cl / * rri * rr\ * \ o / * rri * rr\ * \ ^ rn/ * rr\ * rri * \ , o / * cti * rri * M 

S(x ,1 x ,1 x ),o{w ,lw ,lw ),-[£> (a; ,lw ,lw ) + b(w , 1 x ,1 x 

8 

l[S{w*,Tw*,Tw*) + S(w*,Tw*,Tw*)\,l[S(w*,Tx*,Tx*) + S(x*,Tw*,Tw*)}} 

8 8 

= ma x{S(x*,w*,w*),S(w*,Tw*,Tw*), hs(x*,Tw*,Tw*) + S{w*,Tx*,Tx*)]} 

8 

We also get 

l[S{x*,Tw*,Tw*) + S(w*,Tx*,Tx*)} 

8 

< -[2S(x*,w*, w*) + S(w*,Tw*,Tw*) + 2 S{w*,x*,x*) + S(x* ,Tx* ,Tx*)} 

8 

= l [ 45 ( 2 ;*, w* , w* ) + S(w* , Tw *, Tw*)] 

8 

= ls(x*,w*,w*) + ls(w*,Tw*,Tw*) 

2 8 

< ^S(x*,w*,w*) + 

< max{5(a;*, w*, w*), e}. 
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From the inequality above, we have that 

M 3 (x*,w*,w*) < maxis'(a;*, w*, vu*), e}. 

It is obviously that if S(x*,w*,w*) < e, then the proof is complete. 
Suppose that max{S(a;*, w*, w*), e} = S(x*,w*,w*). Then, we have 

M' 3 (x*,w*,w*) < S{x*,w*,w*). 


So, we can deduce that 


S(x*, w *, w*) < ip(S(x*, w*,w*)) + 2e, 
S(x*,w*,w*) — ip(S(x*, w*, w*)) < 2e. 

From assumption (Al), we get that 


/ 3(S(x*,w*,w *)) < 2e. 

Hence, S(x*,w*,w*) < /3 _ 1 (2e). 

Therefore, (1) is generalized Ulam-Hyers stable. □ 

Corollary 3.1. Let ( X, S) be a complete S—metric and T : X — ► X be a self-mapping. Suppose that 
all the hypotheses of Theorem 2.8(resp., Theorem 2.10) hold. In addition, assume that 

(Al) the function /? : [0,oo) —» [0,oo),/3(r) = r — i/j(r) is strictly increasing and onto. 

(A2) for any e—solution w* € X of (2), one has 7 (w*,x*,x*) > 1, where x* € Fix(T). 

Then, the fixed point problem (1) is generalized Ulam-Hyers stable. 

Proof. The proof is an analog of the proof of Theorem 3.1. □ 

Corollary 3.2. Let ( X , S) be a complete S—metric and T : X —> X be a self-mapping. Suppose that 
all the hypotheses of Theorem 2.9(resp., Theorem 2.11) hold. In addition, assume that 

(Al) the function j3 : [0, 00 ) —> [0, 00 ),/3(r) — r — is strictly increasing and onto. 

(A2) for any e—solution w* € X of (2), one has "/(w*, x*, x*) > 1, where x* € Fix(T). 

Then, the fixed point problem (1) is generalized Ulam-Hyers stable. 

Proof. The proof is an analog of the proof of Theorem 3.2. □ 
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Abstract 

We analyze the oscillatory behavior of solutions to a nonlinear second-order neutral 
delay dynamic equation with a nonpositive neutral coefficient under the assumptions that 
allow applications to Emden-Fowler type dynamic equations. New theorems complement 
and improve related contributions to the subject. An example is included. 
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1 Introduction 

In this paper, we study the oscillation of a class of second-order neutral dynamic equations 

[r(t)(z A (t)r] A +q(t)f(x(Sm = 0. (1.1) 

Here t € [fo,oo)Tr, cc > 1 is a quotient of odd natural numbers, and z(t) = x(t ) — p(t)x{T(t)). The increasing 
interest in oscillation of solutions to various classes of equations is motivated by their applications in natural 
sciences, engineering, and control; see, for instance, [1 30] and the references cited therein. Analysis of qualita¬ 
tive properties of ( 1 . 1 ) is important not only for the sake of further development of the oscillation theory, but 
for practical reasons too. As a matter of fact, a particular case of (1.1), an Emden-Fowler dynamic equation 

[r(t)(x A (t )) a ] A + q(t)x^(S(t)) = 0, 

has applications in mathematical, theoretical, and chemical physics; see Li and Rogovchenko [15-18]. 
Throughout the paper, we assume that the following assumptions are satisfied: 
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{Hi) r G C rd ([io, oo)t, (0, oo)), /“r °(t)At = oo, R(t) = f^r <* (s)As, where t\ G [io,oo)T is sufficiently 
large; 

{H 2 ) p,q G C r d([io> oo)t,K), 0 < p(t) < po < 1, <?(t) > 0, and q(t) is not identically zero for large t; 

(H 3 ) t,S G C rd ([to) oo)t,T), r(t) < t, S(t ) < t, and lim^oo r(t) = lim^oo 6(t) = oo; 

(ft.) / G C(R,R), uf(u) > 0 for all u f 0, and there exists a positive constant k such that f{u)/u& > k for 
all u f 0, where /3 > a is a quotient of odd natural numbers. 

By a solution to (1.1) we mean a function x G C rd [T x , oo)t, T x G [to,oo)T, such that r{z A ) a G Cj d [T x ,oo)T 
and x satisfies (1.1) on [T x ,oo)t- We consider only those solutions x of (1.1) which satisfy sup{|a;(f)| : t G 
[T, oo)t} > 0 for all T G [T x ,oo)t and assume that (1.1) possesses such solutions. As usual, a solution of (1.1) 
is said to be oscillatory if it is not of the same sign eventually; otherwise, it is called nonoscillatory. 

Recently, a great deal of interest in oscillatory properties of solutions to various classes of equations with 
nonnegative neutral coefficients has been shown; see, for instance, [2,4,5,14- 17,19,20,22,27,28] and the references 
cited therein. However, there are relatively fewer results for equations with nonpositive neutral coefficients; 
see [3,4,7,13,21,23-25,29]. In the papers by Arid and Shobha [3] and Li et al. [21], a particular case of (1.1), 
a neutral differential equation 

[r(t)(z'(t)r]' + q (t)f(x(6m = 0 

was studied. Seghar et al. [23] investigated the neutral difference equation 

A(a n A(x n - p n x n -k)) + q n f(x n -i) = 0. 

Bohner and Li [7] and Karpuz [13] established oscillation results for neutral dynamic equations 
(r(t)\z A (t)\ p ~ 2 z A (t)) A + q{t)\x(S(t))\ p ~ 2 x(6(t)) = 0 , z(t) = x(t) - p(t)x(r(t)) 

and 

(x(t) - p(t)x(r(t))) AA + q(t)x(5(t)) = 0, 

whereas Zhang et al. [29] explored (1.1) assuming that a = /3. 

It should be noted that research in this paper was strongly motivated by the paper [29]. Our principal goal 
is to analyze the oscillatory behavior of solutions to (1.1) in the case where /3 > a. As customary for papers on 
oscillation, all functional inequalities are supposed to hold eventually. Without loss of generality, we can deal 
only with positive solutions of ( 1 . 1 ). 


2 Main results 

For the proofs of our oscillation criteria we need the following lemmas. The first lemma is extracted from 
the monograph by Bohner and Peterson [9, Theorem 1.93], and the latter lemmas can be obtained by similar 
techniques to those used in [3,21], 

Lemma 2.1. Assume that v : T —> R is strictly increasing and T := u(T) is a time scale. Let y : T —> R. If 
v A (t) and y A (v(t)) exist for t G T K , then 

(y(vm A = y A (v(t))v A (t). 

Lemma 2.2. Let x be a positive solution of (1.1). Then z has the following two possible cases: 

(/) z(t) > 0 , z A (t ) > 0 , {r{t)(z A {t)Y) A < 0 ; 

{II) z{t ) < 0 , z A (t) > 0 , ( r(t){z A {t)) a ) A < 0 

for t G [£i,oo)t, where t\ G [£o>oo)t is sufficiently large. 
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Lemma 2.3. Let x be a positive solution of (1.1) and assume that the corresponding z has property (II) of 
Lemma 2.2. Then 

lim x(t) = 0 . 

t—> OO 


Lemma 2.4. If x is a positive solution of (1.1) such that case (I) of Lemma 2.2 is satisfied, then x(t) > z(t) 
and z(t)/R(t) is strictly decreasing for large t. 


Theorem 2.1. Assume that <$([fo,oo)T) = [<5(fo),oo)T and S A (t) > 0. If for any M > 0, 

p <*(*) 

lim sup 


Q(t) + a / 5 (s)r a (S(s))Q » (a(s))As 


r <» (s)As ) > 1 


( 2 . 1 ) 


£->-oo L J t 

where Q(t) = kM^~ a f f °° q(u)Au, then solutions of (1.1) 


J Wt„ 


are either oscillatory or converge to zero as t —> oo. 


Proof. Let a; be a nonoscillatory solution of (1.1) such that x(t) > 0, x(r(t)) > 0, and x(S(t )) > 0 for t £ [fi, oo)t- 
It follows from Lemma 2.2 that 2 satisfies either (I) or (II) for t £ [fi,oo)T- 

Case 1. Suppose first that z satisfies case (I). By virtue of the definition of z, 


x(t) = z(t) + p(t)x(r(t)) > z(t) 


and so we can write ( 1 . 1 ) in the form 


[r(t)(z A (t)) a ] A < -kq(t)z^(S(t)). 


Defining the Riccati transformation 


/(f) = 


r(t)(z A (t)) c 


z»(5(t)) ’ 

then v(t) > 0 and there exists a constant M > 0 such that 

1 A 


( 2 . 2 ) 


v A (t) = 


[r(t)(z A (t)Y 

z a (S(t)) 


+ [r(t)(z A (t))^ 


1 


z a (S(t)) 


A 


< — kAP 3 a q(t) — aS A (t)u(a(t)) 


z A (S(t)) 

z(S(a(t)))' 


(2.3) 


Taking into account that n^(a(t)) = r» (cr(t))z A (a(t))/z(6(a(t))), r(t)(z A (t)) a < 0, and S(t) <t< cr(t), we 
conclude that 

z A (S(tf) > v«(p(t)) 
z(S(a(t.))) ~ r; (<5(f)) ' 


Combining (2.3) and (2.4), we arrive at 

v A (t) < -kM p ~ a q(t) - a6 A (t)r~« (6(t))v^ (a(t)). 
Integrating (2.5) from f to s, we deduce that 

z/(s) — u(t) < —kM^~ a J q(u)Au — ajt S A (u)r~“ (5(u))v^- (a(u))Au, 

which yields 

f S f S 

v(t) > kM p ~ a J q(u)Au + a J S A (u)r~ 5 (hfu))^^^ (a(u))Au. 
Passing to the limit as s —> oo, we have 

/ OO 

S A (u)r~i ((5(u))^“^“ (a(u))Au. 

An application of (2.6) implies that 


(2.4) 


(2.5) 


( 2 . 6 ) 


v(t) > Q(t) + a J S A (u)r a (5(u))Q * (a(u))Au. 


(2.7) 
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By virtue of (2.2), we conclude that 


1 

v(t) 


1 (zm)Y 

r(t)\z A (t) J 

1 ( z(h) + // 2 (t) rs(s) 2 A (s)r-5( s )As 


it) 




(t) 


> 


r(t) 




(t) 


that is, 


Using (2.7) and (2.8), we deduce that 


v(t) 


(/'Vi( S )A S )"<l. 


( 2 . 8 ) 


lim sup 


r°° "I / r$(t) 

Q{t) + a S A {s)r~“ {5{s))Q^~ {a(s))As ( 

Jt J V Jt 2 


{s)As < 1, 


which contradicts (2.1). 

Case 2. Suppose now that z satisfies case {II). It follows from Lemma 2.3 that limt_ ) . 00 x(t) = 0. This 
completes the proof. □ 

Theorem 2.2. If there exists a positive function ft € Cj d ([to, oo)t, K) such that for all sufficiently large t\ € 
[£o,oo)t, for some t .2 €E [£ 1 , 00 ) 1 , and for any M > 0, 


>t 2 




{/3 A (s)) a+1 r(s) 

P a (s) 


As = 


(2.9) 


then conclusion of Theorem 2.1 remains intact. 


Proof. Assume that a; is a nonoscillatory solution of (1.1) on [f 0 ,oo) T that satisfies x{t) > 0, x{r{t)) > 0, and 
x(6(t)) > 0 for t £ [ti, oo)t- By virtue of Lemma 2.2, 2 satisfies either (J) or {II) for t € [<i, oo)t- 
Case 1. Suppose that z satisfies case {!). Define the Riccati transformation 


u{t) = /3{t) 


r{t){z A {t) r 

* a (t) 


Then u{t) > 0 and there exists a constant M > 0 such that 

u A {t) = [r(t){z A (t)r] A ^- ) + [ r { t) { Z A {t)rY 


p{t) 

[z a {t)\ 


<- 


a + 1 , , x x 

w « {<j{t)). 


In view of Lemma 2.4, we obtain 


<A 0 <mm(™) 


j8(t) a + l . , 

W w—(a(t)). 


( 2 . 10 ) 


Applying the inequality 


with 


Bui — Aui a < 


at 


B a+1 


(a + l )“ +1 A° 


, A > 0 


B=+ E and A = a- 


P(t) 


/3{a{t)) 


f^(a{t))ri{t) 


4 
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and using ( 2 . 10 ), we deduce that 


co A (t) < —kM^~ a q(t)/3(t) 


Rm) Y , 1 (/ 3 A (t)) a+1 r(t ) 

R(t) J (a+ !)«+! /3“(t) 


Integrating (2.11) from t 2 (ti £ [Ii,oo)t) to t, we arrive at 



1 (/3 A (s))“ + 1 r(s) 

(a + 1 )“ +1 /3 a (s) 


As < w(t 2 ), 


which contradicts (2.9). 

Case 2. If 2 satisfies case (II), then lim^oo x(t) = 0 due to Lemma 2.3. The proof is complete. 


( 2 . 11 ) 


□ 


Remark 2.1. On the basis of Theorem 2.2, one can obtain Philos-type oscillation criteria for equation (1.1). 
The details are left to the reader. 


Example 2.1. For t £ [1,oo)t, consider the second-order superlinear Emden-Fowler neutral delay dynamic 
equation 

(x(t) - + t x/3 (l) = O’ P> 1 ’T>°- (2.12) 

Let (3(t) = 1. It follows from Theorem 2.2 that every solution x of equation (2.12) is either oscillatory or satisfies 
lirn^oo x(t) = 0 . 

Remark 2.2. For a class of second-order neutral delay dynamic equations (1.1), we derived two new oscillation 
results which complement and improve those obtained by Zhang et al. [29]. A distinguishing feature of our 
criteria is that we do not impose specific restriction a = fi. Since the sign of the derivative z A is not known, 
it is difficult to establish sufficient conditions which ensure that every solution x of ( 1 . 1 ) is just oscillatory and 
does not satisfy lim^oo x(t) = 0. Neither is it possible to use the technique exploited in this paper for proving 
that all solutions of (1.1) approach zero at infinity. As mentioned in the paper by Zhang et al. [29], it would be 
of interest to study ( 1 . 1 ) in the case where f t °^ r~ « (t.)At < 00 . 
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Abstract 

In a group decision making (GDM) situation with qualitative settings and complex environments, 
experts may require intervals with corresponding possibility values, rather than only interval¬ 
valued hesitant fuzzy sets (IVHFSs) or probability-hesitant fuzzy sets (P-HFSs), to express their 
preferences. In this paper, in line with such situations, probability-interval valued hesitant fuzzy 
sets (P-IVHFSs) are presented to address GDM problems with hesitant fuzzy intervals and the 
corresponding possibility values. A P-IVHFS can serve as an extension of both a P-HFS and an 
IVHFS. As important tools in GDM, P-IVHFSs can describe the actual preferences of decision¬ 
makers and better reflect their uncertainty, hesitancy, and inconsistency, thus enhancing the 
modeling abilities of HFSs. Firstly, the concept of P-IVHFSs is defined, and then some properties 
of P-IVHFSs are presented. Furthermore, probability-interval valued hesitant fuzzy preference 
relations (P-IVHFPRs) are defined and the consistency of P-IVHFPRs is discussed. Then, 
based on related research, a decomposition method is developed to deal with the consistency of 
P-IVHFPRs. Finally an example is provided to illustrate the proposed approach. 

Keywords: 

Decision making, Fuzzy sets, P-IVHFS, Preference relation, Consistency 


1. Introduction 

Torra initiated the notable concept of HFSs, which represented a new generalization for 
fuzzy sets, as this method permits an element to have not just one but a set of several possible 
membership values. Consequently, HFSs can describe the hesitancy experienced by decision 
makers (DMs) in the decision-making process. As a result of this innovation, the HFS has 
attracted an increasing amount of attention in academia since its introduction. In recent years, 
there have been a number of developments regarding the theory of HFSs. For example, Xu and 
Xia defined the concept of the hesitant fuzzy element (HFE), which can be considered to be the 
basic unit of a HFS. Moreover, Rodriguez et al. proposed the hesitant fuzzy linguistic term set 
to deal with linguistic decision making. Chen et al. extended HFSs to IVHFSs, which represent 
the membership degrees of an element to a set with several possible interval values. Farhadinia 
proposed a series of score functions for HFSs and Wei, Zhang, Yu, and Ai et al. studied their 
aggregation operators. Farhadinia, Xu and Xia, Peng et al., and Chen et al. discussed the 
information measures of HFSs. Wang et al. studied the interval-valued hesitant fuzzy linguistic 
set, which can serve as an extension of both a linguistic term set and an interval-valued hesitant 
fuzzy set. Finally, Wu and Xu presented the concept of possibility distribution for a hesitant 
fuzzy linguistic term set and Zhu and Xu extended HFSs to P-HFSs. 


* Corresponding author. Tel: +86 28 85418191; Fax: +86 28 85415143. 
E-mail address: xujiuping@scu.edu.cn(J. Xu) 


636 


Jiuping Xu ET AL 636-655 



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 27, NO.4, 2019, COPYRIGHT 2019 EUDOXUS PRESS, LLC 


In group decision making (GDM) problems with fuzzy preference relations, some of the ex¬ 
perts’ preference properties are often assumed and it is desirable to avoid contradictions or, 
in other words, inconsistent opinions. One of these properties is associated with the pair¬ 
wise comparison transitivity between any three alternatives. For fuzzy preference relations, the 
transitivity has been modeled in many different ways depending on the role of the preference 
intensities. The purpose of consistency control is to measure the level of consistency of each 
individual preference relation so as to identify the expert, alternative and preference values that 
are the most inconsistent within the GDM problem. This inconsistency identification is also 
used to suggest possible new consistent preference valuee. 

In the process of GDM, preference relations are very popular tools for expressing the DM’s 
preferences when they compare a set of alternatives. Various types of preference relations have 
been suggested for different environments. For example, Orlovsky proposed the concept of fuzzy 
preference relations, and Xu introduced the concept of interval fuzzy preference relations to 
express uncertainty and vagueness. In many practical decision making problems, due to a lack of 
available information, it may be difficult for DMs to quantify their opinions precisely with a crisp 
number; however they can be represented by an interval number within [0,1]. This means that it 
is vital to introduce the concept of IVHFSs, which permit the membership degrees of an element 
to a given set to have some different interval values. Chen et al. introduced interval-valued 
hesitant preference relations and their applications to GDM. Moreover, Farhadinia discussed 
the information measures of IVHFSs and Wang et al. developed interval-valued hesitant fuzzy 
linguistic sets, and discussed their applications in multi-criteria decision-making problems. 

However, in a GDM situation with qualitative settings and in complex environments, ex¬ 
perts may require intervals with corresponding possibility values rather than only IVHFSs or 
P-HFSs, to express their preferences. Consider the following case for example: the DMs of a 
large organization discuss the membership of x into a set A; forty percent of them want to 
assign values between 0.3 and 0.4, while the remaining sixty percent wish to assign values be¬ 
tween 0.5 and 0.6. At this point, interval numbers with probability values can be used, i.e., 
{[0.3,0.4](40%), [0.5,0.6] (60%)}, or {[0.3, 0.4](0.4), [0.5, 0.6] (0.6)}, to represent the preferences 
of the large organization. In accordance with such cases, in this paper, P-IVHFSs are presented 
to address GDM problems with hesitant fuzzy intervals and the corresponding possibility val¬ 
ues. A P-IVHFS can serve as an extension of both a P-HFS and an IVHFS. Furthermore, as a 
powerful tool in GDM, P-IVHFSs can describe the actual preferences of decision-makers flexibly 
and better reflect their uncertainty, hesitancy, and inconsistency , and thus enhance the mod¬ 
eling abilities of HFSs. The consistency of preference relations has become a research topic of 
great interest in recent years. For example, Liao et al. defined the concept of the multiplica¬ 
tive consistent hesitant fuzzy preference relation. Furthermore, Wu and Xu developed separate 
consistency and consensus processes to deal with the hesitant fuzzy linguistic preference rela¬ 
tions of individual rationality and group rationality. Zhu and Xu proposed the concept of the 
probability-hesitant fuzzy preference relation. As mentioned earlier, to date there has been a 
great deal of research into preference relations and interval preference relations. Nevertheless, in 
a probability-interval valued hesitant fuzzy environment, it is still not known how to calculate 
or improve the consistency of preference relations. Therefore, this study focuses on resolving 
this problem. 

In this paper, based on the P-HFS and IVHFS, a definition of P-IVHFS is provided, and the 
relationship between the P-HFS, IVHFS and P-IVHFS is illustrated. Furthermore, motivated 
by the comparison method of HFEs, the comparison method of P-IVHFEs is defined. Addi¬ 
tionally, inspired by the operations of IVHFEs, the complement, union and intersection and 
operational laws of P-IVHFEs are provided. Moreover, based on related studies, the definition 
of P-IVHFPRs is also provided. Subsequently, the consistency of P-IVHFPRs is discussed, using 
the multiplicative transitivity to verify the consistency of a P-IVHFPR. Finally, based on the 
method in a hesitant fuzzy environment, some definitions related to multiplicative consistent P- 
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IVHFPRs are provided, and a decomposition method to repair the consistency of P-IVHFPRs 
is proposed. 

The rest of this paper is organized as follows. In Section 2, some concepts and properties 
associated with the topic are briefly reviewed. In Section 3, P-IVHFSs are proposed and some 
of their properties are discussed. In Section 4, P-IVHFPRs are proposed and in Section 5, the 
consistency of P-IVHFPRs is discussed. In Section 6, based on the multiplicative consistency 
of hesitant fuzzy preference relations, a decomposition method to deal with the consistency of 
P-IVHFPRs is proposed. Finally an example is provided to illustrate the algorithm. 


2. Preliminaries 


In this section, some concepts and properties associated with the topic are briefly reviewed. 

Definition 1. Let a = [a L ,a u ] = {x\a L < x < a u }, and then d is called an interval number. 
For convenience, interval numbers are sometimes also called interval values. In particular, if 
a L = a u , a is a real number. If a L > 0, then a is called a positive interval number. 

For any two positive interval numbers a = [a L , a u ], b = [b L , b u ] and A > 0, <5 > 0, then 

(1) a = b if a L = b L and a u = b u ; 

(2) a + b = [a L + b L , a u + b u \; 

(3) a -b = [a L ■ b L , a u ■ b u \; 

(4) A a= [Aa i ,Aa C7 ]; 

(5) d s = [a L ,a u } s = [(a L ) s ,(a u ) 5 }; 


(6) 5 h = 5^ L ' aU ^ = [min{ S aL , S aU }, max-fd® 1, , S aU }] = 



*/ 0 < S < 1 ; 
if 5 > 1. 


Definition 2. [29] Let d\ = [af^af] and a 2 = [a 2 > a 2 ? ] be two interval numbers, and len{d\) = 
af( — a r {, /era(a 2 ) = — off, then the degree of possibility of a i > ci 2 is defined as follows: 


a 2 ~ a l 


p(di > d 2 ) = max{ 1 — max{-— x ; 0} ; 0} 

len{ai) + len{a 2 ) 

Similarly, the degree of possibility of d 2 > d\ is defined as follows: 


(1) 


p(a 2 > di) = max{l — max{ 


ar — an 


len{d\) + len{b, 2 ) 


, 0 }, 0 } 


( 2 ) 


Based on Definition 2, the following results hold: 

(1) 0 < p(a 1 > 0 , 2 ) < 1 , 0 < p(a 2 > ai) < 1 . 

(2) p(ai > a 2 ) +p(a 2 > ai) = 1. Especially, p(d\ > ai) = p(a 2 > a 2 ) = 1. 


Definition 3. [15, 16] Let X be a universal set, a hesitant fuzzy set (HFS) on X is in terms 
of a function that when applied to X returns a subset of [0,1]. 

To be easily understood, the HFS can be expressed by a mathematical symbol [21]: 

A = h^(x)^ \xex] 


where h^(x) is a set of some values in [0,1], denoting the possible membership degrees of the 
element x G X to the set A. h^(x) is called a hesitant fuzzy element (HFE) and 0 the set of all 
HFEs [22]. 

For three HFEs h, h\ and /r 2 , Torra and Narukawa [15, 16] defined the corresponding com¬ 
plement, union and intersection, namely 


(1) h c = U 7e/l {l - 7}; 

(2) hi U h 2 = U 7l e/u,726^2 max{7i,7 2 }; 

(3) hi n h 2 = n 7l eh 1 ,7 2 e/i2 min{7i,7 2 }. 
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Operational laws on the HFEs h, h\ and h 2 have been given as follows [22]: 

(1) h x = U 7e / l {7 A }, A > 0; 

(2) Xh = U 7 g/,{1 — (1 — t) A }i A > 0; 

(3) hx © h 2 = U 7ie/ll)72efe2 {7i + 72 - 7172}; 

(4) hi <g> h 2 = U 7ie/)li72e/l2 {7i72}. 

Definition 4. [2] Let X be a universal set, and D[ 0,1] be the set of all closed subintervals of 
[0,1]. An interval-valued hesitant fuzzy set (IVHFS) on X is 

A = ^(xi,h A {xi)^ | Xi G X,i = 1,2,...,nj 

where h^fxf) : X —> D[0, 1] denotes all possible interval-valued membership degrees of the el¬ 
ement Xi G X to the set A. For convenience, we call h^fxf) an interval-valued hesitant fuzzy 
element (IVHFE), which is denoted by 

= {7 7 £ } 

Here 7 = [7 L ,7 [/ ] is an interval number. 7^ = inf 7 and 7^ = sup7 represent the lower and 
upper limits of 7, respectively. When the lower and upper limits of the interval numbers are 
identical, IVHFS reduces to HFS [15]. Namely HFS is a special case of IVHFS. 

Example 1. Let X = {x\,x 2 } be a universal set, andthe two IVHFEs h^(x 1) = {[0.1, 0.3], [0.4, 0.5]} 
and h^(x 2 ) = {[0.1,0.2], [0.4,0.6], [0.7,0.8]} denote the membership degrees of Xi(i = 1,2) to the 
set A. A is an IVHFS, where 

A = {(xi, {[0.1,0.3], [0.4, 0.5]}) , <x 2 , {[0.1,0.2], [0.4, 0.6], [0.7, 0.8]})} 

Definition 5. [2] For an IVHFE h, s(h) = p 7 ca ^d the score function of h where l~ h 

is the number of the interval values in h, and s(h) is an interval value belonging to [0,1]. For 
two IVHFEs h\ and h 2 , if s(hi) > s(h 2 ), then hi > h 2 . 

Definition 6. [2] For three IVHFEs h, hi and h 2 , the corresponding complement, union and 
intersection and operational laws have been given as follows. If 'f 1 = f u , then the following 
operations reduce to those of HFEs: 

(1) h c = {[ i-j u ,i-j L }\jeh} ; 

(2) hi U h 2 = {[max(7f,7|'),max(7[ / ,7^)] 71 G hi, 72 G h 2 }; 

(3) hi n h 2 = {[min(7f ,7^),min(7^,7^)] 71 G hi,72 G h 2 }; 

(4) h x = {[(7 L ) a , (7 t/ ) A ] |7 G h}, A > 0; 

(5) Xh = {[1 - (1 - 7 L ) A , 1 - (1 - 1 U ) X ] |t" €h},\> 0; 

(6) hi © h 2 = {['Ti' + 72 - 7i' ■ 72 > Ai + I 2 - ' I 2 ] 7i e h, 72 G h 2 }; 

(7) hi © h 2 = {pyf • 72 J71 7 ■ 1 2 ] 7i G hi, 72 G h 2 }. 

3. P-IVHFS 

Inspired by the P-HFS [19, 37] and IVHFS [2], the definition of a P-IVHFS is provided. 
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Definition 7. Let X be a universal set , and D\ 0, ll be the set of all closed subintervals of [0, ll. 
A P-IVHFS on X is 

A = | (xi,h^{xi,pij)^ \xi G X,i = 1,2, ... ,n, j = 1,2, .. . ,mj j 


where J2J= l Pij = 1; denotes the number of the interval values in h A (xi,pij), Pij denotes the 
corresponding probability of the jth interval value in h^(xi,Pij), and h A (x l ,p lJ ) : X —> D[ 0,1] 
denotes all possible interval-valued membership degrees of the element x, G X to the set A. For 
convenience, h^(x l ,p lJ ) is called a probability-interval valued hesitant fuzzy element(P-IVHFE), 
which is denoted by 


h^(xi,pij) = 1 7 7 <E h A (xi,pij) | 


Here 7 is an interval number with a corresponding possibility. For simplicity, P-IVHFE can be 
denoted by hi, i = 1, 2, • • •. A P-IVHFE is the basic unit of a P-IVHFS, and the former can be 
considered as a special case of the latter. The relationship between a P-IVHFE and a P-IVHFS 
is similar to that between an IVHFE and an IVHFS [2]. 

Suppose that 7 L = inf 7 and = sup 7 represent the lower and upper limits of 7 , re¬ 
spectively. When the lower and upper limits of the interval numbers are identical, the interval 
numbers are reduced to crisp numbers, and a P-IVHFS is reduced to a P-HFS. Thus, a P-HFS is 
a special case of a P-IVHFS. Meanwhile, it is clear that without the probability description ptj, 
that is the probability values Pij(j = 1,2, • • •) are identical, a P-IVHFE is reduced to an IVHFE, 
and a P-IVHFS is reduced to an IVHFS. Thus, an IVHFE is a special case of a P-IVHFE, and 
an IVHFS is a special case of a P-IVHFS. 


Example 2. Let X = {£ 1 , 2 : 2 } be a universal set, and the two P-IVHFEs 


h A (xi,Pij) = {[ 0 . 2 ,0.3 ](pu = 0.4), [0.5,0.6](pi 2 = 0 . 6 )} 

M* 2 ,P 2 j) = {[0.1,0.21092! = 0.3), [0.3,0.5](P 22 = 0.5), [ 0 . 6 ,0.7](p 23 = 0 . 2 )} 


denote the membership degrees of Xi(i = 1,2) to the set A. A is a P-IVHFS, where 

z f <S!,{[0.2,0.3](pn = 0.4), [0.5,0.6](p 12 = 0.6)}>, 1 

1 {X 2 , {[0-1, 0.2](p 21 = 0.3), [0.3,0.5]0? 22 = 0.5), [0.6,0.7 ](^23 = 0.2)}) / 

Based on the comparison method of HFEs [21], the following comparison method of P- 
IVHFEs is defined: 


Definition 8. For a P-IVHFE, s(h) = called the score of h, where p.y is the 

corresponding probability of 7. It is clear that s(h) is also an interval number. 

Then by Eqs. (1) and (2), we can get the possibilities of s{h\) > s(li 2 ) and s(ti 2 ) > s(h\), 
namely p(h\ > h 2 ) and p{h 2 > h\). 

If p{s{h\) > s(h 2 )) > 0.5, then s(h\) is superior to s(h 2 ), and thus h\ is superior to h 2 , 
denoted by h\ > h 2 or I 12 < h\. 

If p(s(h±) > s(h 2 )) < 0.5, then s(/i 2 ) is superior to s(h\), and thus /r 2 is superior to hi, 
denoted by h 2 > h\ or h\ < /t 2 - 

In particular, if p(s(h±) > s(h 2 )) = 0.5, then hi is indifferent to /?. 2 , denoted by h\ ~ h 2 . 

Example 3. In Example 2, for the two P-IVHFEs 

hi = {[0.2,0.3](pn = 0.4), [0.5,0.6](pi 2 = 0.6)} 

h 2 = {[0.1,0.2](p 2 i = 0.3), [0.3,0.5](p 22 = 0.5), [0.6,0.7](pas = 0.2)} 

according to Definition 1, we have 

s(hi) = [0.2,0.3] x 0.4+ [0.5,0.6] x 0.6 = [0.38,0.48] 
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s(h 2 ) = [0.1,0.2] x 0.3 + [0.3,0.5] x 0.5 + [0.6,0.7] x 0.2 = [0.3, 0.45] 

Using Definition 2, we obtain 

P(s(h i) > s(h 2 )) = max{l - max{ ^ 45 ° n 38 ,0}, 0} = 0.72 

0.15 + 0.1 

which indicates that h\ > h 2 . 

To be easily formulated, a P-IVHFE can be denoted by h = { [7/',7^ ] (p^g ^u\ ) 7 i G h}, 

for simplicity, denoted by h = { (f( , T,- 7 ] (py ,) 7 i G h}, where p^l j (or pj t ) denotes the cor¬ 
responding probability value of (i.e., 7*). Based on the operations of IVHFEs [2], the 

complement, union and intersection and operational laws of P-IVHFEs can be provided as fol¬ 
lows: 

Definition 9. Let h, h± and h 2 be three P-IVHFEs, then 

(1) h c = {[1 - 7f , 1 - j(](p^) 7 i G h}; 

(2) hi U h 2 = {[max(7f,7|'),max(7[ / ,7^)](p^ 1 -py 2 ) 71 € hi,72 € h 2 }] 

( 3 ) hi n h- 2 = {[min(7f',7|'),min(7f,7^)](^ 1 ■ p^ 2 ) 71 € hi ,72 G h 2 }; 

(4) h X = {im\m X Kp^\fiiehh 

(5) A h = {[1 - (1 -7 l L ) A ,l - (1 -7f) A ](P7i) 7i G h}, A > 0; 

(6) hi ffih 2 = {ftf + 72 -7f ■72,7 i / + 7^ - li • 7^] (P71 ■**») 7i G hi, 72 G h 2 }; 

(7) lii <g> h 2 = {[if • 72 :7i ■ 72 / ](P7i ’^72) 7i G hi ,72 G h 2 }- 

It is clear that without the probability description p t j , that is the probability values pij (j = 
1,2, •••) are identical, then the operational laws of P-IVHFEs are reduced to those of the 
IVHFEs. 

Theorem 1. When IVHFEs are extended to P-IVHFEs, the following operational laws [2] still 
are true in the P-IVHFS environment. Let h, hi and h 2 be three P-IVHFEs, then 

(1) hi © h 2 = h 2 ® hi] 

(2) hi <g> h 2 = h 2 <g> hi] 

(3) A(hi © h 2 ) = Xhi ® Ah 2 , A > 0; 

(4) (hi © h 2 ) x = h A ® h-2, A > 0; 

(5) Aih © A 2 h = (Ai + A 2 )h, Ai, X 2 > 0; 

(6) h Al © h Aa = h (Al+A2 ), Ai, A 2 > 0. 

(7) hi U h c 2 = (hi n h 2 ) c ; 

( 8 ) h\ n h 2 = (hi U h 2 ) c ] 

(9) (h c ) A = (Ah) c ; 

(10) A(h c ) = (h A ) c ; 

(11) hf © h 2 = (hi © h 2 ) c ; 

(12) h\®h 2 = (hi © h 2 ) c . 

Since they can be proven analogously, like those in an IVHFS environment, they are just 
listed without any proof. Meanwhile, according to Definition 9, the following operational laws 
also hold: 
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Theorem 2. Let h, h\ and h 2 be three P-IVHFEs, then 

(1) (h U hi) U h 2 = h U (h\ U h 2 ); 

( 2 ) (h n hi) n h 2 = hn (hi n h 2 ); 

(3) (h © hi) ®h 2 = h® (hi © li 2 ); 

(4) (h © hi) © h 2 = h © (hi © h 2 ). 

Proof. In the following, only (3) is proven; others can be obtained directly by Definition 9. 
Suppose that 

h = {[7 L ,7 t7 K Pi) 7 G h}; hi = {[l(,li](p^) 71 G hi}; h 2 = {[72 , ^(Pia) 72 G h 2 }, 
then according to Definition 9, 

h®hi = {[ 7 L + 7i - 1 L ■ li ! 1° + 7f - J U ■ 7 i 7 ](P 7 ' P71) 7 G h , 71 € ^ 1 } 
is obtained, therefore, 

(h © /ti) © h 2 

= {[(7 L + 7i L - 7 L ' 7i L ) + 7 2 L - (7 L + 7i L - 7 L ■ 7i L ) ■ 7 2 L , {T U + Ti - T U ' 7i0 + I 2 
~(l U + li ~ 1 U ■ Ti) ■ l 2 ]((Pi ■ P 71 ) ■ P 72 ) 7 G h , 71 G hi, 72 G ^ 2 } 

= {[7 L + 7f + 72 - 7 L ' T'i' - 7 L ' ^ - 7f ' 72 + 7 L ' 7 i L ■ 72 > T U + tF + 7^ - 1 U ■ 7i ? 
~1 U -12 ~ li -12 +1 U -1\ -Pti -Pts) 7 G h ,71 G ^ 1,72 G M 

Likewise, 

h® (hi® h 2 ) 

= {[l L + (7i L + 7 2 L - 7i' • 7 2 L ) - 7 L • (li + 7 2 L - 7i L ■ t£), T U + (tF + 7 2 ^ - 7 F ■ 12 ) 

~ 1 U ■ (li +I2 ~ 7 i • 7 F)](P 7 ' (P71 -Pia)) 7 G h ,71 € /©,72 G ^2} 

= {Py L + 7f + 72 L - 7 L • 71 L - 1 L ■ 12 - 7i ■ 12 + 1 L ■ 7i ■ l 2 ,l U + 7F + 72^ - 1 U ■ 7F 
-7^ -7^ -7f ■T'F + 7^-71^ ' 7^ ](P7 ‘P 71 -Pts) 7 G h ,71 G ^ 1,72 G M 

can 6e obtained. Therefore, we have 

(h ®hi)®h 2 = h® (hi © h 2 ) 

which completes the proof. □ 

4. P-IVHFPRs and Consistency 

In this section, we present P-IVHFPRs and discuss their consistency. 

4.1. P-IVHFPRs 

In the GDM process, preference relations are very popular tools for expressing the DM’s 
preferences when they compare a set of alternatives. Various types of preference relations have 
been given for different environments [2]. 

In order to represent preference relations more objectively, suppose that DMs are allowed 
to provide several possible interval fuzzy preference values and the associated probability values 
when they compare two alternatives, then we get the following P-IVHFPR: 
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Definition 10. Let X = {x\,X 2 , ■ ■ ■ x n } be a universal set. A P-IVHFPR on X is denoted 
by a matrix R = ( hij) nxn C X x X, where hij = {/^ ; (// ; ). / = 1,2, , m VJ } is a P-IVHFE, 
indicating all possible degrees to which Xi is preferred to Xj and the corresponding probability 
values with nriij representing the number of intervals in the P-IVHFE. In addition, hjj should 
satisfy 

inf h*® + sup h°^ +1 -V = sup ~ h f) + inf = h 

exit) crtm.ij + l—t) 

Pij = Pji 

ha = {[0.5,0.5]Cp = 1)}, i, j = 1,2, • • ■ ,ra (3) 

where we arrange the intervals in hij in an increasing order, and let be the tth smallest 
interval in hij . inf h^ and sup h^ denote the lower and upper limits of h^ respectively, 

Pij*' 1 and p°j- miJ+1 ^ denote the corresponding values ofh^ and h^. m%:i+1 ^ respectively, p = 1 
denotes the corresponding value is equal to 1. 

Example 4. The following matrix in which every element is a P-IVHFE can represent a 
probability-interval valued hesitant fuzzy preference relation: 

( {[0.5, 0.5](1)} {[0.4,0.5](0.6), [0.7, 0.8](0.4)} {[0.5,0.6](1)} \ 

Re = {K) 3 x 3 = {[0.2, 0.3](0.4), [0.5, 0.6](0.6)} {[0.5,0.5](1)} {[0.3, 0.4](0.2), [0.5,0.7](0.5), [0.8,0.9](0.3)} 

V {[0.4,0.5](1)} {[0.1, 0.2](0.3), [0.3, 0.5](0.5), [0.6, 0.7](0.2)} {[0.5, 0.5](1)} ) 

where hij denotes the group preference degree that the alternative Xi is superior to the alternative 

Xj. 

Motivated by [2, 35], it can be explained how the elements in the matrix are obtained. 
Take L 23 as an example. Since L 23 represents all possible probability-interval valued preference 
degrees to which x 3 is preferred to .T2, its values come from hl, 3 = [0.1,0.2], h% 3 = [0.3,0.5], 
^23 = [0-6, 0.7] which is provided by a DM. The DM is sure that the preference value is the 
interval [0.1, 0.2] with a probability of 30%, and the interval [0.3, 0.5] with a probability of 
50%, and the interval [0.6,0.7] with a probability of 20%. Therefore, the /123 can be denoted 
by {[0.1,0.2](0.3), [0.3,0.5](0.5), [0.6,0.7](0.2)}. Similarly the symmetric element of L 23 , he., 
/132 can be denoted by {[0.3, 0.4](0.2), [0.5,0.7](0.5), [0.8, 0.9](0.3)}. Other symmetric elements 
hij and hji in R e are obtained in an analogous way, and satisfy the complementary properties 
defined in Eq.(3). In addition, when i = j, hij represents the preference degree to which Xi 
is preferred to itself; namely, it is preferred equally , therefore ha = {[0.5,0.5](1)}(i = 1,2,3). 
Through the above procedure, the aforementioned matrix R e is obtained. 

4-2. The Consistency of P-IVHFPRs 

Cardinal consistency is a stronger concept than ordinal consistency. In the analytic hierarchy 
process, Saaty [13] first addressed the issue of consistency, and developed the notions of perfect 
consistency and acceptable consistency. Ordinal consistency is based on the notion of transitivity, 
meaning that if A is preferred to B and B is preferred to C, it perceives A to be preferred to C, 
which is normally referred to as weak transitivity [4, 26]. The weak transitivity is the minimum 
requirement condition to ensure that the hesitant fuzzy preference relation is consistent. There 
are further two conditions, named additive transitivity and multiplicative transitivity [14] which 
are more restrictive than weak transitivity and can imply reciprocity. Even though both additive 
transitivity and multiplicative transitivity can be used to measure consistency, the additive 
consistency may produce infeasible results [27]. Thus, the multiplicative transitivity is also used 
to verify the consistency of a P-IVHFPR. 

Let U = (uij) n xn, where Uij denotes a ratio of preference intensity for the alternative A* to 
that for Aj. Then the condition of multiplicative transitivity can be rewritten as follows: 

'U j ij'U j jk'U J ki ‘U'ik'UkjUji (4) 
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Under the assumption of reciprocity, and in the case where (uik,Ukj) ^ {(0,1), (1,0)}, Eq.(4) 
can be expressed as follows [4]: 

_ u ikUkj _ 

'UikUkj "h (1 ^ik ) (1 Ukj ) 

in the case where ( Uik,Ukj ) G {(0,1), (1,0)}, stipulating Uij = 0. 

Based on the multiplicative consistency of hesitant fuzzy preference relations, and using a 
decomposition method, the following definition is obtained: 

Definition 11. Let R = ( hij) n xn be a P-IVHFPR on a fixed set X = {x\,X 2 ,--- ,x n } and 
hij = {h\j{p\j), t = 1,2,--- ,rriij} be a P-IVHFE; suppose that hjj = [#h t ij (x),'\h t ij (x)], where 
#hlj(x) is the left, endpoint ofhh, and f h\j{x) is the right endpoint ofhh, let 

mlMn)} ' 

(#^2n04n)} 

{0.5(1)} . 


r a = [rIMj)} 


(0.5(1)} 
(t^21 (iP2l) } 

- (t^nl(Pnl)} 


{#^-12(^12)} 

(0.5(1)} 

(t^O&z)} 


namely, Rh 


if i < j, 

0.5, if i = j, which means if i < j, taking the left endpoint of h \ 3 , while 

t h\j, ff ' > J 


if i > j, taking the right endpoint of h\y And let 


(0.5(1)} {(^'12(1*12)} 

miMi)} {o.5(i)} 

- (#^nl(Pnl)} 


(t^ln(Pln)} ’ 

{}~ h 2n(P2n)} 

(0.5(1)} . 


which means if i < j, taking the right endpoint of h\j, while if i > j, taking the left endpoint of 
h\p namely, 

[ t% ifi<3, 
f\j = ^ 0.5, if i = j, 

( #h\j, if i > 3 

for convenience, R A and R B are called the decomposition of R, while R is the composition of 
R a and R B . Then R = (hij) nxn is multiplicative consistent if and only if R A and R B are both 
multiplicative consistent, i.e., the following two conditions are satisfied simultaneously: 


(1) Rf ] = 

for all i < k < j 


0, 


if (Rik,R kj ) e(({0},{i}),((i},{0})} 

_ ik Pik _ otherwise 

^ik Pik *^kj Pkj *^ik )Pik ^kj )Pkj 


i.e., fffi = 


0, 


5ct(s) pfT(s) 

^ik ftkj 




if (R ik ,Rkj) € {({0},(1}),({1},{0})} 

otherwise, 


for all i < k < j 

pT = vTvt ] 

(2) $*> = 


0, 


1 ik ' kj 


for all i < k < j 

cr(s) <t(s) cr(s) 

Pij = Pik Pkj 


if ( fik,fkj ) € {({0},(1}),({1},{0})} 
otherwise, 
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where K 




'V 


ik 


and Ru\ s ' > are the -sth smallest values in Rij, Rik and Rkj respectively; p. 


cr(s) 


L kj Ujl ° 01 OL,lj UUii O/C-O 010 -H'lK U'lOLO I 

plff* and p^ are their corresponding probability values, respectively; r°j s \ r^ s ' > and r^^ are 

the sth smallest values in rij, and rkj respectively; and p^j s \ p°jf* and p*^ are their corre¬ 

sponding probability values, respectively. 

If without the probability description and ffh\ k = f h\ k , #/4j = t h\j, then Definition 11 is 
reduced to that of a hesitant fuzzy preference relation. 

It can be proven that any P-IVHFPR R = (hij) 2 x 2 is multiplicative consistent. 

By extending the definitions in a hesitant fuzzy environment, the following definitions in a 
probability-interval valued hesitant fuzzy environment are obtained: 


Definition 12. Let R = (hij) nxn be a P-IVHFPR on a fixed set X = {x\,X 2 ,--- ,x n } and 
hij = {h\j(p\j), t = 1,2, • • • , m t j } be a P-IVHFE in which rriij represents the number of intervals 
suppose that hjj = [ifh t i j(x),'\h t i j(x)\, let 



{0.5(1)} 

{#^-12 (^ 12 )} " 

• m\Mn)} ' 

R — [R-ij(Pij)\nxn — 

{t^2l(l*2l)} 

{0.5(1)} •• 

• mUpL)} 


. ifKMi)} 

{1^n2(i4)} • • 

• {0-5(1)} . 


{0.5(1)} 

{t^l2(Pl2)} • 

• {\hi n (p{ n )} ' 

to 

II 

X 

3 

II 

(j?21 ) I 

{0.5(1)} • 

■ {\ ht 2n(P2n)} 


ittKMi)} 

{ifh^iPnT)} ' 

•• {0-5(1)} . 


then we call R a prefect multiplicative consistent P-IVHFPR, if R is the composition of R A and 
R B , R a = (Ri j (x')) n x n (p\j)'), R b = (■ rij(x))nxn(Pij )); and 




%}%) = { 


i j ~ 1 

1 v 

j—i—l £= 




R 


,<r(s), 


k^+1 (*)+(l-flT fc W (*))( i-r£ 3) (*))' 


t 3 (•' c )> i + l = j 
{0.5}, i=j 
1 — Rl^ ( x ), i > j 


j* 


i + 1 < j 


( 6 ) 


ij 


(*) 


i v 1 __ ., i . 

— 1 k £f +1 r^\x)rtf \ X )+(^ J 


= CT ( S ) 

ij 


(®)i 


kj 

1 =3 


{0.5}, i = j 

(x), i > j 


i - a ( s ) 

1 — r ■ • 


(7) 


where R°j s \x), R°jf\x), R^ s \x), rfj s \x), r^ s \x), r^ s \x) denote the sth smallest values in 

Rij(x), Rik(x), Rkj(x), fij(x), f ik (x), r k j(x ) respectively, and s = 1,2, • • • ,1,1 = max{m ife , m k j}, 
in which rrikj represent the number of intervals in hik and hkj respectively. 


If the two endpoints of the intervals are considered, the two corresponding probability- 
hesitant fuzzy preference relations are multiplicative consistent, thus it is believed that the 
P-IVHFPR is multiplicative consistent. 

Definition 13. Let R = ( hij ) nxn * R A , R B , R A , R B be as before, then we call R = (hij) n xn an 
acceptable multiplicative consistent P-IVHFPR if 


f d(R A , R A ) < 9 0 
1 d(R B ,R B ) < 9 0 
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where d(R A , R A ) is the distance measure between R A and R A , d(R B , R B ) is the distance measure 
between R B and R B . d(R A ,R A ) and d(R B , R B ) can be calculated by the following Eqs.(8) and 
(9). 9q is the consistency level. We usually take 9q = 0.1 in practice. 


4-3. An Iterative Algorithm for Improving the Consistency of P-IVHFPR 

In general, the P-IVHFPR constructed by the decision maker often has an unacceptable 
multiplicative consistency which means d(R A ,R A ) > 6q or d(R B ,R B ) > 9q. At this time, it is 
necessary to adjust the elements in the P-IVHFPR in order to improve the consistency. Based on 
the algorithm in a hesitant fuzzy environment [9], An iterative algorithm is proposed as follows 
to repair the consistency of the P-IVHFPR. 

An Iterative Algorithm for Improving the Consistency of P-IVHFPR 

Input: P-IVHFPR R = ( hij) nxn ; k, the number of iterations; 5, the step size, 0 < A = kS < 1; 
6*o, the consistency level. Hereby we take 9q = 0.1. 

Output: P-IVHFPR R( k \ with satisfactory consistency. 

Step 1. Let k = 1, and construct a perfect multiplicative consistent P-IVHFPR R, where R 
is the composition of R A and R B , R A = ( Rij{x)) nxn , R B = ( rij(x)) nxn ■ R A and R B are defined 
in Definition 12. 

Step 2. Calculate the deviations d(R^ A , R A ) and d(R^ B , R B ). Eqs.(8) and (9) are given 
as follows: 


or 


dHammin g (R( k)A ,R A 
d H amming(R {k)B ,R B ) = 

d E uclidean(R {k)A ,R A ) = 
d E uclidean(R {k)B ,R B ) = 


(n—l)(n—2) 

. 1 
(n—l)(n—2) 


n n / m ij 

(n—lXrc—2) ^ ^ 

v ;v i= 1 j= 1 Vs=l 

n n / m ij 

(n-lXn-2) E E (E 
v A > i= 1 j= 1 \s=l 


n n 

E E 

*=ij=i - 

mij 

E 

.5=1 

p (fc)cr(s) f>a(s) 

Rij - Rij 

a{s) 

Pij 

n n 

EE 

i=i j=i 

'mij 

E 

.5=1 

(fc)cr(s) a(s) 

ij 

1-1 

CO 

b 

a. 


(fc)cr(s) 

ij 

~ R ij 

)»r 

(k)cr(s) 


v{s) 

ij 

~ r ij ) 

Pij 


( 8 ) 


(9) 


where R^ a ^ s \ R°j S \ r°j s ^ are the sth smallest values in R^ A , R A , R^ B , R B respec¬ 

tively. R^ A and R^ B are the resolution of R( fc ). R a and R B are the resolution of R, which is the 
corresponding perfect multiplicative relation of R. If d(R^ A , R A ) < 6>o and d{R^ B ,R B ) < 0 O , 
then go to Step 4; Otherwise, go to Step 3. 

. -A k)A 

Step 3. Repair the inconsistent multiplicative P-IVHFPR, transforming RP' A to R and 
R( k ) B to R by using the following equations. We give Eqs.(10) and (11). 


R 


fk)cr(s) 

ij 


X (R-j s) Y 




s) ) +1 1 


_j^(k)rr(s) 


1 -R 


5 CT (») 


i,j = 1,2, • • • , n 


( 10 ) 


Ak)rr(s) 

ij 


> (fc)cr(s) 


—c(s) 

r> 


^ )ct(s) )" a (^ s) ) a +( 1 -^ )ct(s) )" a ( 1 -< s) ' a 


i,j = 1,2, • • • , n 


where R 


(D°V) (k)a(s) pcr(s) 


70 V A 

, A- , ± die L11C Otll Ollldlieot vaiuco 111 ± Ljj ") ±L ij •) ±L IJ 

(k)o’Cti) itC?) . . .. . . ^(k) (kl ~ „/7. i \ a ^(k)A 

r ij 


,(k) 


, R'iJ a) are smallest values in 7?, • , R^f. /?„■ respectively, r 


( 11 ) 

fk)a(s) 


( s \ r^j^ are the sth smallest values in r^,r^,ry respectively. Let R( k+1 l A = R , 


.(k)B 


R(k+i)B _ p anc t ^ = k -g then go to Step 2. 
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Step 4. Output R,( k \ 

Step 5. End. 

From the calculation process, it can be seen that the iterative process is convergent; for 
example when we take A = 1. Therefore, only the steps are listed without providing any proof. 


5. An Illustrative Example and Discussion 

In this section, an example is used to illustrate the algorithm. 

5.1. Illustrative Example 

A large project of Jiudianxia reservoir operation [2, 25] is employed to demonstrate the 
validity of our approach. The reservoir is designed for many purposes, such as power generation, 
irrigation, total water supply for industry, agriculture, residents and environment. Because of 
different requirements for the partition of the amount of water, four reservoir operation schemes 
xi, X 2 , X 3 and X 4 are suggested. 

x \: maximum plant output, enough supply of water used in the Tao River basin, higher and 
lower supply for society and economy; 

X 2 : maximum plant output, enough supply of water used in the Tao River basin, higher and 
lower supply for society and economy, lower supply for ecosystem; 

X3: maximum plant output, enough supply of water used in the Tao River basin, higher and 
lower supply for society and economy, total supply for ecosystem and environment, whose 90% 
is used for flushing sands at low water period; 

x\\ maximum plant output, enough supply of water used in the Tao River basin, higher and 
lower supply for society and economy, total supply for ecosystem and environment, whose 50% 
is used for flushing sands at low water period. 

To select the best scheme, the government assigns a large consultancy organization to eval¬ 
uate four competing schemes. Due to uncertainties, the DMs give their preference information 
regarding alternatives in the form of interval values with probabilities. Take schemes x\ and 
X 2 as an example; the DMs evaluate the degrees to which x\ is preferred to X 2 , where 40% 
give a rating of [0.2,0.3] and the remaining 60% give [0.5,0.6]. Assume that these DMs in the 
consultancy firm cannot be persuaded each other to change their minds, the preference informa¬ 
tion that xi is preferred to x'2 provided by the organization can be considered as a P-IVHFE, 
i.e., {[0.2, 0.3](0.4), [0.5, 0.6](0.6)}. The preference information of the organization is listed as a 
P-IVHFPR R. 


R — ( h'ij ) 4 x 4 

{[0.5,0.5](1)} {[0.4,0.5](0.6), [0.7, 0.8](0.4)} 

{[0.2,0.3](0.4), [0.5,0.6](0.6)} {[0.5,0.5](1)} 


{[0-4,0.5] (1)} 
{[0.5,0.6] (1)} 
{[0.5,0.6] (1)} 
{[0.6, 0.7](1)} 
{[0.5, 0.5](1)} 


{[0.3,0.4] (1)} 

{[0.3,0.5](0.6), [0.5, 0.6](0.4)} 

.{[0-4,0.5] (1)} 

{[0.4,0.5](0.4), [0.5,0.7](0.6)} 

{[0.1, 0.2](0.3), [0.3, 0.5](0.5), [0.6, 0.7](0.2) 


{[0.3,0.4](0.2), [0.5, 0.7](0.5), [0.8,0.9](0.3)} 


{[0.5,0.5] (1)} 


To get the optimal alternative, the following steps are adopted. 

Step 1. First of all, let k = 1 and construct the perfect multiplicative consistent P-IVHFPR R. 
By Definition 12, we get 


R 


(0.5(1)} 

(0.3(0.4), 0.6(0.6)} 
(0.5(1)} 
( 0 . 6 ( 1 )} 


(0.4(0.6), 0.7(0.4)} 
(0.5(1)} 
(0.4(1)} 

(0.5(0.6), 0.6(0.4)} 


(0.5(1)} 

( 0 . 6 ( 1 )} 

(0.5(1)} 

(0.4(0.2), 0.7(0.5), 0.9(0.3)} 


(0.4(1)} 

(0.4(0.4), 0.5(0.6)} 
(0.1(0.3),0.3(0.5), 0.6(0.2)} 
(0.5(1)} 
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R H 

(0.5(1)} (0.5(0.6), 0.8(0.4)} 

(0.2(0.4), 0.5(0.6)} (0.5(1)} 

(0.4(1)} (0.3(1)} 

(0.5(1)} (0.3(0.6), 0.5(0.4)} 

Therefore, according to Eq.(6), we have 


( 0 . 6 ( 1 )} 

(0.7(1)} 

(0.5(1)} 

(0.3(0.2), 0.5(0.5), 0.8(0.3)} 


(0.5(1)} 

(0.5(0.4), 0.7(0.6)} 
(0.2(0.3),0.5(0.5), 0.7(0.2)} 
(0.5(1)} 


o' 7 }!) _ 

xli o — 


D cr (l) D Cr (^) 
■ f _12___23_ 


13 $cr(l) R, ct 111- I -( 1 _ j R^1))( 1 _ j R^1)) 


pI? = 0-6 




_ 0 . 1 / 0.6 _ 

0.4x0.6+( 1—0.4) x (1—0.6) 


= 0.5 


n a (2) _ Hi 2 > -6 > 23 _ _ _ 0.7x0.6 _ 

13 R^ 2) R 2 i 2) +(l-^ 2) }(l-^ 2) ) 0.7x0.6+(l—0.7) x (1—0.6) 

<t( 2) n . 

Pl3 = °- 4 

where ^23, i-e., (0.6(1)} can be regarded as (0.6(0.6),0.6(0.4)}. So, 
R 13 = (0.5(0,6), 0.778(0.4)} 


= 0.778 


hence, 

Rsi = (0.222(0.4), 0.5(0,6)} 
Analogously, by Eq.(6), we have 


D ff (s) _ l 

-“14 — 2 


d ct ( s ) 1/1 _ p°A s ,J\ 

-^12 -^24 + 1 1 -^12 -^24 / 


5cr(s) 6 <t(s) 
r ~Y2__2A_ 


0 )\ 


T ( s )\ 


ftcr(s) rya(s) 

_ ^13 ,34 _ 

50-(s) 5<r(s) n f> C7 ( s )\ 

^13 -^34 + ^13 K 1 ^34 ) 


s = 1 , 2 ,--■ 


Similar to the previous method to deal with P-IVHFE (0.6(1)}, in order to facilitate observing 
the probability values, .R34 = (0.1(0.3), 0.3(0.5), 0.6(0.2)} can be regarded as, or in other words, 

R u = (0.1(0.3), 0.3(0.5), 0.6(0.2)} 

= (0.1(0.3), 0.3(0.1), 0.3(0.2), 0.3(0.2), 0.6(0.2)} 

Similarly, 

R12 = (0.4(0.6), 0.7(0.4)} 

= (0.4(0.3), 0.4(0.1), 0.4(0.2), 0.70.2), 0.7(0.2)} 

R 24 = (0.4(0.4), 0.5(0.6)} 

= (0.4(0.3), 0.4(0.1), 0.5(0.2), 0.5(0.2), 0.5(0.2)} 

R 1.3 = (0.5(1)} 

= (0.5(0.3), 0.5(0.1), 0.5(0.2), 0.5(0.2), 0.5(0.2)} 


therefore, 


p CT (i)_ 

-“14 — 


_ 1X 12 ri 24 _ 

-^12 -^24 + 1 1 -^12 )\* **'24 ) 


R' 

■ f _13___34. 


( 1 ) 


B! 


0.4x0.4 


+ 


13 1) ^sI 1) +( 1 -^13 1) )( 1 -A 
0.5x04 


(1 b 

'34 ) 


0.4x0.4+(l—0.4) x (1—0.4) 1 0.5x0.l+(l-0.5)x(l-0.1) 


<y( 1 ) 

Pll 


= 0.204 
= 0.3 


Similarly, we have 

i?i! 2) = 0.304, plP = 0.1, 
i?i! 3) = 0.35, jqf } = 0.2, 
i?i| 4) = 0.5, = 0.2, 

Rlf ] = 0.65, jqf } = 0.2 
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thus, 


R u = {0.204(0.3), 0.304(0.1), 0.35(0.2), 0.5(0.2), 0.65(0.2)} 
i?4i = {0.35(0.2), 0.5(0.2), 0.65(0.2), 0.696(0.1), 0.796(0.3)} 

Analogously, we get 

R 24 = {0.143(0.3), 0.391(0.5), 0.692(0.2)} 

R A2 = {0.308(0.2), 0.609(0.5), 0.857(0.3)} 


hence, 


{0.5(1)} {0.4(0.6), 0.7(0.4)} 

{0.3(0.4), 0.6(0.6)} {0.5(1)} 

{0.222(0.4), 0.5(0,6)} {0.4(1)} 

{0.35(0.2), 0.5(0.2), 0.65(0.2), 0.696(0.1), 0.796(0.3)} {0.308(0.2), 0.609(0.5), 0.857(0.3)} 
{0.5(0, 6), 0.778(0.4)} {0.204(0.3), 0.304(0.1), 0.35(0.2), 0.5(0.2), 0.65(0.2)} ' 

{0.4(0.4), 0.5(0.6)} {0.143(0.3), 0.391(0.5), 0.692(0.2)} 

{0.5(1)} {0.1(0.3), 0.3(0.5), 0.6(0.2) 

{0.4(0.2), 0.7(0.5), 0.9(0.3)} {0.5(1)} 


In the similar way, according to Eq.(7), we can obtain 


{0.5(1)} {0.5(0.6), 0.8(0.4)} 

oBl {0.2(0.4), 0.5(0.6)} {0.5(1)} 

1 {0.097(0.4), 0.3(0.6)} {0.3(1)} 

{0.159(0.2), 0.248(0.2), 0.35(0.2), 0.45(0.1), 0.614(0.3)} {0.155(0.2), 0.3(0.5), 0.632(0.3)} 
{0.7(0.6), 0.903(0.4)} {0.386(0.3), 0.55(0.1), 0.65(0.2), 0.752(0.2), 0.841(0.2)} 

{0.7(1)} {0.368(0.3), 0.7(0.5), 0.845(0.2)} 

{0.5(1)} {0.2(0.3),0.5(0.5), 0.7(0.2)} 

{0.3(0.2), 0.5(0.5), 0.8(0.3)} {0.5(1)} 

Step 2. Calculate the deviations d(R^ A ,R A ) and d(R ^ B , R B ). 

Using Eq.(8), we get 


dfli 


am min g 


( rA * rA ) = E E 


E 


4 4 

= gEE 


E 


R 


y 


(s) p(j(s) 
• - R ij 


p, 


2—1 J —1 ls=l 


r (s) 


p(fc)o-(s) pff(s) 

R ij - 


p, 


a(s) 

ij 




2—1 J —1 U -1 

= 1 [(10.5 - 0.5| x 0.6 + 10.5 - 0.778| x 0.4) + (|0.204 - 0.4| x 0.3 + |0.304 - 0.4| x 0.1 


+ 

+ 

+ 

+ 

+ 


0.35 - 0.4| x 0.2 + 10.5 - 0.4| x 0.2 + |0.65 - 0.4| x 0.2) + (|0.143 - 0.4| x 0.3 

0.391 - 0.4| x 0.1 + |0.391 - 0.5| x 0.4 + |0.692 - 0.5| x 0.2) + (|0.5 - 0.222| x 0.4 

0.5 - 0.5| x 0.6) + (|0.35 - 0.6| x 0.2 + |0.5 - 0.6| x 0.1 + |0.65 - 0.6| x 0.2 

0.696 - 0.6| x 0.1 + |0.796 - 0.6| x 0.3) + (|0.308 - 0.5| x 0.2 + |0.609 - 0.5| x 0.4 

0.609 - 0.6| x 0.1 + |0.857 - 0.6| x 0.3)] 

= 0.135 > 8 0 = 0.1 


Analogously, by Eq.(8), we can obtain 

d Ham min g( RB , RB ) = 7T— = 0.153 > 0Q = 0.1 

6 

Therefore, R A and R B are both not multiplicative consistent P-IVHFPR. R A and R B need to 
be repaired by Eqs.(10) and (11). 

Step 3. Repair the inconsistent multiplicative P-IVHFPR. 
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Hereby we try to assign a value, such as let A = 0.7, then 


R 


(0.5(1)} (0.4(0.6), 0.7(0.4)} 

(0.3(0.4), 0.6(0.6)} (0.5(1)} 

(0.294(0.4), 0.5(0, 6)} (0.4(1)} 

(0.423(0.2), 0.53(0.2), 0.635(0.2), 0.669(0.1), 0.745(0.3)} (0.362(0.2), 0.577(0.4), 0.606(0.1), 0.798(0.3)} 

(0.5(0.6), 0.706(0.4)} (0.255(0.3), 0.331(0.1), 0.365(0.2), 0.47(0.2), 0.577(0.2)} 1 

(0.4(0.4), 0.5(0.6)} (0.202(0.3), 0.394(0.1), 0.423(0.4), 0.638(0.2)} 

(0.5(1)} (0.1(0.3), 0.3(0.5), 0.6(0.2) 

(0.4(0.2),0.7(0.5), 0.9(0.3)} (0.5(1)} 


~(i)s 

R 


(0.5(1)} (0.5(0.6), 0.8(0.4)} 

(0.2(0.4), 0.5(0.6)} (0.5(1)} 

(0.157(0.4), 0.329(0.6)} (0.3(1)} 

(0.238(0.2), 0.315(0.2), 0.393(0.2), 0.465(0.1), 0.581(0.3)} (0.191(0.2), 0.3(0.4), 0.356(0.1), 0.594(0.3)} 

(0.671(0.6), 0.843(0.4)} (0.419(0.3), 0.535(0.1), 0.607(0.2), 0.685(0.2), 0.762(0.2)} 

(0.7(1)} (0.406(0.3), 0.644(0.1), 0.7(0.4), 0.809(0.2)} 

(0.5(1)} (0.2(0.3),0.5(0.5), 0.7(0.2)} 

(0.3(0.2), 0.5(0.5), 0.8(0.3)} (0.5(1)} 


It follows that the normalized Hamming distance 


dHamming(R , R A ) = 0.037 < 9 0 = 0.1 

-( 1)5 

dHam, min g(R , R B ) = 0.038 < 9 0 = 0.1 


, , „ -(1)A , N ,, -(1)5 

Let R^ a = R , R^ b = R , then we have 

d H amming(R (2)A ,R A ) = 0.037 < 0.1 
dHam.ming{R {2)B ,R B ) = 0.038 < 0.1 


the normalized Hamming distances are less than the consistency level 0.1, so R^ A and R^ B 
are the repaired R A and R B respectively. 

Step 4. Output R^. 

The composition of R^ 2 i A and R^ 2 i B , i.e., 

{[0.5,0.5] (1)} 

S(2) = {[0.2, 0.3](0.4), [0.5,0.6](0.6)} 

{[0.157, 0.294](0.4), [0.329, 0.5](0.6)} 

{[0.238, 0.423](0.2), [0.315, 0.53](0.2), [0.393, 0.635](0.2), [0.465, 0.669](0.1), [0.581,0.745](0.3)} 

{[0.4, 0.5](0.6), [0.7, 0.8](0.4)} {[0.5, 0.671](0.6), [0.706, 0.843](0.4)} 

{[0.5, 0.5](1)} {[0.6, 0.7](1)} 

{[0.3, 0.4](1)} {[0.5,0.5](1)} 

{[0.191, 0.362](0.2), [0.3,0.577](0.4), [0.356, 0.606](0.1), [0.594, 0.798](0.3)} {[0.3, 0.4](0.2), [0.5, 0.7](0.5), [0.8, 0.9](0.3)} 

{[0.255, 0.419](0.3), [0.33, 0.535](0.1), [0.365,0.607](0.2), [0.47, 0.685](0.2), [0.577, 0.762](0.2)} 
{[0.202, 0.406](0.3), [0.394, 0.644](0.1), [0.423, 0.7](0.4), [0.638, 0.809](0.2)} 

{[0.1, 0.2](0.3), [0.3, 0.5](0.5), [0.6, 0.7](0.2) 

{[0.5, 0.5](1)} 


is the repaired multiplicative P-IVHFPR of R. 

Step 5. The last step is to sort the four schemes (alternatives). 

Using Definition 8, let pij = p(R\j > then we get the following complementary matrix: 


0.5 1 1 0.454 

0 0.5 1 0.554 

0 0 0.5 0 

0.546 0.446 1 0.5 


If critical value A is allowed to be an appropriate value, such as a value between the largest and 
the second largest value of Pij,i,j = 1,2, 3,4 (not including 1), e.g., A = 0.55, and 


f 1, if Pij > A, 
1 0, if p^ < A 
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then further we get 


0 110 
0 0 11 
0 0 0 0 
0 0 10 


According to p, we have 


X\ >- X2,Xl y X 3 ,X 2 y X 3 ,X2 y X 4 ,X 4 >*- X 3 


namely, 


xi y X2 y X4 y x 3 

which indicates that the first scheme is the most desirable according to the opinion of the large 
consultancy firm. 


5.2. Discussion and Comparison 

Having carefully analyzed the calculation process and results, the following conclusions can 
be drawn: 

(1) Since there are probability values in a probability-interval valued hesitant fuzzy envi¬ 
ronment, after the multiplications, there are decimals which are not the integer multiples of 
0.1 in the calculated results, such as 0.696,0.857,0.391 • • •. If one searches the relevant docu¬ 
ments on interval-valued preference relations, it can be found that this inevitably happens in 
the calculation process. Therefore, future research could try and explain this phenomenon. 

(2) It can be seen that there are overlapping intervals in the calculated results. Such as a 
P-IVHFE, 

Ry] = {[0.238,0.423](0.2), [0.315,0.53](0.2), [0.393,0.635](0.2), [0.465,0.669](0.1), [0.581,0.745](0.3)} 

where between the intervals [0.238,0.423] and [0.315,0.53], there is an overlapping interval 
[0.315,0.423]. To deal with this problem, without a loss of generality, it is assumed that all 
the interval values have a uniform distribution, then they can be changed into an equivalent 
expression in which the intervals are not overlapping. For example, as for R\ 2 , we have 

[0.238,0.423] (0.2) 

={[0.238,0.315](0.2 x g^| = ^|| ), [0.315,0.3 9 3](0.2 x [0-393, 0 .423]( 0 . 2 x ° 

= {[0.238,0.315](0.083), [0.315,0.393](0.084), [0.393,0.423](0.033)} 

In a similar way, we get 


[0.315, 0.53](0.2) = {[0.315,0.393](0.073), [0.393, 0.465](0.067), [0.465, 0.53](0.060)} 

[0.393, 0.635](0.2) = {[0.393, 0.465](0.059), [0.465, 0.581](0.096), [0.581,0.635](0.045)} 
[0.465, 0.669](0.1) = {[0.465, 0.581](0.057), [0.581, 0.669](0.043)} 
therefore, 

R{ 2 } = {[0.238,0.315](0.083), [0.315, 0.393](0.084 + 0.073), [0.393, 0.465](0.033 + 0.067 + 0.059), 
[0.465,0.581](0.060 + 0.096 + 0.057), [0.581, 0.745](0.045 + 0.043 + 0.3)} 

= {[0.238, 0.315](0.083), [0.315,0.393](0.157), [0.393, 0.465](0.159), 

[0.465,0.581](0.213), [0.581,0.745](0.388)} 


There are not any overlapping intervals in this new expression. 
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It can be seen from the above example that P-IVHFPRs are useful in resolving large GDM 
problems, because they express intuitively the uncertain and hesitant preference information 
provided by each DM in a decision-making organization. This differs from the approach of 
interval-valued fuzzy sets for GDM, where the opinions of the DMs based on a pairwise compar¬ 
ison of alternatives, are first aggregated and, correspondingly, only the average interval-valued 
preference information is obtained. However, the use of, P-IVHFPRs does not need to perform 
such an aggregation and, hence, provides a more comprehensive description of the opinions of 
these DMs [2]. In the above example, if the probability-interval valued preference information 
is firstly aggregated at the beginning of the calculation, with regard to the probability values as 
the corresponding weights, using Definition 8, e.g., 

s(M = ({[0-4,0.5](0.6), [0.7, 0.8](0.4)}) 

= [0.4 x 0.6 + 0.7 x 0.4,0.5 x 0.6 + 0.8 x 0.4] = [0.52, 0.62] 

then we get 

H — ( h'ij ) 4 X 4 

{[0.5,0.5](1)} {[0.4,0.5](0.6), [0.7, 0.8](0.4)} 

{[0.2, 0.3](0.4), [0.5,0.6](0.6)} {[0.5,0.5](1)} 

{[0.4,0.5](1)} {[0.3, 0.4](1)} 

{[0.5,0.6](1)} {[0.3,0.5](0.6), [0.5, 0.6](0.4)} 

{[0.5, 0.6](1)} {[0.4,0.5](1)} 

{[0.6, 0.7](1)} {[0.4,0.5](0.4), [0.5,0.7](0.6)} 

{[0.5, 0.5](1)} {[0.1,0.2](0.3), [0.3, 0.5](0.5), [0.6, 0.7](0.2) 

{[0.3,0.4 (0.2), [0.5, 0.7](0.5), [0.8,0.9](0.3)} {[0.5,0.5](1)} 

[0.5,0.5] [0.52,0.62] [0.5,0.6] [0.4,0.5] 1 

[0.38,0.48] [0.5,0.5] [0.6,0.7] [0.46,0.62] 

L s '( bJj'ixT- [o.4,0.5] [0.3,0.4] [0.5,0.5] [0.3,0.45] 

[0.5,0.6] [0.38,0.54] [0.55,0.7] [0.5,0.5] 

Further, in the same way as before, let ptj = ( s(hij) > s(hji)), then the following comple¬ 
mentary matrix is obtained: 


0.5 

1 

1 

0 

0 

0.5 

1 

0.75 

0 

0 

0.5 

0 

1 

0.25 

1 

0.5 


indicating that 

Xi V X2 , X\ V X3,X2 V X3,X2 V X4,X4 V X\ : X4 V .T 3 

which is heavily inconsistent. Let 

, r 1 , if p'ij > A, 

Vij 1 0, if p' i:j < A 

Only when we let critical value A > 0.75, can a consistent result be obtained. At this time, 

'0110' 
p, = 0010 

0 0 0 0 
_ 1 0 1 0 _ 

which indicates that 

xi y X2,xi y X3,X2 y X3,X4 y x\, X4 y X3 
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namely, 

X\ >- X\ y X2 y X3 

From the results of the calculations, one can find a difference in the ranking results derived 
in these two approaches. The reason is that for each decision-making organization composed 
of multiple DMs, a group’s preference value is obtained by aggregating (namely, averaging) 
individual preference values. Such an aggregation actually amounts to implementing a trans¬ 
formation of P-IVHFEs into an interval-valued fuzzy number. As a result, it leads to the loss 
of information, which affects the final ranking results. Thus, the comparison clearly shows the 
benefits of the proposed GDM approach based on P-IVHFPRs [2]. 

Compared with that in a hesitant fuzzy environment, this method’s implementation could be 
far more sophisticated in a probability-interval valued hesitant fuzzy environment, but has led to 
some new problems. For example, in order to get the equivalent expression in which the intervals 
are not overlapping, it is assumed that all the interval values have a uniform distribution. If 
they are not have a uniform distribution, but some other type, e.g., a normal distribution, it is 
not known what would happen. Therefore this should be a topic for future research. 

In spite of what has been mentioned above, compared with P-HFSs, IVHFSs and a possibility- 
hesitant fuzzy linguistic term set, P-IVHFSs can describe the actual preferences of decision¬ 
makers and better reflect their uncertainty, hesitancy, and inconsistency, and thus enhance the 
modeling abilities of HFSs. The proposed method using P-IVHFSs has the following advantages. 

First, compared with P-HFSs, P-IVHFSs can better depict uncertainty. 

Second, compared with IVHFSs, P-IVHFSs can depict hesitancy more accurately and dif¬ 
ferentiate intervals according to their possibilities. 

Third, compared with a possibility-hesitant fuzzy linguistic term set, P-IVHFSs can express 
the evaluation information more flexibly. Possibility-hesitant fuzzy linguistic term sets can 
therefore be regarded as a special case of P-IVHFSs. 

Although the representation of P-IVHFSs looks complex, they can depict fuzzy information 
clearly and retain the completeness of original data or the inherent thoughts of decision-makers, 
which is a prerequisite of guaranteeing the accuracy of final outcomes. Additionally, as far 
as the applicability of P-IVHFSs is concerned, decision-makers can make a trade-off between 
the features of P-IVHFSs and the relative computational cost. Moreover, the complexity and 
amount of computation can be clearly reduced with the assistance of programming software [17]. 

6. Conclusion 

In this paper, P-HFSs and IVHFSs have been extended to P-IVHFSs. As an important 
tool in GDM, P-IVHFSs can describe the actual preferences of decision-makers and better re¬ 
flect their uncertainty, hesitancy, and inconsistency, and thus enhance the modeling abilities of 
HFSs. Based on related research, a decomposition method has been proposed to deal with the 
consistency of P-IVHFPRs. A simulated example has also been provided to illustrate the use of 
the proposed approach. The main contributions of this paper are summarized as follows. 

(1) The concept of P-IVHFSs has been defined and some desirable properties of P-IVHFSs 
have been discussed. P-IVHFSs are a natural development to manage the possible pref¬ 
erences in decision making following the introduction of P-HFSs and IVHFSs. 

(2) P-IVHFPRs have been proposed and the consistency of P-IVHFPRs has been discussed, 
using the multiplicative transitivity to verify the consistency of a P-IVHFPR. Moreover, 
a decomposition method has been proposed to deal with the consistency of P-IVHFPRs. 

(3) Based on the multiplicative consistency of hesitant fuzzy preference relations, an iterative 
algorithm has been proposed for improving the consistency of P-IVHFPR. 

In future research, the developed theoretical structure could be extended to the probability 
distributions of preferences on the intervals. Another potential area of research would be to 
analyze the hesitant fuzzy information in P-IVHFPRs. 
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ABSTRACT 


In this article we study the existence of solutions and some of their qualitative behavior of the following rational 
nonlinear difference equation 


%n+1 


(2fc+l) 

b T cx n —kX n _( 2fc+i) 


n = 0,1,..., 


where a, b and c are real numbers, k is a non-negative integer number and the initial conditions X- 2 k-i, 
X- 2 k ,■■■, X-i, xo are arbitrary non-negative real numbers. Also, the solutions of some special cases of the 
equation under consideration will be obtained. 


Keywords: recursive sequence, periodicity, solutions of difference equations. 

Mathematics Subject Classification: 39A10 


1. INTRODUCTION 

During the last decade, the research on difference equations has been increasing. The fact that difference equa¬ 
tions demonstrate themselves as mathematical models representing some real life phenomena is a significant 
reason of this concern. For example, the are used in probability theory,economics, genetics in biology, geome¬ 
try, electrical network, quanta in radiation, psychology, sociology, etc. Actually, no doubt that the difference 
equations play and will play a remarkable role in applicable analysis and in mathematics generally. 

Recently, many authors’ attention was on studying the global attractivity, boundedness character, periodicity 
and the solution form of nonlinear difference equations. Now, we write some results in this area: Cinar [3-4] 
obtained the solutions of the following difference equations 

Xn— l _ x n — 1 

Xn+l — Z : j Xn+1 — : • 

1T X n X n —\ 1T X n X n —\ 


Cinar et al. [5] discussed the solutions and attractivity of the difference equation 


_ Xn — 3 

X n + 1 — l+x n Xn—lX n —2Xn—3 ‘ 


Elabbasy et al. [8-9] looked at the global stability, periodicity character and derive the solution of some special 
cases of the following difference equations 


X n +1 — CLX n 


bx r 


cx n dx n —j 


^n+l — 


OiX n —k 


/3+7n;= 0 x n-i 

Elsayed [13] examined the behavior and found the form of solution of the nonlinear difference equation 


Xn +1 — OjX n — 1 T 


bx n x n —i 
CX n + dx n _2 ' 
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In [2], Bclhannache et al. investigated the global behavior of the solutions of the difference equation 

_ A + Bx n -2k-l 
Xn+1 c+DYiUx™i 2 ; 

Karatas et al. [29] achieved the solution of the following difference equation 

OjX n — (2fc-|-2) 


Xn -\-1 — 


-a + nSJ 2 *n-i 


In [35] Sirnsek and Abdullayev found the solution of the recursive sequence 

_ x n — (4k+3) 

Xn+1 ~ i+rc =0 ^-( fc+ i )t - fc ' 

Other related results on rational difference equations can be found in the references. [1-52]. 

Our aim in this paper is to investigate the dynamics of the solution of the following nonlinear difference 


equation of higher order 


Xn+1 — 


n = 0 , 1 , 


(1) 


b T CX n —kXn—{2k+l) 

where a, b and c are real numbers, k a is non negative integer number and the initial conditions X- 2 k-i, 
X- 2 k , •••, X-i, Xo are arbitrary non-negative real numbers. Also, we obtain the solutions of some special 
cases of Eq.(l). 

Suppose that / is an interval of real numbers and let / : I k+1 —> 7, be a continuously differentiable function. 
Then for every set of initial conditions X-k, X-k+i, #o € /, the difference equation 


Xn+1 — f {x U i X n — 1 5 X n — fc), 71 — 0,1, 


( 2 ) 


has a unique solution {x n }^L_ k . 

Definition 1. (Equilibrium Point) 

A point x € I is called an equilibrium point of Eq.(2) if x = f(x,x ,..., x). That is, x n = x for n > 0, is a solution 
of Eq.(2), or equivalently, x is a fixed point of /. 

Definition 2. (Periodicity) 

A sequence {x n } ( ^L_ k is said to be periodic with period p if x n+p = x n for all n > —k. 

Definition 3. (Stability) 

(i) The equilibrium point x of Eq.(2) is locally stable if for every e > 0, there exists 5 > 0 such that for all 
x~k,x-k+ i,...,x-i,xq € / with 


| X-k - x\ + \x-k+l - x\ + ... + |x 0 - x\ < S, 


we have 


\x n — x\ < e for all n > —k. 


(ii) The equilibrium point x of Eq.(2) is locally asymptotically stable if x is locally stable solution of Eq.(2) 
and there exists 7 > 0, such that for all X-k, X-k+i, ...,X-i,xq € I with 


I X-k - x\ + \x-k+i -x\ + ... + \x 0 - x\ < 7, 


we have linin^oo x n = x. 

(iii) The equilibrium point x of Eq.(2) is a global attractor if for all X-k, X-k+i, •••, X-i, Xo € /, we have 

lim n —,qo x n x. 

(iv) The equilibrium point x of Eq.(2) is globally asymptotically stable if x is locally stable, and x is also a 
global attractor of Eq.(2). 
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(v) The equilibrium point x of Eq.(2) is unstable if x is not locally stable. 

The linearized equation of Eq.(2) about the equilibrium x is the linear difference equation 

2/n+l / v ^ JJn—i 


i =0 


dXn-i 


( 3 ) 


Theorem A [32]: Assume that pi E i?, i = 1, 2, k and k E {0,1, 2, ...}. Then 

k 

n < L > 

i=l 

is a sufficient condition for the asymptotic stability of the difference equation 

~b Pl^n-hk—1 ~b ••• “b Pk^n — 0? 7Z — 0? 1? ••• • 

2. DYNAMICS OF SOLUTIONS OF EQ.(l) 

In this section we look at some qualitative behavior of Eq.(l) such as local stability, periodicity and boundedness 
character of solutions of Eq.(l) when the constants a, b and c are positive real numbers. 

2.1. Local Stability of the Equilibrium Points 

We now investigate the local stability character of the solutions of Eq.(l). 

The equilibrium points of Eq.(l) are given by the relation x = , which gives 


x = 0 or x = 


a — b 


Note that if a > b, then Eq.(l) has a unique positive equilibrium point. 
Let / : (0, oo) 2 —» (0, oo) be a function defined by 

au 


f(u,v) = 


Therefore it follows that 


df(u, v) 


ab 


b + cuv 
df(u, v) 


(4) 


—acu 


9u (b + cuv ) 
Theorem 2.1. The following statements are true: 


2 ’ 


dv 


(b + cuv ) 

(1) If a < b, then x = 0 is the only equilibrium point of Eq.(l) and it is locally stable. 


a — b 


(2) If a > b, then the equilibrium points x = 0 and x = 

Proof. (1) If a < b, then we see from Eq.(4) that 

<9/(0,0) = a df{ 0,0) 

du b' dv 

Then the linearized equation associated with Eq.(l) about x = 0 is 


of Eq.(l) are unstable. 


= 0 . 


and whose characteristic equation is 


Vri+l . '\jn —2 k — 1 0, 

b 


\ 2k +2 _ “ o. 


(5) 

( 6 ) 


658 


Asim Asiri ET AL 656-670 



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 27, NO.4, 2019, COPYRIGHT 2019 EUDOXUS PRESS, LLC 


It follows by Theorem A that, Eq.(5) is asymptotically stable. Then the equilibrium point x = 0 of Eq.(l) is 
locally stable. 


(2) Assume that a > b. (i) At x = 0 it follows again from Eq.(6) and Theorem A that x = 0 is unstable, 
(ii) At x = \/ <l we see from Eq.(4) that 


df(x, x) b df(x,x) —(a — b ) 
du o’ dv a 


Then the linearized equation of Eq.(l) about x = 


a — b 


is 


and whose characteristic equation is 


a — b b 

Un+l A Un—k ~yn—2k—l 0, 

a a 


X 2k+2 + ^zA x k +1 _ b = 0 
a a 


(7) 

( 8 ) 


Therefore A fc+1 = — 1 or A fe+1 = —. Then it follows by Theorem A that the equilibrium point x = 

a 

Eq.(l) is unstable. The proof is complete. 


a — b 


of 


2.2. Existence of Period (2k+2) Solutions 

In this section we look at the existence of period (2k + 2) solutions of Eq.(l). 

Remark: The initial values {x- 2 k-i,x~ 2 k,x~ 2 k+i ,• ••, x_i, Xq} of Eq.(l) have not to be equal zero at the same 
time, otherwise Ecp(l) will have only the zero solution. 


In the sequel we assume that any element of the set {x- 2 k-i, X- 2k , X- 2 k +i, —,X- i,xo} doesn’t equal zero. 
Theorem 2.2. Eq.(l) has positive prime period (2k + 2) solutions if and only if 

(b + cAj — a) = 0, (9) 

where A* = x- k+i x- 2 k-i+i (for i = 0,1,2,..., k) and A k+1+i = A;. 

Proof Firstly, we suppose that there exists a prime period (2k + 2) solution of Eq.(l) of the form 


••• ,X-2k-l,X-2k,X-2k+l , ... ,X-i,Xo,X-2k-l,X-2k,X-2k+l > ■■■,X- 1 ,Xq, ... . 


That is Xn+i 

X-2k-l 


X N— 2 k—l JO! 


X-k-2 = 

X-k = 

X-1 = 


_ OX—2k—l 

Xl b + cA 0 ’ 
ax - k -2 

X k 1 ' 1 ) 

b + cAfc_i 

ClX—k 


ax-2k 

X - 2k = X2 = bT^Al 

_ ax-k-i 

X—k — l X k +i - ; - 

b + cA k 

ax— k 


, X-2k+l = Xs 


ax-2k+i 

b + cA 2 ' j 


ax-2 


ax-2 


Xk+2 = T — , - = 7— -2 = X 2 k = 7 ~ ", - = 7 , . -• 

b + cA k+ 1 b + cAo b + cA 2 fc-i b + cA k _ 2 

ax o ax o 


CLX — 1 UjJu — LiitV (j Ltvuo 

X2k+1 = b + cA 2k = b + cA k — 1 ’ Xo = X2k+ ' 2 = b + cA 2k+1 = b + cA k ' 


ax -1 


Then it is easy to see that 


x -2k-l (b + cA 0 ) 
X- 2 k(b + cAi) 
x- 2 k+i(b + cA 2 ) 
x~i(b + cAfc_i) 
x 0 (b + cA k ) 


ax_2k~i => X-2k-i(b + cAq - a) = 0, 
ax- 2k => x- 2 k(b + cAi - a) = 0, 
ax- 2k +i => X-2k+i(b + cA 2 -a) =0,..., 
ax- 1 => X-i(b + cA k ~i — a) = 0, 
ax o => xo(b + cA k — a) = 0. 
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Since Xj ^ 0 for all — {2k + 1) < j < 0, then Condition (9) is satisfied. 

Secondly, we suppose that (9) is true. We will prove that Eq.(l) has a prime period (2 k + 2) solution. It follows 
from Eq.(l) and Eq.(9) that 


x 1 


Xk 


X2k 


CLX—2k — l _ 

b + cAq 
ax-k-2 
b + cAk-i 
ax-2 

b + cA.2k—i 


X--2k-l, 
— X — k — 2 , 
= X-2, 


UX—2k &X—2k-\-l 

X2 = — - — = X-2k, X3 = L , _ A = X-2k+l, 


b 4 - cA\ 


b + cA^ 


dX—k—l dX—k 

Xk +1 — 1 ' — X—k— 1 , Xk -\-2 — ~ 7 ' Z — X—ki • ••, 


X2k+1 = 


b H- cAk 
ax-i 


b + cA 


2k 


= X-i, X2k+2 = 


b + cAk +1 
ax o 

b + cA2k+i 


= X 0 , 


which completes the proof. 


2.3. Boundedness and Global Stability of Solutions 

Here we examine the boundedness nature of the solutions of Eq.(l). In addition, we deal with the global stability 
of the equilibrium point x = 0. 

Theorem 2.3. Every solution of Eq.(l) is bounded. 


Proof. Let {x n }^L_ 2 k-i a solution of Eq.(l), we have to look at the following two cases 

(1) If a < b. It follows from Eq.(l) that 


Xn +1 


ax n — ( 2 fc+i) ^ cix n _ ( 2 fc+i) 

b -|- CX n —kX n _(2k-\-l) b 


— X n -(2k-\-l) • 


Then the subsequences {ai(2fc+2)n-2fc-i}^ 0 =o> {x( 2 k+ 2 ) n - 2 k}u=o, {x( 2 k+ 2 )n-i}n= 0 , {x{2k+2)n}u=o are decreas¬ 

ing and so are bounded from above by M = max|a:_ 2 fe-i,a;_ 2 fe,a;_ 2 fc+i, ...,X-i,xo, 

(2) If a > b. For the sake of contradiction, we suppose that there exists a subsequence {aq2fc+2)rt-2fc-i}^o 
and it is not bounded from above. Then we obtain from Eq.(l), for sufficiently large n, that 



oo = 


< 


lim a; (2fc+ 2)n+i = Em 

n —»oo v xi —^ 

lim 


dX(2k+2)n-{2k+\) 


n *°° b + CX(2k+2)n-kX(2k+2)n-(2k+\) 
dX(2k+2)n-(2k+l) ,. d 


CX(2k+2)n-kX(2k+2)n-(2k+l) 


= lim 


CX(2k+2)n—k 


( 10 ) 


It follows that the limit of the right hand side of (10) is bounded which is a contradiction, and so the proof of 
the theorem is complete. 

Theorem 2.4. If a < b , then every solution of Eq.(l) converges to the equilibrium point x = 0. 


Proof. It was shown in Theorem 2.1 that x = 0 is local stable and then it suffices to show that x = 0 is global 
attractor of the solutions of Eq.(l). 

We claim that each one of the subsequences {a;( 2 fe + 2 )n- 2 fe-i}~= 0 ) {£( 2 fc+ 2 )n- 2 fc}~=o> {x( 2 k+ 2 )n-i}n= 0 , {x( 2 k+ 2 )n}™= 0 

has limit equal to zero. For the sake of contradiction, suppose that there exists a subsequence {a:(2fc+2)n-2fe-i}^o 
with limit doesn’t zero. Now we see from Eq.(l) that 


fr£( 2 fc+ 2 )n+l + C.X(2k+2)n-kX(2k+2)n-(2k+l) — aa: ( 2 fc-|- 2 )n-( 2 fc+l) i 


or 

bX(2k+2)n+l 

x (2k+2)n-(2k+l) — - 

d CX (2k+2)n-\-lX (2k+2)n—k 

Now it follows from the boundedness of the solution that 

bx (OkA-2\'n4-'\ 

lim z (2fc + 2 )„-.< 2 fc+i) = Em - C + } + - < 

n ^°° n ^°° d - CX(2k+2)n+\X{2k+2)n-k 


bM 

a — cM 2 


< 0 , 


where M > 


— which is a contradiction 
c 


and this completes the proof of the theorem. 
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Numerical Examples 

For confirming the results of this section, we present some numerical examples which show the behavior of 
solutions of Eq.(l). See Figures 1, 2 and 3 below. 


plot of x(n+1)= (ax(n-(2k+1))/(b+cx(n-k)*x(n-(2k+1))) 



Figure 1: a = 3, b = 2, c = 5, k = 2, x _5 = 0.4, x _4 = 0.2, x _3 = 13, a ;_2 = 9, x_i = 7, xq = 5. 


plot of x(n+1)= (ax(n-(2k+1))/(b+cx(n-k)*x(n-(2k+1))) 



Figure 2: a = 10, b = 6, c = 2, k = 3, X -7 = 4, x-e = 7, X -5 = 2/9, X -4 = —6, X -3 = 0.5, X -2 = 2/7, 
X-i = 9, xq = — 2/6. 


661 


Asim Asiri ET AL 656-670 





J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 27 , NO. 4 , 2019 , COPYRIGHT 2019 EUDOXUS PRESS, LLC 


plot of x(n+1 )= (ax(n-(2k+1 ))/(b+cx(n-k)*x(n-(2k+1))) 



Figure 3: a = 3, b = 7, c = 9, k = 2, x -5 = 4, x -4 = 1.7, X -3 = 3, X -2 = 1.9, X-\ = 9, xq = 3. 


3. THE SOLUTIONS FORM OF SOME SPECIAL CASES OF EQ.(l) 

Our goal in this section is to find a specific form of the solutions of some special cases of Eq.(l) and give numerical 
examples in each case when the constants a, b and c are integer numbers. 


x n— (2fc+l) 


3.1. On the Difference Equation x n+ \ = - 

1 + X n —kX n _(2k+l) 

In this section we obtain the solution of the following equation 

Xn— ( 2 fc+l) 


Xn +1 — 


1 T X n —kX n _(2k+l) 


n = 0 , 1 ,..., 


( 11 ) 


where the initial values are arbitrary non zero real numbers with X- k+ iX-2k-i+i 7 ^ 1 (for i = 0,1, 2,..., k). 
Theorem 3.1. Let {x n }™ = _ 2k _ 1 be a solution of Eq.(11). Then for n = 1,2,... 


X(2k+2)n-2k-\ 
x (2k+2)n-2k+l 
x (2k+2)n—k — l 

X(2k+2)n— fc+1 
x (2k+2)n-l 


X-2k-l _ X-2 k 

7 7 i ynT •> X(2k+2)n—2k 7 i i V 

(-1 + X- k X-2k-l) (-l + X- k+1 X-2k) 

X-2k+l 

7 1 I vn 5 ***5 

1 + X-k+2X-2k+l j 


%—k —1 

7 "j \ vn i % (2k-\-2)n 

(-1 + X 0 X- k -l) 

X-k+1 ( — 1 + X-k+lX-2k) 

X-l (-1 + X-xX-k^T , 


—k X— k ( 1 T X— k X—2k—l) , 
X(2k+2)n — *To ( 1 T XqX— k — i 


Proof: For n = 1 the result holds. Now suppose that n > 1 and that our assumption holds for n — 1. That is; 

X-2k-l X-2 k 


X(2k+2)n-4k-3 

X(2k+2)n-ik-l 


(-1 + X- k X-2k-l ) 

x~ 2 k+i 
1 + X-k+2 x -2k+l) 


TITf) X{2k+2)n-ik-2 — 


(-1 + X- k+1 X-2 k) T 


n-1 ’ 


x (2k+2)n-3k-3 

x (2k+2)n-3k-l 


•E—k—1 / n . \n— 1 

7 ” . n—1 ’ •^( 2 fc+ 2 )n—3/c —2 — *£—k \ J- r %—k%—2k—l) 5 

(-1 + x 0 a;_/ s _i) 

fc+1 ( 1 T fc+l*T—2fc) , ■**, 
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X(2k+2)n-2k-3 ~ X -1 ( — 1 + x -lX-k-2) n , x ( 2 k+ 2 )n- 2 k -2 ~ x 0 (~1 + x O x -k-l) H 


Now, it follows from Eq.(ll) that 


x (2k+2)n-2k-l — 


£( 2 fc+ 2 )n-( 4 fc+ 3 ) 


-1 + x ( 2 k+ 2 )n- 3 k- 2 x { 2 k+ 2 )n-{Ak+ 3 ) 
x —2k—l 


x -2k-l 


(~1 + X- k X-2k-l) 


-l+X-k(~l+X-kX-2k-l) 


x -2k-1 


(-1 + X- k X- 2 k-l) n - 1 


(-1 + x -k x - 2 k-l) n - 
~ 1 + x -k x -2k-l 


Hence, we have 


x (2k+2)n-2k-l — 


x -2k-l 


Also, we see from Eq.(ll) that 

x (2k+2)n-k-l = 


(-1 + X- k X-2k-l) r 

x ( 2 k+ 2 )n-( 3 k+ 3 ) 


— 1 + x ( 2 k+ 2 )n- 2 k- 2 x ( 2 k+ 2 )n-( 3 k+ 3 ) 
•K—k —1 


%—k— 1 


(-1 + XpX-k-l 


.n —1 


Thus 


Similarly 


-l+X 0 (-l+X 0 X-k-l) n 1 


x (2k+2)n-k-l ~ 


x -k-1 


(-1 +x 0 x_ k _ 1 ) n ' 
%—k— 1 

(-1 + XoX-k-iY 


(-1 + a; 0 a;-fc-i) r 
1 + x 0 X- k -i 


x (2k+2)n-l — 


x ( 2 k+ 2 )n-( 2 k+ 3 ) 


-i( —l+^-i a^-fc- 2 ) 


-1 + x ( 2 k+ 2 )n-k- 2 x ( 2 k+ 2 )n-{ 2 k+ 3 ) - 1 + 


x —k— 2 


-1 + 


-1 (— 1 +X-lX-k-2) r> 


z( 


(-1 +X- l X- k - 2 )‘ 


lX-l(—l+X-lX-k — 2) rl 


— l + X-iX — k — 2 
-l+X-lX-k-2 


(-1 + X-xX-k-2) 


) = X-i (-1 + X-iX-k- 2) 71 1 (-1 + x_ia;_ fe _2) ■ 


Then, we get 

x (2k+2)n—l = X —1 ( 1 T x —l x —k — 2) ■ 

Similarly, one can obtain the other relations. Thus, the proof is completed. 
Note that the equilibrium points of Eq.(ll) are given by the equation x = 


-1 + x 2 


—y. Then we have x(x 2 — 2) = 


0. Thus Eq.(ll) has the equilibrium points 0, y/2, —\/2. 

Theorem 3.2. The following statements are true: 

(a) If X-k+i x - 2 k-i+i Y 2 ( for i — 0,1,2,..., k), then all the solutions of Eq.(ll) are unbounded. 

(b) Eq.(ll) has a periodic solutions of period (2 k + 2) iff X-k+iX- 2 k-i+i = 2 ( for i = 0,1, 2,..., k) and will 
be take the form {x- 2 k-i,X- 2 k, ■■■, x -i, x o, x - 2 k-i, x - 2 k, ...,X-i,x 0 , ■■■}■ 

Proof: (a) The proof in this case follows directly from the form of the solution as given in Theorem 3.1. 

(b) First suppose that there exists a prime period (2 k + 2) solution of Eq.(ll) of the form 


X—2k—l^ x —2kt‘“i X —1 1 x 0 1 x —2k— 1 > x —2k 1 • • •> X —1 , ^01 • •• • 
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Then we see from the form of solution of Eq.(ll) that 

X-2k-l X-2 k 


X-2k-l 

/ -i 1 \m **'- 

(-1 +X-kX- 2k -i) 

-2k / 1 , \n ? 

(-1 + X- k +\X-2k) 

X-2k+l 

X-2k+l 


(“1 + X- k +2X-2k+l) n 

1 

%—k—l 

%—k —1 

(-l+soz-fc-i)"’ X ~ k 

= X_k (“I + X_kX-2k-l) n , 

*£— fc+1 

— %—k -\-1 ( 1 k-\-l%—2k) 

5 *••5 

X-i 

= X -1 (-1 + x -1 x- k - 2 ) n , 

Xo = xo (-1 + a; 0 x_fe_i)" 


X — kX—2k—l X—k-\-lX—2k X-k-\-2X—2k+l 1 f X—kX—2k—l 

X—kX—2k—l X-k-\-\X—2k — ••• — XQX—k—1 — 2, 

or x- k+i x-2k-i+i = 2. ( for i = 0,1 , 2, k). 

Second suppose that 

X—kX—2k—l X-k-\-lX—2k X-k-\-2X—2k+l 1 T X—kX—2k—l 

X—kX—2k—l = X—k+lX—2k ••• = XQX—k—1 2. 

Then we see from Eq.(ll) that 

X(2k+2)n-2k-l = X-2k-l, X( 2 k+2)n-2k = X-2k, X (2k+2)n-2k+l = X-2k+l, ■■■, 

x (2k+2)n-k-l = X-k-1, X(2k+2)n-k = x -k, X(-2k+2)n-k+l = x -k+l, 

X(2k-\-2)n—l X—i, X( 2 k+2)n ~ Xq. 

Thus we have a period (2k + 2) solution and the proof is complete. 

In the following we give some numerical examples to confirm the obtained results for Eq.(ll). See Figures 4 
and 5 below. 


plot of x(n+1)= (x(n-(2k+1))/(-1+x(n-k)*x(n-(2k+1))) 



Figure 4: k = 2, x -5 = 2.4, X -4 = —6.2, xs = 4, x - 2 = 0.9, X-\ = 0.7, xq = 0.5. 


664 


Asim Asiri ET AL 656-670 




J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 27, NO.4, 2019, COPYRIGHT 2019 EUDOXUS PRESS, LLC 


plot of x(n+1)= (x(n-(2k+1))/(-1+x(n-k)*x(n-(2k+1))) 



Figure 5: k = 3, x _7 = 6, x_q = —7, x_$ = 4, x _4 = 1/4, x_s = 2/6, x _2 = —2/7, x_\ = 2/4, 
x 0 = 8. 


•^n—(2fc+l) 


3.2. On the Difference Equation x n+ i = 

1 — x n— k x n— (2fe+l) 

In this section we get the solution form of the difference equation 

Xn— (2fc+l) 


^ro+1 — 


Tl = 0, 1, ... 


1 %n—k%n—(2k+ 1) 

where the initial values are arbitrary non zero real numbers. 

Theorem 3.3. Let {x n }'^L_ 2 k-i b e a solution of Eq. (12). Then for n = 1,2,... 


( 12 ) 


X(2k+2)n-2k-l 


X-2k-l 


n ( 1 — 2 iX-kX- 2 k-l 

I - (9.i 


i =0 
n —1 


n— 1 


1 £lX — kJL — 2k — l \ _ T~[ ( ^ £IJL — 2k 

1 - (2 i + 1) X-kX-2k-i) ’ X(2fc+2) " _2fc X ~ 2k JA V 1 - (2* + 1) a:_fc + ia;_2fe 


1 — 2ix_/c + ix_ 


♦£(2fc+2)n—fc— 1 — %—k —1 


i=0 
n—1 


n rus 


1 - 2ia; 0 a;_fc_i 


•^(2fc+2)n—1 X—i 


(2 i + l)x 0 x- k -i 

1 - (2i + l)x-iX - k -2 
? l = ^ V 1 ~ ( 2 * + 2 ) a;_ix_ fe _2 


, X(2k+2)n-k ~ X-k XT ( 1 _ (On 


i =0 


1 - (2 i + l)x- k X- 2 k-i 


1 (2f T 2) X—kX—2k— 1 


n 


T~r / I (2i + l)xo^-/c-i 
^(2 fc+ 2)n - *0 11 ( 1 — (2z + 2) XQX-fc-i 


i=0 


Proof: For n = 1 the result holds. Now suppose that n > 1 and that our assumption holds for n — 1. That is; 

n—2 


n / 1 — 2iX-kX—2k-l 

I , _ 


t=0 

n—2 


x (2k+2)n-3k-3 — £_fc_i 


n 


-! /o • i i \ I ’ *^(2/c+2)n—4/c—2 %—2k 

1 - (2l + 1) X- k X-2k-l ) 

1 - 2iu’oa:_fe_i 


EJj \ 1 — (2z + !) a: 0 a;_fe_i 


i=0 

n—2 


n (Txfi 


1 — 2ia:_fc + ia:_ 


2 k 


, £(2fc+2)n-3fc-2 — ^-fe 


n 


1 - (2? + 1) X-k+lX-2k 
1 - (2 i + l)x-kX-2k-i 


4* V 1 - (2i + 2) X- k X- 2 k-i 


a: (2fc+2)n-3fc-l 


X(2k+2)n—2k—2 


■pq ( 1 — (2i + l)a;_fc+i£-2fc ^ 

2T_fe+1 A A V1 — (2z + 2) x-k+iX-2k J 

tt / 1 — (2z + l)xoX-k~i \ 

X0 A_A \ 1 - ( 2 z + 2 ) xoX-k-i J ' 


■■■> x (2k+2)n-2k-3 — X -1 



1 ~ (2 i + l)X-iX-k-2 \ 

1 - (2 i + 2) x-xX-k -2 J 
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Now, it follows from Eq.(12) that 


X(2k+2)n-2k-l — 


X(2k+2)n-(Ak+3) 


1 - 


X(2k+2)n-3k-2 x (2k+2)n-(Ak+3) 


n / 1 — 2iX-kX-2k-l 

ll-(2 i 


(2i + 1) X-kX-2k-l 


1 -X-k 


n 


1 - (2 i + l)x-kX-2k-i 
(2 i T 2) X — kX—2k—l 

n ( 1 — 2ix-kX-2k-i 

[ 1 - ( 2 i 


n t 


1 ‘2iX—kX—2k—l 
- (2 i + l)x- k x- 2 k-i 


1- 


= %-2k-l 


%—k%— 2 k—l 


1 (277- 2) X—kX—2k— 1 

n—2 


n 

i=0 


(2z + 1) x-kX- 2 k-i J f l~(2n-2) X- k X- 2 k-i 
1 - (2n — 2) x_ fe a:_ 2 fe-i 

1 - 2 ix-kX- 2 k-i \ ( 1 - (2n - 2)x-fcX_ 2 fc-i 
1 - (2i + 1) x_ k X- 2 k-i J V 1 - (2n - 1) x_kX- 2 k-i 


Hence, we have 


n i 1 — 2ix-kX-2k-i 
I , _ (r) ■ 


^ V 1 - (2* + 1) X- k X-2k-l J ' 


Similarly 


X(2k+2)n—k— 1 


£(2fc+2)n-(3fc+3) 


1 - 


X(2k+2)n-2k-2X(2k+2)n-(3k+3) 


tt ( 1 — 2ix$X-k-i 

V 1 - (2 i + 1) a; 0 a;_fc_i 


l-xo 


n 


%—k—l 


1 - (2 i + \)xpx-k-i 

1 (2 i -f- 2) xqx— k—i 

n ( 1 — 2ia;oa:_fe_i 

It - (2* ■ 


n 


1 - 2 ix 0 x- k -i 

1 - (2z + 1) a’ 0 a:_fc_i 


*=o 


(2i +1) a: 0 a;_fc_i 


n—2 


i - x 0 £_/c-i n 


2=0 


•K—k— 1 


2=0 


1 - 2 ix 0 x- k -i 

1 (2i 2) XQX—k—i 

1 - (2n- 2) a; 0 a;_fc-i 


Hence, we have 


rr / 1 — 2ia;oa;_fc-i 

4n V 1 “ ( 2 * + 1) a; 0 a;_fc_i 7 V1 - (2n - 1) a; 0 a;_ fc -i 7 ' 
1 - 2*a:oa;_ fc _i 


*£(2/c+2)n— k—1 — %—k— 1 


n wS 


V 1 “ (2* + 1) xoX-k-i 
Similarly, we can easily get the other relations. Thus, the proof is completed. 
Theorem 3.4. Eq.(12) has the unique equilibrium point x = 0. 

x 


1 — X 


^2 


. Then we have x A = 0. Thus the 


Proof: For the equilibrium points of Eq.(12), we can write x = 
equilibrium point of Eq.(12) is x = 0. 

The following figures show the behavior of the solutions of Eq.(12) with a fixed order and some numerical 
values of the initial values. 
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plot of x(n+1)= (x(n-(2k+1))/(1-x(n-k)*x(n-(2k+1))) 



Figure 6 : k = 4, x-g = 8 , xs = 11, X -7 = 6 , X-g = 7, X -5 = 4, X -4 = 0.2, x-g = 1.1, X-g = 0.6, 
X-i =2, x 0 = 4. 


plot of x(n+1)= (x(n-(2k+1 ))/(1 -x(n-k)*x(n-(2k+1))) 



Figure 7: k = 3, X -7 = 0.8, X -6 = 0.7, X -5 = 0.4, X -4 = 2, X -3 = 13, X-g = 6 , X-\ = 0.2, 
x 0 = 4. 

Notice: The proofs of the theorems in the following section are similar to that are presented in the previous 
sections and so they will be omitted. 


3.3. On the Difference Equation x n+ i = 


%n— (2fc+l) 


1 Xn—k%n—(2k+l) 

Here we obtain the form of the solutions of the following equation 

Xn— (2fc+l) 


^n+1 — 


1 X n —kX n — (2/c+l) 


n = 0,1,..., 


(13) 


where the initial values are arbitrary non zero real numbers with X-k+iX- 2 k-i+i 7 ^ —1 (for i = 0 , 1 , 2 ,..., k). 
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Theorem 3.5. Let {x n }^ = _ 2k _ 1 be a solution of Eq. (13). Then for n = 1,2,... 


X(2k+2)n-2k-\ 

X(2k+2)n-2k+l 

X(2k+2)n—k — l 

X (2k+2)n—k+\ 
X(2k+2)n-l 


( l) n X—2k—l _ _ ( l) n X—2k 

a . \n 5 % (2k-\-2)n—2k , \m 

+ X_kX-2k-l) (l+X_ k+1 X_ 2 k) 

(-l) n X- 2 k+l 

a . \m •••) 

+ X-fc+2^-2/c+l ) 

( 1) X—k—i / 1 \ n (-> . \n 

"7"i J \n ' %(2k+2)n—k — V x —k (1 H” k x —2k— 1J ? 

(l+X 0 X_fc_i) 

(-1)" a:_ fc+ i (1 + X- k+1 X-2k) n , •••, 


(-1)" ®-i (1 + x-ix- k - 2 ) n , a; (2 fc+ 2 )n = (-1)" xq (1 + x 0 x- k -i) n ■ 


Theorem 3.6. Eq.(13) has a unique equilibrium point which is zero. 

Theorem 3.7. Let {x n })(L_ 2fc _i be a solution of Eq.(13). Then the following statements are true: 

(1) If X-k+iX- 2 k-i+i 7^ - 2 ( for i = 0,1,2 Then {x„}^° = _ 2fc _ 1 is unbounded. 

(2) Eq.(13) has a periodic solutions of period (2k + 2) iff x- k +iX- 2 k-i+i = ~2 (for i = 0,1,2,..., fc) and will 

be take the form {x- 2 k -i,X-2k, x-i,x 0 ,x- 2 k-i,x- 2 k, ■■■,X-i,x 0 , ■■■}■ 
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Extremal solutions for a coupled system of nonlinear 
fractional differential equations with p-Laplacian 

operator * 


Ying He^ 

School of Mathematics and Statistics, Northeast Petroleum University, Daqingl63318, P.R.China. 


Abstract. This paper studies the existence of extremal solutions for nonlinear fractional dif¬ 
ferential coupled systems with p-Laplacian operator. The monotone iterative method combined 
with lower and upper solutions is applied. As an application, an example is presented to illus¬ 
trate the main result. 


Key words. Fractional differential system; p-Laplacian operator; Extremal solution; Monotone 
iterative technique; 

MR(2000) Subject Classifications: 34B15. 


1. Introduction 

In recent years, fractional differential equations have been of great interest due to the inten¬ 
sive development of the theory of fractional calculus itself and its applications. The study of 
coupled systems involving fractional-order differential equation is also very significant as such 
systems appear in a variety of problems of applied nature, especially in bioscience. For details 
and examples the reader is referred to the papers [1 — 4] and the reference therein. 

In addition, much effort has been made towards the study of the existence of solutions for 
fractional differential equations involving the p-Laplacian operator based on different fractional 
derivatives [5 — 9]. In [10], Li and Lin considered a Hadamard fractional boundary value problem 
with p-Laplacian operator as below: 

f DP(ip p (D a x(t))) = f(t,x(t)), 0 < t < e, 

| x(l) = x'(l) = x'(e) = 0,U“x(l) = D a x(e) = 0 

where 2 < a < 3, l</3< 2 ,tp p (s) = \s\ p ~ 2 s,p > 1, and / : [1, e] x [0, +oo) — > [0, +oo) 
is a positive continuous function. By using the Leray-Schauder type alternative and the Guo- 

*This work is supported by the Guiding Innovation Foundation of Northeast Petroleum University 
(No.2016YDL-02) and Fostering Foundation of Northeast Petroleum University (No.2017PYYL-08). 
tCorresponding author. E-mail adress:heying65332015@163.com; 
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Krasnoselskii fixed point theorem, the existence and the uniqueness of the positive solutions 
were established. 

To best of our knowledge, only few papers considered the method of upper and lower solutions 
for a coupled system of fractional p-Laplacian equation. Motivated by [11 — 12], in this paper, 
we use the monotone iterative technique, combined with the method of upper and lower solution 
to study the coupled system of fractional differential equations with p-Laplacian operator, which 
is given by 

f (M Da x(t))) = f(t, x(t),y(t),D a x(t),D a y(t)), t € [ 0 , 1 ], 

I DP{(j) p (D a y(t))) = g(t,y(t),x(t),D a y(t),D a x(t)), t e [ 0 , 1], , . 

| D a x(t)\ t =o = 0, t 1 ~ a x(t)\ t =o = r\, 

{ D a y(t )\ t=0 = 0, i 1 - “y(i)|t=o = r 2 , 

where J = [0,1], /, g £ C(JxR 4 , R), rq, r 2 G R and r\ < r 2 , D a , are the standard Riemann- 
Liouville fractional derivatives, satisfying 0 < cq/3 < 1, 1 < cc + /? < 2, 4> p (t) = \t\ p ~ 2 t, p > 1, is 
the p-Laplacian operator and (</> p ) _1 = (j) q , ^ | = 1. 

The rest of this paper is organized as follows. In section 2, we give some necessary definitions 
and lemmas. In section 3, the main result and proof are given. Finally, an example is presented 
to illustrate the main result. 

2. Preliminaries 

In this section, we establish some preliminary results that will be used in the next section to 
attain existence results for the nonlinear system (1.1) 

Let C[0,1] denote the Banach space of continuous functions from [0,1] into R with the norm 
IMIc = max te[o,i]\ u (t)\- Denote Ci_ a [0,1] by 

Ci_ a [0,1] = {x € C( 0,1] : t l ~ a x € C[0,1]}. 

Then, Ci_ a [0,1] is a Banach spaces with the norm ||a;||i_ a = ||f 1 ~"x(f)||c'- It is clear that 
C[0,1] := Co[0,1] C Ci_ a [0,l] with ||x||ci-a < ||x||c for 0 < a < 1 and Ci_ Q [0,1] C L[0,1] 
(note L[0,1] is the space of Lebesgue integrable functions defined on [0,1]). Denote C“[0,1] by 

C Q [0,1] = {x(t) C C[0,1] : (D a x)(t.) C C[0,1] and D a x(t)\t = 0 = 0} 


Lemma 2.1: Let 0 < (3 < 1, a 6 C[0, 1] ,M > 0 and MT( 1 — f3) < 1, then the problem 
j D , 3 u(t ) + Mu(t ) = <7 (t), 0 < t < 1, . 

I «(0) = 0, l 


has a unique solution. 

Proof. Equation (2.1) is equivalent to the following integral equation 
u(t) = J 0 ^~ s ) /3_1 ( cr ( s ) ~ Mu(s))ds, J 
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Let 


1 ft 

Au(t) = ttTjT / (t — s) B ^ 1 (cr(s) — Mu(s))ds, V t G J 
UP Jo 


r(/3) JO 

By M > 0 and MT(1 — (3) < 1, for any u, v G C[0,1], we have 

M rt 


\\Au(t) - Av(t)\\ c < 

< 

< 


m 

M 

r(i 

i i 


[ ( t-s) B 1 ds\\u-v\\c 
Jo 


U - f||c 

1 


r(/3) p r(i - p) 

sin UP 


\u-v\\ c 


up 

< \\u-v\\c 


u - v lie 


So 


||Au — Av ||e < ||u — f ||e- 

By the Banach fixed point theorem, the operator A has a unique fixed point. That is (2.1) has 
a unique solution. 


Lemma 2.2: Let 0 < a < 1, h E Ci_ a [0,1], then the problem 

*€( 0 , 1 ], 


D a x(t) = h(t), 
t l - a x(t)\ t =Q = r 


( 2 . 2 ) 


has a unique solution 


x(t) = j (t ~ s)° 1 h(s)ds + 


rt 


a—1 


r(a) Jo 

Proof. The conclusion is obvious, so we omit it. 

Lemma 2.3: Assume that 0 < a,P < 1, x(t),y(t) E C a [ 0,1], a\,a -2 G C[0,1], M , N be 
nonnegative constants, satisfying M > N and (M+A r )T(l —/3) < 1, then the following fractional 
differential system 

D B (p p (D a x(t))) = ai(t) - Mp p (D a x(t )) - Np p (D a y(t)), 

{4> P {D° l y(t))) = <72 (t) - M<J> p (D a y(t)) - Np p (D a x(t )) 

D a x{t)\ t =o = 0, t 1 ~ a x(t)\ t =o = n, 

D a y(t)\t=o = 0, t l ~ a y(t)\ t =o = r 2 , 

has a unique solution in C a [ 0,1] x C° [0, 1], 

Proof. Let 

= hM a „ d * (DVt) , _ LAiUP, v t g [o, 1], 


(2.3) 


Using (2.3), we have that 

f D B u(t) = (J 1 (f ) + £72(t) - (M + N)u(t ) 

1 «(i)lt=o = 0p(L ) "ai(f))|i = o + 0p(-O"y(i))k=o = 0, 


(2.4) 
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and 

D^v(t) = u\ (f) — <72 (i) — (M — N)v(t) 
v(t)\ t =o = ^p(D a x(t))\t=o - <l>p(D a y(t))\t = o = 0, 

Since, M, N are nonnegative constants, and M > N, we have 

(M - JV)T(1 - 0) < (M + JV)T(1 - p) < 1. 

In view of x(t),y(t) G C“[0,1], we have D a x(t), D a y(t) G C[0,1]. By (2.6) and Lemma 2.1, we 
know that (2.4) and (2.5) have a unique solution. In consequence, c p p (D a x(t )) and cj) p (D a y(t )) 
are also unique. That is 


(2.5) 

( 2 . 6 ) 


( t> p {D a x(t )) = wi(f) G C[0,1], <f> p (D a y(t)) = u 2 {t) G C[0,1], 


then, 


H Q a:(t) = ^g(wi(t)), £>"y(t) = <f) q {u 2 (t)), 

In view of the initial condition t 1 ~ a x(t)\t-o = ?T, t 1 ~ a y{t)\t=o = r 2 , we obtain 


f D a x{t) = t G [0, 1] 

I ^“y(f) = <t>q(0J2{t)), t G [0, 1] 

| t l - a x{t)\t=o = ri, 

{ t 1 ~ a y(t)\t=o = r 2 , 


Let 


Using (2.7), we have 


and 


x(t) = P«) + < l(t) and S(() = PW-<!«). 


H>(f) = <j>q(ui(t)) + <j) q (uj 2 (t)), t G (0, 1] 

t 1_Q p(t)|t =0 = n + r 2 , 

(2.8) 

D a q(t) = c/)q(uJi(t)) - (j) q (u 2 (t)), t G (0,1] 

t 1 ~ a q(t)\t=o =ri- r 2 , 

(2.9) 


By Lemma 2.2, we know that both (2.8) and (2.9) have a unique solution in C a [ 0,1]. Hence, x 
and y are unique too. 


Lemma 2.4: Let 0 < /3 < 1, M be nonnegative constant and w G C[0, 1] satisfies 

f D@w(t) + Mw(t ) >0, 0 < t < 1, 

\ w(0) > 0 , 

then, w(t) >0, V t G [0,1]. 

Proof. We assume that w(t) > 0 is not true. Then there exist t* , t* G (0,1] such that 
w(t*) = 0, w(t*) < 0 and w(t) > 0, V t G (0,U), w(t) < 0, V t G (t*, t*). Since M > 0, we 
have D^w(t) >0, V f G (i*,i*). This together with D l 3 w(t) = implies I l ~ , 3 w{t) is 

nondecreasing on (t *, t *). 
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Hence, for any t G (t*,f*), we get 

I'-Pwit) - I l ~Pw(t*) > 0. 

On the other hand 

= — ' J (t- s)~ l3 w(s)ds - r l _ J (t* - s y l3 w(s)ds 


r(l-/3) Jo 

^5) L ^ ~~ S ' )_/3 ~~ ~~ s ) _/ V( s ) da + ^ J tt (t - s)~Pw(s)ds 

V t g (■£*,t*), 

which is a contradiction. Thus the conclusion of Lemma 2.4 holds. 


T(l-/3) 

< 0, 


Lemma 2.5: If x(t) G Ci_ a [0, 1] satisfies 


D a x(t) >0, t G (0,1], 

f 1 ~ a x(t)|f =0 > 0, 


( 2 . 10 ) 


then x(f) > 0, for t G (0,1]. 

Proof. By Lemma 2.2, we know that problem (2.10) has a unique solution 

x(f) = —[ (t - s) a ~ l h(s)ds + ?’f c 
I (a) to 


j.O!— 1 


Let h(t) > 0 and r > 0, then we obtain (2.10) and the conclusion of lemma 2.5. 

Lemma 2.6: Let M,N be nonnegative constants, and M > TV. If u,v G C[0,1] satisfy the 
inequalities 

D^u{t) > —Mu(t ) + Nv(t), t G [0,1] 

D^v{t) > —Mv(t ) + Nu(t), t G [0,1] 

«(*)|t=o > 0, 
u(f)|t=o > 0 

then tt(f) > 0, u(t) >0, V t G [0,1]. 

Proof. Let p(f) = u(i) + v(t), V f G [0,1]. Then by (2.11), we have 


j DPp(t) >-(M- N)p(t), t G [0,1] 

\ P(t)\t=0 > 0 

Thus, by (2.12) and Lemma 2.4, we have that 

pit) >0, V t G [0,1] i.e. u(t ) + v(t) >0, V t G [0,1]. 

Next, we show that u(t) > 0, v(t) >0, V t G [0,1]. 

Using (2.11) and (2.13), we find that 


D^u(t) > —(M + N)u(t), 
u(t)\ t =o > 0 


t G [0,1] 


( 2 . 11 ) 


( 2 . 12 ) 


(2.13) 


(2.14) 
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which, in view of (2.14) and Lemma 2.4, yield u(t ) >0, V t £ [0,1]. In a similar manner, it can 
be shown that v(t) >0, V t £ [0,1]. 


3. Main Results 

In this section, we prove the existence of extremal solutions of nonlinear system (1.1). For 
convenience, we list the following conditions: 

(Hi): There exist xo,yo £ C' Q [0,1] and xq( t) < yo(t) such that 

( D 0 ((j) p (D o ‘xo(t ))) < f(t,x 0 (t),yo(t),D a xo(t),D a y 0 (t)), t £ [0,1], 

I D a x 0 (t)\ t =o = 0, t 1 ~ a x(t)\ t =o <ri, 

| D' 8 (<j> P (D a yo(t))) > g(t,yo(t),x 0 (t),D a y 0 (t),D a x 0 (t)), t£ [0,1], 

[ D a y 0 (t)\t=o = 0, t 1_ “l/o(t)|i=o > r 2 , 

(H- 2 ): There exist nonnegative constant M, N satisfying M > N and (M + iV)T(l — f3) < 1, 
such that 


f(t, x(t), y(t), D a x(t), D a y(t )) - f(t, x(t),y(t), D a x(t), D a y(t)) 

< M[4> p (D a x(t)) - 4> p (D a W))] + N[cf> p (D a y(t)) - <j> p (D°W))\ 
g(t , x(t), y(t ), D a x(t), D a y(t )) - g(t, x(t),y(t), D a x(t),D a y(t)) 

< M[4> p (D a x(t)) - M Da ^))} + N[ct> p (D a y(t)) - 4> p (D a y(t))] 

where xq( t) <x<x< yo(t), xq( t) < y <y < yo(t), and 

f(t, x(t),y(t),D a x(t), D a y(t )) - g(t, y(t),x(t), D a y(t), D a x(t)) 

< M[4> p (D a y(t)) - ct> p (D a x(t ))] + N[c/> p (D a x(t)) - 4> p (D a y(t))\ 


with x 0 (t) < x < y < y 0 (t). 

Theorem 3.1:Suppose that conditions (H i) and (H 2 ) hold. Then there is (x*,y*) £ [ xq , yo] x 
[•TOiJ/o] & n extremal solution of the nonlinear problem (1.1). Moreover there exist monotone 
iterative sequences {.x n }, {y n } C C a such that x n —> x*,y n —>• y*(n -£■ oo) uniformly on t £ (0,1], 
and 

xo < xi < ■ ■ ■ < x n < ■ ■ ■ < x* < y* < ■ ■ ■ < y n < ■ ■ ■ < yi < y 0 , 

moreover, we have 


D a x o < D a x i < ■ ■ ■ < D a x n <■■■< D a x* < D a y* <■■■< D Q y n <■■■< D a y i < D a y 0 . 


where 

ko,yo] = {x £ C a [ 0,1] : x 0 (t) < x(t) < y 0 (t),t £ [0,1]} 

Proof. For any x n -\,y n -i £ C a [ 0,1], n > 1, we define 

j <rl(t) = f(t,x n -i(t),y n - 1 (t),D a x n - 1 (t),D a y n _i(t)) + Mc/) p (D a x n -i(t)) + Ncj) p (D a y n _i(t)), 
\ (Jn(t) = g(t, yn-i(t), x n -i(t), D a y n -i(t), D a x n -i(t)) + M(j)p(D a y n -i(t)) + N^ p (D a x n -i(t)), 
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and consider (2.3) as follows 

f D l3 (cj)p(D a x n (t))) = a} 2 (t) - M4> p (D a x n (t )) - Ncj) p (D a y n (t )) t G (0,1], 

I ((j)p(D°‘y n (t))) = a 2 n (t ) - M(t> p (D<*y n (t )) - N<j> p (D a x n (t )) t G (0,1],, 

| L> Q x n (i)| t=0 = 0, i 1_a x n (i)|t =0 = n, 

[ -D a yn(i)|t=o = 0, i 1- “2/n(Olt=o = T 2 . 

In view of Lemma 2.3, the problem (3.1) has a unique solution in C' a [0,1] X C ,Q [0,1], 

Now, we show that (x n (i)}, {y n (t)} satisfy the relation 

X n -1 < X n <Vn< Vn- i,and D a x n - 1 < D a x n < D a y n < D a y n -i, n = 1,2,... (3.2) 


Let u(t) = (j> p (D a xi(t)) - (j) p (D a xo(t)), v(t) = 4> p (D a y 0 (t )) - 4> p (D a yi(t)). 

Thus, by condition (3.1) and (Hi), we have 

{ D^u(t) > —Mu(t ) + Nv(t ), 

D@v(t) > —Mv(t) + Nu(t ), 

«(i)|t=o = </>p(L)“a:i(t))|t = o - (/> P (D a x 0 (t))\t=o = 0, 
v(t)\ t= o = (/>p(D a y 0 {t))\t=o - 4> P {D a yi(t))\ t=0 = 0. 

Thus, in view of Lemma 2.6, we have that cj) p (D a xi(t )) > 4> p (D a xo(t.)), 4> p (D a yo(t )) > 
4> p (D a yi(t)), V t G [0,1]. Since <h p (x) is nondecreasing, we have H a xi(f) > H Q a:o(t), D a yo(t.) > 
D a yi(t), Vi G [0,1]. 

Let e(t) = xi(i) — xo(t), 0(i) = yo(i) — yi(i). It follows from (3.1) and (Hi), we have 


D a e(t) > 0, tG [0,1], 

i 1_Q e(i)|t=o > 0, 


(3.3) 


and 

D a 6(t)> 0, tG [0,1], 

i 1 -^)^ > 0, 

By Lemma 2.5, we have xi(t) > xo(t), yo(t) > yi(t), V t G [0,1]. 

Now we put u;(i) = c f) p (D a yi(t )) — cj) p (D a xi(t)). Applying (3.1) and (iLi), we obtain 


lAu(f) = (<j> p (D a yi(t))) (<f) p (D a x\(t))) 

= g{t,yo(t),x 0 (t),D a y 0 (t),D a x 0 (t)) + Mc/) p (D a y 0 (t)) + Nc/) p (D a x 0 (t)) - Mcj) p (D a y 1 (t )) 

- N(f> p (D a x 1 (t )) - f(t,x 0 (t),yo(t),D a x 0 (t),D a y 0 (t)) - Mcj) p (D a x 0 (t)) - N<j) p (D a y 0 (t)) 
+M<f> p (D a xi(t)) + Ncf> p (D a yi(t)) 

> -M[^ p (D a y 0 (t)) - ct> p (D a x 0 (t))\ - N[(f> p (D a xo(t)) - ct> p (D a y Q (t))} + M(f> p (D a y 0 (t)) 
+N(f> p (D a xo(t)) - Mcj) p (D a yi (i)) - JV<), p (Z} a xi(f)) - M(j> p (D a x 0 (t )) - N4> p (D a y 0 (t)) 
+M<t> p (D a xi(t )) + N(j) p (D a yi(t)) 

= -(M-N)w(t). 


Also, u;(i)|t=o = </> p (D a yi(i))|t=o — (/> p (L ,Q a:i(i))|t = o = 0. In view of Lemma 2.4, we have 
that w(t) >0, V t G J. Thus we have the relation cj) p (D a xi(t)) < cj) p (D a yi(t)). That is 
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D a x\(t) < D a yi(t), since 3> p (x) is nondecreasing. Therefore D a xo(t ) < D a x\(t ) < D a yi(t) < 
D a yo(t), V t G J holds. 

Let 5(t) = yi(t) — x\(t). It follows from (3.1) that 
J D a 5(t) = D a yi(t) - D a x\(t) > 0, 

\ t 1 ~ a 5(t)\ t =o = t 1 ~ a yi(t)\ t =o - t 1 ~ a x 1 (t)\ t =o = r 2 - n > 0. 

By Lemma 2.5, we obtain yi(t) > x\(t), V 1 6 (0,1]. Hence, we have the relation xo(t) < 
x\(t) < yi(t) < y 0 (t). 

Now we assume that 

x k _, <x k < y k < y k _ lt and D a x k _ 1 < D a x k < D a y k < D a y k _ 1 , for some k > 1. 
we will prove that (3.2) is also true for k + 1. Set 


u{t) = cj) p {D Q x k+1 (t))-<j) p {D a x k (t)), v(t) = cj) p (D a y k (t))-(j) p (D a y k+1 {t)), w(t ) = (j) p {D a y k+1 (t))- 

e (*) = ®fc+i(*)-*fc(*)> #(*) = y k {t)-y k+ 1(*)> = i/fc+i(*)-**+!W 

By (H 2 ) and (3.1), we have that 


{ L>M^) > ~Mu(t) + Nv(t), 

D^v(t) > —Mv(t ) + Nu(t), 
u(t)\ t =o = 0, 
u(f)|t =0 = 0, 

/ L> a e(t) > 0, 

\ t 1 ~ a e(t)\t=o > 0 , 

f D a 6(t) > 0, 

\ t l ~ a 9(t) |t =0 >0, 

and 

j D0 W (t) > -(M - N)w(t), 

[ w(t)\ t=0 = 0, 

j D a 5(t) > 0, 

{ t 1 -^) U= 0 > 0. 

In view of Lemma 2.4, 2.5 and 2.6, we obtain 

x k < x k+1 < y k+1 < y k and D a x k < D a x k+1 < D a y k+1 < D a y k , V t G [0,1] 


From the above, by induction, it is not difficult to prove that 


xo < xi < ■ ■ ■ < x n < ■ ■ ■ < y n < ■ ■ ■ < yi < yo- 


and 

D a x 0 < D a x 1 < ■ ■ ■ < D a x n <■■■< D a y n <■■■< D a Vl < D Q y 0 . 
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Applying the standard arguments, it is easy to show {x n } and {y n } are uniformly bounded 
and equi-continuous in [to,2/o]- By Arzela-Ascoli theorem, we have 

lim x n (t) = x*(t), lim y n (t ) = x*(t), V t E [0,1] 

n—>oo n—> oo 

and 

lim D a x n (t ) = D a x*(t), lim D a y n (t.) = D a x*(t), V i € [0,1] 

n—>oo n—>■ oo 

and the limit function x* and y* satisfy (1.1). Moreover, x*,y* E [to,2/o]- Taking the limits 
n oo in (3.1), we hnd that (x*,y*) is a solution of problem (1.1) in [to,2/o] x [to,2/o]- 

Finally, we show that (x*,y*) is an extremal solution of the system (1.1). Assume that 
(. x,y ) E [.T 0 , yo] x [to,2/o] Is any solution for the problem (1.1), that is 

( D?(<j) p {D a x(t))) = f(t, x(t),y(t), D a x(t),D a y(t)), 

I D a x(t)\ t =o = 0, t 1 ~ a x(t)\ t =o = ri, 

| DP(ct) p (D a y(t ))) = g(t, y(t),x(t), D a y(t), D a x(t)), 

{ D a y(t)\ t =o = 0, t l ~ a y(t )| t=0 = r 2 , 

Applying (3.1), (3.5), (i7 2 ), Lemma 2.5 and 2.6, we have 

T n < T, y < iIn, D a x n < D a x, D a y < D a y n , n = 1,2,... (3.6) 

Taking the limit n — > oo in (3.6), we have x* < x, y < y* ■ The proof is complete. 


t€ [ 0 , 1 ], 
t€ [ 0 , 1 ], 


( 3 . 5 ) 


Example: Consider the following problem 


D 3 (MDzx(t))) = firn 1 _^ T 3 (t)[£> 2 T(t )]3 - y 3 (t)\D 1 2 y(t) - ^dt ^ 3 


er(i-|) 

l 


r( |) 


D3(MDh(t))) = ^-(i 1 3, ?/ : '(0[/Ti//(/)].‘ - T 3 (t)[L)2x(t) - 


2T(|) + 11 3 

til 


t€ ( 0 , 1 ], 
te ( 0 , 1 ], 


( 3 . 7 ) 


D 2 X (t)\t=o = 0 , t 1 2 x(t)|t =0 = 0 , 

l Dh y (t )| t=0 = 0, t 1_ ^2/(*)U=o = 0, 


where a = i, /3 = l, p = 4 and 


f(t,x(t),y(t),D*x(t),D 2 y(t)) = [Dlx]l - y 3 D^y - 


g{t,y(t),x(t),D 2 y(t),D 2 X (t)) = 


6 r(i-|) 


2/3 [Dzy] 3 — x 3 


D 2 x — 


^a)A ] 3 

3 


2r( l>» 


r(f) 


Take to (t) = \t *, y^i) = 2 t*, then Dzxo(t) = ^T(|)f, D 2 y 0 (t ) = i 4 ■ It is not difficult to 
show that (.Hi) holds. 

Since the function yfx + t 3 is monotone increasing for x E H, we obtain 


f(t,x(t),y(t),D 2 X (t),D 2 y(t)) - f(t,x(t),y(t), D 2 X (t), D 2 y(t)) 


6T(1 - | 


(T(t)) 3 [L»2T(t)]3 — (y{t )) 3 D*y(t)~ 


2 r (I)A l 3 

r<§) 


6T(1 - | 


2 T3(t)[D2T(t)]3 


+ y (t) D 2 y(t) - 


2 nl). ii 3 

r(l) 
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< Rrn 1 _ 2 \ xft[(D3x(t))* ~ (D5 X (t)) 3 ] 

sr(i 3) 

< SvTZ 2> ^2|(»U(t)) 3 - (057(*)) 3 | 

sr(i 3) 

= - $4 (D^W))} 

sr(i 3) 


where x 0 (t) < x(t) < x(t) < y 0 (t ), and x 0 (t) < y{t) < y(t ) < y 0 (t). 

Note M = , N = 0 and 

^ 3 ) 

(M + N)T(1 “ |) = ^ < 1 > 

thus the condition (H 2 ) holds. Therefore, there exist monotone iterative sequence {x n } and 
{ y n }, which converge uniformly to solutions of fractional problem (3.7) in [x'o, yo] by Theorem 
3.1. 
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Abstract 

In this paper, the authors investigate the growth and zeros of the solutions and the coef¬ 
ficients of higher order linear differential equations with entire coefficients of [p, q] — ip order, 
where p , q are positive integers and satisfy p > q > 1. The theorems that we obtain extend 
and improve many previous results. 

Key words: linear differential equations; entire functions; [ p , q] — p order; 
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1. Introduction and Results 

In this paper, we shall assume that readers are familiar with the fundamental results and 
the standard notations of the Nevanlinna’s theory of meromorphic functions and the theory 
of complex linear differential equations (e.g. [9,14]). The theory of complex linear differential 
equations has been developed since 1960s. Many authors have investigated the complex linear 
differential equations 

f {k \z) + A k ^{z)f^ k - l \z) + • • • + A 0 (z)f(z) = 0 (1.1) 

and 

f (k \z) + A^WfV'-Viz) + • • • + A 0 (z)f(z) = F{z) (1.2) 

and achieved many valuable results when the coefficients Aq(z),--- , A k -i(z), F(z)(k > 2) in 
(1.1) and (1.2) are entire functions of finite order or finite iterate order (e.g. [1-2, 4-7, 13, 14]). 
In 2010, J. Tu and his co-authors investigated the complex oscillation properties of solutions of 
(1.1) and (1.2) when the coefficients in (1.1) or (1.2) are entire functions of [p,q\— order (see [21]). 
In the following, we introduce some notations about [p, q]— order, where p, q are positive integers 

‘Corresponding author E-mail adress:tujin2008@sina.com 

'This project is supported by the National Natural Science Foundation of China (Grant No.41472130, 11561031), 
the Natural Science Foundation of Jiangxi Province in China (Grant No.20161BAB201020, 20132BAB211002) and 
the Foundation of Education Bureau of Jiangxi Province in China (GJJ151331,GJJ14272). 
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and satisfy p > q > 1. For r € (0, Too), we define exp 1 r = e r and exp i+1 r = exp(exp, : r ), i € N 
and for all sufficiently large r, we define log x r = log r and log i+1 r = log(logj r), i G N. Especially, 
we have exp 0 r = r = log 0 r and exp_ x r = log 1 r. Secondly, we denote the linear measure and 
the logarithmic measure of a set E C (1, +oo) by rriE = f E dt and miE = f E '-f- 


Definition 1.1. ([12,15,16]) If f(z ) is a meromorphic function, the [p, q]-order of f(z ) is defined 


by 


<W/) = A™ 


log pT(r,f) 
log r 


especially if f(z) is an entire function, the [p, g]-order of f(z) is defined by 


<W/) = A™ 


log pT(r,f) 
logo r 


= lim 

r—>-oo 


logp +1 M(rJ) 
log„ r 


(1.3) 


(1.4) 


Definition 1.2. ([15,16]) The [p, q ]-exponent of convergence of the (distinct) zero-sequence of 
f(z) are respectively defined by 


V<?](/) = A 1 


A b,g](/) = A 1 


log p n(r, j) 
log q r 

log p n(r, j) 
logo r 


log p N(r,j) 

= bm 

r->oo logg r 

(1.5) 

log p N(r,j) 

= Inn---—. 

r-y oo log r 

(1.6) 


In recent years, many authors investigated the equations (1.1) and (1.2) with entire coefficients 
or meromorphic coefficients of [p,q\— order (e.g. [3, 11, 15, 16]) and obtain the following results. 


Theorem A. ([15]) Let Aj(z) (j = 0,1,*- ■ , k — 1) be entire functions satisfying max{cr[p (? ](Aj)| 
j / 0} < <T[p j(? ](Ao) < oo. Then every nontrivial solution f(z) of (1.1) satisfies <7[ p+lig i(/) = 

Ao)- 

Theorem B. ([15]) Let F(z) ^ 0 ,Aj(z) (j = 0,1, • • • , k — 1) be entire functions satisfying 
max{<r(Aj),<7[p + i i? ] (F)\j = 1, • • • ,k - 1} < o^ q] (A 0 ). Then every solution f(z) of (1.2) 
satisfies 

A b+i,<j](/) _ -^[p+1,1}](/) ~ o '[p+i' < ?] A) cr [P' < ?i Ao)i 

with at most one exceptional solution /o satisfying cr[ p+1(J ] (/o) < ct[ p ,j](Ao). 

Theorem C. ([15]) Let F(z) ^ 0, Aj(z)(j = 0, • • • , k — 1) be entire functions, and let f(z) 
be a solution of (1.2) satisfying m.ax.{a^ pq \{Aj),a^ pq \{F)\j = 0,1,--- ,k- 1} < cr[ p , g ](/)- Then 

^■\p,q\(f) = A [p,i}](/) = (T [p><?] (/)• 


On the basic of Definitions 1.1 and 1.2, some researchers introduce the notations of [p, q}—(p(r) 
order of entire functions or analytic functions in [17, 18, 19], where p, q are positive integers and 
satisfy p > q > 1. 
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Definition 1.3. ([17,18]) Let <p : [0, +oo) —>• (0, +oo) be a non-decreasing unbounded continu¬ 
ous function, the [p, q] — ip(r) order and \p,q] — <p(r) lower order of an entire function f(z) are 
respectively defined by 


, t ^ -^log p T{r,f) 
= log,y(r) : 


M[p,q](/,^) = lim 


log pTjrJ) 
log q <p(r) 


(1.7) 


Similar with Definition 1.3, we can also define [p, q] — p(r) exponent of convergence of (dis¬ 
tinct) zero-sequence of an entire function f(z). 


Definition 1.4. ([17]) The [p, q] — <p(r) exponent of convergence of (distinct) zero-sequence of 
an entire function f(z) are respectively defined by 


V<?](/,^)= lim 


log p n(r, j) 
log <p(r) 


V<?](/’^) = lim 


log p n{r, j) 
log <p(r) 


( 1 . 8 ) 


Remark 1.5. If <p(r) = r, the Definitions 1.1-1.2 are special cases of Definitions 1.3-1.4. 

In order to get similar results with Theorems A — C by replacing [p, q]— order with [p, q] — p(r) 
order, we suppose that <p(r) has the following properties without special instructions: 


Proposition 1.6. Suppose that p(r) : [0,+oo) —>• (0,+oo) is a non-decreasing unbounded 
continuous function and satisfies (i) lim = 0 , (ii) lim = 1 for some a > 1 . 

r—> oo 10 §<? \ r ) r—>■ oo 10 §<? 

Proposition 1.7. ([17]) If <p(r) satisfies the above two conditions (i) — (ii) in Proposition 1.6: 
(i) then for any entire function f(z), we have 


,, v 1 ^log p T(r,/) log +1 M(r,/) 

(/. <^) = I™ —-w— = hm —-- — -; 

1 J r ->oo log g p(r) r ->oo logg <p(r) 

^ , ,. l°gp T(r, f) log +1 M(r,f) 

= Jim.-:-=ilTL—I-TT— 

^ J r— >oo logg <p(r) r—>oo iogg <p(rj 

(ii) then for any meromorphic function f(z), we have 


A[p,g](/,<P) = lim 


A b>, 9 ] (/>¥>) = lim 


logp n(r, j) 

logg <p(r) 

log p n(r, j) 

logg <p(r) 


lim 

r—> oo 


lim 

r—» oo 


log p IV(r, -!)_ 

logg<p(r) 

logp!V(r,)) 

logg<p(r) 


In this paper, we investigate the growth and zeros of solutions of (1.1) and (1.2) with entire 
coefficients of [p, q] — p(r) order and obtain the following results. 
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Theorem 1.8. Let Aj(z) (j = 0,1, • • • ,k — 1) be entire functions satisfying max{<7rp (; i (Aj, <p)\j = 

1, 2, • • • , k — 1} < a [ Pj(? ] (Ao, ip) < oo. Then every solution f(z ) ^ 0 of (1.1) satisfies (/, p) = 

&[p,q] (A), P)- 

Theorem 1.9. Let F(z) ^ 0, Aj(z)(j = 0, • • • , k — 1) be entire functions, and let f(z ) be a 
solution of (1.2) satisfying max-fa^] (Aj, ip), cr\p, q ](F , <p)|j = 0,1, • • • , k - 1} < cr\p, q ](f, <p). Then 

^\p,q\ (f iP) (/> +)• 

Theorem 1.10. Let +( 2 :) ^ 0, Ylj(z) (j = 0,1, • • • , k — 1) be entire functions satisfying 
max{(7[p )? ] (Aj , <p ), <J\p + i, q ]{F,p)\j = 1, • • • ,k - 1} < (T^{A Q ,p). Then every solution f(z ) of 
(1.2) satisfies 

\p+i, q ](fi P) ^\p+i, q ](fi P) < ^\p+i, q \ifi P) ^{p.q }(An P)i 

with at most one exceptional solution /o satisfying 01p+i,q](/o) p) < cr \p, q ]{Ao,<p'). 

Remark 1.11. The above Theorems 1.8-1.10 generalize and extend Theorems A-C and some 
previous results. 

2. Preliminary Lemmas 


Lemma 2.1. ([10,14]) Let f(z) be a transcendental entire function, and let z be a point with 
\z\ = r at which |/(^)| = M(r, /). Then for all \z\ = r outside a set E\ of r of finite logarithmic 
measure, we have 


~1W 



(l + o(l)) 


{j e N), 


where Vf(r) is the central index of f(z), E\ c (1, +oo) is a set of r of finite logarithmic measure 
or finite linear measure in this paper, not necessarily the same at each occurrence. 


Lemma 2.2. ([7,14]) Let g : [0, +oo) — > R and h : [0, +oo) — > R be monotone increasing 
functions such that g{r) < h{r) outside of an exceptional set E\ c [l,+oo) of hnite logarithmic 
measure or finite linear measure. Then for any d > 1, there exists tq > 0 such that g(r) < h(dr ) 
for all r > tq. 


Lemma 2.3.([17]) Let f(z) be an entire function satisfying aw , q ](/, <p) 
Then 


lim 

r—> oo 


log pVf(r) 
log q <p(r) 


= o-i, 


lim 

r—> oo 


log P v f(r) 

log q <p{r) 


= Hi- 


o"i and H\p,q](f, <P) = Mi- 


Lemma 2.4. Let f(z) be an entire function of \p,q] — p(r) order satisfying (/, p) = a 2 , 

where p(r) only satisfies lim 1 ? gg = \ for some a > 1. Then there exists a set E 2 C (1, +oo) 

r—>-oo 10 §<? l P\ r ) 

having infinite logarithmic measure such that for all r G E 2 , we have 


lim 

r—» 00 


log pT(r,f) 
log q <p(r) 


&2 (r G E 2 ). 
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Proof. By Definition 1.3, there exists an increasing sequence {r'n}^Li tending to oo satisfying 
(1 + 2 )r n < r n+ 1 and 

log T(r n J) 

lim -j- 7 —i— = ^wh/, <p) = <?2, 

n—>oo log Q <p(r n ) 


there exists an n i(G N) such that for n > n\ and for any r € _E 2 = [r n , (1 + -)r n ], we have 


log p T(r n ,f) log T(r,f) 


< 


log„<p((l + }-)r n ) log q <p(r) 


By (2.1), for all r € E 2 , we have 


log p T(r n ,f) 


op V n, j j .. log q l f( r n) 

lim ——^- 7 —— • lim 


< lim lOS ” T{rJ) 


fwoo log q y(r n ) n=>oo log q cp((l + -)r n ) r—foo log q <p(r) 
By (2.12) and lim = 1 (a > 1), for all r € E 2 , we have 

r—> OO 10 §<? r \ r ) 


lim ° p 


log pT(r,f) 
log, <p(r) 


> G 2. 


On the other hand, by Definition 1.3, for all r € E 2 , we have 


log p T(r,f) 


lim -r 2 - -xx 

r ->00 log g (p(r) 

By (2.3) and (2.4), for any r € it 2 , we have 


< cr 2 . 


lim ° p 


log pT(r,f) 
log ip(r) 


= <72- 


where m ,£ 2 = E£L ni f = E n= ni M 1 + £) = °°- 

By Lemma 2.4, it is easy to obtain the following Lemma 2.5. 

Lemma 2.5. Let fi(z), / 2 (z) be entire functions of \p,q] — <p{r) order satisfying cru^i (/1 , ip) > 
a [p, q ] (/ 2 )- Then there exists a set E 3 C (1, + 00 ) having infinite logarithmic measure such that for 
all r € £ 3 , we have 

5“ TTEl = 0 ( r G 

r^oo T(r, / 1 ) 


( 2 . 1 ) 


( 2 . 2 ) 


(2.3) 


(2.4) 


Lemma 2.6. ([ 8 ]) Let f(z ) be a transcendental meromorphic function, and let j3 > 1 be a given 
constant, for any given e > 0, there exist a set E\ c (1, + 00 ) that has finite logarithmic measure 
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and a constant B > 0 that depends only on (3 and (i,j) ( i,j are integers with 0 < i < j) such 
that for all \z\ = r (f: [0,1] U E\, we have 


f u) (z) 

< B 

f®(z) 



(log^ r) log T (/ 3r , /) 


7-* 


3. Proofs of Theorems 1.8 - 1.10 


Proof of Theorem 1.8. We divide the proof into two parts. 

(i) Set a [p,g| (An +) = & 3 , first, we prove that every solution of ( 1 . 1 ) satisfies (/, ip) < <t 3 . 

It is easy to know that equation (1.1) has no polynomial solutions under the assumptions. If f(z) 
is a transcendental solution of ( 1 . 1 ), by ( 1 . 1 ), we get 




m 


< |A-i| 




m 


+ • • • + | A 


f {s \; 


m 


+ --- + IAI- 


(3.1) 


Since ma x {' j [m](A> ip)\j = 0 , 1 , ■ ■ ■ , k — 1 } < < 73 , for any given e > 0 and for sufficiently large r, 
we have 

\Aj(z)\<exp p+ 1 {(a 3 + £)\og q cp(r)} (j = 0, 1 , • • • , k - 1 ). (3.2) 

By Lemma 2.1, there exists a set E\ c (1, + 00 ) having finite logarithmic measure such that for 
all z satisfying \z\ = r 0 [0,1] U E\ and \ f(z)\ = M(r, /), we have 


m 


Vf(r) 


(l + o(l)) (j = !,••■ ,k- 1). 


By (3.1)-(3.3), for all z satisfying \z\ = r 0 [0,1] U E\ and \f(z)\ = M(r, /), we get 


v f (r) 


(l + o(l)) < k exp p+1 {(cr 3 + e) log ? <^(r)} 


v f (r) 


(l + o(l)), 


by (3.4) and Lemma 2.2, there exists some a\ (1 < aq < a) and r > ro, we have 

v f (r) < kair exp p+1 {(a 3 + e) log q p(cnr)}. 

By Lemma 2.3 and the Proposition 1.6, we have (/, ip) < <r 3 . 

(ii) On the other hand, if / ^ 0, (1.1) can be written 


(3.3) 


(3.4) 


(3.5) 


-A 0 = f EM + ... + Al EE> + ... + Ai m. 

f{ z ) fi z ) f( z ) 


By (3.6), we get 


fc-l k / 

m(r, A) + ^2 m(r, Aj) + m r, 

“ 3=1 \ 


2—1 


122 

f 


+ log k. 


(3.6) 


(3.7) 
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Since rnax{ (Aj , tp) \j = 1,2, ■ ■ ■ , k — 1} < <73 and by Lemma 2.5, there exists a set Ei C 
(1, + 00 ) with infinite logarithmic measure such that for all z satisfying \z\ = r € E2, we have 


lint 

r—»■ 00 


log v m(r, A 0 ) 
log g (p(r) 


0 " 3 , 


m(r, Aj ) 
m(r, H 0 ) 


(r € E 2 ,j = 1,- 


,k - 1). 


By the lemma of logarithmic derivative, we have 


(3.8) 


m 



0{log rT(r, /)} (r £d). 


(3.9) 


By (3.7)-(3.9), for all sufficiently large r E E%\ E\, we have 

^m(r,A 0 ) < 0{log rT(r, /)}. 

Hence by Proposition 1.6, we have cr\p+i : q](f,<p) > < 73 . Therefore, every solution f(z) ^ 0 of (1.1) 
satisfies <T[ p+li? ](/, <p) = (H 0 , <p). 

Proof of Theorem 1.9. Proof. If f(z) ^ 0, by (1.2), we get 


1 

7 


1 

F 



+ Zlfc-l 


~r 



(3.10) 


it is easy to see that if f(z ) has a zero at zq of order a (a > k ), and Ho, • • • , are analytic at 
zo, then F must have a zero at zo of order a — k, hence 

n (r, ^ < kn fr, + n fr, M , (3.11) 

and 

N ^r, < kN (r, + N f r, . (3.12) 

By the lemma of logarithmic derivative and (3.10), we have 


m (r, < m (r, + y Hj) + O (log T(r, f) + log?’) (r 0 £i)- (3.13) 

By (3.12), (3.13), we get 

T(r, /) < fc]V (r, + T(r, F) + T(r, Aj) + O {log (rT(r, /))} (r 0 £ 1 ). (3.14) 


j =0 


k -1 


1=0 
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G. S. Liu, J. Tu, H. Zhang 


Since max{<r w, t q\{F, p), (A,-, ip)\j = 0,1, • • • , k — 1} < <7[p, g ](/, V 9 ), by Lemma 2.5, there exists 

a set E 3 C (1, + 00 ) having infinite logarithmic measure such that 

max {wj)' ^ > 0 (r€E 3 ,j = 0,-'‘ (3.15) 

Since for all sufficiently large r, we have 

log T(r,f) = o{T(r,f)}. (3.16) 

By (3.14)-(3.16), for all \z\ = r € E 3 \Ei, we have 

(1 - o(l)) T(r, f)<0 (r, j'j | + 0{log ?’}. (3.17) 

By Definition 1.4 and Proposition 1.7 and (3.17), we get 

% 9 ](/^)< V,](/,¥>). (3.18) 

Since a M (f,cp) > A \p, q ](f,<p) > Vg] (/,¥>), and by (3.18), we have 

^■\p,q] (/, T 9 ) (/’ T 5 ) °"[p,<j] (/’ 7 1 )- 

Proof of Theorem 1.10. We assume that / is a solution of (1.2). By the elementary theory of 
differential equations, all the solutions of ( 1 . 2 ) are entire functions and have the form 

/ = r + c-i/i+ c 2 / 2 + • • • + c k f k , 

where C 1 , • • • ,C k are complex constants, {/ 1 , • • • , f k } is a solution base of ( 1 . 1 ), f* is a solution 
of ( 1 . 2 ) and has the form 

f* = D 1 f 1 + D 2 f 2 + --- + D k f k , (3.19) 

where D \, • • • , D k are certain entire functions satisfying 

Dj = F ■ ■ ■ ■ ,f k )- , /fc ) _1 (j = l,---,fc), (3.20) 

where Gj(f \, • • • , f k ) are differential polynomials in fi,--- , f k and their derivatives with con¬ 
stant coefficients, and W(/i, ■ ■ ■ , f k ) is the Wronskian of f\ , • ■ ■ , f k . By Theorem 1.8, we have 
cr [p+i,< 3 ](/?, v^) = °\p,q]{Aa,tp){3 = 1 , 2 , • • • ,fe) , then by (3.19) and (3.20), we get 

- rna x{cr\p + i,q]{fj, p), o\p+i, q ]{F, <p)\j = 1, ■ • ■ , k} < ip). 

We affirm that (1.2) can only possess at most one exceptional solution /o satisfying cip+i^i (/o, V 9 ) < 
cT[ Pj g](ylo, ( p)- In fact, if /* is another solution satisfying a\p+i tq ](f*,<p) < &[p,q] (A), T 9 ), then 
a [p +\, q \(/o — f*iV) < <T[p, g ](A), T 9 )- But /o — /* is a solution of ( 1 . 1 ), this contradicts Theorem 
1 . 8 . Then crrp+i,^] (/, V 9 ) = a \p, 9 l(A, V 9 ) holds for all solutions of ( 1 . 2 ) with at most one exceptional 
solution /o satisfying < 7[ p+1 . g ](/o, V 9 ) < ovAA, V 9 )- By Theorem 1.9, we get that 

^[p-l- 1 , 9 ] (/, { p) — \p+l,q]{f 1 “fi) = 17 [p+ 1 ,<?](/, V 9 ) 

holds for all solutions satisfying < 7 r p +i i 9 i(/, V?) = c’aAA, V 9 ) with at most one exceptional solution 
/o satisfying (/o,<^) < 0 >, g ](A, V 9 )- 
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Abstract 

The authors introduce the concept of the generalized A^m-MT-preinvex functions and 
discover a new fc-fractional integral identity concerning twice differentiable preinvex mappings 
defined on (</), m)-invex set. By using this identity, we establish the right-sided new Hermite- 
Hadamard type inequalities for the generalized A mr! - MT-preinvex mappings via fc-fractional 
integrals. The new fc-fractional integral inequalities are also applied to some special means. 
2010 Mathematics Subject Classification: Primary 26A33; Secondary 26D07, 26D20, 41A55. 
Key words and phrases : Hermite-Hadamard’s inequality; A 0 m -MT-preinvex functions; k- 
Riemann-Liouville fractional integrals. 

1 Introduction 

Let / :IC|ql be a convex mapping on the interval I of real numbers and u,v £ I with 
u < v. Then the following well-know Hermite-Hadamard inequality holds 


/ 


u + v 


< 


f(x)dx < 


f(u) + f(v) 


( 1 . 1 ) 


This inequality is one of the famous results for convex functions. 

Many researchers generalized and extended the inequalities 0 > involving a variety of con¬ 
vex functions one can see 0 G3 E3 E3 EIHH mi mj and the references mentioned in these 
papers. 
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In 2013, Sarikaya et al. [32] considered the following Hermite-Hadamard type inequalities 
via Riemann-Liouville fractional integrals. 


Theorem 1.1 Let / : [u, u] —> M be a positive function along with 0 < u < v and let f £ 
L l [u,v\. Suppose f is a convex function on [«, u], then the subsequent inequalities for fractional 
integrals hold: 



( 1 . 2 ) 


where the symbols J“ + / and J“_ f denote respectively the left-sided and right-sided Riemann- 
Liouville fractional integrals of the order a £ M + defined by 



u < x 


and 



x < v. 


Here, T(a) is the gamma function and its definition is T(a) = J 0 °°e ^p a 1 dp. 


Due to the wide applications of Riemann-Liouville fractional Hernrite-Hadamard type in¬ 
equalities in mathematical analysis, many researchers extended Hermite-Hadamard inequality 
for different classes of convex functions. For example, see for convex mappings cmniiiaiiziEsi, 
for m-convex mappings m and (s,m)-convex mappings J3j, for /i-preinvex mappings[13], for 
harmonically convex mappings [l&j , for preinvex mappings [251135 and the references mentioned 
in these papers. 

Also in , Anastassiou presented a complete theory with respect to fractional differentiation 
inequalities. 

In 2012, Mubeen and Habibullah [24] introduced a new fractional integral that generalizes 
the Riemann-Liouville fractional integrals. 

Definition 1.1 ) Let f £ L 1 [a, 6], then k-Riemann-Liouville fractional integrals k J^+f{x) 

and kJ£-f(x) of order p > 0 are defined by 



(0 < a < x < b) 


and 



OO £ 

respectively, where k > 0 and T k (p) is the fc-gamma function given as I\-(/z) = f 0 t fJ, ~ 1 e~^dt. 
Note that r fe (^i + k) = pT/fip) and k J°+f{x) = k J°-f(x) = f{x). 


The notion of k- Riemann-Liouville fractional integral is an significant extension of Riemann- 
Liouville fractional integrals. It is stressed that for k ^ 1 the properties of fc-Riemann-Liouville 
fractional integrals are quite dissimilar from those of general Riemann-Liouville fractional in¬ 
tegrals. For this, the fc-Riemann-Liouville fractional integrals have aroused the interest of 
many researchers. Properties and integral inequalities concerning this operator can refer to 
[H El 01331 EH [38] and the references mentioned in these papers. 

Let us evoke some basic definitions as follows. 
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Definition 1.2 (J5j/) A set I\ C R" is said to be invex set respecting the mapping i) : K x K —»• 
R n if x + tr](y, x ) £ K for any x,y £ K and t £ [0,1]. 

Definition 1.3 ('1,1.0/ ) A function f defined on the invex set K C R ra is said to be preinvex with 
respect to y, if 


f(x + ty(y,x)) < (1 -t)f(x) +tf(y), V x,y £ K,t € [0,1]. 


Definition 1.4 (127/ ) Let x £ K C R" and let <j) : K R be a continuous function. Then the 
set K is said to be (f>-convex at x respecting 4>, if 

x + \e l ^{y — x) £ K, V x,y £ K, As [0,1]. 

Definition 1.5 (126/) A set K C R ra is called (f-invex at x with respect to <)>(■), if there a 
continuous function (/)(■) : K —» R and a bifunction •) : K x K —> R n , such that 

x + te l<l> r](y, x) £ K, V x, y £ K, t £ [0,1]. 

Definition 1.6 (JTTf) A set K C R™ is said to be m-invex with respect to the mapping rj : 
K x K x (0,1] — > R" for some fixed m £ (0,1], if mx + tii(y, x , m) £ K holds for each x,y £ K 
and any t £ [0, 1 ]. 


Definition 1.7 ([ST/) The function f on the <f>-convex set K is said to be <f>-convex with respect 
to 4>, if 

f(x + \e Z(p (y-x))<(l-\)f(x) + \f(y), V x, y £ K, X £ [0,1]. (1.3) 

Definition 1.8 (ffS/ J The function f defined on the cf-invex set K C R" is said to be (j>-MT- 
preinvex, if it is nonnegative and for V x,y £ K and t £ (0,1) satisfies the following inequality 

f(x + terrify, x )) < * f{x) + (1.4) 

Definition 1.9 (\28j ) A function: I C R —> R is said to be m-MT-convex, if f is positive and 
for V x, y£l, and t £ (0,1), with m £ [0,1], satisfies the following inequality 

f(tx + m( 1 - t)y) < ^== =f{x) + t f(y)- (1-5) 

Definition 1.10 (114/) A function f: I C R —> R is said to be \-MT-convex function, if f is 
positve and V x,y£l, A £ (0, and t £ (0,1), satisfies the following inequality 


f(tx + (1 - t)y) < 


Vi 


2^1^t 


f V) 


(1 - A)V 1 - t 


2 A Vt 


f(y)- 


Clearly, when choosing m = 1 and A = | in Definition 


1.9 


and Definition 


1.10 


( 1 . 6 ) 


respectively, 


the function / reduces to MT-convex function in [55] . For some significant integral inequalities 
in association with MT-convex functions, one can see maul hees] and the references therein. 

The main purpose of this paper is to introduce the class of generalized A^m-MT-preinvex 
functions on (</>, m)-invex and to prove a fc-fractional integral identity. By using this identity, we 
establish the right-sided new Hadamard-type inequalities for the generalized A 0 m -MT-preinvex 
functions via fc-Riemann-Liouvillc fractional integrals. These inequalities can be viewed as 
generalization of recent results that appeared in Refs. [30] and [42], 
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2 New definitions and a lemma 

As one can see, the definitions of the (/>-invex and ?n-invex have similar configurations. This 
observation leads us to generalized these concepts. Firstly, the so-called l {<f>,m)- invex’ may be 
introduced as follows. 

Definition 2.1 A set C R” is said to be (<j), m)-invex with respect to a continuous function 
</>(•) : —» R and the mapping y : iQ, m x K^m x (0,1] —> R", for some fixed in G (0,1], if 

mx + te“^ri(y, x, m ) G holds for any x, y G Kand t G (0,1). 

Let us note that: 

- if <p = 0, then we get the definition of an m-invex set, 

- if the mapping y(y,x,m) with m = 1 reduces to y(y,x), then we obtain the definition of a 
tjy invex set, 

- if <f> = 0 and y{y, x, in) = y — mx with in = 1, then we obtain the definition of a convex set. 

Now we define the concept of generalized A^, m -MT-preinvex functions. 

Definition 2.2 Let C R is a ( (f>,m)-invex set with respect to y and 4>. A function f : 
K<f,m —7 Ro is said to be generalized X^ m -MT-preinvex, according to y and f>, and\/ x,y G K^ m , 
t G (0,1) and A G (0, |], along with some fixed m G (0,1] satisfies the coming inequality 

f{mx + te^riiy, x, in)) < — ~/(a) + 

Let us note that: 

- if the mapping y(y,x,m) with m = 1 degenerates into y(y,x), then we obtain the definition 
of A^-MT-preinvex function, 

- if the mapping y{y,x,m) with ?rz = 1 degenerates into rj(y,x) and A = |, then we obtain the 
definition of </>-MT-preinvex function, 

- if <j> = 0, the mapping y(y,x,in) = y — mx, and A = then we obtain the definition of 
m-MT-convex function, 

- if (f> = 0 and the mapping y(y, x, in) = y — mx with m = 1, then we obtain the definition of 
A-MT-convex function, 

- if <j> = 0, the mapping y(y,x,m) = y — mx with m = 1, and A = |, then we obtain the 
definition of MT-convex function. 


Before presenting our main results, we prove the following lemma. 

Lemma 2.1 Let K$ m CR be a ((f>, m)-invex subset respecting </>(•) and y : Kj, m x K^, m x (0,1] — > 
R, a,b G with y(b,a,m) > 0 and some fixed m G (0,1]. Suppose that f : K^m —► R is 
a twice differentiable mapping such that f" G L[ina,ina + e^y(b,a,m)}, we have the following 
identity via k-fractional integral with k, a > 0 holds: 


Rf(a, k; </>, y, m, a, b) = 


(e l<t, y(b, a, m))“ f 1 1 — — (1 — i)fc+ 1 


f + 1 


f"{ma + te l<l> y(b, a, m))dt, 

( 2 . 2 ) 


where 


Rf(a,k;(J),y,m,a,b) := 


f(ma) + f(ma + e l ^y(b, a, m)) T k (a + k) 


^ 2k(e l( l , y{b,a,m)) k 

k J^ a +f( ma + a, m)) + k J ? ma+e *„( 6i0>ro)) - f(ma) 
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Proof. Set 


r = 


(e^rjlb, a, m))~ f 1 1 - tt +1 - (1 - t)t +1 


f" {ma + te z ^r]{b, a, m))dt. 


Since a, b £ K^, m and A'^ m is a ( (f> , m)-invex subset respecting (f> and ??, for V f £ (0,1), we have 
ma + te z ^r]{b, a , to) € AT,^. Integrating by part gives, we have 


I* = 


(e^rj(b,a,m)) 2 [ 1 - f f+ 1 - (l-t)f+! , , icWl ^ 

2 [ (f + l)e^r?(6, a, to) j v ’ ’ ;; 

f ~(k+ 1 ) tk + (fe + 1 )( 1 — ^ -f'{ma + te z<t> r](b, a, m))dt 


Jo (f + 1 )e^7?(6,a,TO) 

(e*^ry(&, a, to )) 2 r 


r 1 pj-' + fji-t)*- 

' o [e^r] (b,a,m)) 


/(tou 

to)) 

+ te 1( ^r](b, a, m) 

-/(too + te l< ^r](b, a, m))dt 

to)) a 

2k 

1 ( if_i+(i 


Using the reduction formula T/.(a + A;) = aTj.(a) (a > 0), we have 

£ f ft- 1 /(TOO + te^?7(6,a,TO))dt= —/( ma ) 

Jo 2A Aft.a.m ‘ 


and 

a 

2A? 


2k{e l< l > r](b, a, to)) ' 

/ (1 - t)^~ 1 f{ma + te^rjib, a, m))dt = — r fc( a + fc ) k J° a+ f(ma + e z0 7?(6, a, to)) . 
Jo 2 /c(e*^r 7 ( 6 , a, to)) fe 


Thus, we obtain conclusion (2.2). 

Remark 2.1 If we put k = 1 in Lemma \2.1\ then we have: 

(a) /or the mapping g(b,a,m) with to = 1 reduces to r]{b,a), we obtain Lemma 3.1 in Ml 

( b ) for a = 1 = m with the mapping rj{b,a,m) reduces to r)(b,a), we obtain Lemma 2.3 in 

(c) for (f> = 0, a = 1 = to with the mapping r/(b , a, to) = b — ma, we obtain Lemma 1.3 in M- 


3 Main results 


Using Lemma 2.1 


we now state the following theorem. 


Theorem 3.1 Let C R 0 be an open ( (j>,m)-invex subset respecting </>(•) and p : A^ m x 
A^m x (0,1] — > Roj a,b £ A c f >Tn with r/(b,a,m) > 0, A £ (0, |] and some fixed m £ (0,1]. If 
f '■ A^m —> R is a twice differentiable mapping such that f" £ L[ma, ma + e l ^r](b, a, to)] and 
\f"\ q for q > 1 is generalized X^m-MT-preinvex on A^ m and x £ [ma,ma + e lq> ri{b,a,m)\, then 
we have the following inequality for k-fractional integrals with k,a > 0 


A/(a, k; </>, ?y, m, a, b) 

< k(e^r](b, a, to )) 2 t r _ y^T^f + 1 ) + \) 
2 (a + k) 4 2T(g(f + 1) + l) 


rra( V^i/>)i 9 +i/ ,, w 


1 

q 


(3.1) 
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Proof. Using Lemma |2.1| and the power-mean integral inequality, we obtain 
Rf(a, k ; (f>, r], to, a, b) 

1 - t % +1 - (1 - t )^ +1 


< 


(e^r 7 ( 6 , a, to)) f 1 


* Jo 


S + i 


f" (mo + te l( ^r](b, a, to)) 


dt 


2 (f+ 1 ) Wo 




x | J ^1 — f fc+1 — (1 — /"(ma + te % ^r](b,a,m)) df| 

q e ‘*„(i,,a,m)) 2 ; A ^ _ t , (i+1) _ (1 _ | r (mo + 0 , m) ) 


2(a + fe) ( y 0 

To prove the third inequality above, we use the following inequality 

(i - (i - w +i - t^ +i y < i - (i - ty^ +i) - t q ^ +i \ 

for any t G ( 0 , 1 ), which follows from 

(A - B) q <A q - B q , 

for any A > B > 0 and q > 1. 

Since \ f'\ q is generalized A^m-MT-preinvex on A 0 m , it follows that 
J ^1 — — (1 — f"(ma + te l< ^ri(b, a, to)) df 

jf 1 (i - - a - ()« (f+,) ) { m(1 wW v > )1 ’ + W^ ir( ' ,)r 


9 I 9 

dt 


(3.2) 


< 


>df 


4 2' 


K g (? + 1 ) + ^) ~^(i’ 9 (f 

7T \/7T r (?(f + 1) + I) 


7T 1 

4 _ 2^ 


///r \ |<? 


1) + 2)M/"W 


4 2 r( g (f + l) + l) 


m( \ A) i/»i g + irwr 


Here, we utilize the following fact that 


and 


f 1 VT^t , f 1 Vt , 1/1 3\ 7T 

^ ( « + «U (1 _ () -J dl = ^( 5 (| + i) + |,i) 


695 


Chunyan Luo ET AL 690-705 































J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 27, NO.4, 2019, COPYRIGHT 2019 EUDOXUS PRESS, LLC 


where the beta function 


P(x,y)= f t x 1 {l-t) v *d t = 0. 

do r {x + y) 


Hence, the proof is completed. 


We now discuss some special cases of Theorem 3.1 


Corollary 3.1 In Theorem \3.1[ if q = 1, then we have 

k{e l<t> 'q(b 1 a 1 m)) 2 n v^T(f + |) 


Rf(a , k ; <j> , g, to, a, 6) 


< 


2 (a + fc) 


4 2T(f + 2) 


to(1 — A) 


/"(«)l + |/"W| ■ 


Corollary 3.2 In Theorem 3.1 if we take A = b, q = 1 and the mapping 77(6, a, to) with m = 1 


degenerates into r](b,a), then we have the following inequality for (f-MT-preinvex functions 
f{a) + f{a + e i<t ’r]{b,a)) T k (a + k) 


< - 


k(e l ^r](b, a))' 
2 (a + fc) 


2k{e i 2'q(b 1 a )) 

* v^ r (f + l) 

4 2T(f +2) 


J a “ + /(a + e^(6, a)) + fc Jf a+e ^ (M)) -/(a) 


Remark 3.1 7n Corollary \3.2\ if we put <f> = 0 and r](b,a) = b — a, then we have the succeeding 
inequality for MT-preinvex functions 


f(a) + f(b) T k (a + k) 


< 


2 2 k(b — a) * 

k{b-a ) 2 7r V^ r (f + I) 


4 2T(f + 2) 


2 (a + k ) 

Especially if we take k = 1 and a = 1, we dane 

/(«) + /(&) 1 


fe J a “ + /(6) + fe J“/(a) 

r(a)i + ir(6)is. 


b — a 


f(x)dx 




Corollary 3.3 In Theorem 3.1 if \f"(x)\ < M, A = | and r)(b,a,m) with m = 1 degenerates 
into r)(J),a), then we have the forthcoming inequality for (f-MT-preinvex functions 


/(a) + /(a + e^jj(6,a)) T fc (a + fc) 


2k(e l, t > ri{b, a)) 


+ ^(6, <*)) + fc J (a+e^(6,a))-/( a ) 


< 


kM(e^ri(b, a)f 
2(a + k) 


7T v^ r (9(f + !) + 5) 
2 


r(?(f +1) +!) 

Especially if we take a = 1, q = 1 and k = 1, we get 

/(a) + /(a + e^(M)) 1 [ a +^(b,a) 


f(x)dx 


< 


32 ’ ^ ‘ ' 


2 e^r7(6, a) J a 

which is the result given in fJW, Theorem 2.5. Obviously, if we choose <f> = 0 and 77(6, a) = b — a 


in (3.3), then we obtain the result given in tSOf . Theorem 2.1. 
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Now, we are ready to prove our second theorem. 

Theorem 3.2 Suppose that all the assumptions of Theorem \3.1\ are satisfied, then we have the 
following inequality 

Rf(a,k;(f>, g, m , a, b ) 


< 


k{e l ^r]{b, a,m )) 2 

( a y-f 

7T W r (f + !) 

9 

1 

O’ 

-j: 

«+■ 

O’ 

c 

w 

1 

i-H 

1_ 

2(a + fc) 

Va + 2k) 

4 2 r(f + 2 ) 


A ^ 


(3.4) 


Proof. Using Lemma [2.1| and the Holder’s integral inequality for q > 1, we get 
Rf{a , fc; <f>, iq, m , a, b) 

1 - t% +1 - (1 - f)v +1 


< - 


e ic ^ri{b,a,m )) f 1 


f+ 1 


f" (ma + te^plb, a , to)) 


d t 


< 


(e**J7 {b,a,m)Y 
2(f + l) Wo 


J (l - t^ +1 - (1 - W +1 )df J 


l-i 


J ^1 — — (1 — t)fc +1 ^) f"(ma + te l<t> r](b,a,m)) 


d t 


k(e l ' t> r](b,a,m )) 2 / a 


(aT2fc) | J q (l-^ +1 -(l-^) S+1 ) f”(ma + te %<l, T]{b,a,m)) ? dt| 


2(a -|- /c) 

By the generalized A 0 m -MT-preinvexity of I /"! 9 on for q > 1, we have 

J ^1 — tfc +1 — (1 — f"(ma + te l ^rj(b, a, m)) d£ 


/o 

m(l — A) 


m( i _ A) ^i—t |rw|g 


Vt 


2\Vt 

7 r 13 3\ 1„/l a 5 


2vT^I 


irwi 9 d* 


4 2 V fc 2’2 




k 2 


/// \|9 


/"(«) 


7r 1 5 1\ 1 „/3 a 3 


T “ T + n J o ) - 0^(2’ T + n 


K 


///n|9 


7T yir(f + §) 

4 2 r(f + 2 ) 


A 


/"(&) 

f"(aW + !/"(&) 


m ( 1 A) I c"7„N|<3 1 I 


Hence, the proof is completed. 

Let us discuss some special cases of Theorem |3.2| 


Corollary 3.4 In Theorem 3.2 if the mapping rj(b, a , to) with m = 1 degenerates into r](b, a), 
then we obtain the following inequality for X^-MT-preinvex functions 


/(a) + /(a + e i 0 ??(M)) L fe (a + fc) 


2k(e i< l’ri(b, a)) 


fc J“+/(a + e*+ri{b, a)) + k J(a+e^r,(b,a))-f( a ) 


< - 


k(e^r](b, a))” / a 


2 (a + fc) \a + 2 fc 


7T ViT(f + |) 


4 2r(f +2) 


^r^i/"(«)i 9 +i/"( & )r 
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Corollary 3.5 In Theorem 3.2, if <j> = 0, A = | and r](b , a, to) = b — ma with m = 1, t/ien we 
/lave i/ie following inequality for MT-convex functions 


/(«) + /(&) r fc (a + fc) 


< 


2 2k(b — a) * 

k(b — a) 2 


V a + 2k / 


2(a -T &) V o -f- 2fc 

Corollary 3.6 In Theorem 


kJ2 + m + kJ°-f(a ) 
7T v^r(f + |) 


|/"(a)|s+|/"(6)| 


3.2 


4 2r(f+2) 

*/ l/ ,, ( a; )l < Af, A = \ and r](b,a,m) with m = 1 degenerates 


into ri(b,a ), Z/ien we have the following inequality for cf-MT-preinvex functions 
f{a) + f{a + e l(/> r](b,a)) T k (a + k) 


2k(e i l’p(b, a)) 


k.Ja+f( a + a)) + fe ^ ( “ +e i^ (M)) -/(a) 


< 


fcM(e^r?(&,a)) 2 / a 


( a v _ « 

TT + |) 

Vo + 2k J 

[2 r(f + 2 ) 


2(a + k) 

Especially if we take a = 1 = k, we get 


f(a) + f(a + e icl> ri(b,a)) 


1 

e^pib, a)) 


na-\-e' l ^r](b,a) 


f(x)da 


< 


M(e i<t, r](b,a)) 2 (1 


(3.5) 


which is the result given in \42)j, Theorem 2.15. Clearly, if we put <j> = 0 and rj(b , a) = b — a in 


(3.5), we obtain the result given in fH, Theorem 2-4- 

A different approach leads to the following results. 

Theorem 3.3 Let C R 0 be an open ( 4>,m)-invex subset respecting </>(•) and : A^m x 
A(f, m x (0,1] —> Koj a, b € A^m with r/(b , a, to) > 0, and let f : -A K. be a twice differentiable 

mapping such that f" £ L[ma,ma + e l ^ri(b,a,m)]. If\f"\ q is generalized X^m-MT-preinvex on 
A(f, m , X £ (0, |], m £ (0,1], q = ^j-, qf i p> 1 and x £ [ma, ma + e l< ^ri(b, a, to)], then we have 
the following inequality for k-fractional integrals with k,a > 0 


Rf(a, k; <f>, rj, to, a, b) 


< 


k(e l( ^ri(b, a, m))~ f p(a + k) - k 


2(a + k) \p(a + k) + k 


7T f to( 1 ^ A) 


f(a)\ q + |/"(&)| 


(3.6) 


Proof. Using Lemma [2.1| and Holder’s integral inequality leads to 
Rf(a, k ; <f>, rj, to, a, b) 

1 - t% +1 - (1 - t)t +1 


< 


< 


(e^riib, a, to)) f 1 


+ 1 


f" (ma + te x<t> r](b, a, to)) 


dt 


k(e lll> r](b, a, to))' 
2(ct + k) 


J ^1 — t ^ +1 — (1 — t) £ +i y dfj {/ f // (ma + te l ^r](b,a,m)) 


dt 


9 
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< 




?n(l — A)Vl — t 


Vi 


2xvt ' ria) ' ,+ 2TrTjtrmn* 


fc(e^r?(6, a , to )) 2 / p(a + k) - k\ p 


2 (a + k) \p{a + k) + k 


7r / to(1 — A) 
4 ~ 


A 


/"( a )| 9 + |/"( 6 )| 


To prove the third inequality above, we use the same inequality (3.21 as Theorem 3.1 the 
generalized A^m-MT-preinvexity of \f"\ q on for q > 1, and the following fact 


j (l - (1 - t) p{ % +1) - t p( '% +1) ^J 


d t = 


p(a + k) — k 
p{a + k) + k 


This ends the proof of Theorem 3.3 


Let us point out some special cases of Theorem |3.3 


Corollary 3.7 In Theorem 3.3 if the mapping r)(b 7 a,m) with m = 1 degenerates into 77(6,0) 
and X = V then we have the following inequality for p-MT-preinvex functions 


/(q) + /(o + e^77(6, a)) _ T fc (q + fc) 
2 2fc(e*^77(&, a)) 

k[e l ^r](b, a))“ / p(a + k ) - k 


k Ja+f{a + e^(6,a)) + fc Jf a+e ^ (M)) -/(a) 


< 


2(a + k) \p(a + k) + k / 


1 


f 

_1 


Corollary 3.8 In Theorem \3.3\ if we put p = 0 and 77(6, a, to) = b — ma with to = 1, then we 
have the following inequality for X-MT-convex functions 


/(o) + /(6) T k (a + k) 


< 


2 2k(b — a) <= 

k{b — a) 2 / p(a + k) — k\p 


kJ2+m + k J?-f(a) 

(1 — A) 


2(a + k) \p{a + k) + k 


X 


/"(a) r + /"(&) 


Especially if we take k = 1 and X = ^, we have 


f{a) + f(b) T(a + 1) 

2 2(6-a)“ 


■£+/(&) + ^“/(«) 


< 


(6 — a) 2 / p(a + 1) — 1 \ p 
2(a + 1) \p(a + 1) + 1 


! (| f"(a)\ 9 + \f"(b)\ q ) 


Corollary 3.9 In Theorem 3.3. if \ f"(x)\ < M, p = 0, A = and the mapping rj(b,a,m) = 
6 — too with m = 1 , then we have the following inequality for MT-convex functions 


/(o) + /(6) Tfc(q + k) 

2 2fc(6 — a) v 


fe J Q “ + /(6) + fc J“/(o) 


< 


kM(b — a) 2 f n\ q f p(a + k) — k\ p 


2 (a + k) \2 J \p(a + k) + k 


10 


699 


Chunyan Luo ET AL 690-705 

























































J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 27, NO.4, 2019, COPYRIGHT 2019 EUDOXUS PRESS, LLC 


Especially if we take k = 1 and a = 1, then we get 


/(«) + fib) 1 


b 


f{x)da 


< 


Mib — a) 2 f n ^ 9 { 2p — 1 
2p+l 


Finally, we are in a position to present the following result. 


Theorem 3.4 Suppose that the assumptions of Theorem |3.3| are satisfied, then w 
following inequality 


Rf{a , fc; (f, r], to, a, b) 


< 


fc(e l<?i 77(6, a, to))" 
2(a + fc) 


(g — p)a — pk + k 
(q — p)a + 2 qk — pk — k 


7T v^r(p(f +1) + |) 


to(1 — A) 
A 


_4 2F(p(f + l) + l) 

Proof. Using Lemma |2.1| and Holder’s inequality, we have 

Rf{a , k; <f>, rj , to, o, 6) 

(e^r?(6,a,TO)) 2 f 1 


/"(a)r + |/"( 6 ) I 9 


< 


< 


1 - tt +1 - (1 - f)t +1 


f+1 


(e l0 r?(6,a,TO))' 

2(f +1) 


jfo 


1 -t^ +1 - (1 -t)i 


J ^1 — t fe+1 — (1 — t) fc+1 ^ /" (ma + te l< t’r](b,a,m)) 


f" ima + te lcl> ri(b, a, to)) 

tii 
~P 

1 dt 


dt 


di 


< 


kie^pib, a, to)) 

2 (a + fc) 


! U'( 


(£ + i)(«z-p) (tt+iXs-p) 

1 - t-^- - (1 - i)-- )dt 


9-1 


^1 — fc +1) — (1 — t) p ( fe +1 )^ /"(ma + te l ^r]{b, a, to)) 


dt 


By the generalize A^m-MT-preinvexity of \f”\ q on for q > 1, we have 


J ^1 — t p ^ k +1 ^ — (1 — t) p ^ k f"{ma + te'^rjib, a, to)) 
f o \ 1 - +1) - (1 - i) P(f+1) ) + 7P^\f"ib)\ q 


Vi 


to( 1 — A) 
: A 


7T 1 

4 ~~ 2 


+1 ) + l) 


2 

Y// \|? 


/"(«) 


<Kf +i ) + y)-K^ +i ) + 0 

7T \/^T(p(f + 1) + l) 


7T 1 

4 _ 2^ 


//,i \15 


/"(&) 


4 2 r(p(f+ i) + i) 


m( \ A) i/»i g + ir( & )r 


11 


/lave t/ie 


(3.7) 


(3.8) 


dt 

(3.9) 
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Also 


(^r+i)(g-p) (^+i)(q-p) 

1 - t - (l - t ) ^ 


d t = 


(q — p)a — pk + k 
(q — p)a + 2qk — pk — k 


(3.10) 


Utilizing ( 3.9[ ) and ( |3.10| ) in ( |3.8[ ), we deduce the inequality ([3/7]). This completes the proof of 
Theorem 13.41 as well. 

We next discuss some special cases of Theorem |3.4| 


Corollary 3.10 In Theorem \3.4\ if the mapping r)(b , a, to) with to = 1 degenerates into r](b , a), 

MT-preinvex functions 

kJa+f(a + e^riib, a)) + k J(a+e^ v (b,a))-f( a ) 


then we obtain the following inequality for X^-MT-preinvex functions 
f{a) + f(a + e ic/, r](b,a)) T k (a + k) 


< 


k(e l *ri(b,a)y 
2 (a + k ) 


2a)) 

(q — p)a — pk + k 
(q — p)a + 2 qk — pk — k 


g-i 


7T _ V^T( P {f + 1) + |) 
4 2T(p(f + l) + l) 


(1-A) 

A 


/"(a)|s+ !/"(&) I 


Corollary 3.11 /n Theorem \3.J\ if we put <fi = 0 and p{b , a, to) = 6 — too with m = 1 , t/ien we 
obtain the following inequality for X-MT-convex functions 


f(a) + f(b) T k (a + k) 


< 


2 2/c(6 — a) * 

k{b — a) 2 (q — p)a—pk + k 

2(a + fc) 


k js + m+ k j?-f(ci) 

_ £zii 


(g — p)a + 2qk — pk — k 


7T _ +1) + |) 

4 2T(p(f + l) + l) 


(1-A) 

A 


/»|*+!/"(&) I 


Especially if we take k = 1 and A = t/ien we have the following inequality for MT-convex 
functions 


f(a) + m T(a + 1) 


< 


2 2(b — a) 

(b - a) 2 [ (q - p)a — p + 1 
2(a + l) 


J“ + /(6) + J“- / (a) 

7T x /7rr(p(a + 1) + 1) 


(g — p)a + 2q - p - 1_ 


|/»i , + |/"(*o| 


4 2T(p(a + l) + l) 

Corollary 3.12 In Theorem 3. f, if \f"(x)\ < M, <j> = 0, A = | and the mapping rj(b,a,m) = 
b — ma with m = 1 , then we have the following inequality for MT-convex functions 

f{a) + f(b) T k (a + k ) 


< 


2 2 k(b — a)* 

kM(b — a) 2 
2 (a + k) 


k Ja+f(b) + k J k -f(a) 


{q — p)a — pk + k 

q -1 
q 

1 r %/^r(p(f +1) + \) 

(q — p)a + 2 qk — pk — k 


2 r(p(f + i) + i) 


12 
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4 Applications to special means 

We begin this section by considering some particular means for two positive real numbers a, b 
and for this purpose we recall the following well-known means: 


and 


Arithmetic mean: A A(a,b ) = 
Geometric mean: G := G(a, b) = \fab, 
Harmonic mean: H := H(a,b) = 

Power mean: P r := P r (a, b) = ^ 2 ^ ) r , r > 1, 


Identric mean: = I (a, b) 



a 7 ^ b, 
a = b, 


Logarthmic mean: L(a, b ) 


b—a 

In b— In a ’ 


a, 


a T^b 1 
a = b, 


Generalized mean: L p := L p (a,b) = 


1 

b P+ 1 -gP+ 1 1 P 

_(p+l)(6-o)J ’ 

L{a,b), 

a, 


p ^ 0 ,- 1 , and a b, 
p = — 1 and a/i, 
p = 0 and a / 6 , 
a = b. 


Clearly, L p is monotonic nondecreasing over pgl, with L__ 1 := L and Lq := I. In partic¬ 
ular, we have H<G<L<I< A. 


Let 0 < a < b, A £ (0, |] and let M := M(a, b) : [a + rj(b, a)] x [a, a + i)(b, a)] —► R + , which 
is one of the above mentioned means, one can obtain various inequalities for these means. 


(3.1), 


Now, if 17 ( 6 , a, m) with m =1 degenerates into 77 ( 6 , 0 ) and 77 ( 6 , 0 ) := M( 6 , a), for <f> = 0 in 
3.4|), (3. 6 | and (3.7), we have the following interesting inequalities concerning the above 


means 


R/{a , k\ 0, 77 ,1, a, b) 


< 


kM 2 


2 (a + k) 


7r _ y^r( g (f + 1 ) + \) 
4 2r(g(f + l) + l) 


(1-A) 


f"{a)\ 9 + \f"(b) I 


(4.1) 


kM 2 ( a \ 

R,{a,k-, 0 , <—^1—^) 


1-i 


2 (a + k) 


tt \Ar(f + §) ' ’j (1 — A) 
4 2 r(f + 2 ) 


/"( a )|« + |/"( 6)| 9 

(4.2) 


k\ 0 , 77 , 1 , a, b) 


< 


kM 2 fp(a + k) — k\p J tt f (1 — A), „ ,, , 

/ («) + / W 


2 (a + k) \p{a + k) + k J I 4 \ A 


(4.3) 
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and 

Rf(a, k ; 0, 77 ,1, a, &) 


< 


kM 2 


(9 — p)a — pk + k 


7T ^ + 1) + I) 

4 2r(p(f +l) + l) 


2 (a + k) \ (q — p)a + 2 qk — pk — k 

f(l-A) 


q-1 


A 


|/»M/"(&)| 


where 


Rf(a, k; 0, 77 ,1, a, 6 ) 


_/(a) + f(a + M(a,b)) T k (a + k) 
2 


2 kMk (a, &) 

kJa+f( a + + kJ(a+M(b,a ))-/( a ) 


(4.4) 


Letting M = A, G, H, P r , I, L, in ( |4.1[ ), ( |4.2| , ( |4.3[ ) and (4.4), we also get the required 
inequalities, and the more details are left to the reader to explore. 
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Some generalizations of operator inequalities for positive linear 

map 


Chaojun Yang and Fangyan Ln* 


Abstract: 


We generalize some inequalities for positive unital linear map as follows: Let A, B be 
positive operators on a Hilbert space with 0 < m < A < m' < M' < B < M. Then for 
every positive unital linear map $,/i£ [0,1] and p > 0, 

<f> p (AV M S + 2rMm(A~ 1 VB- 1 - A-^H" 1 )) < a p ^ p {A^B) 


and 


+ 2rMm(A~ 1 VB~ 1 - A -1 )}# -1 )) < a p ($(A)t) Al 4>(B))P 


. f (M+n 


(M+m ) 2 


Fur- 


where r = min { a, 1 — u), h! = — and a = max n — r ., , —2 - 

V m \ ^MmK^Vh 7 ,2) R 4 f MmK(\fh/,2) R . 

thermore, we give a squaring reversed Karcher mean inequality involving positive linear map. 


1. Introduction 

Through this paper, let m, m', M, M 1 be scalars. Other capital letters denote general elements of 
the C*-algebra B(T~L ) of all bounded linear operators on a complex separable Hilbert space (W, (■, •)). 
The Kantorovich constant is defined by K(h, 2) = for h > 0. We write A > 0(A > 0) to 

mean the self-adjoint operator A is positive( strictly positive). The partial order A < B is defined 
as B — A > 0. 

For each fi £ [0,1], the weighted arithmetic mean and weight geometric mean for strictly 
positive operator A and B are defined below: 

AV^B = (1 — p)A + fj,B and A^B = A 2 (A~t BA~ )i‘ As. 

When // = j we write AVB and A$B for brevity, respectively. 

A linear map <f> : B(1~L) -» B("H) is called positive (strictly positive) if <h(A) > 0 (<h(A) > 0) 
whenever A > 0 (A > 0), and is said to be unital if $(/) = I. 

The arithmetic-geometric mean for positive operator A and B states 

> A%B. 

In [ 8 ], Lin give a reversed arithmetic-geometric mean inequality involving a positive linear map 

*(^) < (!) 
where 0 < m < A, B < M and <F is a positive unital linear map. 
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It is well known that t a is operator monotone function on [0, oo) if and only if a G [0,1]. Since t 2 
is not an operator monotone function, we can not obtain A 2 > B 2 directly by A > B > 0. However 
Lin [ 8 ] gave a p-th powering(0 < p < 2) of inequality (1), namely the inequality 

< ( (M+m) 2 Y <$>P(A%B) ( 2 ) 

\ 4 p Mm J 

and 

< AM+m) 2 \ ){($(5))P (3) 

\ 4 p Mm J 

where 0 < m < A, B < M and is a positive unital linear map. 

In [ 6 ], the authors extend (2) and (3) to p > 2, which states 

^p(A±g) < ( (M+m) 2 \ (4) 

V iP Mm J 

and 

< f (M+m)A P ( 5 ) 

V 4 p Mm J 

where 0 < m < A, B < M and d> is a positive unital linear map. 

Recently the author in [4] gives inequalities that generalize the inequalities (2) to (5) and state 
as follows 

T P (HV M R + 2rMm(A- 1 VB~ 1 - H-^R" 1 )) < a p ^ p (A^B) ( 6 ) 


and 

^(HV^R + 2rMm(A- l VB~ 1 - H^R" 1 )) < a p (^(A)^^(B)) p (7) 

where 0 < m < A < m' < M' < B < M, be a positive unital linear map on B(H), p £ [0,1], 

p > 0, r = min {p, 1 - p} and a = max { > (A | +m) 1. 

^ 4 p Mm J 

The u —weighted Karcher mean A(cu; Hi,..., H n )(orA(w; A)) of Hi, • • • , A n > 0 is defined to be 
the unique positive definite solution of equation 

n 

^ujilog(X~^ AjX~^) = 0 , 

i— 1 


where ui = (wj,... ,w n ) is a probability vector. Next we cite some basic properties of the Karcher 
mean as follows, for more details about Karcher mean, see[7]. 


Proposition 1.1. [7] The Karcher mean satisfies the following properties: 

(i) (consistency with scalars ) A(w;A) = Af 1 • • • H^ n if the Ai is commute. 

(■ ii ) (self duality ) A(cv; Af 1 , ■ ■ • , H” 1 ) -1 = A(cj; Hi, • • ■ , H n ). 

(in) ( AGH weighted m.ean inequalities ) (X^™=i ^H” 1 ) -1 < A(w;Hi, • • • ,A n ) < 

(iv) $(A(w; A)) < A(w; $(A)) for any positive unital linear map 4>. 

(v) ( monotonicity ) // Rj < H* for all 1 < i < n, then A(w;B) < A (a;; A). 

As mentioned in the abstract, we shall give refinements of inequalities ( 6 ) and (7), along with 
presenting a reversed Karcher mean inequality related to (iv) in Proposition 1.1 and a squaring 
version thereafter. 


2. Main Results 
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Lemma 2.1.( Choi inequality.) [5] Let $ be a unital positive linear map, then 

(i) when A > 0 and — 1 < p < 0, then $(vl) p < <&(A P ), in particular,<h(^4 ) -1 < $(y! _1 ); 

( ii ) when A > 0 and 0 < p < 1, then <f>( 7 l) p > $(vl p ); 

(in) when A > 0 and 1 < p < 2, then <h(vl) p < Q(A P ). 

Lemma 2.2. [1] Let $ be a unital positive linear map and A, B be positive operators. Then for 

ol £ [ 0 , 1 ] 


®(AUB) < $(A)# a $(£). 

Lemma 2.3. [3] Let A, B > 0. Then the following norm inequality holds: 

\\AB\\<{\\A + B\\*. 

Lemma 2.4. [2] Let A, B > 0. Then for 1 < r < +oo, 

\\A r + B r ||< \\(A + B) r \\. 

Lemma 2.5. [5] (L-H inequality) If 0 < a < 1, A, B > 0 and A > B, then A a > B a . 

Lemma 2.6. [9] For two operators A,B>0 and 1 < h < A~^BA ~2 < h! or 0 < h! < A~? BA~z < 
h < 1, we have 

AV^B - 2 r(AVB - A$B) > K(Vh , 2) R A^B 

for all n £ [0,1], where r = min {/j, 1 — /x} and R = min{2r, 1 — 2r}. 

Lemma 2.7. Let 0 < m < A < ml < M' < B < M, then 

A~ l y^B~ l - 2r(A~ 1 VB ~ 1 - A-^B~ l ) > K(y/hf,2) R A~%B~ l 

for all /x £ [0,1], where r = min{/x, 1 — /x}, h! = 1^, and R = min{2r, 1 — 2r}. 

Proof. Since 0 < m < A < m! < M' < B < M, we have 0 < jj < ( J 4” 1 ) _ 5 (B~ l )(A ^ 1 )~2 < 

jjifj < 1. Thus by Lemma 2.6 we have 

A^V^B- 1 - 2r(A~ 1 VB~ 1 - A^^B -1 ) > K(Vh/, 2) R A~%B~ l 
where K(\fh/, 2) = K(tJ~^,2). 

Theorem 2.8. Let 0 < m < A < m! < M' < B < M, $ be a positive unital linear map on B(T~L ), 
/x £ [0,1] and p > 0, we have 

<S> P (AV^B + 2rMm(A- 1 VB ~ 1 - A^B” 1 )) < a p <f> p (A^B) ( 8 ) 

and 

^ p (AVf,B + 2rMm(A~ 1 V B~ l - A~ l $B~ 1 )) < a p ($(A%<f>(B)) p (9) 
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where r = min {^, 1 — //.}, h' = ^ and a = max 
Proof. By < to < A <m! < M' < B < M we have 

A + MmA~ l < M + m and B + MmB -1 


f (M+m) 2 
1 4,MmK(VJi',2) R 


(M+m ) 2 

’ 4p MmK(Vh’,2) R 
< M + 'TO . 


Thus we have 

(1 — /i)H + (1 — jj)MmA~ l < (1 — n)(M + to) and [iB + fiMmB~ l < /a(M + to). (10) 


By (10) we obtain 


A\7^B + MmA 1 \7 fl B 1 < M + to. 


( 11 ) 


By Lemma 2.7 we have 

A- l V^B- 1 - 2r(A~ 1 X7B~ 1 - A~^B~ l ) > K(y/h/, 2) R A~ 1 ^B- 1 (12) 


Compute 

\\${A\7^B + 2rMm{A~ 1 VB - 1 - A-^A" 1 ))/! (v//7, 2 ) h A/to^>- 1 (^^)II 

< l||$(AV /i A + 2rMTO(yl- 1 VA- 1 - A -1 ##- 1 )) + K(Vhf, 2) R Mm^- 1 (A^B)\\ 2 

< IW^iAV^B + 2rMm(A- 1 VB~ 1 - A-^B- 1 )) + K(Vh',2) R A>({A^B)~ 1 )\\ 2 
= IW^iAV^B + 2rMm(A- 1 X7B~ 1 - A-^B- 1 )) + K{Vh',2) R A>{A- 1 ^ l B~ 1 )\\ 2 
= IW^iAV^B) + Mm^(2r(A~ 1 VB- 1 - A-^B- 1 ) + KiVh'^^iA- 1 ^- 1 ))^ 

< UMAV^+Mm^A^V^B-^W 2 , 

< \(M + to ) 2 

where the hrst inequality is derived by Lemma 2.3, the second one is derived by Lemma 2.1, the 
third one is derived by ( 12 ) and the last one is derived by ( 11 ). 

Therefore 


Hence 

4> 2 (W„B + 2rMm(J-'VB-' - W'JB- 1 )) < ( 4 J„"|^ 2| 0 2 ft 2 OL-B)- 


If 0 < p < 2, then 0 < | < 1. Therefore by the L-H inequality we get 

^(AV,B + 2rMm{A~ 1 VB~ l - A~^B^)) < ( 4M 1^^ 2) R Y^{A^B). 
Now we obtain inequality (8) for 0 < p < 2. 


Next we prove (9) for 0 < p < 2. Through 
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\\^(AV„B + 2rMm(A- 1 VB~ 1 - A~ 1 f(B~ 1 ))K(Vh 7 ,2) R Mm^{A)^^(B))- 1 \\ 

< l\\$(A\7^B + 2rMm(A~ 1 'VB~ 1 - A^B- 1 )) + K(Vh/, 2) R Mm(<f>{A)$ ll <$>(B))- 1 \\ 2 

< |||<L(HV M R + 2rMm(A- 1 VB~ 1 - A + K(Vh!, 2) R ^{A^B)~ 1 \\ 2 

< 1\\${AV^B + 2rMm(A~ 1 VB- 1 - A-^B' 1 )) + K(Vhf, 2) R ^{A~\B~ l )\\ 2 
= IW^AV^B) + MmA{2r{A- 1 VB~ 1 - A^B” 1 ) + K(Vhf, 2) R (A- 1 ^ l B~ 1 ))\\ 2 

< ||| QiAV^B) + Mm$(A- 1 V /1 B- 1 )|| 2 , 

< |(M + m) 2 

where the second inequality is obtained by Lemma 2.2. Hence we get inequality (9) for 0 < p < 2. 

Next, put p > 2. We can obtain 

(iL(v / F,2) i? MTO)i||$f (HV /i H + 2rMm(H- 1 VH- 1 - 

= ||d >2 (AVfj,B + 2rMm,(A~ 1 \7B~ 1 - A~ 1 ^B~ 1 ))(I<(Vh/, 2) R Mm)z<b~z (A^B)\\ 

< \\\§l(AV lx B + 2rMm(A- l VB- 1 - A^B' 1 )) + {K(VW, 2) R Mm)t$~f {A^B)\\ 2 

< \\\^(AV^B+ 2rMm{A- 1 VB~ l — H _1 t|H _1 )) + K{s/h!, 2) R Mm$~ 1 (A^B)\\ p 

< |||4>(HV Al R + 2rMm(A- 1 VB~ 1 - A^B- 1 )) + K{y/W, 2) R Mm^{A- l ^B~ l )\\P 
= ||| HAV^B) + Mm^(2r{A- 1 VB~ 1 - A-^B~ l ) + K(y/hf, 2 ) r {A-\B- 1 ))\\p 

< III $(A\7^B) + ||P, 

< |(Af + m)P 

where the second inequality is obtained by Lemma 2.4. 


Therefore, we get inequality (8) for p > 2. Likewise, we have 
(iL(v / F,2) R Mm)i||$i(HV /iJ B + 2rMm(y4- 1 VH- 1 - H" 1 |tB- 1 ))($(y4)tt /i $(R))-i|| 

= ||+ 2rMm(4“ 1 VB _1 - 2) R Mm)§ ($(A)tt /1 $(5))“i 11 

< |||$2 + 2rMm{A~ l V B~ x - H" 1 ##- 1 )) + {K(Vh/, 2 ) R Mm )2 ($(A)^$(B)) _ 2 1| 2 

< |||4>(ylV At H + 2rMm{A- 1 VB~ 1 - 2) fi Mm(4>(H)tl At 4>(H))- 1 ||P 

< |||4>(ylV At H + 2 rMm{A- 1 VB~ 1 - + ^(v^, 2) i? Mm4>(HJj At H)- 1 | |p 

< |||4>(ylV At H + 2rMm{A~ 1 VB - 1 - + ^(v^, 2) i? Mm4>((vl(J Al H)- 1 )||P 

= |||4>(HV At H + 2rMm{A- 1 VB~ 1 - + iL(v//d, 2) i? 4>(y4- 1 |J M H- 1 )||P 

= |||4>(HV At H) + Mm^{2r{A- 1 yB~ l - + K(y/h/, 2 ) r (A- 1 ^B~ 1 ))\\p 

< |||$(AV^S) + Mm^A-^^B- 1 )^, 

< | (M + m) p . 


Remark 2.9. Since 


(M+m ) 2 


< 


(M+m) 3 , 

4M m anQ 


(M+m) 2 


< 


(M+m) 2 


so under a stronger 


AMmK(Vh/,2) R wim 4 * MmK(Vh/,2) R 4 p Mm 

condition as Theorem 2.8, we see (8) and (9) are refinements of (6) and (7), respectively. 


Corollary 2.10. Let 0 < m < A < m! < M’ < B < M, p e [0,1] and p > 0, we have 
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{AV^B + 2rMm(A~ l 'S7B~ l - A~ 1 ^B~ 1 )) P < a p {A^B) p 


where r = min {/i, 1 — n}, h' = ^ and a = max <j - 


(M+m) 2 


(M+m ) 2 


4MmI<(VB,2)R ’ ^f M mK(VB, 2)« . 

Proof. Put d>(yl) = A for all A ^B{T~L) in Theorem 2.3, we then get the desired result. 


Theorem 2.11. Let $ be a strictly unital positive linear map, 0 < m < A\ < M for i = 1 , • • • n, 
to = (wi, • • • ,u n ) be a probability vector, t € [—1, 0). Then we have 


A(w; 4>(A)) < 


(m+M) 2 

4mM 


<L(A(u;; A)). 


(13) 


Proof. By Proposition 1.1 and 0 < m < A% < M we have 

n n 

X) WjAj + Mm(X t^A" 1 ) < M + m. 

2=1 


First we show 


(X) WjAj) 2 < 


2=1 


/ (m+M) 2 
' 4 mM 


n 

) 2 (E«iA rl r 2 - 


This inequality equals to 


Note that 


n n 

2=1 2=1 


(M + m) 2 
4 Mm 


n n 

||(X^Aj)Mm(X 

2=1 2=1 

n n 

2=1 2=1 

< |(Af + m) 2 . 


Use Lemma 2.5 we get 


n 


2=1 


(m+M ) 2 
4 mM 


n 

(X^A- 1 )- 1 - 


Thus by Proposition 1.1 and (14) we get 


(14) 


A(w;<J>(A)) < 

2=1 2=1 


(m + M ) 2 

4 mM 


2=1 


< 


(m + M ) 2 
4 mM 


<F(A(w; A)). 


Remark 2.12. Since <3?(A(u;; A)) < A(cc; <h(A)) for any positive unital linear map, we get a reversed 
version of this inequality by Theorem 2.11. 

Next we give a squaring version of inequality (13). 

Theorem 2.13. Suppose all the assumptions of Theorem 2.11 be satisfied. Then 

(A(cu; <L(A))) 2 < ^4> 2 (A(u;; A)) 


711 


Chaojun Yang ET AL 706-713 



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 27, NO.4, 2019, COPYRIGHT 2019 EUDOXUS PRESS, LLC 


7 


where if 


I<(ff,2) 2 {M+m) 2 

AMm 

K{M.,2)(M+m)-M 

m 


for 777. < to 
for 777. > to 


, to 


_ 2 Mm. _ 

,2)(M+m) 


and A'(^,2) 


Proof. According to the assumption one can see that 

777 < d>(A(w; A)) < M 


( M+m ) 2 
AM m 


(15) 


and 

777 < A(c j; <h(A)) < M 


(16) 


inequality (15) implies 

<h 2 (A(w;A)) < (M + 777)<h(A(aj; A)) — Mm, 

and inequality (16) give us 

A 2 (cn; <J>(A)) < (M + 777 )A(w; 3>(A)) — Mm. 


Hence 

$“ 1 (A(w;A))A 2 (o;;$(A))$- 1 (A(c<;;A)) 

< <h -1 (A(cv; A))((M + m)A(u; <h(A)) — A/777.)<1) _1 (A(c<;; A)) 

< (Ar(^,2)(M + 777)$(A(u;;A)) -Mra)r 2 (A(w;A)) 

where the second inequality is derived by Theorem 2.11. 

Consider the real function /(f) on (0, oo) defined as 

= K(%,2)(M+m)t-Mm 

As a matter of fact, the inequality (17) implies that 

$ _1 (A(w; A))A 2 (w; <h(A))$ _1 (A(w; A)) < max /(f). 


(17) 


Notice that 

/ ( 777 .) > f(M) 


and 


m 


2 Mm- K(—,2) ( M+m)t 
T 


The function has an maximum point on 

to = 


2 Mm 


with the maximum value 


f(t 0 ) 


K(ff,2) 2 {M+m) 2 

AMm 


Whence 


max 

m<t<M 


m 


f(to) for 777 . < to 
f(m) for m > to- 
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Notice that 


f(m) 


K(%,2)(M+m)-M 

m 


This completes the proof. 
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Locally and globally small Riemann sums and 
Henstock integral of fuzzy-number-valued functions in 

E n 
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° School of Mathematical Science, Yangzhou University, Yangzhou 225002, P.R. China 
b School of Management, Ahfad University for Women, Omdurman, Sudan 


Abstract: In this paper, the notions of locally and globally small Riemann sums modifications with respect to 
a fuzzy-number-valued functions in E n are introduced and studied. The basic properties and characterizations are 
presented. In particular, it is proved that a fuzzy-number-valued functions in E n is Henstock (H) integrable on [a, 6] 
if and only if it has ( LSRS ), and also it is proved that a fuzzy-number-valued functions in E n is Henstock (H) 
integrable on [a, 6] if and only if it has (GSRS). 

Keywords: Fuzzy-number-valued functions in E n ; Henstock integral (H); Locally small Riemann sums (LSRS); 
Globally small Riemann sums (GSRS). 


1 Introduction 

Since the concept of fuzzy sets was firstly introduced by Zadeh in 1965 [12], it has been studied extensively from 
many different aspects of the theory and applications, such as fuzzy topology, fuzzy analysis, fuzzy decision making 
and fuzzy logic, information science and so on. 

The locally and globally small Riemann sums have been introduced by many authors from different points of 
views including [2, 3, 5, 6, 8, 9]. In 1986, Schurle characterized the Lebesgue integral in (LSRS) (locally small 
Riemann sums) property [8]. The (LSRS) property has been used to characterized the Perron (P) integral on [a, 6] 
[9]. By considering the equivalency between the (P) integral and the Henstock-Kurzweil ( HK ) integral, the (LSRS) 
property has been used to characterized the (HK) integral on [a, b] [6]. 

The (LSRS) property brought a research to have global characterization on the Riemann sums of an (HK) 
integrable function on [a, b]. This research has been done by considering the following fact: Every (HK) integrable 
function on [a, b] is measurable, however, there is no guarantee the boundedness of the function. A measurable 
function / is (HK) integrable on [a, 6] depends on it behaves on the set of x in which |/(x)| is large, i.e. |/(;r)| > N 
for some N. This fact has been characterized in (GSRS) (globally small Riemann sums) property [6]. The (GSRS) 
property involves one characteristic of the primitive of an (HK) integrable function. That is the primitive of the 
(HK) integral on [a, b\ is ACG* (generalized strongly absolutely continuous) on [a, b ]. This is not a simple concept. In 
2015, Indrati [5] introduced a countably Lipschitz condition of a function which is simpler than the ACG*, and proved 
that the (HK) integrable function or it’s primitive could be characterized in countably Lipschitz condition. Also, 
by considering the characterization of the (HK) integral in the (GSRS) property, it showed that the relationship 
between (GSRS) property and countably Lipschitz condition of an (HK) integrable function on [a, b]. 

In 2018, Hamid et al. [2] investigated locally and globally small Riemann sums for fuzzy-number-valued functions 
and proved two main theorems: (1) A fuzzy-number-valued functions f(x) is Henstock integrable on [a, b] if and only 
if f(x) has (LSRS). (2) A fuzzy-number-valued functions f(x) is Henstock integrable on [a, b] if and only if f(x) has 
(GSRS). 

* Corresponding author. Tel.: +8613218977118. E-mail address: muawya.ebrahim@gmail.com, mowia-84@hotmail.com 
(M.E. Hamid). 
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In this paper, we generalize locally and globally small Riemann sums from fuzzy-valued functions to n-dimensional 
fuzzy-numbers by means of support function. The notions of locally small Riemann sums for n-dimensional fuzzy- 
number-valued functions are presented and discussed. Finally, we provide a characterizations of globally small 
Riemann sums in n-dimensional fuzzy-number-valued functions. 

The rest of this paper is organized as follows, in Section 2 we shall review the relevant concepts and properties 
of fuzzy-number-valued functions in E n and the definition of Henstock integrals for fuzzy-number-valued functions 
in E n . Section 3 is devoted to discussing the support function characterizations of locally small Riemann sums and 
Henstock integral for fuzzy-number-valued functions in E n . In section 4 we shall investigate the support function 
characterizations of globally small Riemann sums and Henstock integral for fuzzy-number-valued functions in E n . 
The last section provides the Conclusions. 


2 Preliminaries 

In this paper the close interval [a, 6 ] denotes a compact interval on R. The set of intervals-point {([ 01 , 61 ], £i), 

(]a 2 , 62 ], £ 2 ), • • • , ([ofc, &k],£k)} is called a division of [a, 6 ] that is £ 1 , 62 , • • • ,£k £ [ 0 , 6 ], intervals [ai, 6 i], [ 02 , 62 ], •• • , [ak,b k ] 

k 

are non-intersect and [J [o», 6 ,] = [a, 6 ]. Marking the division of [a, b] as P = {([oi, 61 ], £ 1 ), ([ 02 , 62 ], £ 2 ), • • • , ([a*,, 6 fc],£fc)}, 

i= 1 

shortening as P = {[ 11 , u];£} [7]. 

Definition 2.1 [4, 6] Let <5 : [a, b] —> R + be a positive real-valued function. P = {[a;*_ 1 , as*]; £*} is said to be a d-fine 

division, if the following conditions are satisfied: 

(1) a = xo < xi < X 2 < ... < x„ = 6; 

(2) £; € [xi-i,Xi] C (£i — 5(£»),£» + <5(£i))(i = 1,2,--- ,n). 

For brevity, we write P = {[«,«];£}, where [u, v] denotes a typical interval in P and £ is the associated point of 


Definition 2.2 [11] E n is said to be a fuzzy number space if E n = {it : R n —> [0,1] : u satishes (l)-(4) below}: 

( 1 ) it is normal, i.e., there exists a xo £ R n such that u(xo) = 1; 

(2) it is a convex fuzzy set, i.e., it (rx + (1 — r)y) ^ min(it(a:), u(y)), x,y £ R n , r £ [0,1]; 

(3) it is upper semi-continuous; 

(4) [it ] 0 = {a; £ R n : u{x) > 0} is compact, for 0 < r < 1, denote [it] r = {x : x £ R n and u(x) ^ r}, [u]° = 
Ure(o,i] N r - 

Form (l)-(4), it follows that for any u £ E n and r £ [0,1] the r— level set [it] r is a compact convex set. For any 
u,v£E n 

D(u,v)= sup d([u] r , ]u] r ), (2.1) 

r£[0,l] 

where d is Hausdorff metric. It is well known that ( E n ,d ) is an metric space [11]. The norm of fuzzy number u £ E n 
is defined by 

||it|| = D(u, 0) = sup |a|, (2-2) 

at. G [u] 0 

where the || ■ || is norm on E n , 0 is fuzzy number on E n and 0 = X{o}- 

Definition 2.3 [11] For A £ Pk{R n ), x £ S'" -1 , define the support function of A as a(x,A) = sup (y,x), whereS " -1 

V€A 

is the unit sphere of R n , i.e., S " -1 = {a: £ R n : ||z|| = 1}, (•, •) is the inner product in R n . 

Definition 2.4 [10] A fuzzy-number-valued function / : [a, b] —t E n is said to be Henstock integrable to A £ E n if 
for every e > 0, there is a function 5(t) > 0 such that for any (5-fine division P = {[it, u]; £} of [a, 6 ], we have 

D(J2m(v~u),A) <s, (2.3) 

b _ ~ _ 

where the sum J} is understood to be over P and we write ( FH ) f f(t)dt = A , and f(t) £ FH[a, b\. 
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Lemma 2.1 [11] If u, v € E n , k € R, for any r £ [0,1], we have 

[u + v] r = [u] r + M r , [ku] r = k[u} r . (2.4) 

Lemma 2.2 [11] Suppose u € E n , then 

(1) u*(r,x + y) < u*(r, x) + u*(r, y), 

(2) if u, v £ E n , r £ [0,1], then 

d (M r >M r )= SU P \u*(r,x)-v*(r,x)\, (2.5) 

ieS "- 1 

(3) (u + v)*(r, x) = u*(r, x) + v*(r, x), 

(4) ( ku)*(r,x ) = ku*(r,x), k> 0. 

Lemma 2.3 [1, 11] Given u,v £ E n the distance D : E" x E n —> [0, +oo) between u and v is defined by the equation 
D(u,v) = sup d([-u] r , [u] r ), then 

r<E[0,l] 

(1) ( E n , D ) is a complete metric space, 

(2) D(u + w, v + w) = D(u, v ), 

(3) D(u + v, w + e) ^ D(u, w ) + D(v, e), 

(4) D(ku,kv) = \k\D(u,v),k £ R, 

(5) D(u + v, 6 ) ^ D(u, 0) + D(v, 0), 

(6) D(u + v, w) ^ D(u, w) + D(v, 0). 

Where u, v, w, e, 0 £ E n , ll = A'({o})- 

Lemma 2.4 [1] If / : [a, b] —> E n , then the following statements are equivalent: 

(1) / is ( FH ) integrable. 

(2) x) is (RH) integrable for any r £ [0,1] uniformly, i.e., for every e > 0 there is a <S(£) > 0 which is 
independent of r £ [0,1], such that for any J-Hne division P = {[u, «];£} and r £ [0,1] we have 

\^2f*(€)(r,x)(v -u)- A*(r,x) \ < e. (2.6) 

3 Support function characterizations of locally small Riemann 
sums and Henstock integral for fuzzy-number-valued functions 
in E n 

In this section, we define the locally small Riemann sums for fuzzy-number-valued functions in n-dimensional and 
investigate their properties. We star with the following definition. 

Definition 3.1 A fuzzy-number-valued function / : [a, b] E n is said to be have locally small Riemann sums or 
( LSRS) if for every e > 0 there is a <5(£) > 0 such that for every t £ [a, ft], we have 

iiE^)( v - w )H b ” <e ’ (3- 1 ) 

whenever P = {[u, u[; £} is a (5-fine division of an interval C C (t — S(t), t + 5(t)), t £ C and S sums over P. (Where 
C = [y,z]). 

The following Theorem 3.1 shows that / has (LSRS) is equal to the type of it’s support functions. 

Theorem 3.1 Let / : [a, ft] — > E n be a fuzzy-number-valued function, the support-function-wise f*(£)(r,x) of / has 
locally small Riemann sums or (LSRS) if and only if for every e > 0, there is a <5(£) > 0 such that for every t £ [a, ft], 
we have 

lE/*(£X r ’ a; X v-M )l < e> (3-2) 

uniformly for any r £ [0,1] and x £ S n ~ , whenever P = {[«, v]; £} is a (5-fine division of an interval C C (t — 5(t),t + 
(5(f)), t £ C and X sums over P. 
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Proof Let 0 £ E n denote the ( FH ) integral of / on [a, b\. Given e > 0 there is a 5(£) > 0 such that for any 5-fine 
division P = {[«, «];£} of [a,b], we have 

DC£m(v-u),d)<e. (3.3) 

That is 

sup d([^ f(£)(. v ~ M )] r > [ 6 D < £• (3.4) 

r£[ 0 ,l] 

By Lemma 2.2 we have 

sup sup KV' f{Q(v - u))*(r, x) - a(x, 0)| < e. (3.5) 

r-e[o,i] igs "- 1 

Furthermore, by a(x,A ) = sup(y,x), we have 

y&A 

sup sup |y'/*(()(r,i)(«-ti)- ( r(i,0)| < e. (3.6) 

r 6 [ 0 ,l] rgS "" 1 

Hence, for any r £ [0,1], x £ S n ~ 1 and for any 5-fine division P we have 

\^2f*(.0( r , x ){v-u)\ < £ (3-7) 

Where a(x, 0) = 0. 

This completes the proof. □ 

Lemma 3.1 (Henstock Lemma). Let / : [a,6] —> E n be a fuzzy-number-valued function and Henstock integrable 
to A. Then, the support-function-wise /*(£)(r, x) of / on [a, 6] is Henstock integrable to A*(r,x) uniformly for any 
r £ [0, 1], x £ S"- 1 and A £ E n , i.e., for every e > 0 there is a positive function 5(£) > 0, for 5-fine division 
P = {[«,u]; of [a, b] and for any x £ S'" -1 , we have 

I -u)- A*(r,x)\ < e. (3.8) 

Furthermore, for any sum of parts ^ from ^ we have 

i ^ 

\^2f*(€)(r,x)(v - u) - A*(r,x) \ < s. (3.9) 

i 

Proof Let A £ E n denote the ( FH ) integral of / on [a, 6 ]. Given £ > 0 there is a 5(£) > 0 such that for any 5-fine 
division P = {[«, «];£} of [a, 6 ], we have 

D(Y / m(v-u),A)<s. (3.10) 

That is 

sup d([£ m)(v - u)Y , [If) < e. (3.11) 

r-e [ 0 , 1 ] 

By Lemma 2.2 we have 

sup sup \(y2f(£)(v-u))*(r,x)-A*(r,x)\ < e. (3.12) 

t- 6[0,1] igS"" 1 

Furthermore, by A*(r, x) = sup ( y,x ), we have 

ye[A\ r 

sup sup | y'/*(0(n *)(«-«) -A*(r,x)\ < e. (3.13) 

re [0,1] igS"" 1 

Hence, for any r £ [0,1], x £ S " -1 and for any 5-fine division P we have 

\^2f*(€)(r,x)(v -u)- A*(r,x)\ < e. 

For proof 

\^2f*(€)(r,x)(v - u) - A*(r,x) \ < e, (3.14) 

i 

the proof is similar to the Theorem 3.7 in [ 6 ]. 

This completes the proof. □ 

Hamid et al. [2] showed that if a fuzzy-number-valued functions f(x) is Henstock integrable on [a, 6 ] then f(x) 
has LSRS. In next Theorem, we prove the above result to n-dimensional fuzzy-number-valued functions, which is 
an extension of the above result of Muawya et al. [21. 
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Theorem 3.2 Let / : [a,b] —> E" be a fuzzy-number-valued function. If / is Henstock integrable to T([a, 6 ]), then 
/ has LSRS. 

Proof Since / is Henstock integrable to F([a,b]), by Theorem 3.1 the support-function-wise f*(£,)(r,x) of / on [a, b] 
is Henstock integrable to -F*([a, fo])(r - , x) uniformly for any r £ [0,1], x € S'" -1 , i.e., for every e > 0 there is a positive 
function 5(C) > 0, for 5-fine division P = {[u, u]; C} of [a, 6 ] and for any x £ S n ~ , we have 

I /*(C)a:)— w) - F*([a,b])(r,x)\ < (3.15) 

For each t € [a, b], there is a closed interval C = [y, z\ C (t — S(t), t + 5(f)) such that 

\F*([y,z])(r,x)\< (3.16) 

According to Henstock lemma, for each t £ [a, 5] and 5-fine division P — {[rt, v]; C} of C C (t — 5(f), t + S(t)), we 
have 

l£/*(0( r ',®)(«-M)l - f*(0( r ’ x )( v ~ u ) ~ F *(l a ’ b ])( r ’ x )\ + \ F *(.[y > z ])(»•.*)I 

< £. 

Applies Theorem 3.1 again / has LSRS. 

This completes the proof. □ 

Lemma 3.2 Let / : [a, 5] —> E n be a fuzzy-number-valued function. If / is ( FH) integrable with the F as primitive 
then for each number e > 0 there is a positive function 5(C) > 0, such that for any [u,v\ C [a, b] with v — u < 5(C), 
we have 

II^([u,w])I|b» = II {FH) [ fdx\\ E n < e. (3.17) 

J [it,?;] 

Proof The continuity follows from Lemma 3.1 and the following inequality: 

\\p(t) - pirn** < \\m-m-fm-o\\En + \\m(t-o\\^ 

< €. 

We only need set 5(C) < 2( || /(e) ^„ +1) - 

This completes the proof. □ 

Theorem 3.3 Let a fuzzy-number-valued function / : [a, 6 ] —> E n lias LSRS, then / is (FH) integrable on [a, 6 ]. 


Proof Given any e > 0 and P — {([a, b],C)} = {([oi,5i], Ci)> ([02, 62], C2), • • • , ([a„, b„], Cn)} is a 5-fine partition of 
[a, b]. For each i(i = 1, 2, • • • , n) there is a positive function Si with Pi = {([rtj, Vi\, Ci)} is a 5;-fme partition of [a», 6»]. 
Since / lias LSRS on [a,,6j], then we have 

ll£/(0( 1 , - u )ll B “<^- (3.18) 

Pi 

Taken 77 = max{£(£), £ G [a, 6 ]}, according to the Lemma 3.2 we have 

||P([a», 5i])||s« = \\(FH) [ fdx\\ E n < ±. (3.19) 

J[ai,bi] ZTl 

Therefore, for any Jj-fine partition Pi = {([u*, Vi], £i)} of [a*, 6 *], we have 


D(J2f(0(v-u),F([ai,h])) < ||£/(0(t;- U )|| B » + ||f’([a i) 6 i ])|U» 

Pi Pi 

< 6 + £ ~ £ 

2 n 2 n n ’ 

for each i. 

n 

Subsequently taken 5*(C) = min{5(C), 5i(C)}, then P = [J Pi denote 5*-fine partition of [a, b\. 

i= 1 

Therefore we have 

n 

D (£/(£)(«- m )>-F(MD) = £^(£/(C)(v-M),p([o,,6i])) 

P i= 1 Pi 

£ 

< n ■ — = e. 
n 

Then / is FH integral on [a, b\. 

This completes the proof. 


718 


□ 

Hamid ET AL 714-722 



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 27, NO.4, 2019, COPYRIGHT 2019 EUDOXUS PRESS, LLC 

M.E. Hamid, L.S. Xu: Locally and globally small Riemann sums and Henstoc.k integral... 


4 Support function characterizations of globally small Riemann 
sums and Henstock integral for fuzzy-number-valued functions 
in E n 

The main purpose in this part is to introduce the concept of globally small Riemann sums for fuzzy-number-valued 
functions in n-dimensional and discuss their properties. We begin with the following definition. 

Definition 4.1 A fuzzy-number-valued function / : [a, 6 ] —> E" is said to be have globally small Riemann sums or 
(GSRS) if for every e > 0 there exists a positive integer N such that for every n ^ N there is a <5 n (£) > 0 and for 
every <5„-fine division P = {[it, v\\ £} of [a, b], we have 

II /(0(v-w)||b" < e, (4.1) 

II/(OIIe»>« 

where the y) is taken over P and for which ||/(C)I|b" >«. 

The following Theorem 4.1 shows that / has (GSRS) is equal to the type of it's support functions. 

Theorem 4.1 Let / : [a, 6 ] —> E n be a fuzzy-number-valued function, the support-function-wise f*(£)(r,x) of / has 
globally small Riemann sums or (GSRS) if and only if for every e > 0, there exists a positive integer N such that 
for every n ^ N there is a <5 n (£) > 0 and for every J^-fine division P = {[u, uj; £} of [a, b], we have 

| f* (£)( r ’ x )( v ~u )| <£„ (4.2) 

|/*(0(r,a:)|>n 

uniformly for any r £ [0,1] and x £ S n ~ x , where the y) is taken over P and for which |/*(0( r i *)l > ra. 

Proof First, we can prove the following statements are equivalent: 

(1) \\m\\E~>n. 

(2) \ f*(0( r ,x)\ > ra¬ 
in fact 


ii/(oiu»>n = sup d([/(or, [on 

re[0,l] 

= sup sup \f*(£)(r,x)\. 
re[o,i] xes™- 1 

Second, let 0 £ E n denote the (FH) integral of / on [a,b]. Given e > 0 there exists a positive integer N such 
that for every n ^ N there is a <5 n (£) > 0 and for every 5 n -fine division P = {[u, v]; £} of [a, 6], we have 


That is 


By Lemma 2.2 we have 


D ( /(£)(«-«)> 0 )<e. 

11/(0 IIe»>« 

sup d([ /(£)(« ~ M )ll [0D < £• 

T ’ e [ 0 > 1 l || ? ,>M| 


sup sup |( V f(£)(v-u))*(r,x) -cr(x,0)1 < e. 
re|0,lJ«€S»-l | / . (e)(l , a!) | > „ 


Furthermore, by a(x,A) = sup(y,x), we have 

ye A 


(4-3) 


(4-4) 


(4.5) 


sup sup I V f*(£)(r,x)(v - u)) - a(x, 0)| < e. (4.6) 

relO.lliCS"- 1 |/*(0(r,*)|>» 

Hence, for any r £ [0,1], x £ S'" -1 and for any 5-fine division P we have 

f(0(Gx)(v-u) \<e. (4.7) 

/* (0( r ,x)\>n 
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Where <r(x, 0) = 0. 

This completes the proof. □ 

Hamid et al. [2] investigated that a fuzzy-number-valued functions f(x) is Henstock integrable on [a, 6] if and 
only if f(x) has GSRS. In next Theorem 4.3, we extend this result to n-dimensional fuzzy-number-valued functions. 
To prove this result, we need to prove the following Theorem. 

Theorem 4.2 Let / : [a, 6] —> E n be a fuzzy-number-valued function. If / has GSRS then / is Henstock integrable 
on [o, b]. 

Proof Because / has GSRS, then by Theorem 4.1 for every e > 0, there exists a positive integer N such that for 
every n ^ TV there is a <5 n (£) > 0 and for every <5„-fine division P = {[«, vj; £} of [a, b], we have 

E -u)\ <£. (4.8) 

l/*(£)C r > x )l> n 

uniformly for any r £ [0, 1] and x £ S'" -1 , where the 53 is taken over P and for which |/*(£)( r i *)l > n - 
For each two <5-fine divisions P\ = {[ui, vi];£i}, P 2 = {[it 2 , V 2 ]; ^ 2 } of [a, 6], we have 




x)(vi - 

Ml) - 

■M 2 ) 1 


< 


x)(vi - 

Ml)l + lE/‘fe)(A*)(M2 

m 2 ) | 


< 

E 

neoc 

r,x)(vi -ui)| + | E 

f*{£i)(r,x)(v 1 - 

-Ml)| 


i/*(?iK x , x )i>’ 

l 

l/*(Si)C, x 

0I<« 


+ 

E 

/*(6)( 

r,x)(V 2 ~U 2 )\+\ E 

f*(b)(r,x)(v 2 - 

" M 2 ) 


l/*(?2)(’', x )l>’ 

l 

l/*(?2)(l-,2 

0I<« 


< 

As. 






According to the properties of Cauchy, / is Henstock integrable on [a, b\. 

This completes the proof. □ 

[a, b] —> E n , for each r £ [0,1] and x £ S" -1 defined the 

[a,b] tf\f*(£)(r,x)\<n, 

others. 

A fuzzy-number-valued function / is Henstock integrable if and only if / has GSRS and F„([a, 6 ]) — > F([a, &]) as 
n —» 00 . (Where F([a,b]) and F n ([a,b\) the integral of / and f n respectively). 

Proof First we shall prove the necessity. Because a fuzzy-number-valued function / is Henstock integrable on [a, 6 ] 
uniformly for any r £ [0,1] and x £ S" -1 , i.e., for every e > 0 there is a positive function 6*, for <5*-fine division 
P = {[«,?;];£} of [a, 6 ], we have 

- u) - F*([a,b])(r,x) \ < (4.9) 

For each n £ N, there is a positive function 5 n , for 5„-&ne division P = {[u, v]; £} of [a, b], we have 

I ^2fn(t)(r,x)(v - u) - F*([a,b])(r,x)\ < |, (4.10) 

for each r £ [0,1] and x £ S'" -1 . 

Because {F„([a, b])(r, x)} converge to F*([a,b])(r,x) of [a, b] then there is a positive number N so if n > N we 
have 

|P„‘([a, 6 ])(r,x)-P*([a,&])(r,a ; )| < (4.11) 

For n > N, defined a positive function 5 on [a, 6 ] by the formula: 

<5(£) = min{<5*(0,<5n(0}- 

720 


Theorem 4.3 Given a fuzzy-number-valued function / : 
support function /n(0( r > x ) °f fn by the formula: 


fn(0(r,x) = 


/*(0(r,aO,£ € 
0 , 


(4T2) 
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Therefor, for each 5-fine division P = {[u, v];£} of [a, 6], we have 

Y -u)\ 

|/*(0(r,a:)|>n 

= \J2f*(Q(r,x)( v -u)-J2f*{£){r,x){v-u)\ 

< \^2f*(0(r,x)(v - u) - F*([a,b\)(r,x)\ + \F*{[a,b])(r,x) - F*([a, b])(r, x)\ 

+ |E*([a,6])(r,a:) - Y fn(Z){r, x){v - u)\ 



Then / has GSRS. 

Second we shall prove the sufficiency. Because / has GSRS, then by Theorem 4.1 for every e > 0, there exists 
a positive integer N such that for every n ^ N there is a 5„(£) > 0 and for every 5„-fine division P = {[u, w];£} of 
[a, b], we have 

| Y fmr,x)(v-u)\<e, (4.13) 

|/*(£)(r,x)|>n 

uniformly for any r € [0,1] and x € S'" -1 , where the 53 is taken over P and for which |/*(£)( r i *)| > n - 
Note that f„, is Henstock integrable on [a, b] for all n. Choose N so that whenever n,m ^ N we have 

\F*([a,b])(r,x) - F^,({a,b])(r,x)\ < s. (4.14) 

Then for n,m^ N and a suitably chosen 5-fine division P = {[u, v]; £}, we have 

I F*([a,b])(r,x) - F^([a,b])(r,x)\ 

< I F*([a,b])(r,x)- Y /*(C)(c x)(v - w)| + Y f*(0( r ,x){v - u )I 

I/* W)fr,x)|<n |/*(J)(r,a:)1>n 

+ I Y f*{£){r,x){v-u)-Fn{[a,b]){r,x )| + | Y f*(0( r ,x)(v - u)\ 

|/*(5)(r,x)|<m l/*(0(r,a:)|>m 

< 4s. 

That is, {T3([a, b])(r, *)} converge to .F*([a, 6])(r, x), as n — > 00. Again, for suitably chosen N and 5(£) and for 
every 5-fine division P = {[«,«];£}, we have 

1 Y f* (£) ( r ’ x ) ( v - m ) - F * ([°> 6 i) ( r > *) 

< I Yf*(&( r ’ x )( v ~ u )~ F N{[a,b])(r,x) | + | Tv([a,fe])(r,*) - F*([a,b]){r,x)\ 

< I Y f*(.t)(.r,x)(v-u)-FN{[a,b])(r,x )| + | Y f*(0( r ,x){v - u)\ 

\P(£Kr,x)\<N \f*(£)(r,x)\>N 

+ I FN([a,b])(r,x) - F*([a,b])(r,x)\ 

< 3e. 

That is, / is Henstoc.k integrable on [a, 6]. 

This completes the proof. □ 


5 conclusions 

This paper introduces, first of all, the generalization of locally and globally small Riemann sums from fuzzy-valued 
functions to n-dimensional fuzzy-numbers by means of support function. In addition, the concept of locally small 
Riemann sums for n-dimensional fuzzy-number-valued functions is presented and discussed. Finally, an important 
result of this paper is a characterizations of globally small Riemann sums for n-dimensional fuzzy-number-valued 
functions. 
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Abstract 

By applying Krasnoselskii’s and O’Regan’s fixed point theorems, in this paper, we study the 
existence of solutions for a coupled system consisting from Langevin fractional differential equa¬ 
tions of Riemann-Liouville type subject to the generalized nonlocal integral boundary conditions. 
Examples illustrating our results are also presented. 

Key words and phrases: Fractional differential equations, Krasnoselskii’s fixed point theorem, 
O’Regan’s fixed point theorem, generalized fractional integral. 

AMS (MOS) Subject Classifications: 26A33; 34A08. 

1 Introduction 

In this paper we concentrate on the study of existence of solutions for a coupled system of Langevin 
fractional differential equations of Riemann-Liouville type subject to the generalized nonlocal integral 
boundary conditions of the form 

' D Pl (D P2 + Ar) x(t) = f(t, 0 < t < T, 

D qi (ZU 2 + A 2 ) y{t) = g(t, x(t),y(t)), 0 < t < T, 

n 

< x( 0 ) = 0 , x(r/) =J^ai Mi I 7 i x(^), ^ 

i =1 
m 

y(0) = 0, y{n) = ^ 0 O '' /'' //«,!• 

where D x is the Riemann-Liouville fractional derivative of order y e {pi,p 2 , qi, < 72 }, I^ j are the 

Katugampola fractional integrals of orders 7 i,(f>j > 0, respectively, £j, Q G (0,T) and au,f3j G K for 

* Corresponding author 
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all* = 1,2 ,n,j = 1,2,..., m, f,g : [0, T] xR 2 —> K are continuous functions and Ai, A 2 are given 
constants. 

Fractional differential equations arise in many engineering and scientific disciplines as the mathe¬ 
matical modeling of systems and processes in the fields of physics, chemistry, control theory, biology, 
economics, etc. A comprehensive study of fractional calculus and its applications is introduced in several 
books (see [l]-[3]). Initial and boundary value problems of nonlinear fractional differential equations and 
inclusions have been addressed by several researchers. For some recent results on fractional differential 
equations we refer in a series of papers ([4]-[12]). 

In fractional calculus, the fractional derivatives are defined via fractional integrals. There are several 
known forms of the fractional integrals which have been studied extensively for their applications. Two 
of the most known fractional integrals are the Riemann-Liouville and the Hadamard fractional integral. 
A new fractional integral, called generalized Riemann-Liouville fractional integral , which generalizes the 
Riemann-Liouville and the Hadamard integrals into a single form, was introduced in [13]. The corre¬ 
sponding fractional derivatives were introduced in [14]. This integral is now known as ’’Katugampola 
fractional integral” see for example [15, pp 15, 123]. For some recent work with this new operator, for 
example, see [16]-[17] and the references cited therein. 

The Langevin equation (first formulated by Langevin in 1908) is found to be an effective tool to 
describe the evolution of physical phenomena in fluctuating environments [18]. For some new develop¬ 
ments on the fractional Langevin equation in physics, see, for example, [19]-[23]. For recent results on 
Langevin equations with different kinds of boundary conditions we refer to [24]-[28] and the references 
therein. 

Recently in [16], we have studied the existence and the uniqueness of solutions of a class of boundary 
value problems for fractional Langevin equations of Riemann-Liouville type with generalized nonlocal 
integral boundary conditions. Here we extend the results of [16], to a coupled system of Langevin 
fractional differential equations of Riemann-Liouville type subject to the generalized nonlocal integral 
boundary conditions. Usually in the literature the Banach’s contraction mapping principle is used to 
prove he existence and the uniqueness of solutions, and he existence of solutions is proved via Leray- 
Schauder alternative. Here we apply Krasnoselskii’s and O’Regan’s fixed point theorems. To the best 
of our knowledge this is the first paper using Krasnoselskii’s and O’Regan’s fixed point theorems to 
prove the existence of solutions for coupled systems. 

The paper is organized as follows: In Section 2 we will present some useful preliminaries and some 
auxiliary lemmas. In Section 3, we establish the main existence results by using Krasnoselskii’s and 
O’Regan’s fixed point theorems. Examples illustrating our results are presented in the final Section 4. 

2 Preliminaries 

In this section, we introduce some notations and definitions of fractional calculus [1, 2] and present 
preliminary results needed in our proofs later. 

Definition 2.1 [2] The Riemann-Liouville fractional integral of order p > 0 of a continuous function 
f : (0, 00 ) —> M is defined by 

J p m = f ^ p) j\t-sy- 1 f(s)ds, 

provided the right-hand side is point-wise defined on (0,oo), where T is the gamma function defined by 
T(p) = J 0 °° e~ s s p ~ 1 ds. 

Definition 2.2 [2] The Riemann-Liouville fractional derivative of order p > 0 of a continuous function 
f : (0, 00 ) —> M is defined by 

D p f(t) = (J^j j Q (t- s) n ~ p ~ 1 f{s)ds, n — 1 < p < n, 

where n = [p] + l, [p] denotes the integer part, of a real number p, provided the right-hand side is point-wise 
defined on (0, 00 ). 


724 


Thaiprayoon ET AL 723-737 



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 27, NO.4, 2019, COPYRIGHT 2019 EUDOXUS PRESS, LLC 


ON SYSTEMS OF FRACTIONAL LANGEVIN EQUATIONS ... 


Lemma 2.3 [2] Letp > 0 and x G C(0, T)flL(0, T). Then the fractional differential equation D p x(t) = 
0 has a unique solution x{t) = c A p ~ l , and the following formula holds: J p D p x(t ) = x{t) + 

Y^i =i Cit p ~\ where c* G R, * = 1,2,..., n, and n — 1 < p < n. 

Lemma 2.4 ([2], page 71) Let a > 0, /3 > 0 and a > 0. Then the following properties hold: 

r{x-af~\t) = 

1 (p + a) 

Definition 2.5 [If] The generalized (Katugampola) fractional integral of order q > 0 and p > 0, of a 
function /, for all 0 < t < oo, is defined as 


p 1 -? ft 

ei,fW = mL 


ds. 


^- q s p ~ 1 f(s) 

( t p - 

provided the right-hand side is point-wise defined on (0, oo). 

Lemma 2.6 [16] Let constants p,q > 0 and p > 0. Then the following formula holds 


r 


( p±p\ 


fp+pg 


pjqpp _ \ p J 

p ^ P+P4+P ^ p q 

For convenience to prove our results, we set constants 

O. — J.P1+P2-1 

“1 — n/ , \'l 1 


r(pi +P2 ) 

air(pi) 


[ Pl—PI—Ui- 1 
V Mi 


Q 2 = S^ . . 

r(pi + P 2 ) p ( Pi+P2+Mi7i+Mi-1 j 

LI = Ll 2 — fii o, 




Pi+P2+Mi7i“l 




74 


( 2 ) 

(3) 

(4) 

(5) 


and 


'Ll 

'L 2 


,.41+42-1 

r(gi + g 2 ) 


( 4l+42+6j — 1 \ 

V Si J 

—pf r(gi + q 2 ) p 


j 




^gi+q2+Sj<f>j-l 



( 6 ) 

(7) 

( 8 ) 


Lemma 2.7 Let fl,’L ^ 0, 0 < Pi,P 2 ,Qi,q 2 < 1, /Zi,7» > 0 ,5j,<j>j > 0, rj, k, G (0,T), G R 

for all i = 1,2,... ,n,j = 1,2,... ,m and h,g G (7([0,T],R). T/ien ffte problem 


D p 1 (D P2 + Ai)®(t) = /i(f), 0 < t < T, 

D^(D q2 +X 2 )y(t) = g(t), 0 < t < T, 

n 

x(0) = 0, x(rf) = 

Z=1 

m 

j/( 0) = o, !/(«) = £& 5 iI ^y{Q, 

3 =1 


/ias a unique solution given by 


x{t) 


r( Pl ) tPi+P2-i 

r(pi+p 2 ) n 


J Pl+P2 h{if) — \i J p2 x(i 7 ) 


(9) 

( 10 ) 

( 11 ) 

( 12 ) 
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and 


n 

- ]T a,: (J Pl+P2 h(s) - X 1 J P2 x(s)) (&) 

i =1 

V(n,) /91+92-1 

v{,) = iW+ri * [ jai+ ” !,w - Aa J " vM 

m 

( J?1+92 5(s) - A 2 J q2 y(s)) (0) 
i=i 


J Pl+P2 /i(t)-Ai J P2 ;r(t), 


- J 9l+92 ff (<) - A 2 J q2 y{t). 


Proof. Applying Lemma 2.3 to the equations (9) and (10), we obtain 

( D p2 + Ai)a;(t) = J Pl h(t) + cif Pl_1 , and ( D q2 + A 2 )y(t) = J qi g(t) + dit 91-1 , 


which give 


s(t) = J Pl+P2 /i(f) - Ai J P2 a:(f) + Cl t Pl+P2 ~ l + c 2 f P2_1 , 

r(pi + p 2 ) 


■dot q2 ~\ 


y(t) = J qi+q2 g(t) - A 2 J q2 y(t) + d 1 . T{q ' ) t^ 2 - 1 

r(gi + 92) 

for Ci, c 2 , d u d 2 £ R. It is easy to see that the conditions x(0) = 0, y( 0) = 0 imply that c 2 = 0, d 2 = 0. 
Thus 


x(t) = J Pl+P2 h(t) - Ai J P2 x(t) + c ™ v f Pl+P2 - 1 , 

r(pi +P2) 


(13) 


y(t) = J qi+q2 g(t) - \ 2 J q2 y(t) + d 1 F( ^ } . t q ' +q2 ~ 1. (14) 

1491 + 92) 

Taking the generalized fractional integral of order /i, >0,7* > 0, to (13) and </>j > 0, <5, > 0 to (14) , 
we have 

TY rh ') T( p i+ P2+W ~ 1 ) +Pi+P2+Pi7«-1 

«/'»*(() = «r. (./»+«/.(») - (t) + ^-■ Os) 


and 


'/*'!/(*) = *>!** ( J qi+q2 g(s ) - \ 2 J q2 y{s)) (t) + d 1: 


T( gi ) r( ^ + y~ 1 ) ^ 1+92+5 ,^-! 


L C(/^ 1 4 - rjo) p^ 9l+g2+i?3 0 j+^j— 

Using the second condition of (11), (12) to (15), (16) respectively, we get 

n 

J Pl+P2 h{y) - \iJ P2 x(r]) + cifti = E a * ^ J7i (-A Pl+P2/ i(s) - Ai J P2 x{s)) (&) + ci0 2 , 

i=l 

and 

J 9l+<?2 ff (+) - A 2 J P2 y(n) + di^i 

m 

= Eft 53/03 ( J9l+92 5(s) - A 2 J®j/(a)) (Ci) + di* 2 . 


(16) 


i=i 


Solving the above equations for finding constants ci,c?i, we obtain 

T " 

J Pl+P 2 h(y ) - \iJ P 2 x(y) ^ E“ft i/7i ( J Pl+P 2 h{s ) - AiJ P2 :r(s)) (&) 


Cl = 


and 


di — 


n 


+ 


i=1 


m 

J q ' +q *g{K) - \ 2 J q2 y(K) - Eft 53/03 ft 9l+92 <?(s) - A 2 J 92 j/(s)) (Ci) 

i=i 


L. _l 

Substituting the constants ci, di into (13), (14), we obtain (13) and (13). The proof is completed. □ 
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3 Main results 

Let C = C'([0,T],R) denotes the Banach space of all continuous functions from [0,T] to R. Let us 
introduce the space X = {x(t)|x(f) € C([0,T])} endowed with the norm ||x|| = sup{|x(i)|,i € [0,T]}. 
Obviously (X, || • ||) is a Banach space. Also let Y = {y(t)\y(t) G C([0,T])} be endowed with the norm 
||y|| = sup{|y(t)|, t G [0, T]}. Obviously the product space (X x Y, ||(x, j/)||) is a Banach space with norm 

IK®. 2/) II = INI + 112/11- 

Throughout this paper, for convenience, we use the following expressions 

J z h(s, x(s),y(s))(T) = J (r - s) z_1 /(s, x(s), y(s))ds, 


and 


p rh(s,x(s),y(s))(r) = 


rT p -1 


s p 1 f(s,x(s),y(s)) 


r(^) Jo (tp - sQ 1 z 

where p,z > 0 and r G [0, T], 

In view of Lemma 2.7, we define an operator !F\ XxY—>XxY by 


ds, 


where 


V(x,y){t) = 


T{x,y)(t) = 
r(pi) tPi+P2-i 

r(pi + P 2 ) o 


Q(x,y)(t) 


J Pl+P2 f(s,x(s),y(s))(r]) - X ± J p2 x(s)(r]) 


Th 

Yl ai (j pi+P2 f{s,x(s), y{s))(T) - Ai J P2 x(s)(r))(£ t ) 


and 


Q(x,y)(t) = 


+J pl+P2 f(s,x(s),y(s))(t) - Ai J P2 x(s)(t) 
T(qi) t qi + 92 - 1 


r(gi + 92) d 1 


J qi+q2 g(s,x(s),y(s))(n) - A 2 J q2 y{s){n) 


(J qi+q2 g(s,x( S ),y(s))(s) - A 2 J q2 x(s)) (0) 
+J qi+q2 g(t)-X 2 J q2 y(t). 


To simplify the notations, we use in the following constants 

rpa+p 2 r(pi) t i pi+P2-i 


$(a) = 


V 


,a+P 2 


r(i + a + p 2 ) r(pi+p 2 ) |0| yr(i + « + p 2 ) 

n r i pa+p 2 +^i T ( a + p *+P* ) 

, I | 1 Si_ V Pi J 

“ * _ T (1 T ft T p 2 ) pT Y ^ a+P2+P, 7.+Pi j 


and 


A (b) = 


r pb+q 2 


T( qi ) T qi+q2 ~ 1 


A+12 


T(l + b+q 2 ) T(q 1 + q 2 ) |T| ^r(l + b + g 2 ) 

1 (M-qi+Sjtj Y ( b+q2+S i ^ 


-Ei&i 

i=i 


T(l + & + (7 2 ) Y ^ b+qi+Sjpj+Sj ^ 


(17) 


(18) 


(19) 


( 20 ) 


( 21 ) 


where a G {pi, 0} and b G {qi, 0}. 
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3.1 Existence result via Krasnoselskii’s fixed point theorem 

The next result is based on the following fixed point theorem. 

Lemma 3.1 (Krasnoselskii’s fixed point theorem) [29]. Let M he a closed, bounded, convex and 
nonempty subset of a Banach space X. Let A,B be the operators such that (a) Ax + By e M whenever 
x,y € M; (b) A is compact and continuous; (c) B is a contraction mapping. Then there exists z € M 
such that z = Az + Bz. 


Theorem 3.2 Suppose that the folloeing conditions hold: 

(Hi) \f{t,u,v)\<ip{t), V(f, u, v) € [0, T] x R 2 , and %j) € C([0,T],R + ); 

(H 2 ) \g(t,u,v)\ < u>(t), V(f, u, v) € [0, T] x R 2 , and u> € C([0, T\, R + ); 

If 

T = max{|A 1 |d>(0), |A 2 |A(0)} < 1, (22) 

where $(0) and A(0) are defined by (20) and (21) with a = b = 0, respectively. Then the problem (1) 
has at least one solution on [0,T]. 


Proof. To prove our result, we set sup tg j 0 T ] |?/>(t)| = HV’II) su Pte[o,T] l w WI = IMI an d choose 


R > 


+ IMI A (9i) 

1 _ T 


(23) 


where <l>(pi) and A(gi) are defined by (20) and (21) with a = pi and b = qi, respectively. Let 
Br = {( x,y ) € X x Y : ||(a:,p)|| < R}. We define four operators by 


Pi(x,y)(t) 


J Pl+P2 f(s,x{s),y(s))(t) 


T(pi) 

r(pi + P2) Li 


J Pl+P2 f(s,x(s),y(s))(r]) 


<*i ^I Ji (j Pl+P2 f(s, x(8),y(s))(r)) ( 6 ) 


Wit) 


—Ai J P2 x(s)(t) — Ai 


rfa) 

r(pi +p 2 ) 


fPl+P2-l 

n 


J P2 x{s)(ri) 


w i 7i (>z(s)(T))te) 

i= 1 


and 


Qi(x,y)(t) = J qi+q2 g(s,x(s),y(s)){t) + 


r(gi) 

1(91 + 92 ) + 


J qi+q2 g(s,x{s),y(s))(n) 


~'E l /3i SiI + i ( jqi+qa 9(8,x(s),v(s))(s))(Cj) 

3 =1 


and 


Q 2 (y)(t) = —A 2 J q2 y(s)(t) — A 2 


r(gi) t q i+<?2 - 1 

1(91 + 92) + 


J q2 y(s)(K.) 


-^ / 3 i +/+(^ 2 x( S )(r))(0) 

1=1 
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and 


,y)(t) = 


'Pi(x,y)(t) 

Q\{x,y)(t) 


, (x,y)(t) = 


V 2 {x){t) 

Q2(y)(t) 


(24) 


Observe that V = V\ + V 2 , Q = Qi + Q 2 and T = T\ + T 2 . For any (xi, yQ, (x 2 , y 2 ) G B R we have 
\P\{x\,y\)(t) + P 2 (x 2 )(t)\ 

r(pi) tp'+p*- 1 


J Pl+P2 f(s,x 1 {s),y 1 (s))(t) + 


r(pi+P2) o 


n 

E “i /7i ( JP1+P2 /( s > *1 (*)> 2/1 (s)) w) (6) 


JP 1 +P 2 xi(s), yi(s))(y) 


- Ai J P2 x 2 (s)(t) 


—Ai 


r(pi) tp'+p*- 1 
r(pi + p 2 ) o 


n 

J P2 x 2 (s)(ri) -E ai (j P2 £ 2 (s)(t)^ (&) 


i=l 


< Ill’ll ^J Pl+P2 (T) + 

+MIM 


r(pi) tp'+p 2 - 1 
r(pi + P2) |fi| 

r( Pl ) tp '+ p 2 - 1 


r(pi+p 2 ) |fi| 

< ||r/>||$(pi) + |Ai|||x 2 ||$(0). 

In a similar way, we get 

\Qi(xi,yi)(t) + Q 2 (y 2 )(t) | 

r(gi) t«i+^-i 


Tl 

J p i +P2 (y) + E |«<| (J Pl+P2 (r)) (£,;) 

n 

J^(r ? )+El«il ^ 7i (J P2 (r))(&) 


Z=1 


J <?1+92 ff (s,Xi(s),?/i(s))(t) + 


r(gi + 52 ) T 


J 9l+92 fl '(s,a:i(s), 2 /i(s))(K) 




j=i 


- A 2 J q2 y 2 (s){t) 


-As 


r(gi) f ^ 2 " 1 

r(5i + 52 ) 'F 


J<*y 2 (s)( K )-J2fr ^/^(J 92 2/ 2 ( S )(r))(0) 


i=i 


< |M|^J 9l+92 (T) + 

+iA2iii»i(j«-m , r(9i+?2) 

< ||w||A(5i) + | A 2 11| 2 / 2 1| A(0), 


r(gi) t^+i 2 - 1 
r(5i + 52) |Tj 

r(gi) X’91+92-! 


^ 1+92 («) + E l&l ^/^(J 9l+92 (r))(0) 


i=i 


^(«)+Ei^i 4i ^( J *( r ))(0) 

i=i 


which imply that ||.Fi(ar, 2 /) + ^ 2(^1 2/)|| < R- This shows that IF\{x,y) +J r 2 (x,y) £ B R . 
For (£ 1 , 2/1 ), (x 2 ,y 2 ) £ X x Y and for each t £ [0,T] we have 


and 

Thus 


W^ixi) - V 2 {x 2 )\\ < |Ai|$(0)||xi -x 2 \\, 
l|22(yi) - Q 2 MII < |A 2 |A(0) ||j/i - y 2 \\. 


\\^ 2 (xi,yi) -^ 2 ^ 2 , 1 / 2)11 < T||xi - aj 2 || + T||y! - y 2 \\ = T||(a;i - x 2 ,yi - y 2 )||, 

which implies that T 2 is a contraction mapping by (22). The continuity of / implies that the operator 
T\ is continuous. Also, T\ is uniformly bounded on B R as 

\\Vi{x 7 y)\\ < ||i/’||4 > (pi), and ||Qi(x, y)\\ < |M|A(gi). 
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Thus 




Next we will prove the compactness of the operator T\. Let ti,t 2 £ [0 ,T] with t\ < < 2 - Then we 
have 


and 


< 


\Vi(x,y)(t 2 ) -Vi{x,y){ti)\ 

J Pl+P2 f{s,x(s),y{s)){t 2 ) - J Pl+P2 f(s, x(s),y(s))(t 1 ) 

J p2+P2 f(s,x(s),y(s))(y) 


Pl+P2~l _ ^Pl+P2-1^ 


r (Pl)(4 - "1 


< 


P1+P2-1 _ ^Pl+P2-1 


< 


nr(pi + p 2 ) 

n 

-E a * p ' i r i ^J Pl+P2 f(s,x(s),y(s))(T)^(^i) 

i =1 

| k .|| (lY n - - ti) pi+ ” ||,. H r(p,)(t _ 

11 11 r( Pl + p 2 +1) lml |o|r( Pl +k) 

n 

+ J2M Pi i Ji (j pi+P2 (T))({i) 

i=1 

\Qi(x,y)(t 2 ) - Qi{x, y)(fi)| 

J qi+q2 g(s,x(s),y(s))(t 2 ) - J qi+q2 g{s, x(s), y(s))(h) 


l ) 


J p 1+P2 (y) 




qi+Q2 —i ^.9i+ < ?2 — i 


x ) 


J qi+q2 g(s,x(s),y(s))(n) 


Tr(gi + q 2 ) 

m 

E & ^ * 00 > tfWXr)) (C,) 


< W 


i=i 

( tf +q2 - tf +92 ) + 2(i 2 - 


+ 


r(gi +q 2 + 1) 

El/3il ^^(j- + -(r))(0), 






91+92-1 _ ^91+92-1 


|Tjr(gi + g 2 ) 


— J gi+<?2 (k) 


i=i 


which is independent of (x, y) and tends to zero as t 2 — t\ —> 0. Thus, AA is equicontinuous. So T\ is 
relatively compact on Br. Hence, by the Arzela-Ascoli theorem, T\ is compact on Br. Thus all the 
assumptions of Lemma 3.1 are satisfied. So the conclusion of Lemma 3.1 implies that the problem (1) 
has at least one solution on [0,T]. This completes the proof. □ 


3.2 Existence result via O’Regan’s fixed point theorem 

Our next existence result relies on a fixed point theorem due to O’Regan in [30]. 

Lemma 3.3 Denote by U an open set in a closed, convex set C of a Banach space E. Assume 0 £ U. 
Also assume that F(U) is bounded and that F : U —> C is given by F = F\ + F 2 , in which F\ : U —> E 
is continuous and completely continuous and F 2 : U —> E is a nonlinear contraction (i.e., there exists 
a nonnegative nondecreasing function 4> : [0, oo) —> [0, oo) satisfying f>(z) < z for z > 0, such that 
||F 2 (;r) — F 2 (y )|| < 4>(\\x — j/||) for all x,y € U). Then, either 

(Cl) F has a fixed point u £ U; or 

(C2) there exist a point u £ dU and A £ (0,1) with u = A F(u), where U and dU, respectively, represent 
the closure and boundary of U. 
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In the sequel, we will use Lemma 3.3 by taking C to be E. For more details of such fixed point 
theorems, we refer a paper [31] by Petryshyn. Let 

K r = {(x,y) G X x Y : ||(ar, j/)|| < R}. 

Theorem 3.4 Let /, g : [0, T] x R. —> R. be continuous functions. Suppose that (22) holds. In addition 
we assume that: 

(H 3 ) there exist a nonnegative function Z\ G C([0, T), R) and nondecreasing functions tfi,ip 2 ■ [0, oo) —> 
[0, oo) such that 

\f(t,u,v)\ < ^i(t)['0i(||'w||) + V^GMI)] for all ( t,u,v) G [0,T] x R 2 ; 


(Hf) there exist a nonnegative function z-i G C([0,T],R) and nondecreasing functions wi,w 2 '■ [0, oo) 
[0, oo) such that 


\g(t,u,v)\ < Z 2 (i)[wi(||u||) + w 2 (|M|)] for all (t, u, v) G [0, T\ x R 2 ; 


^ reTo^o) ll-ill[^i( r ) + V’ 2 (r)]d>(pi) + ||^ 2 ||[wi(r) + w 2 (r)]A(g 1 ) 

are defined in ( 20 ), ( 21 )and ( 22 ) respectively. 

Then the he problem (1) has at least one solution on [0,T]. 


1 _ T , where ^(p 1 ),A(q 1 ) and T 


Proof. Consider the operator IF :XxY^>XxY as that defined in (18). We decompose T into a 
sum of two operators 

F(x,y)(t) = J r 1 (x,y)(t) + T 2 (x,y)(t) 

where T\(x,y),T 2 (x,y) defined in (24). From ( H 5 ) there exists a number ro > 0 such that 

_ H _ > _J_. f25 1 

IM|[?M?’o) + ^2(r 0 )}^(pi) + 11-221| [wi(r 0 ) + w 2 (?’o)]A(g 1 ) 1 — T 

We shall prove that the operators T\ and T 2 satisfy all the conditions of Lemma 3.3. 

Step 1. The set !F(K ro ) is bounded. We first show that T\ ( K ro ) is bounded. For any (x, y) G K ro 
we have 

\\Vi(x,y)\\ < || 2 i||[t/>i(r 0 ) +ip 2 (r 0 )}^(Pi), 

and 

||2i(a;,y)|| < || 22 ||[wi(r 0 )+w 2 (r 0 )]A(gi). 

Thus 

Xi(x,y)\\ < ||2i||['0i(r o ) +</> 2 (r 0 )]4>(pi) + ||z 2 ||[wi(r 0 ) + w 2 (r 0 )]A(gi). 

This proves that T\(K r0 ) is uniformly bounded. In a similar way we have 

||P 2 (*)||<|A 1 |$( 0 )|| a: ||, and ||Q 2 (y)||<|A 2 |A(0)||y||, 


and thus 

\\^ 2 (x,y)\\ < Tr 0 . 

Step 2. The operator T\ is continuous and completely continuous. 

By Step 1, T\(K r0 ) is uniformly bounded. In addition for any ti,t 2 G [0,T], we have: 


\Pi(x,y)(t 2 ) - 'Pi(x,y)(h)\ 


< ll^illtV’1 (t*o) + tMro)] 


1 


r(pi +P 2 + 1 ) 


( t pi+p 2 - t pi+p2 + 2 (t 2 - <i) pl+P2 ) 


r(pi)(ti 


P1+P2-1 _ ^.Pl+P2-l 




|o|r(pi +p 2 ) 


n 

J Pl+P2 (ri) + Y N W / 7 *(^ 1 +P 2 (r))(e,) 
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and 


\Qi(x,y)(t 2 ) - Qi(x,y){ti)\ 


< 11-221| [wi(r 0 ) + w 2 (r 0 )] 


1 


r(qi + q 2 + l) 


(t qi+q2 - t \ 1+q2 + 2 (t 2 - H) 9l+92 ) 




<3 1 + 92-1 _ ^ 91 + 92-1 


x ) 


|^|r(gi +q 2 ) 


m 

J q ' +q \n) + E l&l 5ilh (J qi+q 2 (r)) (0) 


i=i 


which are independent of (x,y) and tends to zero as t 2 — H —s► 0. Thus, T\ is equicontinuous. Hence, 
by the Arzela-Ascoli Theorem, T\{K ro ) is a relatively compact set. Now, let (x n ,y n ) C K ro with 
\\{x n ,y n ) — ( x >y)\\ 0- Then the limit \\(x n ,y n )(f) — (a:, y)(f)|| —> 0 is uniformly valid on [0,T], From 

the uniform continuity of f(t,x,y) and g(t,x,y ) on the compact set [0,T] x [—To,To] x [—ro,+o], it 
follows that \\f(t,x n (t),y n (t)) - f(t,x(t),y(t))\\ -> 0 and \\g(t, x n (t), y n (t)) - g(t,x(t),y(t))\\ -» 0 are 
uniformly valid on [0,T]. Hence || tF\(x n ,y n ) — tF\(x,y) || —» 0 as n —> oo which proves the continuity of 
T\. Therefore the operator T\ is continuous and completely continuous 

Step 3. The operator T 2 is contractive. This was proved in Theorem 3.2. 

Step 4. Finally, it will be shown that the case (C2) in Lemma 3.3 does not hold. On the contrary, 
we suppose that (C2) holds. Then, we have that there exist 6 G (0,1) and (x,y) € dK ro such that 
(x,y) = 6 tF(x,y). So, we have ||(aa, j/)|| = +o and 


INI < IN|[Vh(ro) + M r o)]®(Pi) + |Ai|$(0)||x||, 


and 

IMI < IMIMr 0 ) +w 2 (r 0 )]A(gi) + |A 2 |A(0)||y||, 

from which we get 


INI + IMI < \\zi\\[ipi(r 0 ) + ip2(r 0 )}^(pi) + ||z 2 ||[wi(r 0 ) + w 2 (r 0 )]A(gi) + Tr 0 , 


or 

_ H 

l|2i||[^i(+o) +^2(ro)]$(pi) + IN|[wi(fo) + w 2 (r 0 )]A(gi) 1 — T 

which contradicts to (25). Consequently, we have proved that the operators T\ and T 2 satisfy all the 
conditions in Lemma 3.3. Hence, the operator T has at least one fixed point (x,y) G K ro , which is the 
solution of the he problem (1). The proof is completed. □ 

Theorem 3.5 Let /, g : [0, T\ x R —> R. be continuous functions. Suppose that (22) holds. In addition 
we assume that: 

(Hq) there exist a nonnegative function z\ G C([0,T],]R) and a nondecreasing function ip : [0, oo) —> 
[0, oo) such that 

\f(t,u,v)\< zi(t)ip(\\u\\ + \\v\\) for all (t, u, v) G [0, T\ x R 2 ; 

(Hr) there exist a nonnegative function z 2 G C([0,T],R) and a nondecreasing function u> : [0, oo) —> 
[0, oo) such that 

\g(t,u,v)\ < z 2 (t)u(\\u\\ + \\v\\) for all (t,u,v) G [0,T] x K 2 ; 

T 1 

(Hs) sup Ti— n ,, wj-7 — 1 | 7 +77 T > z - where $(pi),A(gi) and T are defined in (20), 

re(0,oo) \\zi\mrmqi) + l|2 2 ||w(r)A( 9 i) 1 - T 

( 21 )and ( 22 ) respectively. 

Then the he problem (1) has at least one solution on [0,T]. 
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Proof. The proof is similar to that of Theorem 3.4 and it is omitted. 
To establish some special cases, we set constants 


□ 


p _ o:iT(p i) T(p 1 +p 2 ) Pl+P2+7i _i o n 

Rl ~hn Pl+P 2 )T {Pl+P2+J Y 


and 


T _ PjT(q y) T ( qi + q 2 ) l *-qi+q2 + <t‘j-l T _ T ,T f _l_ ri 

1 "£;r (, 1 + *)r( 9l + * 1 + ^ 


X(a) = 


r pa+P 2 


T(pi) TP1+P2-1 / 


T(1 + a + p 2 ) T(pi + p 2 ) |i?| \T (1 + a + p 2 ) 

+ y- h .,r e“ +P2+7i r(a + p 2 + l) 


and 


0 ( 6 ) = 


r(l + a + P 2 ) r (a + P 2 + 7 i + 1) J y 


r pb+q 2 r(^i) 7 1 9i+92-l / ^+92 

r(i + 6 + g 2 ) + r(gi + <? 2 ) 1^1 ( r(i + 6 + g 2 ) 


(26) 


+ 5 Z 


j=i 


Cj +92+fe r (6 + g 2 + 1 ) 

T(1 + 6 + q 2 ) T (6 + q 2 + <f)j + 1) 


(27) 


where a = {pi, 0 } and 6 = {< 71 , 0 } 

By setting p.j = 1 and Sj = 1, we have a boundary value problem with nonlocal Riemann-Liouville 
fractional integral conditions 

{ D Pl (D P2 + Xi)x(t) = 0 <t<T, 

D qi (L> 92 + A 2 ) y(t) = g(t,x(t),y(t)), 0 <t<T, 


a:(0) = 0, x(y) = on J li x(£ i i), 

i —1 
m 

y(0) = 0, y(n) = 


(28) 


j= 1 


Using the above constants, we have the following corollaries. 

Corollary 3.6 Suppose that (HI) and (H2) holds. If 

M = max{|Ai|x(0), |A 2 |0(O)} < 1, (29) 

then the problem (28) has at least one solution on [0,T]. 

-> K. 6e continuous functions. Suppose that (29), (Hf) and ( H 4 ) 


Corollary 3.7 Let f,g : [0,T] x 1 
holds. In addition we assume that: 


> 


1 


^ H9 ' ) r 6 S (0^o) ll-ill[^i( r ) + ^WIxCpi) + |N|[wi(r) + w 2 (r)]0(gi) 1-M 


, where x(pi), ©(51) and M 


are defined in (26), (27)and (29) respectively. 

Then the he problem (28) has at least one solution on [0,T]. 

-> K. 6e continuous functions. Suppose that (29), ( H e ) and (Hf) 


Corollary 3.8 Let f,g : [0,T] x 1 
holds. In addition we assume that: 


> 


1 


re S (0^o) INi||V’(t)x(9i) + IMMr)0(gi) 1 -M 


, where x(pi)) ©(<7i) an d M are defined in (26), 


(27) and (29) respectively. 

Then the he problem (28) has at least one solution on [0,T]. 
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4 Examples 


In this section we present examples to illustrate our results. 


Example 4.1 Consider the following system of fractional Langevin equation subject to the nonlocal 
Katugampola fractional integral conditions 


^ D 1/2 (l> 3/5 
£> 2/5 ^ 4/5 

X(0) = 0, 
2 /( 0 ) = 0 , 


0.2 


t sin 3 1 arctan x(t) 2 cos t sin y(t) 


t + 1 
3 1 2 


3|a(t)| +2 
3 x(t) 


3t 2 + 2 2 [y(t)\ 

2 y{t) + 3 
A’ 


+ 3’ 

0 < t < 1, 


0 < t < 1, 


) x{t) = 

) ^ At + 3 5|a;(t)| + 1 ' 3|y(t)J 

a;(0.6) = 0.2 1/2 / 7/1 °a;(0.3) + 0.3 2 / 5 I 375 x(0.6), 

2/(0.2) = 0.2 3/lo 7 4/5 2/(0.3) + 0.3 3 / 5 I 2 / 5 y(0.7) + 0.4 2 / 5 I 9 /lo y(0.9), 


(30) 


Here p\ = 1/2, p 2 = 3/5, qi = 2/5, q 2 = 4/5, Ai = 0.2, A 2 = 0.25, 77 = 0.6, k = 0.2, a\ = 0.2, 
0.2 = 0.3, pi = 0.2, p 2 = 0.3, 03 = 0.4, m = 1/2, /z 2 = 2/5, 71 = 7/10, 72 = 3/5, ^ = 3/10, 
^2 = 3/5, 63 = 2/5, Pi = 4/5, p 2 = 2/5, fa = 9/10, & = 0.3, 6 = 0.6, Ci = 0.3, C 2 = 0.7, Ca = 0.9, 
T = 1, f(t,x,y) = (tsin3tarctana:(t))/((i + l)(3|a:(t)| + 2)) + (2costsin2/(/))/((3t 2 + 2)(2|2/(t)| + 3)) and 
g(t,x,y) = (9t 2 x(t)) / ((At. + 3)(5|ar(t)| + 1)) + (2y(t) + 3)/(3|z/(7)| + 4). Since f(t,x,y) < (tsm3t)/(3t + 
3) + (2 cos t) /(6t 2 + 4), g(t, x,y < (9 1 2 ) /(20 1 + 15) + (2/3) and by using the Maple program, we can find 


m = 


and 


TP2 


r(i + P2) 


T(pi) TPi+Pi- 1 


A(0) = 


r(pi +P 2 ) 

4.318646369, 

T<l 2 

r(i + 92) 


| 0 | 


r(?i + <? 2 ) 
3.234126953. 


1*1 


r(i + p 2 ) 


r(gi) £91+92-1 


cQ 2 


r(i + « 2 ) 


2 

E i ai i 

i =1 


1 _£_ 

Lr(i + p 2 ) hT 


P 2 +iHn r 


Y ^P2+A£l7i±/£i^ 


3 

E 

i =1 


\Pj 


c 


q2-\-8j(f)j 


r(^ 


|_T(1 + q 2 ) y ±Sj^r±C_^ 


Thus T « 0.8637292738 < 1. Hence, by Theorem 3.2, the system (30) has at least one solution on [0,1]. 


Example 4.2 Consider the following system of fractional Langevin equation subject to the nonlocal 
Katugampola fractional integral conditions 


< 


773/10 ^£> 4 / 5 
£, 2/5 ^£, 9/10 

z(0) = 0, 
2 /( 0 ) = 0 , 


+ 0.25) x(t) 
+ 0.2) y(f) -- 


t f\x \ 2 + 2 \x\ 

Z 15 V |*|+4 
t / |cc| 2 + \x\ + 1 

5 I 2|x| + 5 


'»'(/f'»' + 2 ), 0 < i < 1 
—j, 0<<<1 


z(0.1) = 1.5 7 /w I 1 / 2 x( 0.6) + 2 3/1 °/ 1/5 a;(0.8) + 2.5 3 / 5 I 3 /w x( 0.9), 
2/(0.8) = 3 7/lo / 4/5 2/(0.7) + 2.5 3 /lo I 9 /w y(0.8), 


(31) 


Here Pl = 3/10, p 2 = 4/5, q 1 = 2/5, q 2 = 9/10, Ai = 0.25, A 2 = 0 . 2 , ?/ = 0.1, k = 0.8, an = 1.5, 

02 = 2, a 3 = 2.5, pi = 3, p 2 = 2.5, /i-j = 7/10, = 3/10, /i 3 = 3/5, 71 = 1/2, 72 = 1/5, 73 = 3/10, 

Si = 7/10, 82 = 3/10, Pi = 4/5, p 2 = 9/10, & = 0 . 6 , £2 = 0 . 8 , & = 0.9, Ci = 0.7, C 2 = 0 . 8 , 

T = 1, f(t, x, y) = (t/15)[((|a;| 2 + 2 |cc|)/(|cc| + 4)) + ((|i y \ 2 + 2 \y\ + 2)/(3|y| + 4))] and g(t,x,y) = 

(t/5)[((|a ;| 2 + \x\ + l)/(2|ar| + 5)) + ((\y \ 2 + l)/(\y \ + 5))]. By using the Maple program, we can find 


$( 0 ) 


T? 2 

r(i + P2) 
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T( Pl ) j ipi+P2 ~ 1 
+ V(p 1 +p 2 ) |0| 

1.892763483, 


n p 2 


r(i + p 2 ) 


+ E 

i= 1 


i £ 


^ 2 +^ 17 * r 


("?*:) 


r(i + p 2 ) lT p ^ P 2 +w 7 j±Mi ^ 


and 


A(0) = 


7 1 92 


r(l + g 2 ) 


r(gi) T « 1 +« 2 ” 1 


r(gi + <? 2 ) 

1.824427804. 


m 


r(l + q 2 ) 


Ei^ 

1 = 1 


1 


^92 + 6 j<t>j r (p' > ' 


r(l + (/ 2 ) Y ( q2+S iN + 5 i 

3 V S i 


Thus T ss 0.4731908708 < 1. Since |/(i, x,y)\ < (i/15) [(|x| 2 + 2|x|)/4+(|i/| 2 + 2|i/|+2)/4], \g(t, x,y)\ < 
(i/5)[(|x| 2 + \x\ + l)/5 + (|y| 2 + l)/5], we choose Zi(t) = t/ 15, tp^x) = (|cc| 2 + 2|x|)/4, ip 2 (y) = 
(|y| 2 + 2\y\ + 2)/4, z 2 {t) = i/5, wi(z) = (\x\ 2 + |ar| + l)/5, co 2 (y) = ( \y \ 2 + l)/5. We can show that 


retold) \\zi\\[Mr) +Mr)MPi)+ INI Mr) + u 3 2 (r)]A( qi ) 
« 2.080080186 > 1.898220711 « 

Hence, by Theorem 3.4, the system (31) has at least one solution on [0,1]. 


Example 4.3 Consider the following system of fractional Langevin equation subject to the nonlocal 
Katugampola fractional integral conditions 


2(|a: + y|) 3 + 2|x| + \y\ 


3| 


(|x + y|) 2 + l 

\x\ + 2\y\ + 3 


0< i<-, 


L)4/5 ^9/10 + 0.3^ X {t) = 

1)3/1° ^9/10 + 0.35^ y (t) : 

x(0) = 0, x(0.6) = 0.4 2 / 5 / 7 / io a;(0.2) + 0.4 4/5 / 2/5 x(0.6), 

2/(0) = 0, 1/(0.3) = 0.8 4/5 / 4/5 i/(0.2) + 0.7 1 / 5 I 9 /W y( 0.5) + 0.8 7 /w I 7 / 10 y( 0.6), 


0 <t< 


(32) 


Here p\ = 4/5, p 2 = 9/10, qi = 3/10, q 2 = 9/10, Ai = 0.3, A 2 = 0.35, ?/ = 0.6, k = 0.3, 
ai = 0.4, cn 2 = 0.4, fa = 0.8, /3 2 = 0.7, 0 3 = 0.8, yi = 2/5, ^ = 4/5, = 7/10, y 2 = 2/5, 

Si = 4/5, <5 2 = 1/5, S 3 = 7/10, (ft = 4/5, 0 2 = 9/10, </ 3 = 7/10, & = 0.2, & = 0.6, Ci = 0.2, 
C 2 = 0.5, C 3 = 0.6, T = §, f{t,x,y) = (i/5) [(2(|x + y \) 3 + 2 \x\ + |y|)/(3|x| + 4)] and g{t,x,y) = 
(i/3) [((I* + y |) 2 + l)/(|x| + 2\y \ + 3)]. By using the Maple program, we can find 


and 


4>(0) = 


j^p 2 


T(pi) TP'+P 2 - 1 


r(i + p 2 ) r(pi + p 2 ) |n| lr(i + p 2 ) 


- 1 e p+^7. r (^) 

_r(l+p 2 ) flj* Y 
2.401980728, 


Ekl 


A(0) = 


T<i2 


r( 9 i) r^+9 2 - 1 


T(l + 9 2 ) V(q 1 + q 2 ) 




r(i + <? 2 ) 


+E \ 0 j \ 

i=i 


c 




p 92+E 

1 V ^ 


r(l + g 2 ) p ^ 92 +E 0 J+E ^ 


(33) 
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« 1.427481620. (34) 


Thus T « 0.7205942184 < 1. 

Since |/(i,a;,y)| < (t/ 5) [((|x + y|) 3 + \x\ + \y\)/2], \g(t,x,y)\ < (t/ 3) [((|x + y\) 2 + l)/3], we choose 
zi(t) = t/ 10, ip{x + y) = \x + y |) 3 + \x\ + \y\, Z 2 (t) = i/9, u>(x + y) = (|x + y\) 2 + 1). We can show that 


re(o(oo) \\zi\\[Mr)+Mr)MPi) + INIMr) + o*(r)]A( gi ) 

« 3.980031158 > 3.579024007 « 

Hence, by Theorem 3.5, the system (32) has at least one solution on [0, |]. 
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SUBORDINATION RESULTS FOR CERTAIN CLASS OF 
ANALYTIC FUNCTIONS ASSOCIATED WITH 
MITTAG-LEFFLER FUNCTION 

MANSOUR F. YASSEN 


Abstract. In this paper, we introduce a new class of analytic functions as¬ 
sociated with Mittag-Leffler fuction in the open unit disk. Several properties 
of functions belonging to this class are derived. 


1. Introduction 


Let U be the open unit disc U = {z : \z\ < 1} . Also, Let A{p) the class of 
functions f(z) of the form 


f(z) =z p + J2 


a n z 


n-\-p— 1 


(l.i) 


which are analytic in U, where p G N = {1, 2,3,...}. Also fi(z) G A{p), (i = 1, 2) 
defined by 

OO 

f i {z) = z p + Y j a n ,iZ n+p -\ (* = 1 , 2 ) ( 1 . 2 ) 

n =2 

the convolution (or Hadamard product) of fi(z) and /^(z) given by: 

OO 

(/i * / 2 )(z) := {h * h)( z ) : = z p + '^2an,ia n}2 z n+p ~ 1 . (1.3) 

n =2 

The Mittag-Leffler function ([11],[12]) is defined by: 


E a (z) — 1H—- + 


a! (2a)! (3a)! 


-■ = £ 


n —0 


r(an + 1 ) 


, (a G C; Re(a) > 0). (1.4) 


Some interesting properties and general of Mittag-Leffler function can be found e.g. 
in [2], [3], [4], [5], [ 6 ], [9], [13], [14], [15], [16], [18], [21], [22] and [23], The function 
Ea\g( z )( z e C) introduced by Srivastava and Tomovski [20] in the form: 

( \ TL 

E ap( z ) = £ F / 77 "f I , (oc,0,r] G C; Re{a) > max{0, Re(k)-1}; Re(k) > 0), 

z— 1 1 (an + p)n\ 

n—0 v 7 

(1.5) 

where 


(v)n = 


r (?7 + n ) 

r(*?) 


l, 


n = 0 , 


77(77 + 1) (77 + 2)... (77 + 7 i — 1), n G N. 


( 1 . 6 ) 


2010 Mathematics Subject Classification. 30C45. 

Key words and phrases. Analytic functions, Hadamard product,starlike functions, prestar-like 
functions, Differential subordination, Mittag-Leffler function. 
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The function E^’ h p(z) proved by Srivastava and Tomovski [20] is an entire function 
in the complex 2 -plane. Attiya [1] defined the function ( 2 ) by 


O) = 


r(g + ff) 

(v)k 


E ^~W) 


, (Z g u), 


(1.7) 


very recently, Attiya [1] introduce the operator 

defined, in terms of convolution by 


= z - 


+ nk)T(a + (3) . 

+ + « ‘ ( 81 

Analogous to H^ k p(f(z)), we introduce the operator as follows 

KX p (f(z)):A(p)^A(p), (1-9) 


where 

and 


K k pjm) = QTe*W * /(*)> (* e U). 


- 


1 

W) 


(z e U), 


( 1 . 10 ) 

(l.n) 


qvM , \ _ ^ r(q + /j) / ,),fc/ X 

~ (^) fc 

from equations (1.9), (1.10) and (1.11) we not that 

«&(/(*)) = g S, P (*w(*) 

- 2 P + V r(r/ + nfc ) r ( a + ft) a g n+ p -l (. GU ) n 12 ) 

” ^ Tfa + k)T(na + (3)^ U € Uj, 


when p = 1, the operator i(f{z)) is the Attiya operator {z)) [1]. 

A function f(z) G A{ 1) is said to be in the class S*(cr) [7] and [19] or (star-like 
of order a in U) if: 

5* (a) := j/(2) : Re > a, 0 < a < 1, 2 G U J . (1.13) 

A function f(z) € -4(1) is said to be in the class Sft(cr) [7] and [17] or (pre-starlike 
of order a in U) if: 


»(*) “ {/(*) : _ ^ 2(1 _ g) * f(z) € 5* (a), a < 1,2 G u| . (1.14) 

The function g{z) is called subordinate to G(z), if there exist a Schwarz function 
h(z), analytic in U, with h( 0) = 0 and \h{z)\ < 1, such that g{z) = G{h{z)) for all 

2 G U. 

This subordination is denoted by g(z) -< G(z). If the function G(z) is univalent 
in U, then g(z) -< G(z) if and only if g( 0) = G(0) and g(U) C G(U). 

Let T be the class of function w(z) with u>(0) = 1, which are analytic and 
univalent in U. 
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Definition 1 . Let f(z) € A(p) , then f(z) is said to be in the class (6; w) 
if it satisfies the following condition 


(! - 8) 




(j+aXpif^) ^ W ( 2 )' ( L15 ) 


p ~ y-a,p,p\J V —) 

where 5 G C), p G N \ {1} and w(z) G X. 

The main object of our paper is to investigate and introduce some subordination 
results of the class X^ (6; w). 

2 . Some Lemmas 

In our paper, we use the following lemmas: 

Lemma 1.1 [10]. Let G(z) be analytic function in U and w(z) be analytic and 
convex univalent in U with G( 0) = w(0), if 

G{z) + \zG\z) -< w(z), (2.1) 

v 

where Re(tf) > 0 and ^ 0, then G(z) -< w(z). 

Lemma 1.2 [17]. Let a < 1, f(z) G <S*(cr), and G(z) G 5R(cr), then, for analytic 
function F(z ) in U, 


G*(fF) 


(U) C co (F(U)), 


where co (F(U)) denote the closed convex hull of F{ U). 

Lemma 1.3 [8]. Let G(z) = 1 + d n z n ,(k G N) be analytic function and 

convex univalent function in U. If Re{G(z)} > 0, (z G U), then 


Re{G(z)} > 


(k G N;z G U). 


3. Properties of the class X[[’^ p (d; w) 

In this section, we let p G N and p > 1 . 

Theorem 3.1. Iet0<5i<5 2 . Then X^ )P (<5 2 ; w) C X^ p (<5i; w). 
Proof. Let f(z) G X^’^ p (5 2 ;w) and 0 < Si < d 2 . Suppose that 


cj>{z) = 


{Ki. ,(/(*»)'■ 


Therefore, the function <p(z) in the above equation is analytic in U with <^(0) = 1. 
Differentiating the both sides of the above equation w.r.t. z, we have 

= (1 ^ P p >z ~ r (KiMM))' + ^ («S,„(/«))" - < 3 - 2 ) 

By using Equation (1.15), we have 

(1 - S 2 )z-p + 1 / k , S 2 z~p+ 2 / „, fc _ ,,, , 8 2 z<t>'{z) 




Pip - 1) 


(*&„(/(*))) = m + 


~< w{z). 
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Using Lemma 1.1, we have 

<f>(z) -< w(z). (3-4) 

Since 0 < Si/S 2 < 1 and w(z) is univalent in U, using equations (3.1) and (3.4), we 
given that 

(l-6 1 )z-P +1 f k , 6 lZ -P +2 


(«S„(/(4))' + 


Si f(l-S 2 )z-P +1 




pip - 1) 
S 2 z-p + 2 
p{p - 1) 


(Kpfafa) = ( x -1) fa) 
('HaP,p(f( Z )i) ) ^ W i Z )• ( 3 - 5 ) 


Therefore f(z) G 2^’^ p (Si; w), and the proof of Theorem 1.1 is completed. | 
Theorem 3.2. Let S > 0, p > 0, and f(z) G (5; pw + 1 — p). If p<po, where 


if ip-i) r 1 ^(p- 1 )/*)- 1 ,V 

vy„ 1+1 *) 


(3.6) 


TTien f(z ) G p (0; w). 27ie bound po is sharp in the case w(z) = 1/(1 — z). 
Proof. Let f(z) G pw + 1 — p) with 5 > 0,p > 0. Suppose that 


~-p+i 


Then we have 

, Sz<j>'(z) (1 -6)z~p +1 

fa> + I -TT = - 

ip~ 1 ) P 

-< pw(z) + 1 — p. 

Using Lemma 1.1, we have 

p(p - i)^(-(p- 1 )/' 5 ) r z 


(«&,</<*»)' + faf («S„(/M) 


(3.7) 


(3.8) 


fa) ~< 

where 


fa) = 


[ u ((p l P s ) w f u )du + 1 — p = (w * <p)(z), (3.9) 

J 0 

du + 1 — p. (3.10) 


p{p - 1 y-lp- 1 )/' 5 ) f z u ((p-i)/s)-i 


1 — u 


If 0 < p < po where poi> 1) is given by (3.6), then it follows from (3.10) that 

Re {fa)} = £ t^)/s)-iRe { _L_ ^dt + l-p 


> 


pip-1) f l fa~ 1)/ 5 )- 1 


1 + t 


dt + 1 — p 


>2 (* G U )' 


(3.11) 


Using the Herglotz representation for ipiz). Also, from Equations (3.7) and (3.9) 
we obtain 

—- (^a,P,p(f( Z ))) ^i w * P)i z ) -< fa), (3-12) 
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since w(z) is convex univalent in U. Therefore f(z ) € 2^’^ p (0; w). If w(z) = 
1/(1 — z) and f(z) G A(p) defined by: 




' p(p- l)z- {p - 1)/s f z ■udP- 1 )/' 5 )- 1 


we can see that 

(1 - S)z-p +1 ( 


p(p - 1> (p 

d 

,\ , Sz~p+ 2 


du + 1 — p, (3.13) 


(^a,I p (/(*))) + p {p _ !) (?C,p,p(/(~))) =pu>(*) + l-p- (3.14) 


Thus f(z) G p (5; pft + 1 — p). Also, for p > p 0 , we have (at z —* —1) 

^ («»■*<'«>)'} -> ^ f„ 'urr*+ 1 -" 4 < 3 - 15 > 

which obtains f(z) £ ^ p p { 0;w). Therefore, the value p 0 cannot be increased 
when w{z) = 1/(1 — z). | 

Theorem 3.3. Let f(z) G < t^^ p (S;w),(j)(z) G A(p), and 

Re{z~ p (l){z)} > ^ ( 2 GU). (3.16) 

Then (/ * (/>)(z) G ^ k p tP {d\w). 

Proof. For f{z) G T^’^ p ((5;w) and (/(z) G A(p), we have 

(1 — 5)2: P+1 / oytj.fc //j. ,w \\V i P+ " fajV.k a t ... 




{L-d)Z~^^ f k ... \' 52 :- p + 2 

--- (K,p,p((/ * «(*))) + ^TI) 

(s"^(*)) * (W 1 (K’,p,p(/)W))' 


(Kap((/*4(H) 


-^ 3 T ) (*" W ) * (* -P+2 («&„(/)(*)) 


= (2: P </>(2)) * ipW, 


where 


- 5U-P+ 1 


(1-5)2: 


(Klp(/(^))) + 


' 5z- p+2 


*(*) = 1 («&.(/(*)) 
Using (3.16), the function z~ p (f{z) has the Herglotz Representation 
.-sj ./.a _ f dfj,(y) . T T \ 


Z~ P HZ)= f 7T"~~"T HU), 

7|y| = l (1 - 2U) 


where p(p) is a probability measure defined on the circle |y| = 1 and 


[ dy{y) = 1. 
J\v\=i 


Since w(z) is convex univalent in U, it follows from (3.17) to (3.19) that 
(1 - 5 W-P + 1 / . \/ 5z _ J ’+ 2 / t. 

V 1 (njVT (I r \ 1 (uv,k (( t... xu 


(^a,P,p((/*H(H) 


£^(«3.«/.«(.»)' 

[ T{yz)dy{y) -< w(z). (3.20) 
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This shows that (/ * </>)(z) G p (S;w) and the theorem is proved. | 
Theorem 3.4. Let /(z) G T^’J, p (S; w), (f>(z) G A(p), and 

z~ p+1 (/)(z) G Sft(cr) (ct < l,z G U). 

Then (/ * <j>)(z) G 3^ )P (<5; w). 

Proof. For /(z) G ( Sf^ tP {5\w) and <j)(z) G A(p) from (3.17), we have 

(1 ~ «„J(f *«(*»)' + ^, («S„«/ * M 

(^-P+V( 2 )) * (zp(z)) . _ n 

(z-p+V^)) * z 1 h 

where <p(z) is defined as in (3.18). Since w(z) is convex univalent in U, 
<p(z) -< w(z), z~ p+1 (j>{z) G Sft(a') and z G S*(a), (a < 1). 

It follows from (3.22) and Lemma 1.2 the desired result. | 

Theorem 3.5. Let 5 > 0 and 

OO 

fi(z) + a n,i z ' n+P ~ 1 e w )> (i = 1,2) 


(«3, «/*«w))' 


(Z e U), 


Wj(z) = + (1 - 7i): 

If f(z) G A(p) is defined by 


and 7 j < 1, (i = 1, 2). 


^a,lp(/( 2 )) = I ( H a k 0, P (f i( u ))) * ( W ai P (/2( u ))) 


T/ien /(z) G T^ p (<5;ir), w/iere 


w(z) = 7 + (1 — 7 ): 


where 7 is given 


p - 4 P (i - 7l )(i - 72) (1 - V 1 Jo * <1P i+r ; (<5 > 0) 


[P~ 2p(l -7i)(l - 72 ); 
i/ie mine 0/7 is i/ie best possible. 

Proof. For the case when S > 0. by putting 

for fi(z), (i = 1, 2) given by (3.23), we find that 


(* = 0 ), 


(UaJlJMz))) (* 


1 , 2 ), 

(3.28) 


Gi(z) — 1 + b n ^z n 1 -< 7 i + (1 — 7 i)-- (i — 1 , 2 ), 


(KiMM) 


' p{p- 1)^-(^- 1 )( 1 - <5 )/ <5 r 


f u^-WV^GiMdu (i = 
Jo 
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Now, if f(z ) € A(p) is defined by (3.25), we find from (3.30) that 

(mSA/M))' = (Ka p (/.W))'*(«1{,,,(/2W))' 

= ( Pte-V** jf 1 OT-i gl(te)dt ) 

.( p( j’ 

= j‘ (( (i,-i)/0-i G(te) ^ 

where 

G(«) = ~ X) f 1 u ((p- 1 )/ <5 ) _1 (G' 1 * G 2 ){tz)dt. 

° Jo 

Also, by using (3.29) and the Herglotz theorem,we see that 


Gi(z) - 7i \ * Z 1 G 2 (^) - 72 


l-7i 


2 2(1 - 72 ) 


>0 ( 2 GU), 


which gives 


Re{(G! * G 2 ) ( 2 )} > 70 = 1 - 2(1 - 7i)(l - 72 ) (z G U). 
According to Lemma 1.3, we have 


i?e{(G 1 *G 2 )(2)}>7o + (l- 7 o)(j 
Now it follows from (3.31) to (3.35) that 

ra -s)z- p+i ///na' , ^- p+2 


(2 G U). (3.33) 


p(p_0 J t^-Vls)-'Re{(G x *G 2 ){t Z )}dt 

> „ + /"<«»-»«)-■ UlL, 

0 do 1 + t 


= Re i G ( z » 


p{p- l)(l-7o) f 1 


= p- 4p(l - 7 r)(l - 72 ) ^1 - P —^ L J 


— If 1 ^( p - 1 )/ 5 ) -1 


= 7 


(* e U). 


which proves that f(z) G 2^9 p (6; w) for the function w(z) given by (3.26).In order 
to show that the bound 7 is Sharp, we take the functions fi(z) G A(p) (i = 1,2) 
defined by 


( R * k p, P (M z V 


> _ p(p- i)^-o- 1 )( 1 - 5 )/ 5 
5 


J m ((p 1)/A) 1 ^7i + (1 - 7i) ( 3 - 2 
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for i = 1,2 and, we have 

(1 - 5)z~p +1 


Gi(z) = 


(«&,</.(*)))' + «,,„(/.(*))) 


P 


p{p~ 1 ) 


= 7i + (! — (* = 1,2), 

1 — z 


and 


(G i * G 2 ) ( 2 ) = 1 + 4(1 - 7 i)(l - 72 ) 


1 - 0 


Hence, for f(z) € A(p) given by (3.25), we obtain 

(1^) 2 -p +1 ,.,„V Sz~p+ 2 


(?e,5 lP (/(*))) 




p{p- 1 ) 

= (l + 4(1 - 7 i)(l - 72 )^ 7 ) 


dt 


(3.36) 

(3.37) 


—» 7 (as z —> —1). (3.38) 

The proof is simple in the case of <5 = 0, therefore, we omit the details involved. | 


Conclusions 

we introduced the class (6; w) of analytic functions associated with Mittag- 
Leffler function. Conclusion property of the class 27’^ (S; w) is obtained, sufficient 

condition of the class p (6: w) is also derived. Furthermore, several properties 
of functions belonging to this class are derived. 
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Abstract. In this paper, we present new fixed point theorems for Kannan type Up-contraction and Kannan type 
(a, 77 , GF P )-contraction on a closed ball contained in a complete partial metric space. Some comparative examples 
are constructed to illustrate the significance of these results. Our results provide substantial generalizations and 
improvements of several well known results existing in the comparable literature. 


1. Introduction and preliminaries 

The recent study in Fixed Point Theory is due to a Polish mathematician Stefan Banach who, in 1922, presented a 
revolutionary contraction principle known as Banach’s Contraction Principle. He proved that every contraction T in a 
complete metric space X has a unique fixed point (T(x) = x; x € A'). After the appearance of this remarkable result 
many generalizations of this result have appeared in literature (see for example [1-3,6-11,13,14,16,19,20,22,24,25,29]). 
One of these generalizations is known as F-contraction presented by Wardowski [30]. Wardowski [30] evinced that every 
F-contraction defined on a complete metric space has a unique fixed point. The concept of F-contraction proved another 
milestone in fixed point theory and numerous research papers on F-contraction have been published (see [21,23,28,31]). 
Hussain et al. [12] introduced an a-GF-contraction with respect to a general family of functions G and established 
Wardowski type fixed point results in ordered metric spaces. Batra et al. [4,5] extended the concept of F-contraction 
on graphs and altered distances and proved some fixed point and coincidence point results. 

Motivated by Kannan [15], Wardowski [30], Matthews [18] and Kryeyszig [17], in this paper, we introduce Kannan 
type F-contraction and Kannan type (a, rj, GU)-contraction on a closed ball contained in a complete partial metric 
space and present related fixed point theorems. We construct examples to illustrate these results. F-contraction on 
partial metric spaces is more general than F-contraction defined on metric spaces. 

The notion of a partial metric space (PMS) was introduced in 1992 by Matthews [18] to model computation over a 
metric space. The PMS is a generalization of the usual metric space in which the self-distance is no longer necessarily 
zero. 

Definition 1. [18] Let A be a nonempty set and p : X x A' —> Rq" satisfy the following properties: for all x,y,z € X, 

(Pi) x = y p (x, x) = p (x, y)=p (y, y), 

(p 2 ) p(x,x) < p (x, y ), 

(p 3 ) P (x, y)=p (y, x), 

(p 4 ) p (x, z)+p {y, y) <p (x, y)+p (y, z). 

°2010 Mathematics Subject Classification: 47H09; 47H10; 54H25 

‘’Keywords: partial metric space; fixed point; F-contraction; closed ball. 

‘Corresponding author. 
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Then (X,p) is called PMS. We present some new nontrivial examples of PMS. 


Example 1 . Let the set of rational numbers be Q = {* 1 , 0 : 2 , • • ■ }. We define p : R x 

f 1 if X = y £ R — Q; 


by 


p{x,y) = { 


if * ^ y £ R — Q; 
if x = y £ Q; 


1 + ^ + ^ if x = x m , V = Xn and m ^ n; 


{ 1 + i 

>■ n 


if {*, y} Cl Q = {x n } and {*, y} - Q =/= </>. 


Clearly p satisfies (pi) — (P 3 ). To prove p 4 , let *, y, z £ R — Q and m ^ n. Then 

p{x,y) +p(z,z) < p(x,z)+p(y,z)\ 

P(x n ,y) +p(z,z) = 2 +- <p(x n ,z)+p{y,z); 

n 

4 

p(x n ,x n ) +p(z,z) = - < p(x n ,z) +p(x n ,z ); 

p(x m ,X n ) +p(z,z) = 2 + — + - = p (xm, z) +P (x n , z) \ 

m n 

p(x,y)+p(x k ,x k ) < 2 <p(x,x k )+p{y,x k ); 

p(xn,y)+p(x k ,Xk) = - + - < 2+ - + J =p(x n ,Xk) +p(y,x k ); 

on n k 

2 

p(x n 5 Xn )+p{Xk,Xk) = - < p (x n ,Xk) +p(Xn.,Xk) \ 

4 11 

p(Xm,X n ) +p(Xk,Xk) = H-h “ < P (*m, Xk ) + P (x n , Xk ) . 

6 m n 

Example 2. Let X be uncountable, a £ X and T = {^4 C X : a £ A} be a topology on X. It is easy to show that 
(X, T) is a PMS with the partial metric p defined by 

[ P(a,a) = 0 , 

< p(a, x) = p(x, x) = 1 if x ^ a, 

[ p(x, y) = 2 if * = y and x, y £ X — {a}. 

Example 3. Let X = {xi : i £ N} be a countably infinite set. Define p:XxX->[ 0, 00 ) by 

f 0 if * = y = x 0 , 


p(x,y) = 


X)fe =1 W (*> V) € {(xm,x n ); 0 < m < n and n> 1. 


Then (X,p) is a PMS. 


Example 4. Let A = {ai : i £ N} and B = {bi : i £ N} be two disjoint infinitely countable sets, and let X = A U B. 
Define p : XxX-) [0, 00 ) by 

'1 if x = y € A, 

p(x,y) = < 0 if x = y G B, 

. 1+ f + T if * = y and {x,y} £ {{at, aj}, {at, bj},{bi, bj}}. 

Then (X,p) is a PMS. 

In [18], Matthews proved that every partial metric p on M induces a metric d p : M x M —> Rq" defined by 

dp (r !,r 2 ) = 2p(n,r 2 ) -p(n,n) - p(r 2 ,r 2 ) 
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for all n,r 2 £ M. Matthews described that if p(ri,r 2 ) = max{n,r 2 }, then d p (ri,r 2 ) = \ri — r 2 | a usual metric on M. 
Notice that every metric d on a set M is a partial metric p such that p(r, r) = 0 for all r € M and p(ri,r 2 ) = 0 implies 
n = 1*2 (using (pi) and (P 2 )) but not conversely. The notions such as convergence, completeness, Cauchy sequence in 
the setting of partial metric spaces, can be found in [18] and references there in. 

Definition 2. [18] Let ( M,p ) be a partial metric space. 

(1) A sequence {r„} n€ N in ( M,p ) is called a Cauchy sequence if lim n ,m-nxp(r n ,rm) exists and is finite. 

(2) A partial metric space ( M,p ) is said to be complete if every Cauchy sequence {r n } n gN i n Af converges, with 
respect to r(p), to a point r £ X such that p(r,r) = lira nt m^oaP(r„,rm). 

The following lemma will be helpful in the sequel. 

Lemma 1. [18] 

(1) A sequence r n is a Cauchy sequence in a partial metric space ( M,p ) if and only if it is a Cauchy sequence in 
metric space ( M , d p ) 

(2) A partial metric space ( M,p ) is complete if and only if the metric space (M, d p ) is complete. 

(3) A sequence {r n } n gN in M converges to a point r £ M, with respect to r(d p ) if and only if linin-^oo p(r, r n ) = 
p(r,r) = limn^-joo p(r„,r m ). 

(4) If lim^-j-oo r n = v such that p(v, v) = 0 then lim n _>oo p(r n , r) = p(v, r ) for all r £ M. 

Remark 1. Since ^B p {xo,r),p^j C (A',p), Lemma 1 holds for (b p (xo, r),pj. 

Let F,j denote F-contraction on metric spaces and F p denote F-contraction on partial metric spaces. Wardowski [30] 
investigated a nonlinear function F : R + —¥ R complying with the following axioms: 

(Fi) F is strictly increasing; 

(F 2 ) For each sequence {r n } of positive numbers linin-^oo r n = 0 if and only if liiUn-^oo F(r n ) = — 00 ; 

( F 3 ) There exists 9 £ (0,1) such that lim 5 _ >0 + {£,) e F((f) = 0. 

We denote by Ap the set of all functions satisfying the conditions (Fi) — (F 3 ). 

Example 5. Let F : R + —> R be defined by 

(a) F(r) = ln(r), 

(b) F(r) = r + ln(r), 

(c) F(r) = ln(r 2 + r), 

(d) F(r) = -^=. 

V r 

It is easy to check that (a),(b),(c) and (d) are members of Aj?. 

Wardowski utilized function F in an excellent manner and gave the following remarkable result. 

Theorem 1. [30] Let (M, d) be a complete metric space and T : M —> M be a mapping satisfying 

(d(T(n),T(ra)) > 0 =*■ r + F(d(T(n),T(r 2 )) < F(d(n,r 2 ))) 

for all n,r 2 £ M and some r > 0. Then T has a unique fixed point v £ M and for every ro £ M the sequence {T ri (ro)} 
for all n £ N is convergent to v. 

Remark 2. [30, Remark 2.1] In metric spaces a mapping giving fulfillment to F-contraction, is always a Banach 

contraction and hence a continuous map. 

Example 6 explains that F'p-contraction is more general than Fij-contraction. 
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Example 6 . Let M = [0,1] and define partial metric by p[ri,r 2 ) = max {n, r2} for all n,r 2 € M. The metric d 
induced by partial metric p is given by d(ri,r 2 ) = |?T — r 2 | for all n, r 2 £ M. Define F : R + —> R by F(r) = ln(r) and 
T by 

[ l tire [0,1), 

T(r) = <^ 

[ 0 if r = 1 . 

Note that for all ?'i, r 2 £ M with n < V 2 or r 2 < rr 

t + F (p(T(n),T(r 2 ))) < F(p(n,r 2 )) implies 

t + f(^) < F(n) orr + f(y) < F (r 2 ) . 

But T is neither continuous and nor satisfies E-contraction in a metric space (. M,d ). Indeed, for n = 1 and r 2 = |, 
d(T(ri),T(r 2 )) > 0 and we have 


r + F(d(T(n),T(r 2 ))) 
r + F^d(T(l),T(|))) 

r + E^(0,i)) 

1 

6 

which is a contradiction for all possible values of r. 


< 

F(d(n,r 2 )), 

< 

F i 


< 

F i 



,6 J 1 


1 


< 

6’ 



The following result plays a vital role regarding the existence of the fixed point of the mapping satisfying a contractive 
condition on the closed ball. 


Theorem 2. [17, Theorem 5.1.4] Let (X, d) be a complete metric space, T : A' — > X be a mapping, r > 0 and xo be 

an arbitrary point in A'. Suppose there exists k £ [0,1) with 

d(T(x),T(y)) < kd(x,y), for all x,y £Y — B(xo,r) 

and d(xo,T(xo)) < (1 — k)r. Then there exists a unique point ** in B(xo,r) such that x* = T[x*). 


Definition 3. [15] Let (X,p) be a partial metric space. A mapping T : X —► X is said to be a Kannan contraction if 
it satisfies the following condition: 

p (T ( x ), T (y)) <^[P (x, T (x)) + p(y,T (y))] 

for all x, y £ X and some k £ [0,1[. 


2. Kannan type E p -contraction on closed ball 

Definition 4. Let (X,p) be a partial metric space, r > 0 and xo be an arbitrary point in A'. The mapping T : X —¥ X 
is called Kannan type E p -contraction on closed ball if for all x, y £ B p (x 0 , r) C X we have 

r + F(p(T(x), T{y))) <f(^ [p(x, T(x)) + p(y, T(y))]j , (2.1) 

where 0 < k < 1, F £ Af and r > 0. 

Remark 3. (1) F p -contraction and Kannan type F p -contraction are independent. 

(2) Let F be a Kannan type F p -contraction. From (2.1), for all x, y £ B p (xo,r) with T(x) 7 ^ T(y), we have 
F(p(T(x),T(y))) <r + F(p(T(x), T(y))) <fQ \p(x, T(x)) + p(y, T(y))]^ . 
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Due to (Fi), we obtain 


p(T(x),T(y)) < - \p(x, T(x)) + p(y, T(y))] for all x, y £ X, T(x) ^ T(y). 


Theorem 3. Let {X,p) be a complete partial metric space, r > 0 and xo be an arbitrary point in X. Assume that 

( 2 . 2 ) 


T : X —> X is a Kannan type F p -contraction on closed ball B p (x o,r) C X with 


p{x 0 ,T(x 0 )) < (1 - A)[r + p(xo,xo)], A = 


2-k' 


IfT or F is continuous, then there exists a point x* in B p (xo,r) such that T(x*) = x* with p(x*,x*) = 0. 

Proof. Let xo be an initial point in A' such that X\ = T(x o), x 2 = T(x 1 ) = T 2 (x 0 ). Continuing in this way we can 
construct an iterative sequence {x n } such that *„+i = T(x n ) = T n (x 0 ), for all n > 0. We show that x n £ B p (xo,r) 
for all n £ N. From (2.2), we have 

p{x o,xi) = p(x 0 ,T(x 0 )) < (1 - A)[r + p(xo, xo)] < r + p(x 0 , x 0 ), 


which shows that x\ £ B p (xo,r). From (2.1) and (Fi), we get 


which implies 


F(p{xi,x 2 )) = F(p(T(x 0 ),T(xi))) < F ( - [p(x 0 ,xi) + p(xi,x 2 )] ) - r, 


p{xi,x 2 ) < - [p(x 0 ,a;i) +^(* 1 , 0 : 2 )] < Ap(a; 0 ,xi) < A[r + p(x 0 , * 0 )] 
p{x 0 ,x 2 ) < p(xo,xi) +p(x!,x 2 ) -p(x i,xi) < (1 - A)[r + p(xo, * 0 )] + A[r +p(x 0 , * 0 )] = r + p(x 0 ,a;o)- 
This shows that x 2 £ B p (xo,r). Inductively, we obtain that x„ £ B p (x 0 , r), for all n £ N and hence from the contractive 
condition ( 2 . 1 ), we have 


F ( p{x n 5 + 0) < F [ -[p(Xn-l,X n ) +p(Xn,X n +l)\) - T 


< F 2 


< F 


p(x n -l,X„) + -p(x n -l,X„) 


2-k 


p(Xn-l,X n ) - T 


(2.3) 


and also 

From (2.3), we obtain 
Repeating these steps, we get 


F (p(x n - l,Xn)) < F (Xp(x n - 2 , Xn-l)) ~ T. 
F (p(x n 5 Xn + 1 )) < F (\p(Xn- 2 ,Xn-l)) - 2r. 


F (p(x n ,X n + 1 )) < F (p(x0,Xl)) - HT. 

From (2.4), we obtain limn-joo F (p(x n ,Xn+ 1 )) = — 00 . Since F £ Af, 

lim p(x n ,x n+ 1 ) = 0. 

n— >00 

From the property (F3) of F-contraction, there exists k £ (0,1) such that 

lim (( p(x n ,Xn +1 )) K F(p(x n ,x n+1 ))) = 0. 

n —>-oo 

Following (2.4), for all n £ N, we obtain 

(p(x n , x n+1 )) K (F ( p{x n , *„ + i)) - F (p(x 0 , xi))) < - (p(x n , x n +i)) K nr < 0. 
Considering (2.5), (2.6) and letting n —> 00 in (2.7), we have 

lim (n (p(x„,x n +i)) K ) = 0. 


(2.4) 

(2.5) 

( 2 . 6 ) 

(2.7) 

( 2 . 8 ) 
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Since (2.8) holds, there exists m £ N such that n (p(x n , x„+ i)) K < 1 for all n > tii or 


p(x n ,Xn+ 1 ) < — for all n > m. 


(2.9) 


Using (2.9), we get for m > n> m, 


p(x n ,Xm ) < p(x n ,Xn+l) + p(x n+ l,X n + 2 ) + p(x n +2,X n+ 3) -h p(x m - 1, X m ) - 53 p(Xj,Xj) 

j=n +1 

— p(%n-> *^n+l) H - 'pi%n-\- 15 ^n+2) “h p(*^n+ 2 j *£71+3) “h ' ' ' H - p(^m —1 •> *^m) 

m —1 00 00 ^ 


= ^ p(® i ,a; i+ i ) < ^p(*i.*i+r) < T^r- 


n.m—t 00 


n,m^ocP{Xn,Xm) = 0, we infer from (2.10) that p(x*,x*) = 0 and {x n } converges to x* with respect to 


The convergence of the series Y^iL n entails that lim n , m ^oo p(x n ,x m ) = 0. Hence {*„} is a Cauchy sequence in 

i; 

B p (xo, r),p^J. By Lemma 1, {x„} is a Cauchy sequence in ^B(x o, r),d p ^j . Moreover, since (^B p (xo,r),p^ is a complete 

partial metric space, by Lemma 1, (^B(x o,r),d p ^ is also a complete metric space. Thus there exists x* £ (B(xo,r),d p ) 
such that Xn —^ x* as n —^ oo and using Lemma 1, we have 

lim p(x*,Xn) =p{x*,x*) = _ hm p(x n ,x m )- (2-10) 

Due to lim 

T p . In order to show that x* is a fixed point of T, we have two cases. 

Case (1). T is continuous. We have 

x* = lim x n = lim T n (x o) = lim T n+1 {x o) = T( lim T n (x o)) =T{x*). 

n—> oo n—> co n—>oo n—too 

Hence x* = T(x*), that is, x* is a fixed point of T. 

Case ( 2 ). F is continuous. We complete this case in two steps. First, if for each n E N there exists 6 „ E N such that 
Xb n +1 = T(x*) and b n > b n -i with bo = 1. Then we have 

x* = lim Xb n +i = lim T(x*) =T(x*). 

n—>oo n—>oo 

This shows that x* is a fixed point of T. Second, there exists no £ N such that x n +i T(x*) for all n > no- Using 
contractive condition ( 2 . 1 ), we obtain 

F (p(T(x n ),T(x*))) <F(±\p (x„,x„+i) + p (x*,T(x*)){j - r. 

On taking limit as n —> oo and using the continuity of F and the fact that limn-joo p(x n , x n +i) = 0, we have 

F{ P (x*,T(x*))) < F(^p(x*,T(x*))). 

Since F is strictly increasing, the above inequality leads us to conclude that p(x*, T(x*)) = 0. Thus, by using the 
properties (pi) and (P 2 ), we obtain x* = T(x*), which completes the proof. 

To prove the uniqueness of x *, assume on contrary, that y* E B p (xo , r) is another fixed point of T, that is, y* = T(y*). 
From (2.1), we have 

t + F (p{T(x*),T(y*))) <f(^~ ]p(x*,T(x*)) + p(y* ,T(y*))]\ < F x 2 p(x*,y*)] . 


( 2 . 11 ) 

J \* J 

The inequality (2.11) leads to a contradiction. Hence p{x*,y*) = 0. Thus, due to (pi) and (P 2 ), we obtain x* = y*. □ 

The following example explains the significance of Theorem 3. 

Example 7 . Let X = R + . Define p : X 2 —> [0, 00) by p(x,y ) = ma x{x,y} for all ( x,y ) € X 2 . Then (X,p) is a 
complete partial metric space. Define the mapping T : X —» X by 

T(x)=i n if* €[0,1], 

’ \ x — \ if x € (1, 00 ). 
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Set k = |, xo = |, r — | and p(x o, *o) = Then B p (x o, r) = [0,1] and 

p(xo, T(xo)) =max |^’^| = \ < (1 ~ A)[r + p(* 0 ,a;o)]. 

For all x, y £ B p (xo,r), we note that 

p(T(x),T{y)) = max|^, = ^max{x,y} 

< h x + y ^ ^ [ max {a;,^}+ max {j/, ^}] 

= 7 , [p(x, T(x))+ p(y, T(y)\ 

Thus 

r + In (p(T(x),T(y))) < hi [p(x, T(x )) + p(y, T(y)]^ . 

If F(a) = ln(a), a > 0 and r > 0, then 

t + F (p(T(x),T(y))) \p(x, T(x)) + p(y, T(y ■)]) . 

However, for x = 100, y = 10 € (1, oo), 

p(T(x),T(y)) = maxjx -^,y - i| 

> ^\x + y] = ^[p(x,T(x))+p{y,T(y)\. 

Consequently, the contractive condition (2.1) does not hold on X. Hence, all the hypotheses of Theorem 3 are satisfied 
on closed ball and so x = 0 is a fixed point of T. 


3. Kannan type ( a , p , GF P )~contraction on closed ball 


Definition 5. [27]. Let T : X —> X and a : X x X —» [0, +oo) be two functions. We say that T is an a-admissible if 
for all x, y £ X, a(x,y) > 1 implies a(T(x),T(y)) > 1. 


Example 8 . Let X = R. Define a : X x X — > [0, oo) and / : A' —>■ X by 

a_/ e +V if x, y £ [0,1], % 


a(x,y) = 


otherwise . 


f(x) = 


\ if * <= [0, 1], 

ln(x) ifa;G(l,oo). 


Apparently, a(x,y) > 1 implies a(fx,fy) > 1. 


Definition 6. [26]. Let T : X — > X and a, p : X x X —> [0,+oo) be two functions. We say that T is an a-admissible 

mapping with respect to p if for all x,y € X, a(x,y) > p(x,y) implies a(T(x),T(y)) > p(T(x),T(y)). 

Example 9. Let X = R. Define a, p : X x X —> [0, oo) and / : X —> X by 

_ f n x+y if x,y € [0,1], e x+y if x, y € [0,1], 

otherwise . 


a(x,y) = 


otherwise 


p(x,y) = 


t < x ' \ = / T" if * e [°i l]i 

\ ln(a;) if x E ( 1 , oo). 


Apparently, a(x,y) > p{x,y) implies a(fx,fy) > p(fx,fy). 

If p(x,y) = 1, then the above definition reduces to Definition 5. 

We begin by introducing the following family of new functions. 

Let Ag denote the set of all functions G : (R + ) 4 —> R + which satisfy the property 
(G): for all pi,p 2 ,P3,P4 € R + , if 

P 1 +P 2 +P 3 +P 4 , , Pi+Pi+l . , OQ . 

-^^-> * = f> 2 ’ 3 ’ 4 > 

then there exists t > 0 such that G(pi,p2,P3,P4) = r. 
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Definition 7. Let (X,p) be a partial metric space and T be a self mapping on X. Suppose that a, p : X x X — y [0, +oo) 
are two functions. The mapping T is said to be an ( a , p, GT’ p )-contraction if for all x,y £ X, with p(x, y) < a(x , y) and 
d(T(x),T(y)) > 0, we have 

G{p(x, T(x)),p(y, T(y)),p(x, T(y)),p(y, T(x))) + F (p(T(x),T(y))) < F (p{x, y)), 
where G £ A g and F £ Af. 


Definition 8. Let (X,p) be a partial metric space and T : X — y X and a, p : X x X — y [0, +oo) be two functions. T 
is said to be an (a, ^-continuous mapping on (X,p) if for a given x £ A', and the sequence {*n} ngN converging to x 

a(x„, Xn+i) > T)(x n ,x n +i) implies T(x n ) -y T(x). 


Example 10. Let X 

T(r) 


[0, oo) and p : X x A' — y [0, oo) be defined by p(ri, r 2 ) = max{n, r 2 } for all ri,r 2 £ A'. Define 

f sin(7rr) if r £ [0,1], . >_ f rf + r| + 1 if n, r 2 £ [0,1], 

( cos(7rr) + 2 if r £ (l,oo), ° ri ’ r2 J y g otherwise, 


V(ri,r 2 ) = 


ri + rl 
0 


if n,r 2 £ [0,1], 
otherwise. 


Then apparently, T is not continuous on X, however T is an (a, ^-continuous. 


Definition 9. Let (A ',p) be a partial metric space and a,r) : X x X —y [0, + 00 ) are two functions, r > 0 and xo be an 
arbitrary point in X. The mapping T : X —y X is said to be a Kannan type (a,ri,GFp)- contraction on closed ball if 
for all x, y £ B p (xo,r) C A with y(x,y) < a(x,y) and p(T(x),T(y)) > 0, we have 

t(G) + F(p(T(x),T(y))) <f(* 2 \p(x,T(x)) +p(y,T(y )]) , (3.1) 

where r(G) = G(p(x,T(x)),p{y,T{y)),p{x,T{y)),p(y,T(x))), 0 < k < 1, G £ A G and F £ A F . 


Theorem 4. Let (X,p) be a complete metric space and T : X —y X be a Kannan type (a, 7],GF P )~contraction mapping 
on a closed ball B p (xo,r) satisfying the following assertions 

(1) T is an a-admissible mapping with respect to p, 

(2) there exists xo £ A such that a(xo,T(xo)) > p(xo,T(xo)), 

(3) there exist r > 0 and xo £ X such that p(xo, T(xo)) < (1 — A)[r + p(xo, ®o)], where A = 

Then there exists a point x* in B p (xo,r) such that T(x*) = x* with p(x*,x*) = 0. 


Proof. Suppose that xo is an initial point of A, we can construct a sequence such that x n +i = T(x n ) = 

T n+ 1 (a;o) for all n £ N. By assumption (2) there exists xo £ A such that a(xo,T(xo )) > p(xo,T(xo)). Since T is an 
a-admissible mapping with respect to 77 , 

a(xo,T(xo)) > p(xo,T(xo)) implies a(xi,x 2 ) > p(xi,x 2 ), which implies a(x 2 ,* 3 ) > p{x 2 ,xz). 

In general, we have 

g(xn-i,Xn) < a(xn-i,x n ), for all n £ N. 

If there exists no £ N such that p{xn 0 ,T(xn 0 )) = 0, then x no is a fixed point of T. We assume that p(x n ,T(xn)) > 0 
for all n £ N. We show that x n £ B p (xo,r) for all n£ N. Assumption (3) implies 

p(xo,xi) = p{xo,T(xo)) < (1 - A)[r+p(x 0 ,a;o)] < [r +p(x 0 ,x 0 )\ 
and thus x\ £ B p (xo,r). Note that t(G) = r. Indeed, r(G) = G(p(xo, xi),p(xi, x 2 ),p(xo, x 2 ),p(xi, xi)) satisfies 

p(x 0 ,Xl) +p(x !,x 2 ) +p(x 0 , X 2 ) + p(xi,X]_) p(x o,Xj) +p(x !,x 2 ) 

4 2 

By the property (G), there exists r > 0 such that 

G(p(xo,xi),p(xi,x 2 ),p(x 0 ,x 2 ),p(xi,xi)) = r. 
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Due to (3.1) and (Fi), we have 

F(p(x i,x 2 )) 


This implies p(x 1 , 0 : 2 ) 


= F(p{T(x0), T(x 1 ))) < F Q \p(x 0, ®i) + p(xi, x 2 )]^j - t{G) 

< F \p(xo,xi) +p(xi,x 2 )] S j - T. 
k 

< 2 [p(*°’ a; i) + P(®i>*2)] < -\p(xo,xi) < A[r+p(x 0 , x 0 )], 


p(x 0 ,X 2 ) < p(xo,Xl) + p(xi,x 2 ) — p(xi,Xl) 

< (1 - A)[r + p(xo, * 0 )] + A[r + p(xo, xo)] = r + p(x o,x 0 ). 

This shows that x 2 £ B p (x 0 , r). Inductively, we obtain that x n £ B p (x 0 , r) for all n £ N and hence from the contractive 
condition (3.1), we have 

F (p(x n , X„+l)) < F ^ [p(x„-l,Xn) + p{x n , X„ + l)]^ ~t(G). ( 3 . 2 ) 

Note that r(G) = G(p(* n _i, x n ),p{x n , *„ + i),p(x„_i, x n+ 1 ),p{x n , x n )) satishes 


p(x n - l,Xn) +p(Xn,Xn+ 1 ) + p(x„- 1 , Xn + l ) +p(x n ,X n ) < p(Xn-l,X n ) + p(x n , X n +1 ) 


and so by the property (G), there exists r > 0 such that 

G(p(x„-l,x n ),p(x n , Xn+l), p(x„-l, Xn+l), p(x„,Xn)) = T. 

Thus, from (3.2), we get 


F(p(x n ,x n+ 1)) < F 


< F 


p(x„-l,X n ) + , ^ , p(x n -l,X„) 

2 — K 


k 


2 — k 


p(x n -l,x n ) - r = F(\p(x„-l,Xn)) ~ T 


but 

F(p(x n -!,*„)) < F(Ap(* n _2,x„-i)) - r. 

From (3.3), we obtain 

F (p(x n , Xn+l)) < F (Ap(Xn-2, x„-l)) - 2 t. 
Continuing in the same way we obtain 


(3.3) 


F (p(Xn, Xn + l)) < F (p(x 0 , Xl)) - (IT. 

By the same reasoning as in the proof of Theorem 3, there exists x* £ B v {x o,r) such that p(x*,x*) = 0 and {x n } 

converges to x* with respect to T p . We show that x* is a fixed point of T. We have two cases. 

Case (1). T is an (a,^-continuous. 

Since x n —> x* as n —> oo and i)(x„-i,r n ) < a(xn-i,x n ) for all n £ N, (a, ^-continuity of T implies x n +i = T(x n ) —> 
T(x*) as n —> oo. That is, x* = T(x*). Hence x* is a fixed point of T. 

Case (2). F is continuous. We complete this case in two steps. First, if for each n £ N there exists b n £ N such that 

Xb„+i = T(x*) and b n > &n-i with bo = 1, then we have 

x* = lim xt„+i = lim T(x*) — T(x*). 

n—>oo n—>oo 

This shows that x* is a fixed point of T. Second, there exists no £ N such that x n +i =/= T(x*) for all n > no- Using the 
contractive condition (3.1), we obtain 

F (p(x n ,T(x*))) < F (Ji [p(x„_i,x„) +p(x*,T(x*))]^ - r(G), 
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where r(G) = G(p(x n -i, x n ),p{x*, T(x*)),p(xn-i, T(x*)),p(x* , x n ))- Using the continuity of F and the property (G), 
we have 

F ( lim p(xn,T(x*)) \ < F ( ^ [ lim p(x„-i,x n ) + lim p(x*,T(x*)) 1 

\n—>■ oo / \ Z Ln—>oo n—^oo J 

Since F is strictly increasing, the above inequality leads us to conclude that p(x* ,T(x*)) = 0. Thus, by using properties 
(pi) and (P 2 ), we obtain x* = T(x*), which completes the proof. □ 

Example 11. Let X = R + . Define p : X 2 —> [0, 00 ) by p(x,y) = max{a;,j/} . Then (X,p) is a complete partial metric 

space. Define T : X —> X, a : X x X —> [0, + 00 ), ») : .Y x A' -> R + , G : (R + ) 4 —» R + and F : R + —t R by 


T{x) = { 19 ! a(x,y) = 

v ' ’ x - | if x G (l,oo), v 


e x+v if a: €[0,1], 
| otherwise, 


p(x,y) = \ for all x, y € X, G(ti, £ 2 , £ 3 , £ 4 ) = r > 0 and F(t) = ln(t) with t > 0. Set k = | xo = |, r = \ and 
p(xo,xo) = Then B(x 0 ,r ) = [0,1], a(0,T(0)) > p(0,T(0)) and 


2 ’ 


1 5 
2’ 38 


< (1 - A)[r + p(a; 0 ,xo)]. 


For if x,y € B(xo,r), then a(x,y) = e x+v > \ = p(x,y). On the other hand, T(*) € [0,1] for all x € [0,1] and so 
a{T(x),T(y)) > p(T(x),T{y)) for x^y, p(T(x),T(y)) = {ff, f§} > 0. For all x,y € B p (x 0 ,r), we have 

p(T(x),T(y)) = = 4 m ax{i,j}, 


19 


Thus 


Consequently, 


leads to 


5 , . k 

— max {x, y} < - 


5x 


19 


max x, — } + max y , — 


5 y 


19 


14fc r 

= ^[* + y[. 


p(T(x),T(y)) < - \p(x,T(x)) + p(y,T(y)\. 


t + In (p(T(x), T(y))) < In ( - \p(x, T(x)) + p{y, T(y)\ 


T + F(p(T(x),T(y)))<F( - [p(x,T(x)) + p{y,T{y)] ) . 


If x ^ B p (x 0 , r) or y £ B p (xo,r), then a(x, y) = | ^ \ = p( x, y). Moreover, if x = 100, y = 10 € (1, 00 ), then 


p(T(x),T(y)) = max < 1 - [p{x, T(x)) + p{y, T(y)] . 


Hence, all the hypotheses of Theorem 4 are satisfied on closed ball and x = 0 is a unique fixed point of T. 


4. Conclusion 

In this paper, the main aim of our paper is to present new concepts of F-contraction on closed ball which are different 
from those given in [12,23,30]. Existence and uniqueness of a fixed point of such type of F-contractions on closed ball 
in complete partial metric space are discussed. The study of such results is very useful in the sense that it requires 
the F-contraction mapping defined only on the closed ball instead the whole space. These new concepts shall lead the 
readers for further investigations and applications. It will also be interesting to apply these concepts in different metric 
spaces. 
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Abstract 

We introduce lacunary sequence spaces over n-normed space defined by Euler transform 
and Musielak-Orlicz functions with the help of an infinite matrix. We also make an effort 
to study some topological properties and prove some inclusion relations. Finally, we study 
the notion of statistical convergence over mentioned sequence space. 

Keywords and phrases: Musielak-Orlicz function; matrix transformation; Euler transformation; sta¬ 
tistical convergence. 
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1 Introduction and preliminaries 


Euler transform is used for improving the convergence of certain series which is widely used 
in numerical analysis. These techniques are useful in computer science especially in making 
graphics. We may find the application of the results to physical chemistry and crystallography. 
Further, we may use these results in the accelerated convergence techniques to find eigenvalues 
and eigenvectors of the dynamical systems. 

Let Y1T=o ak be an infinite series with sequence of partial sums (s&) and q > 0 be any 

real number. The Euler transform (E, q) of the sequence S = ( s n ) is defined by E%(S ) = 

1 _ ™ ( n 
In 2-iv =0 l 

\ v 




E%(S) = 



A series Yl^=o a n sa ^ to be summable (E, q ) to the number s if 


s as n —> oo, and is said to be absolutely summable 


(E, q) or summable \E, q\, if E& — ^k-i ('S')I < °°- bet x = (x n ) be a sequence of scalars, 

for k > 1 we will denote by N n (x) the difference En(x) — K- ^(x), where En is defined as above. 
Using Abel’s transform we have 


N n (x) = - 




n-2 . 

a , S n — 1-rin— 1 
Xk+lAk + M ; _ Nn _ 1 + 


JTl— 1 


(1 + ?) 


(1 + q) n (1 + q) 


;So, 
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where 



Clearly, for any sequence x = (x n ), y = (y n ) and scalar A, we have: N n (x + y) 
and N n (\x) = \N n (x). 

Let 


Pi 

w? 

w ( 2) . 


w [-v 

P2 

« 4 1} • 


w[- 2) 


P3 ■ 



N n (x) + N n (y) 


where p = (pf) and are some fixed numerical sequences t € Z\{0}. For a hxed 

pp, n is odd 


. We construct 


kf G N, we define a hnite sequence t n with kf terms as t n = 

[ -fi, n is even 

a matrix St R( PtW t,k f ) = wti = 0 V i > kf and for % = 1, 2,..., kf we have some fixed sequences 
w tl and p. 


Example 1.1. For kf = 2 we have t\ = 1, t 2 = —1, we define pi = — 1 V i and 



1, fort = 1,-1 
0, Vi G Z\{0,1, -1} 


then we have 

J =< —Ci + C2, Ci - C2 + C3, C2 - C3 + C4, C3 - C4 + C5 • • • > • 

' n 

An Orlicz function is a function M : [0, 00 ) —► [0, 00 ) which is continuous, non-decreasing 
and convex with M(0) = 0, M(x) > 0 as x > 0 and M(x) —> 00 (x —> 00 ). Clerly, if M is a 
convex function and M(0) = 0, then M(Xx) < A M(x) for all A £ (0,1). Using the idea of Orlicz 
function, Lindenstrauss and Tzafriri [15] constructed the sequence space 


9Jt 


(p,ui { ,2) 


X = 


00 

\ ^ 


= { (■ Xk ) G w : > M 


fc=i 


—1 < 00 , for some p > 0 
P 


is called Orlicz sequence space and showed that Im is a Banach space with the following norm: 


{ OO 

p > 0 : ^ M 
k= 1 




The space Im is closely related to the space i v which is an Orlicz sequence space with M(t) = \t\ p 
for 1 < p < 00 . 

A sequence J\4 = (Mfi) of Orlicz functions is said to be a Musielak-Orlicz function [22]. A 
sequence V = (14) is defined by 14 (v) = sup{|u|u — {Mfi) : u > 0} (k = 1, 2, • • •) is said to 
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complementary function of Xi. For a given A4. the Musielak-Orlicz sequence space tj^i and its 
subspace are defined by 


tM = |x E w : I_m(cx) < oo for some c > 0 j, 
Hm = | a; G w : Im{cx) < oo for all c > 0 j, 


where denotes the convex modular and is defined by 

OO 

Im{x) = y^(Mfc)(z fc ) (x = (x k ) G t M )- 

k =l 

It is noted that tj^\ equipped with the Luxemburg norm or equipped with the Orlicz norm, 
where Luxemburg and Orlicz norms are given by 

||x|| = inf jfc > 0 : Im (j; ) < l| and ||x| |° = inf j— ^1 + Ij^(kx)^ : k > oj, 
respectively. 

Kizrnaz [14] was the first who introduced the idea of difference sequence spaces and studied 
Z( A) = {rc = (xk) G w : Ax G Z} (Z = loo,c, co), where Ax = Xk — Xk+i for all k G N (N 
and w denote the set of natural numbers and the set of all real and complex sequences) and the 
standard notations c and Co denote bounded, convergent and null sequences respectively. Et 
and Qolak [7] presented a generalization of these difference sequence spaces and introduced the 
space Z(A n ) (n G N), in this case, A n x is given by A n x = A(A n_ 1 x) = A n ~ 1 Xk — A n ~ 1 Xk+i 
for n > 2, which is equivalent to the following binomial representation 


A''x t = £)(-!)> 


We remark that if we take n = 1, then difference sequence space Z( A”) is reduced to Z( A). 

Gahler [12] extended the usual notion of norrned spaces into 2-normed spaces while the 
notion was again extended to n-normed spaces by Misiak [16]. Assume that A is a linear space 
over the field K of real or complex numbers of dimension d>n>2, jiGN(N denotes the set 
of natural numbers). A real valued function ||-, ■ ■ ■ , •]] on X n satisfying the conditions: 

(Nl) ||.ti, X2, • • • , £rc|| = 0 if and only if x\, ■ ■ ■ , x n are linearly dependent in X; 

(N2) ||.xi, X 2 , ■ ■ ■ , x n \\ is invariant under permutation; 

(N3) ||a.Ti, X 2 , • • • , x n \\ = |a| ||xi, X 2 , • • • , x n \\ for any aGl; 


(N4) ||xi + x[,x 2 , ■ ■ ■ ,x n \\ < ||xi,x 2 , • • • ,x n || + \\x[,X 2 , ■ ■ ■ ,x n \\ 

is called a n-norm on X, and the pair (A, ||-, • ■ ■ , - ||) is called a n-normed space over K. 

For more details about these notions we refer to [3-5,13,18,19,21,23] and references therein. 
We used the standard notation 6 = ( k r ) to denotes the lacunary sequence, where 0 is a 
sequence of positive integers such that ko = 0, 0 < k r < k r+ \ and h r = k r — k r -\ —»• oo (r —> oo). 
The intervals determined by 9 will be denoted by I r = (k r - 1 , k r \ and the ratio by q r (see [9]). 
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2 Main results 

Let M. = (M k ) be a Musielak-Orlicz function, p = (p k ) be a bounded sequence of positive real 
numbers and u = (u k ) a sequence of strictly positive numbers. We define the following sequence 
space in the present paper: 


i Tq Pi <5; i ^ ) ||') 


= <x = 


( x k) : hrn — k~ 


\. ( u k N k(^l{p,w\kf)^ r x) \l Pfc \ 

x Ad k I -) zi, ■ ■ ■ , z n - 1 J < oo, s > U, tor some p > (J >. 

We will use the following inequality to prove our results. If 0 < pk < sup p k = H, K = 
max(l,2^ _1 ) then 

\o-k + b k \ Pk < K{\a k \ Pk + \b k \ Pk } 
for all k and a k , b k £ C. Also |a| Pfc < max(l, |o|^) for all a G C. 

Theorem 2.1. Let M. = (M k ) be a Musielak-Orlicz function, p = (p k ) be a bounded sequence 
of positive real numbers and u = (u k ) be a sequence of strictly positive real numbers. Then the 
space En(M, u, p, s, 9K( PiW t } k f ), A r , ||-, ■ ■ •, -||) is linear over the field M of real numbers. 


Proof. Let x = (x k ),y = (y k ) G E%(M, u,p, s, Wt(p jW t jkf ), A r , || v 
there exist positive integers p\ and p 2 such that 


and a,/l 6 R. Then 


.. 1 *, ( u kNk(Wt(p,w*,k f ) A x ) \ ^ 

lim —}k s M k ---, zi, ■ ■ ■ , Zn-\ < oo 

r ^ L V Pi ) J 


lim — k s M k 

r h - < 


I / U j khfk(pyt(p,w t ,kf)^ V ) 


Zl, ■■■ , z n - 1 < oo 


Let p 3 = max(2|a|pi, 2\(3\p2). Since (M k ) is nondecreasing and convex function so we have 


lim — k s Al k 

r h Z.—j 


| u k Nk(Wl (ptW t' kf )(aA r x + f 3 A r y )) 


1 Z 1 } * * * 5 Z n —1 


< lim — V k s Mk 

r h... * 




i Z\-> * 5 Z n —1 


/ u k Nk(Wl(p W t kf )/3A r y) 

+ ----- ,z 1 ,---,z n -1 

V P3 


^ oo 

< AT lim — Vr s M k 

r h < ^ 




j 2lj • , ^n—1 


+ Alim— M k 

r h Z .—- 


I / U'khf k (pyt( p ,w i ,kf)^ V ) 


) 2 lj ' , ^n —1 


773 


Alotaibi ET AL 770-780 



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 27, NO.5, 2019, COPYRIGHT 2019 EUDOXUS PRESS, LLC 


Therefore, ax + (3y 6 En(M., u,p, s, 9Jt(p ;W t } k f )> A r , ||-, • • ■ , -||). This proves that En(M, u,p , 
s, A r , 11 -, - - - , -11) is a linear space. □ 

Theorem 2.2. Let M. = (Mk) be a Musielak-Orlicz function, p = (pk) be a bounded sequence 
of positive real numbers and u = ( Uk ) be a sequence of strictly positive real numbers. Then, the 
space En(M, u,p, s, Wt(p jW t t k f ), A' r , ■ , -||) is paranormed space with the paranorm defined by 


g(x) = inf < p Pn / H : ( lim — k s 


I ^k-Ek(fJLl(p,vjt,kf)^ Y') 


5 i Z>n—1 


<i >, 


where H = max(l, sup k Pk)- 

Proof. Clearly g(x) = (/(—x) and g(x+y) < g(x)+g(y). Since Mk( 0) = 0, we get inflpP"/^} = 0 
for x = 0. Finally, we prove that multiplication is continuous. Let A be any number then, 


g( Ax) = inf / pP n / H ; lim — y k s M\ ( 

i r L V 


| AufcfYfc(9Jl( PiW; t A x ) 


i z i, • • • , z n — 1 


implies that 


(/(Ax) = inf | (A s) Pn ^ H : lim y k s Mp T 

^ r k=i L V 


I ^k-^k ,kf) ^ *^) 


•> Z 1 5 * ‘ i Zn— 1 I —If) 


where s = t^t. Since |A| Pfe < max(l, |A|y then \\\ Pk ! H < f max (l, |A| // )') H . Hence 


(/(Ax) < ^max (l, |A| H )j H inf|(s) Pn// ^ : ^lirn — 


Y k ~ S M k 


I U , kEk(f)Jt(p'W t ,kf)^ Y‘) 


i Z 1, ' ‘ ‘ ; Z n — 1 


and therefore, g(x) converges to zero when g(x) converges to zero in 
En{M, u,p, s, yR{p, w t,k f )i A r , ||-, • ■ ■ ,-||). Now suppose that \ n —> 0 as n —■> oo and 
x 6 En(Ai, u,p, s, yR(p iW t t k s )-> A r , ||-> • • • ,-||)- For arbitrary e > 0, let no be a positive 
integer such that 


lim— y k s Mk 

r /t A—^ 


Ai=no+l L 

for some p > 0. This implies that 


I 'U’kNk(fXft(j ) w t ,kf) A *t) 


,21,-" i Zn—1 < 


lim— V k s Mk 

r h„. Z .—^ 


fc=no+l 


I ^k-^k ,kf) ^ «^) 


^ 1 ) * * * ? ^n —1 
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Let 0 < | A | < 1, then using convexity of (M k ), we get 


1 


lim — k 

r h * ^ 


k=no~\-l 


M k 


^u k N k {yil^ p w t k ^A x ) 


-1 ■' ' ' , z n —1 


Pk 


1 


<|A|lim— y k 
r h- z —' 


M k 


'U'kNk(~fll(p t w t ,kf)^ Y‘) 


P 


i Z 1 , ■' ' , Z n — 1 


fc=no+l 

Since (M k ) is continuous everywhere in [0, oo), so 


Pk / e \ h 


no 


h(t.) = lim — V k 

r hr ' 


k =1 


M k 


tu k N k (m {P:W t tkf) A r x) 


P 


i Z\-> •> Zn—1 


<>2 


Pk 


is continuous at 0. Hence, there is 0 < 5 < 1 such that \h(t)\ < e/2 for 0 < t < 5. Let K be 
such that |A n | < 5 for n > K we have 


1 


n Q 


Thus, for n > K, 


1 


lim — y k 


fc=i 


M k 


^n'UkE k (tyJt( p ,kf)^ 


i Z 1 , •' ' , Z n —1 


e 

< 2 ‘ 


lim — y k 

r h „ Z.—j 


k =1 


M k 


A n'U / kNk(JJy[(p,w t ,kf)^ Y‘) 


i Z 1 , ' ' ' ; Z n — 1 


Pk s ± 
H 


< e. 


Hence, g(\x) —> 0 as A —> 0. This completes the proof of the theorem. 


□ 


Theorem 2.3. If M' = (M/) and M" = (Mf) are two Musielak-Orlicz functions and s,s\,S 2 
be non-negative real numbers, then we have 


(i) E^(M',u,p,s,Tt^ w t jkf ),A r , ||-||) n E%(M",u,p, A r , ||- 

En(M' + M", u,p , s, Wt(p iW t ikf ), A r , ||-, ■ ■ • ,*1). 

(ii) If the inequality si < s 2 holds, then En{M.', u,p, Si, ^l( PtW t jkf ), A r , 
E%(M',u,p,S2,Wl( PjW t tkf ), A r , ,-||). 

(in) If M! and M." are equivalent, then En(M.', u, p, s, 9ft( PtW \ kf ), A r , || 
En(M", u,p, s, yyt( PtW t tkf ), A r , ii-,.-•• ,-||). 


c 


c 


□ 


Proof. It is obvious so we omit the details. 

Theorem 2.4. Suppose that 0 < r k < p k < 00 for each k. Then 

,u,r,s, ^ > II ■>■■■?■ II) — Ef (A4, u, p, s , ^ > II II) ■ 

Proof. Let x E En{M , u, r, s, SDT ( p , w t, kf ), A r , ||-, ■ ■ ■ , -||). Then there exists some p > 0 such that 


lim — y k~ 

r h • 


k =1 


A 4 


UkN k (ffll(p >w t ikf )A x) 


1 2 l, ' >^n —1 


rk 


< OO. 
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This implies that 


M k 


'UkN k (JJJX(p,w t : kf)^ Y') 


P 


•> Z 1 ? * * * 5 Zn— 1 


< 1 


for sufficiently large value of k, say k > ko for some fixed ko G N. Since (M k ) is nondecreasing, 
we have 

1 Pk 


lim — V k 

r h... * 


h 


k>ko 


M k 


,kf)^ 


i ^1) 5 ^n—1 


< lim — V k 

— r h 


k>ko 


M k 




^1) * 5 ^n—1 




< OC. 


Hence, x G Ef(M, u,p, s, ?0l( PtW t t k f ), A r , 


□ 


Theorem 2.5. (%) If 0 < p k < 1 /or eac/i k, then E%(JA , u, p, s, 9Jl( p w t )fc ), A r , ]]•, • • • , • |j) C 
En(M,u, s, 9R(p jW t jkf ), A r , - ,•!!)• 

f**/ If Pk > 1 /or all k, then E%(M, u, s, Wl(p >w t jkf ), A r , ||-, ■ • ■ ,-||) C 

E? l (M,u,p,s,m (pjW t, kf ),A r , ||-,- •• ,-||)- 

Proof. It is easy to prove by using above so we omit the details. □ 


3 Applications to statistical convergence 


Fast [8] extended the notion of usual convergence of a sequence of real or complex numbers and 
called it statistical convergence. This notion turned out to be one of the most active areas of 
research in summability theory after the works of Fridy [10] and Salat [24]. Fridy and Orhan [11] 
defined and studied the notion of lacunary statistical convergence. Some recent related work 
and applications we refer to [1,2,6,17,20]. We are now ready to define following notions: 


Definition 3.1. Let 6 = ( k r ) be a lacunary sequence. Then, the sequence x = (x k ) is N k (u)- 
lacunary statistically convergent to the number l provided that for every e > 0, 


lim — 

r h r 




u k N k (Wl(p jW t, kf )A r x) 

P 


l 

~ 5 %1 * i Zn—1 


In symbols, we shall write [A/,, u, 9R(p, w t tkf ), S, A r ]g-limx 
l([N k , u, , w t, k f)i S-> A r ]e)- If we take 0 = (2 r ), then we shall write 
instead of [N k , u, ffl(p iW t tkf ), S, A r ] 0 . 



= 0. 


= l or x k —> 
[N k ,u,fm.^ tW t tkf) ,S, A r ] 


Definition 3.2. Let 8 = ( k r ) be a lacunary sequence, JA = (M k ) be a Musielak-Orlicz function, 
u = ( u k ) be a sequence of strictly positive real numbers and p = (p k ) be a bounded sequence of 
positive real numbers. We say that x = (. x k ) is strongly N k (u, 9R( PtW t tkf ), A r )-lacunary convergent 
to l with respect to JA provided that 


lim ■ 


E 

heir L 


M k 


A x) l 


,zi, 


i Zn— 1 


Pk 


= 0. 
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The set of all strongly N k (u,9Jt^ PtW t^ kf ^, A r )-lacunary convergent sequences to l with respect 
to M. is denoted by [N k ,u,Ai,p,Tt^ PtW t kf ^,A r ,\\-,--- ,-||]e- In symbols, we shall write x k —► 
l([N k ,u,M,p,Wl(p jW t jkf ),A r , ,-||]e). 

Note that, in the special case, JA(x) = x, p k = Po for all k G N, we shall write 
[A k , u, ^ i II ')■■■) l|]s instead of [IVj,, it, J\A, p , ^H^ p ^w t ,kf) > ^ j II '»‘'' >' II]#- 

Theorem 3.3. Let 0 = ( k r ) be a lacunary sequence. 


(i) If a sequence x = (x k ) is strongly N k (u, 9R( PtW t tkf ), A r )-lacunary convergent to l, then it is 
Nk(u,Wl(p, w t kf ), A r )-lacunary statistically convergent to l. 

(ii) If a bounded sequence x = (x k ) is N k (u, 9R( PtW t tkf )y A r )-lacunary statistically convergent to 
l, then it is strongly N k (u, 9JT( p t w t ,kf)i A r )-lacunary convergent to l. 


Proof, (i) Let e > 0 and x k —•> l([N k , u, 9R( PtW t t k f )i A r , ||-, • • • , (jl]#). Then, we have 

iu k N k (m^ w t jkf) A r x) - l 


E 

k£lr 


~i Z 1, ' ' ' i Zn —1 


PO 


> 


E 


u k N k (Tl^ w t^ kf) A r x) - l 


i z 1 , ■ ■ ■ ) Z n — 1 


po 


k£l r 

. ul.Nl. (9JT / + , xA r x)—l 

n n, \ \jp,w v ,Kj?) ' 

! P 


> e P0 


k E Ir • 


,^1,— j^to-I ||>^ 

,kf)^ *^) ^ 


P 


> ^ 1 ? * ‘ * 5 ^n —1 


> € 


Hence, x fc -*■ /([iV fe , u, Tl^ w t kf ),S, A r ] 0 ). 

(ii) Suppose that x^ —► Z([JVfc, u, ^H-(p. w t.k f ). ; S, A r ] 0 ) and let x G Zoq. Let e > 0 be given and 
take N f such that 


lim ■ 


k G I r 


nkA k (fjyi^p, w t, k j,')A x) l 


Z 1 , ' ' ' > Zn —1 


> 


< 


2KP° 


for all r > N e and set 


T r = Ik € I r 


nkA k (f)yi^ p , w t, k j,'jA x) l 


P 


where K = sup fc |xfc| < oo. Now for all r > N e we have 


Z 1 , ' ' ' > ■Zn —1 


>( 2 


£ \ po 


1 \ x || n k N k (pJt( p , w t, k f')A x) / 


lim — 

r h Z.—j 


i Z 1, • •' , Z n — 1 


PO 


fce/r 


1 \ -x || n k N k (f)Jt(p, w tA x) l 


lim — V 
r h Z—j 


i z i, • • • , z n — 1 


po 


k£I r 

keT r 
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+ li “/rE 


1 II ,kf)^ %) ^ 


i Z lj * * * 5 Z n —1 


IPO 


< lim — 


k£lr 
k^Tr 

1 / h r e 


r h r \2 KP° 

A 


KK+ w h ' = f - 


Thus, (x k ) G [JVfc, u, SlJtfawt'kf), A r , , -lOe- □ 

Theorem 3.4. For any lacunary sequence 6, if lim rwoc inf q r > 1 then 

[N k , u, W(p iW t ikf ),S, A r ] c [N k , u, ffl( PtW t tkf ), S, A r ] e . 

Proof. If linv^oo inf q r > 1, then there exists a 5 > 0 such that 1 + 5 < q r for sufficiently large r. 
Since h r = k r — £v-i, we have jf < -A/L Let x k —■> l([N k , u, 9Jt( PiW t ikf ), S, A r ]). Then for every 
e > 0 , we have 


1 

k r 


k < k r : 


'U'kA k (pJt(p,w i ', k f )A x~) l 


P 


- 1 ■ ' ' ' , Zn— 1 


> e 


1 

> — 

k r 


> 


k G Ir • 

5 \ 1 


u k N k (m {PtW t tkf) A r x) - l 


Z 1, ' ' ' j Z n —1 


> e 


1 + 5Jh 


k G Ir 


/ u , kA k (fUl^ p A x) l 


i z 1 , • ■ ■ , z n —1 


> e 


Hence, [N k , u, 9R( PtW t t k f ) , 5, A r ] c [lV fc , u, Wl^ w t :kf) , 5, A r ] 0 
In the next results we denote the quantity 


□ 


u kNk(9R( p w t t k f )^ rx ) I i „ 

-- by x+. 


Theorem 3.5. Let 6 = ( k r ) 6e a lacunary sequence, A4 = (M k ) be a Musielak-Orlicz func¬ 
tion and 0 < h = inf k p k < p k < sup k p k = H. Then [N k , M, u, 9Jl( PtW t, kf ), A r , - ,-||]e C 
[ N k, u, VJl(p jW t jkf ), S, A r ]g. 

Proof. Let x G [N k , M., u, 9It( p , w t, kf ), A r , ,-||]e- Then there exists a number p > 0 such 

that lim r A Yl k ^i r Mk(\\x k P , z\, ■ ■ ■ , z n -\ ||^ ' —> 0, as r —+ oo. Then given e > 0, we have 

i Pk 


lim — Y 

r h < 


M k 


heir L 


l,p 

x k , Zi, ■ ■ • , z n -1 


> lim — 

r h ' 


> lim — 

r h r 


M k 


k£l r 

l\ x L P > z h'" ,2n-l||>e 


l,p 

x k ,zi, ■ ■ ■ ,Z n -1 


1 Pk 


y [M k (ei)] Pk , where e/p 


= ei 


fc£iV 

||a:i’ p ,2ri,--- ,z n - i||>e 


> hm^- E min {[ Af fc(ei)] h , [M fc (ei)] H | 


fce/r 
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> lim — 

r hr 


k £ Ir I 


l,p 

xf. , Zl, ■ ■ • , z n -1 


> e 


. min {[M fc (e 1 )] h ,[M fc (e 1 )] H }. 


Hence, x £ [Nk, u, ^R( p . w t.k f )i S, A r ]g. This completes the proof of the theorem. 


□ 


Theorem 3.6. Let 6 = ( k r ) be a lacunary sequence, M. = (Mfc) be a Musielak- 
Orlicz function and p = (pk) be a bounded sequence, then [Nk,u,Tl^ PjW t kf ), S, A r ]g C 
[N k ,M,u, Wlfawt’kf), A r , • , -||] 0 . 

Proof. Let x £ and Xk —■► l([Nk,u,i)7t^ p ^ w t^ kf ),S,A r ]g). Since x £ l^, there is a constant 
T > 0 such that \\x l jf , , z n _i|| < T and given e > 0 we have 


li ?‘i E K 

fce/r 


l.p 

Xk ■ “ I ■ ' ' ' >1 


Pfc 


= lim ■ 


1 


E 

ll^’Lziv ,z n _i||>e 


M fc ( 2ri, • • • ,z n _i 


Vk 


+ lim — V 

r /?„ -A—^ 


M fe ( \\x l jf,zi, ■ ■ ■ ,z n -1 


||^’ P ,Zl,— ,z„_l||<€ 


< lim — 

r h r ' 

k£lr 


max 


M fc 


(1 

V p 


ih r 


M fc 


(- 

V p 


Pk 


l H 


\\Xtf,ZU— ,Zn-i||>e 


+ lim — y 

r /?„ -A—^ 


Mfc ( - 


k£lr 

,z„_i||<e 


Pfc 


< 


max | \M k (K)] h , [M k (K )] H } lim^_ j& G / r : • • • , z n _i|| > e| 

+ max | [M fc (ei) ] h , [M fc (ei) ] H }, 


~ = K, - = e 1 ). 
P P 


Hence, x £ [IVfc, -Ad, u , A , • ||]$. 


□ 
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OSCILLATION ANALYSIS FOR HIGHER ORDER DIFFERENCE 
EQUATION WITH NON-MONOTONE ARGUMENTS 


OZKAN OCALAN AND UMUT MUTLU OZKAN 


Abstract. The aim of this paper is to obtain the some new oscillatory condi¬ 
tions for all solutions of higher order difference equation with general argument 

(*) A m x{n) + p{n)x (r(n)) = 0, n = 0,1. • • • , 

where {pin)) is a sequence of nonnegative real numbers and (r(n)) is a sequence 
of integers and non-monotone. 


1 . Introduction 

Oscillation theory of difference equations has attracted many researchers. In 
recent years there has been much research activity concerning the oscillation and 
nonoscillation of solutions of delay difference equations. For these oscillatory and 
nonoscillatory results, we refer, for instance, [1 — 22]. 

Consider the higher order difference equation with general argument 

(1.1) A m x(n) + p(n)x (r(n)) = 0, n = 0,1, • • • , 

where (p(n)) n>0 is a sequence of nonnegative real numbers and (r(n)) n>0 is a 
sequence of integers such that 

(1.2) r(n) < n — 1 for all n > 0 and lim r(n) = oo. 

n—»oo 

A denotes the forward difference operator A x(n) = x(n + 1) — x(n). 

Define 

r = — minr(n). (Clearly, k is a positive integer.) 

n> 0 

By a solution of the difference equation (1.1), we mean a sequence of real numbers 
(a;(n))„>_,. which satisfies (1.1) for all n > 0. 

A solution ( x(n)) n >- r of the difference equation (1.1) is called oscillatory, if the 
terms x(n) of the sequence are neither eventually positive nor eventually negative. 
Otherwise, the solution is said to be nonoscillatory. 

If m = 1, then Eq.(l.l) take the form 

(1.3) A x(n) + p(n)x (r(n)) =0, n = 0,1, ■ ■ • . 

In particular, if we take r(n) = n — l where l > 0, then Eq.(1.3) reduces to 

(1.4) Ax(n) +p(n)x (n — l) = 0. 


Key words and phrases. Delay difference equation, higher order, oscillation, non-monotone 
arguments. 

Corresponding author : Ozkan OCALAN; email address: ozkanocalan@akdeniz.edu.tr. 
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(1.5) 
and 

( 1 . 6 ) 


In 1989, Erbe and Zhang [8] proved that each one of the conditions 

l l 


linrinfp(n) > 


(i + iy+i 


lim sup E p(j) > 1 

n—> oo , 

j=n-l 

is sufficient for all solutions of (1.4) to be oscillatory. 

In the same year, 1989, Ladas, Philos and Sheas [11] established that all solutions 
of (1.4) are oscillatory if 

1 " _1 l l 

(L7) " [ 7 E PU)] > (TTTyTT- 

j=n—l 

Clearly, condition (1.6) improves to (1.4). 

In 1991, Philos [14] extended the oscillation criterion (1.7) to the general case of 
the Eq.(1.3), by establishing that, if the sequence (r(n)) n>0 is increasing, then the 
condition 


( 1 . 8 ) 


lim inf 


1 


n— 1 


E p (•?) 


> lim sup 


{n - T{n)) n ~ T ^ 

/ / \ | cn-r(n) + l 

oo (n — T[n) + 1) v ' 


n-T(n) . 

j=r(n) 

suffices for the oscillation of all solutions of Eq.(1.3). 

In 1998, Zhang and Tian [19] obtained that if (r(n)) is non-decreasing, 

(1.9) lim (n — r(n)) = oo 

n—>oo 

and 

n— 1 

(1.10) lim inf V p(j) > -, 

n—> oo z —' g 

j= T (n) 

then all solutions of Eq.(1.3) are oscillatory. 

Later, in 1998, Zhang and Tian [20] obtained that if (r(n)) is non-decreasing or 
non-monotone, 


( 1 . 11 ) 


limsupp(n) > 0 


and (1.10) holds, then all solutions of Eq.(1.3) are oscillatory. 

In 2008, Clratzarakis, Koplatadze and Stavroulakis [3] proved that if (r(n)) is 
non-decreasing or non-monotone, h(n) = maxo< s < n r(s), 

n 

(1.12) lim sup E P(j) > !> 

n —>oo 

j—r(n) 

then all solutions of Eq.(1.3) are oscillatory. 

In the same year, Clratzarakis, Koplatadze and Stavroulakis [4] proved that if 
(r(n)) is non-decreasing or non-monotone, h(n) = max 0 < s < n r(s), 


(1.13) 


lim sup E p(j) < 00 


j-T(n) 


and (1.10) holds, then all solutions of Eq.(1.3) are oscillatory. 


782 


OCALAN ETAL 781-789 



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 27, NO.5, 2019, COPYRIGHT 2019 EUDOXUS PRESS, LLC 


OSCILLATION ANALYSIS FOR HIGHER ORDER DIFFERENCE EQUATION 3 


In 2006, Yan, Meng and Yan [17] obtained that if (r(n)) is non-decreasing, 

n —1 

(1.14) liminf p(j) > 0 

n—> oo ' ^ 
j — r(n) 

and 

/ a _ T ( a\ . i \ 

(1.15) liminf Y pU)[— -ru— ) >1, 


then all solutions of Eq.(1.3) are oscillatory. 

Finally, in 2016, Ocalan [16] proved that if (r(n)) is non-decreasing or non¬ 
monotone, h(n ) = max 0 < s < n r(s) and (1.15) holds, then all solutions of Eq.(1.3) 
are oscillatory. 

Set 


(1.16) 

Clearly 


k(n) 


( / \ i i \ n-T(n )+1 

n — r(n) + 1 \ 
n — r(n ) / 


n > 1. 


(1.17) 


e < k(n) <4, n > 1. 


Observe that, it is easy to see that 

n —1 n —1 

X! > e Y ^0) 

j—r(n) j—r(n ) 

and therefore condition (1.15) is better than condition (1.10). 

In 2006, Zhou [22] studied the following delay difference equation with constant 
delays 

i 

(1.18) A m x(n) + 'Y / Pi( n ) x ( n — ki) = 0, n = 0,1,• • • , 

i—1 

where (Pi.(ji )) n>0 are sequences of nonnegative real numbers and k n is a positive 
integer for i — 1, 2, • • • , l. He obtained some new criteria for all solutions of Eq.(1.18) 
to be oscillatory. 


2. Main Results 

In this section we investigated the oscillatory behavior of all solutions of Eq.(l.l). 
Further, we need the following lemmas proved in [1,2]. 

Lemma 2.1. (Discrete Kneser’s Theorem) Let x(n) be defined for n > no, and 
x(n) > 0 with A m x(n) of constant sing for n > no and not identically zero. Then, 
there exists an integer j, 0 < j < m with (m + j) odd for A m x(n) < 0 or ( m + j) 
even for A m x{n) > 0 and such that 

j < m — 1 implies (—\) J+l A l x(n) > 0, for all n > no, j < i < m — 1, 

and 

j > 1 implies A 1 x(n) > 0, for all large n > no, 1 < i < j — 1. 

Specially, if A m x(n) < 0 for n > no, and (x(n)) is bounded, then 

(—1) I+1 A m ~ l x(n) > 0, for all n > n 0 , 1 < i < m — 1, 
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and 

lim A l x(n) = 0 , 1 < i < m — 1 . 

n —»oo 

Lemma 2.2. Let x{n) be defined for n > no, and x(n) > 0 with A m x{ri) < 0 for 
n > no and not identically zero. Then, there exists a large n\ > no such that 

x{n) > (n ~ ni \Z 1 A m ~ 1 x{2 m ~^~ 1 n) ; n > n u 
(m — 1 )! 

where j is defined in Lemma 2.1. Further, if x(n) is increasing, then 

I / r) \ rn ~ 1 

x(n ) > 7 -—t ( -r-) A m ~ 1 x(n) ; n > 2 m_ 1 m. 

v ~ {m- 1)! \2 m_1 / \ j , - 

Set 

( 2 . 1 ) h{n) = max r(s) 

0<s<n 

Clearly, h(n) is nondecreasing, and r(n) < h(n) for all n > 0. We note that if r(n) 
is nondecreasing, then we have r{n) = hfn ) for all n > 0 . 

Theorem 2.3. Assume that (1.2) holds. If (r(n)) is non-decreasing or non¬ 
monotone, 

n— 1 

( 2 . 2 ) lim inf V p{j)k(j)>(m- 1 )!, 

n —»oo z —' 
j=r(n) 

where k{n) is defined by (1.16), then every solution of Eq.( 1.1) either oscillates or 
lim^oo x(n) = 0 . 

Proof. Assume, for the sake of contradiction, that ( x{n )) is an eventually positive 
solution of (1.1) and linin^oo x(n) > 0. Then there exists n\ > no such that 
x(n), x (r(n)), x {h(n)) > 0, for all n > n\. Thus, from Eq.(l.l) we have 

(2.3) A m x(n) = — p(n)x(r(n)) < 0, foralln>ni. 

By Lemma 2.1, A z x(n) are eventually of one sign for every i £ {1, 2,..., m — 1}, 
and A m_ 1 a;(n) > 0 holds for large n, and there exist two cases to consider: (A) 
A x(n) > 0 and (B) A x(n) < 0. 

Case A: This says that ( x{n )) is increasing. By Lemma 2.2, there exists an 
integer n 2 > n± such that 

2;(n) - (m — 1 )! ( 2 ^= 1 ) Am ~ lx ( n ) > ri>n 2 

and 

(2.4) x(t(u)) > A m ~ 1 x(T(n)) , n>n 2 

Letting y{n) = A m ~ 1 x{n). So, we have 

y(n) > 0 , y ( r(n )) > 0 for n > n 2 , 

which implies that 

(2.5) Ay{n) + p{n)x{r{n)) = 0, n > n 2 . 
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On the other hand, by (2.4) and since linin^oo r(n) = oo, there exists an integer 
n 3 > 7 i 2 such that 

*( T ( n )) ^ (m — 1 )! (^S) y(T(n)) (2 ' 6) 

> 7 — n>n 3 . 

(m — 1 )! 

In view of (2.6), Eq.(2.5) gives 

(2.7) A y(n) + -— l —rr-.p{n)y (r(n)) <0, n > n 3 . 

(to — 1)! 

Taking into account that y(n) is nonincreasing and h(n) is nondecreasing, r(n) < 
h{n) for all n > 0, from (2.7) we get 

( 2 . 8 ) A y(n) + - — l —rv.p(n)y (. h(n )) < 0 , n > n 3 . 

(m — 1 )! 

It follows that 

(2.9) Ay(n) + p(n)y (h(n)) < 0 , n > n 3 , 

where p(n) = , which means that inequality (2.9) has an eventually positive 

solution. 

On the other hand, we know from Lemma 2.3 in [16] that 

n— 1 n— 1 

( 2 . 10 ) liminf V p{j)k{j) = liminf V p(j)k(j), 

n —xx) z ' n—> oo z —' 

j—T(n) j=h{n) 

where h(n) is defined by ( 2 . 1 ). 

Therefore, condition (2.2) and (2.10) imply that 

n— 1 n— 1 

(2.11) liminf P(,j) k (j) = 7 -ttt liminf ^ p(j)k(j) > 1 

j=h(n) J j—h(n) 

Thus, by Theorem 1 in [16], Eq.(2.9) has no eventually positive solution. This is a 
contradiction. 

Case B: Note that, by Lemma 2.1, it is impossible that the case that to is even. 
In what follows, we only consider the case that m is odd. Case B says that x{n) is 
decreasing and bounded, and so, {x(n)) converges a constant a. By Lemma 2.1, we 
get 

( 2 . 12 ) (—l)* + 1 A m_ *a;(n) > 0, for all large n > n\, 1 < i < m — 1, 
and 

(2.13) lim A m_ 1 a;(n) = 0. 

n — >oo 

By (2.13), there exists an integer m > n\ such that 

(2.14) 0 < A m ~ 1 x(n) < s, for any £ > 0, n>n^. 

It is obvious that a > 0. So, there exists an integer n 5 > such that 

(2.15) x(n) > -a, x(r(n)) > —a, n > n 3 . 
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Thus, Eq.(l.l) implies that 

(2.16) A m x(n) + ^p(n) < 0, n > n 5 . 

Summing both sides of (2.16) from n 3 to n, we obtain 

n 

(2.17) A m ~ 1 x(n + 1) — A m_ 1 a;(n 5 ) + ^ ^ p(s) < 0, n > n 5 . 

s=r»5 

Letting n —> 00 , we have 

n 

(2-18) 2 £ p{s) < s, for large n. 

s=n5 

On the other hand, condition (2.2) says that there exist an integer uq > n .5 such 
that 

n-i ( __ 1 1I 

(2.19) > “—2 - n - n& ' 

s—r(n) 

Since k(n) < 4 for n > 1, by (2.19) we get 

. a J' . . a(m — 1 )! 

(2.20) - P ( s ) ^ -§-. for lar S e n, 

s=r(n) 

which contradicts (2.18) and (2.20). The proof is completed. □ 

Theorem 2.4. Assume that m is even and (1.2) holds. If (r(n)) is non-decreasing 
or non-monotone, 

n— 1 

( 2 . 21 ) liminf V r m_ 1 (j)p(j)fc(j) > 2 (m_1)2 (m - 1 )!, 

n — >00 z ' 
j-r(n) 

where k(n) is defined by (1.16), then every solution of Eq.{ 1.1) oscillates. 

Proof. Assume, for the sake of contradiction, that (x(n)) is an eventually positive 
solution of (1.1). Then there exists ni > n 3 such that x(n), x(r(n)), x(h(n)) > 
0, for all n > n\. According to the proof of Theorem 2.3, there exists a positive 
integer ?ri such that (2.3) holds. By Lennna 2.1, we have 

A x(n) > 0 

which implies x(n) is increasing. In view of proof of Theorem 2.3, we have 
(2-22) x(r(n)) > (m * 1); V ( r ( n ))’ 

where y(n) = A m ~ 1 a :(n). Therefore, from Eq.(2.5) and (2.22), we obtain 

1 / r(n) \ m ~ 1 

(2.23) A y(n) + ^ P( n )V ( T ( n )) < 0, n > ™ 2 - 

Taking into account that y(n) is nonincreasing and h(n) is nondecreasing, r(n) < 
h(n ) for all n > 0, from (2.23) we get, 

1 / r(n) \ m_1 

(2.24) A y(n) + — _ ^ p{n)y ( h(n )) <0, n> n 3 . 
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It follows that 

(2.25) Ay(n) + p(n)y (h(n)) < 0, n>n%, 

where p{n) = ^ 2™- 1 ) > w hi°h means that inequality (2.25) has an even¬ 

tually positive solution. 

On the other hand, we know from Lemma 2.3 in [16] that 

n— 1 n—1 

(2.26) liminf V p(j)k(j) = lira inf V p(j)k(j), 

n—> 00 z —' n— > 00 z — J 

j—r(n) j—h(n) 

where h(n ) is defined by (2.1). 

Therefore, condition (2.21) and (2.26) imply that 

(2.27) 

n—1 1 1 n—1 

hminf £ p(jW)= (m _ 1)!2 ( ro -i)» ^ E > 1 

j=h{n) ' j=h(n) 

Thus, by Theorem 1 in [16], Eq.(2.25) has no eventually positive solution. This 
contradiction completes the proof. □ 

Now, using (1.16), (1.17), Theorem 2.3 and Theorem 1 in [16], we have the 
following results immediately. 

Corollary 2.5. Assume that (1.2) holds. If (T(n)) is non-decreasing or non¬ 
monotone, 

n—1 

(2.28) liminf p(j) > -(m — 1)!, 

j=r{n) 

then every solution of Eq.{ 1.1) either oscillates or lim^oo x(n) = 0. 

Corollary 2.6. Assume thatm is even and (1.2) holds. If (r(n)) is non-decreasing 
or non-monotone, 

2 ( m_ - 1) 2 

(2.29) liminf V T ' m ~ 1 U)pU) > -(m-1)!, 

n—> 00 z —' c 

j—r{n) 

then every solution of Eq.{ 1.1) oscillates. 

Finally, using the proofs of Theorem 2.3 and Theorem 2.4, and from the Theorem 
2.1 in [3], we obtain the following results by removing the proofs. 


Theorem 2.7. Assume that (1.2) and (1.14) hold. If (r(n)) is non-decreasing or 
non-monotone, 

n 

(2.30) lirnsup E P(j) > (m- 1)!, 

n—»00 7 / \ 

j=h(n) 

where h{n) is defined by (2.1), then every solution of Eq.{ 1.1) either oscillates or 
liin^oo x(n) = 0. 
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Theorem 2 . 8 . Assume that m is even and (1.2) holds. If (r(n)) is non-decreasing 
or non-monotone, 

n 

(2.31) lim sup T m - 1 (j)p(i)>2 (ra - 1)2 (m-l)!, 

™ ,=fc(n) 

where h(n) is defined by (2.1), then every solution of Eq.( 1.1) oscillates. 
we present an example to show the significance of our new result. 


Example 2.1. Consider the retarded difference equation 


(2.32) 

with 


A 3 x(n) H— x(t(ti)) =0, n > 0, 
e 


-(n) = 


n — 3, if n is even 
n — 1 , if n is odd 
Here, it is clear that (1.2) is satisfied. By (2.1), we see that 


h(n) = max t(s) 

0<s<n 

Computing, we get 

n— 1 

Y pco = 

j—r(n) 


( n — 2, if n is even 
\ n — 1 , if n is odd 


6 /e, if n is even 
3/e, if n is odd 


Thus 

31 2 

lirninf \ p(j) = — > -(to — 1 )! = -, 

n^oo L —' e e e 

i=r(n) 


that is, condition (2.28) of Corollary 2.5 zs satisfied and therefore every solution of 
Eq.{ 2.32) either oscillates or lim n ^ OC) x(n) = 0. 
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On Orthonormal Wavelet Bases 

Richard A. Zalik * 


Abstract 

Given a multiresolution analysis with one generator in L 2 (M. d ), we give a characteri¬ 
zation in closed form and in the frequency domain, of all orthonormal wavelets associated 
to this MRA. Examples are given. This theorem corrects a previous result of the author. 


1 Introduction 

In what follows Z will denote the set of integers, and M the set of real numbers. We will 
always assume that A is a dilation matrix preserving the lattice Z d ; that is, AZ d C Z d 
and all its eigenvalues have modulus greater than 1; A* will denote the transpose of 
A and B := (A*) -1 . The underlying space will be L 2 (M rf ), where d > 1 is an integer 
and I will stand for the identity matrix. Boldface lowcase letters will denote elements 
of R d , which will be represented as column vectors; x • y will stand for the standard dot 
product of the vectors x and y; ||x || 2 := x • x. 

Let A G R dxd and a := | det A|. For every j G Z and k G Z rf the dilation operator 
D a and the translation operator T k are defined on L 2 (M . d ) by 

D A f( t) := a 1/2 /(At) and T k /(t) := /(t + k) 

respectively. 

Let u = {m,... ,u m } C L 2 (R d )- then T(rq,... ,u m ) = T( u), S(ui,.. .,u m ) = S( u) 
and S( A; u\,..., u m ) = S(A;u) are respectively defined by 

T(u) := {T k -u; «Gu,kG Z d }, S'(u) := spanT(u), 


and 

S( A, u) := span {D A T\ i u-, «Gu,kG Z d }. 

In [5] we formulated a representation theorem for multiresolution analyses having 
an arbitrary set ui,...,u n of scaling functions, i.e., the set of translates of all these 
functions constitutes an orthonormal basis of Vo- However the proof was based on the 
implicit (and incorrect) assumption that any such function U£ is contained in S(A,ui), 
and it is therefore not valid. The purpose of this paper is to apply the method of proof 

* Department of Mathematics and Statistics, Auburn University, AL 36849-5310, zalik@auburn.edu 
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employed in [5] to prove a representation theorem for MRA’s having a single scaling 
function, and to provide some examples. 

A function / will be called Z d -periodic if it is defined on M. d and T^f = f for every 

k e z d . 

The Fourier transform of a function / will be denoted by / or $(/). If / £ L(R d ), 

/(x) := f e~ i2nxt f (t) dt. 

J R d 

The Fourier transform is extended to L 2 (R d ) in the usual way. 

Our starting point and motivation is the following well known characterization in 
Fourier space of affine MRA orthonormal wavelets in L 2 (M) (see e.g. Hernandez and 
Weiss [2], Wojtaszczyk [4]) which, with the definition of Fourier transform we have 
adopted, may be stated as follows. 

Theorem A. Let if be a scaling function for a multiresolution analysis M with associated 
low pass filter p. The following propositions are equivalent: 

(a) if is an MRA orthonormal wavelet associated with M. 

(b) There is a measurable unimodular Z -periodic function p(x) such that 

if(2x) = e l27TX p(2 x)p(x + l/2)tp(x) a.e. 

Recall that a multiresolution analysis (MRA) in L 2 (M. d ) (generated by A) is a se¬ 
quence {Vj]j G Z} of closed linear subspaces of L 2 (R d ) such that: 

(i) Vj C Vj + 1 for every j e Z. 

(ii) For every j € Z, /( t) € Vj if and only if /(At) € Vj + \. 

(iii) Ujez Vj dense in L 2 (R d ). 

( iv ) Hjez v i = 0 - 

(v) There is a function u (called the scaling function of the MRA) such that T(u) is an 
orthonormal basis of Vq. 

A finite set of functions if = {ifi, • ■ ■ , if m } £ T 2 (R rf ) is called an orthonormal wavelet 
system if the affine sequence 


{DfTkipnj € Z,k e Z d ,i = ■ , m} 

is an orthonormal basis of L 2 (M d ). 

Let if := {ifi, ■ ■ ■ ,ifm} be an orthonormal wavelet system in L 2 (M‘ i ) generated by a 
matrix A; for j E Z we define 

Vj = J2 s ( A r ;^)- 

r<j 
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We say that is associated with an MRA, if M := {Vj ; j G Z} is a multiresolution 
analysis. If this is the case, we also say that is associated with M. Let Wj denote 
the orthogonal complement of Vj in Vj+ \. Then it is esily seen that is an orthonormal 
wavelet associated with M if and only if T(fi) is an orthonormal basis of Wq. 

Let e := (1,0, • • • , 0) T G M m and let diag {—e ltJ , 1, • • • , l} m denote the m x m diag¬ 
onal matrix with —e ZU} , 1, • • ■ ,1 as its diagonal entries. The following proposition was 
implicitly established by Jia and Shen in the discussion that follows the proof of [3, 
Lemma 3.3] (we adopt the convention that Arg 0 = 0). 


Theorem B. Let h = (b\, ■ ■ ■ , b m ) T G C m be unimodular, u := Arg b\ and q := b+e lw e. 
Then the matrix 


Q = (Qr,k)™ k =l : = diag {—e lw , 1 , • • • , l} m |I — 2 qq*/q*q 
is unitary. Moreover 

bk if r = 1,1 < k < m 


Qr,k — \ 


&r,k 


b r 

l + l&ll 


ifl<r<m,k = l 


if 1 < r < m, 1 < k < rn. 


where 5 r ,k is Kronecker’s delta. 

The following proposition is a particular case of [5, Theorem 3]. 


Lemma C. Let u G L 2 (M. d ) and assume that T(u) is an orthonormal sequence. Let 
A be a dilation matrix preserving the lattice Z d , let {ji,..., j a } be a full collection of 
representatives of Z d /AZ d , and let 

Ufe(t) := a 1/2 u(At + j k ), k = l,...a. (1) 

Then T(v i, • • • , v a ) is an orthonormal basis of S( A; u). 

Since %(x) = e* 27 rBx ' :)fe: u(Bx), a straightforward consequence of Lemma C and [5, 
Lemma E] is the following 

Corollary 1. Let u G L 2 (M d ) and assume that T(u) is an orthonormal sequence. Let 
A be a dilation matrix preserving the lattice h d , B := (A*) -1 , let {ji ,... ,j a } be a full 
collection of representatives of7L d /A7L d , and let Ufc(t) be defined by (1). If u G S(A,u), 
then there are -periodic functions qg- G L 2 (T d ) such that 

a 

Ew x )f = ! a - e -’ ( 2 ) 

fc=i 

and 

a a 

u(x) = ^2 qfc(x)T fc (x) = ^2 %(x)e* 27 rBx ' :,fe u(Bx) = p(Bx)«(Bx), (3) 

k =1 fc=l 
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where 

a 

p(x) := a~ 1/2 ^2 q k {A*x.)e l2nx ' Jk . 

k =l 

We can now prove 


Theorem 1 . Let M be a multiresolution analysis generated by A with scaling function 
u, let 'Ufc(t) be defined by (1), B := (A*) -1 , and let the functions <?fc(x) be Tfi-periodic, 
in L 2 (T d ), and satisfy (2) and (3). Let 


a(x) := Argqi(x), 


(4) 




<?fc(x) 

i/r = l,l<A;<a 


uy, fc (x) := < 

—q r (x.)e' ia ^ 

if 1 < r < a, k = 1 



x g r (x)g fc (x) 

if 1 < r < a,l < k < a 



l r ’ k i + ki(x)| 

and 


a 




2r(x) := ^2w r , k 

k= 1 

(x)u fc (x), 

and let 


Z(x) := (? 2 (x). •. 

■,z a (x)) T . 

Then 





Wh, ■ • • 1)} 


(5) 


is an orthonormal wavelet system associated with M if and only if there exists an (a — 
1) x (a — 1) unitary matrix function U(x) such that 


(^i(x),...,^( a _i)(x )) 2 = U(x)Z(x). 


Proof. The existence of functions q k (x) satisfying (2) and (3) is a consequence of Corol¬ 
lary 1. Setting 

v(x) := (ui(x),--- ,u a (x)) T 
and applying Theorem B, we see that 


(2i(x), • • • z a (x.)) T = Q(x)v(x), 

and that Q( x ) has (fjr(x), • • • ,q a (x.)) as its first row. Therefore [5, Theorem 8] implies 
that { Z2 , • ■ • z a } is an orthonormal wavelet system associated with M, which is equivalent 
to saying that S(z2, ■ ■ ■ z a ) is an orthonormal basis generator of Wq. Applying now [5, 
Theorem 5], the assertion follows. □ 
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Example 1. Let us verify that Theorem A is a particular case of Theorem 1. 
For d = 1 and A = 2 we have j i = 0 and j 2 = 1, and Corollary 1 implies that 

p{x) = 2~ 1 / 2 [q 1 (2x) + e i2 ™q 2 ( 2s)], 


whence the periodicity of qi(x) and q 2 (x) implies that 


p(x + 1/2) = 2~ l / 2 [ qi {2x) - e i27TX q 2 (2x)\. 


On the other hand, since | (re) 1 2 +1<72(^)| 2 = 1 a.e., (5) implies that w 2) \(x) = 
and 


w 2 , 2 {x) = 1 - 


\Q2(X)\ 2 

1 + |gi(*)| 


= 1 - 


|g 2 (x)| 2 (l-| gl (.x)|) 

Mx) I 2 


= \Qi(x) 


—q 2 (x)e ia ( x ' ) 


Since B = 1/2, it follows that v±(x) = 2 1 / 2 u(x/2) and v 2 (x) = 2 1 / 2 e l7rx u(x/2), and 
Theorem 1 implies that 


z 2 (x) = 2- 1 / 2 [-e ia ^^) + e inx \q 1 (x)\}u(x/2) = 

2- l / 2 e inx e ia ^ x) [-^)e- i7rx + e~ ia ^\ qi (x)\]u{x/2) = 

2-1 / 2 e-i™e ia W\qiXxj - e inx q 2 (xj}u(x/2 ), 

and therefore 


z 2 (2x) = 2- 1 l 2 e~ i2 ' KX e i ^ 2x \q 1 (2x) - e i2nx q 2 {2x)]u{x) = e~ i27rx p(2x)p(x + l/2)«(x), 


where p(x) := e za 


is unimodular and Z-periodic. 


Example 2. Let 



and let </>(t) be the characteristic function of [0,1] x [0,1]. Grochenig and Madych [1] 
have shown that (/> is a scaling function of an MRA generated by the dilation matrix A 
and that the function 1/ defined by 


V>(t) : = 


'1 

< -1 
0 


if t € [0,1] x [0,1/2] 
if t € [0,1] x [1/2,1] 
otherwise 


is a wavelet associated with this MRA. Let us see how this assertion follows from Theorem 

1 . 

Since {(0,0) T , (1, 0) T } is a a full collection of representatives of A/AZ 2 , from Lemma 
C we deduce that if ui(t) := 2 -1 / 2 c/>(At) andu 2 (t) := 2 -1 / 2 0(At + (l, 0) T ), then T(v±, v 2 ) 
is an orthonormal basis of S(A,<j>), and a straightforward computation shows that 

<f>( t) = 2 _1/2 (ui(t - (1, 0) T ) + v 2 (t- (1,1) T ) , 
which implies that if x = (x\,x 2 ) T , then 

£(x) = 2 -1 / 2 (e- i27r:ri Ti(x) + e- i27r ( xi+a:2 )u 2 (x)) . 
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Thus q\ (x) = 2 1//2 e l27nri , g 2 (x) = 2 1//2 e l2ll ( x '+ x A an d a(x) = i2irxi, and proceeding 
as in Example 1 we see that 

w 2 ,i(x) = -q 2 (xje ia W = 2~ 1 / 2 e - i27rX2 and w 2)2 (x) = |gi(x)| = 2” 1 / 2 . 


Thus, 


Z 2 (x) = w 2 ,i(x)ui(x) + u; 2 , 2 (x)u 2 (x) = 2 1/2 (u 2 (x) - e i27ra2 Ti(x)) , 

which by Theorem 1 implies that <r(t) is a wavelet associated with A if and only if there 
is a measurable unimodular Z 2 -periodic function /j(x) such that 

<t(x) = //(x)^(x). 

In particular, i/>(x) = e -* 27ra i£^( x ). 

Example 3. Grochenig and Madych have also shown in [1] that the characteristic 
function <fi of [0,1] x [0,1] which we considered in the previous example is also a scaling 
function of an MRA generated by the dilation matrix 



Since a = 4, from e.g. [5, Theorem H] we know that any orthonormal wavelet associated 
with this MRA has exactly three generators.. Let us construct an orthonormal wavelet 
basis using Theorem 1. The vectors j\ := (0,0) t ,j 2 := (1,0) T , j'3 := (0,1) T and j'4 := 
(1, 1) T are a full collection of representatives of A/A1. Let 

u fc (t) := 2cj){At + j k ) = 2(j){2t + j k ). 

Lemma C implies that T(yi, u 2 , U3, V 4 ) is an orthonormal basis of S(A,(j)). Moreover, it 
is easily verified that 


Since 

we see that 


and therefore 


4 4 

^(t) = 22 0( 2t - •?&) = ( x / 2 ) 22 Vk ~ 

k= 1 k=l 

5K(--J fc )}(x) = e-* 2 ^u fc (x) 

4 

0(x) = (1/2 )^ e -^ x ^u fc (x), 

fc=i 

</fc(x) = (l/2)e - * 27rx ' Jfc , fc = 1,.. .4. 
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Since a(x) 


0, (5) implies that 


uV, fc (x) := 2 


1 -i2nx.j k 
2 e 


_ 1 p i2nx.-j r 


_ 1 p i2TTX.-(j k -j r ) 
6 e 


if r = 1,1 < k < 4 
if 1 < r < 4, k = 1 
if 1 < r < 4,1 < k < 4, k / r. 
if 1 < r < 4,1 < A; < 4, k = r. 


Thus, 

Z 2 (x) = _I e * 27 rx V 2 ^i( x ) + jjfc( x ) - I e i 2 ™- 03 -i 2 )£ 3 (x) _ Igiarx.^-ja)^^ 

£ 3 (x) = -L^a^Cx) - I e *27rx- C ?2 ~h)fi 2 ( x ) + |fc( x ) - ^^-^(x) 
2 fa fa fa 

and 

Z 4 (x) = _I e i27rx V 4 ^i(x) _ I e i27r x -(j2-j 4 )^ 2 ( x ) _ I e i2«x.(,3-j4)^( x ) + ^ 4 ( X ). 


i.e., 

^2(0 = -x^i(t + 32) + ^ 2 (t) - ^u 3 (t + (j 3 - j 2 )) - -u 4 (t + (j 4 - j 2 )), 

Z D D O 

11 5 1 

23 (t) = + j 3 ) - ^W 2 (t + (j 2 - j 3 )) + ^^(t) - -U 4 (t + (j 4 - j 3 )), 

2 fa fa fa 

and 

11 1 5 

24 (t) = --Vi(t + j 4 ) - -u 2 (t + (j 2 - j 4 )) - -u 3 (t + (j 3 - j 4 )) + -u 4 (t). 

2 fa fa fa 

Applying Theorem 1 we conclude that {z 2 , z 3 , z 4 } is an orthonormal wavelet system 
associated with the dilation matrix A, and that {^1, ip 2 , ^ 3 } is an orthonormal wavelet 
system associated with A if and only if there exists a 3 x 3 unitary matrix function U (x) 
such that 

(^i(x),^ 2 (x),^ 3 (x)) 7 = U(x)(£ 2 (x),£ 3 (x),£ 4 (x)) t . 
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Neutrosophic sets applied to mighty filters in .B .E-algebras 

Jung Mi Ko 1 and Sun Shin Ahn 2 ’* 

1 Department of Mathematics, Gangneung-Wonju National University, Gangneung 25f57, Korea 
2 Department of Mathematics Education, Dongguk University, Seoul Of 620, Korea 

Abstract. The notion of a neutrosophic subalgebra of a BE-algebra is introduced and consider characterizations 
of a neutrosophic subalgebra and a neutrosophic filter. We defined the notion of a neutrosophic mighty filter of 
a B .E-algebra, and investigated some properties of it. We provide conditions for a neutrosophic filter to be a 
neutrosophic mighty filter. 


1. Introduction 

In 2007, Kim and Kim [6] introduced the notion of a 13.E-algebra, and investigated several properties. In [1], 
Ahn and So introduced the notion of ideals in BE-algebras. They gave several descriptions of ideals in BE- 
algebras. Y. B. Jun et. al [4] introduced the notions of hesitant fuzzy subalgebras and hesitant fuzzy filters of 
BE- algebras and investigated their relations and properties. J. S. Han et. al [3] defined the notion of hesitant 
fuzzy implicative filter of a BE-algebra, and considered some properties of it. 

Zadeh [11] introduced the degree of membership/truth (t) in 1965 and defined the fuzzy set. As a general¬ 
ization of fuzzy sets, Atanassov [2] introduced the degree of nonmembership/falsehood (f) in 1986 and defined 
the intuitionistic fuzzy set. Smarandache introduced the degree of indeterminacy/neutrality (i) as independent 
component in 1995 (published in 1998) and defined the neutrosophic set on three components (t, i, f) = (truth, 
indeterminacy, falsehood). In 2015, neutrosophic set theory is applied to BE-algebra, and the notion of neutro¬ 
sophic filter is introduced [9]. A new definition of neutrosopic filter is established and some basic properties are 
presented [12]. 

In this paper, we introduce the notion of a neutrosophic subalgebra of a BE-algebra and consider characteri¬ 
zations of a neutrosophic subalgebra and a neutrosophic filter. We defined the notion of a neutrosophic mighty 
filter of a BE-algebra, and investigated some properties of it. We provide conditions for a neutrosophic filter to 
be a neutrosophic mighty filter. 


2. Preliminaries 

By a BE-algebra ([6]) we mean a system (A; *, 1) of type (2,0) which the following axioms hold: 
(BE1) (Vx€ X)(x*x = l), 

0 2010 Mathematics Subject Classification: 06F35; 03G25; 03B60. 

0 Keywords: BE-algebra; ; (mighty) filter; neutrosophic subalgebra; neutrosophic (mighty) filter. 
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(BE2) (Vx e X)(x* 1 = 1), 

(BE3) (Vx el)(l*i = x), 

(BE4) (Vx, y, z £ X) (x * (y * z) = y * (x * z) (exchange). 

We introduce a relation “ < ” on X by x < y if and only if x * y = 1. 

A BEl-algebra ( X 1) is said to be transitive if it satisfies: for any x,y,z G X, y * z < (x * y) * (x * z). A 
BE-algebra (X; *, 1) is said to be self distributive if it satisfies: for any x,y, z £ X, x * (y * z) = (x * y) * (x * z). 
Note that every self distributive BE-algebra is transitive, but the converse is not true in general ([6]). 

Every self distributive EE-algebra (X;*, 1) satisfies the following properties: 

(2.1) (Vx, y,z € X) (, x<y=>z*x<z*y and y * z < x * z), 

(2.2) (Vx,y £ X) (x * (x * y) = x*y), 

(2.3) (Vx, y,z £ X)(x*y < (z * x) * (z * y)), 

Definition 2.1. Let (X; *, 1) be a BE-algebra and let F be a non-empty subset of X. Then F is a filter of X 

([ 6 ]) if 

(FI) 1 e E; 

(F2) (Vx,y £ X)(x * y, x £ F => y £ F). 

F is a mighty filter ([ 8 ]) of X if it satisfies (FI) and 

(F3) (Vx, y, z £ X)(z * (y * x), z £ F => ((x * y) * y) * x £ F). 

Theorem 2.2. ([8]) A filter F of a BE-algebra X is mighty if and only if 

(2.4) (Vx, y £ X)(y * x £ E => ((x *y) *y) *x £ F). 

Definition 2.3. Let X be a space of points (objects) with generic elements in X denoted by x. A simple valued 
neutrosophic set A in X is characterized by a truth-membership function Ta(x ), an indeterminacy-membership 
function /^(x), and a falsity-membership function Fa{x). Then a simple valued neutrosopic set A can be denoted 

by 

A := {(x, T a (x), I a (x), F a {x))\x £ X}, 

where Ta{x ), Ia{x ), F'a{x) £ [0,1] for each point x in X. Therefore the sum of Ta(x),Ia(x), and Fa(x) satisfies 
the condition 0 < Ta(x) + Ia{x) + Fa{x) < 3. 

For convenience, “simple valued neutrosophic set” is abbreviated to “neutrosophic set” later. 

Definition 2.4. ([10]) A neutrosophic set A is contained in the other neutrosophic B , denoted by A C E, if and 
only if Ta{x) < Tb(x), Ia{x) > Ib{x), and Fa(x) > Fb(x) for any x £ X. Two neutrosophic sets A and B are 
equal, written as A = B 1 if and only if A C B and B C A. 

Definition 2.5. ([12]) Let A be a neutrosophic set in a EE-algebra X and a, 0 ,7 £ [0,1] with 0<a + /3 + 7<3 
and an (a, (3, 7 )-level set of X denoted by A^“ ,/3,7 ^ is defined as 

A(«A,7) = { X G X|Ta(x) > a, I A {x) < /3, F A (x) < 7 }. 
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3. Neutrosophic subalgebras in BE-algebras 

Definition 3.1. A neutrosophic set A in a EE-algebra X is called a neutrosophic subalgebra of X if it satisfies: 

(NSS) min {T A (x),T A (y)} < T A (x*y),max{I A (x),I A (y)} > I A (x*y), and ma x{F A (x), F A (y)} > F A (x*y), for 
any x, y £ X. 


Example 3.2. Let X := {l,a, b, c} be a EE-algebra ([4]) with the following table: 


* 

i 

a 

b 

c 

1 

i 

a 

b 

c 

a 

i 

1 

a 

a 

b 

i 

1 

1 

a 

c 

i 

1 

a 

1 


Define a neutrosophic set A in X as follows: 


T a (x) = 

Ia(x) = 

F a (x) 

I' is easy to check that A is a neutrosophic subalgebra of X. 


0.83, 

if x 

€ {l,a} 

0.13, 

otherwise, 

0.15, 

if x 

€ {1, a} 

0.82, 

otherwise, 

0.15, 

if x 

€ {1, a} 

0.82, 

otherwise. 


Definition 3.3. ([12]) A neutrosophic set A in a B E-algebra X is called a neutrosophic filter of X if it satisfies: 
(NSF1) T A (x) < T a (1),I a (x) > I A ( 1), and F A (x) > F A (1), for any x G X; 

(NSF2) mm{T A (x),T A (x*y)} < T A (y),max{I A (x),I A (x*y)} > I A (y), and max{F A (x), F A (x * y)} > F A (y), for 
any x, y £ X. 


Proposition 3.4. Every neutrosophic filter of a BE-algebra X is a neutrosophic subalgebra of X. 

Proof. Let A be a neutrosophic filter of X. For any x, y € X, we have min {T A (x),T A (y)} < min{7A(l), T A (y)} = 
min {T A (y * (x * y)),T A (y)} < T A (x*y), m&x{I A (x), I A (y)} > max{I A (l), I A (y)} = max{I A (y * {x * y)), I A (y)} > 
Ia(x * y), and ma x{F A (x), F A (y)} > max{E j4 (l), F A (y)} = ma x{F A (y* (x * y)), F A (y)} > F A (x*y). Hence A is 
a neutrosophic subalgebra of X. □ 

The converse of Proposition 3.4 may not be true in general (see Example 3.5). 

Example 3.5. Let X := {1 ,a,b} be a EE-algebra with the following table: 


* 

1 

a 

b 

1 

1 

a 

b 

a 

1 

1 

a 

b 

1 

1 

1 


800 


Jung Mi Ko ET AL 798-806 



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 27, NO.5, 2019, COPYRIGHT 2019 EUDOXUS PRESS, LLC 


Jung Mi Ko and S. S. Ahn 

Define a neutrosophic set A in X as follows: Ta = {(1,0.83), (a, 0.13), (6,0.16)}, I a = {(1,0.15), (a, 0.15), (6,0.82)}, 
and Fa = {(1, 0.15), (a, 0.15), (6, 0.82)}. It is easy to check that A is a neutrosophic subalgebra of X. But it is not 
a neutrosophic filter of X, since min (Ta(6 * a), Ta(6)} = min{T^(l), Ta(6)} = 0.16 ^ 0.13 = Ta(o). 

Theorem 3.6. Let A be a neutrosophic set in a B E-algebra X and let a, fi, 7 £ [0,1] with 0<a + /3 + 7<3. 
Then A is a neutrosophic subalgebra of X if and only if all of (a, [3, 'fj-level set A} a,/3,7 ) are subalgebras of X when 

^4(a,/3, 7 ) ^ 0 

Proof. Assume that A is a neutrosophic subalgebra of X. Let a, /3 ,7 £ [0,1] be such that 0<a + /3 + 7<3 and 
A(a,/3,7) ^ 0_ L e t x , y £ A( a,/3,7 ). Then Ta(x) > a,T^(y) > a,lA(x) < /3 ,Ia(u) < /3 and Fa(x) < y,FA(y) < 7. 
Using (NSS), we have a < min{T^(x), T^(y)} < Ta(x * y), f3 > max.{I a{x), Ia{v)} > Ia(x * y), and 7 > 
max{T)i(a:), F 4 (y)} > Fa( 2 ; * y). Hence x * y £ A( a,/3,7 ^. Therefore A^ a,/3,7 ^ is a subalgebra of X. 

Conversely, all of (a, /?, 7)-level set A^ a ^^ are subalgebras of X when A^’^’ 7 ) 7^ 0. Assume that there exist 
a t ,bt, Gi , bi £ X and a/,6/ £ X such that min{TA(a t ), T A (b t )} > T A (a t * b t ), max{I A {a,i), /a(6,:)} < 1a («i * &»), 
and max{FA(a/),FA(6/)} < Fa (a/ * 6/). Then min{FA(a t ), T A {b t )} > t ai > T A (a t * b t ),max{I A (ai), I A (bi)} < 
toc2 ^ -6.4 ((p * 6 ? ; ) , and max}F4(a/), Fa(6/)} 6-0,3 <C FA(a/ * 6/) for some t ai £ (0,1], and t a 2 ,t a3 e [0,1). 

Hence a t , 6 t , a,, 6,, a/, 6/ £ A^i’^F), but a t *b t ,ai*bi,af * 6/ ^ Af ta i’ ta ^’ ta 3), which is a contradiction. Hence 
min{TA(2 ;),Ta( y)} < Ta(o: * y), max{J A (2:), F(y)} > Ia{x * y), and max{F4(2;), F4(y)} > F A {x * y) for any 
2y £ X. Therefore A is a neutrosophic subalgebra of X. □ 

Since [0,1] is a completely distributive lattice with respect to the usual ordering, we have the following theorem. 

Theorem 3.7. If {A^i £ N} is a family of neutrosopic subalgebras of a BE-algebra X, then ({A.j|i £ N},C) 
forms a complete distributive lattice. 

Proposition 3.8. If A is a neutrosopic subalgebra of a BE-algebra X, then Ta(x) < Ta(I), Ia(x) > 1a(1), and 
Fa{x) > Fa( 1) for all x £ X. 

Proof. Straightforward. □ 

Theorem 3.9. Let A be a neutrosophic subalgebra of a BE-algebra X. If there exists a sequence {a„} in X 
such that lim^oo T A (a n ) = 1, lim^oo lA{a n ) = 0, and lim^,*, F A (a n ) = 0, then T A { 1) = 1,1a(1) = 0, and 
Fa(1) = 0. 

Proof. By Proposition 3.8, we have Ta{x) < Ta(I),Ia(x) > Ia{ 1), and Fa( x) > Fa( 1) for all x £ X. Hence 
we have TA(a„) < Ta(1), I A(a„) > 1 a( 1), and FA(a„) > Fa( 1) for every positive integer n. Therefore 1 = 
linin-^oo FA(a n ) < Ta( 1) <1,0 = lim^oo I A (a n ) > Ia{ 1) > 0, and 0 = ]xm n ^ > . 00 F A (a„) > F A { 1) > 0. Thus we 
have Ta(1) = 1,T A (1) = 0 , and Fa(1) = 0 . □ 

Proposition 3.10. If every neutrosophic subalgebra A of a BE-algebra X satisfies the condition 
(3.1) T a {x * y) > T a (x),I a {x * y) < I A {x),F A (x * y) < F A { x), for any x,y £ X, 
then Ta, I a, and Fa are constant functions. 
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Proof. It follows from (3.1) that Ta(x) = T a { 1 * x) > Ta{1), Ia{x) = Ia{ 1 * x) < Ia{ 1), and F A {x) = Fa( 1 * x) < 
F a (1) for any x £ X. By Proposition 3.8, we have Ta(x) = Ta(1),Ia(x ) = Ia{ 1), and Fa(x) = F A ( 1) for any 
x € X. Hence Ta,Ia, and Fa are constant functions. □ 

Proposition 3.11. Let A be a neutrosophic filter of a BE-algebra X. Then 

(i) min{T^(x * (y * z)),T A (y)} < T A (x * z), max{I A (x * (y * z)),I A (y)} > Ia(x * z), and max{F^(a; * (y * 
z)),F A (y)} > F a (x * z) for any x,y £ X. 

(ii) T A {a) < T A ({a * x) * x), I A {a) > I A {{a * x) * x), and F A {a) > F A {{a * x) * x) for any a, x £ X. 

Proof, (i) Using (BE4) and (NSF2), we have T A (x * z) > mm{T A (y * (x * z)),T A {y)} = min{T J 4 (a; * (y * 
z)),T A (y)},lA{x* z) < rna x{I A (y * {x* z)),I A (y)} = ma x{I A (x * {y * z)),I A {y)}, and F A (x * z) < ma x{F A (y * 
(x * z)),F A {y)} = max{F A (x* (y * z)),F A {y)} for any x,y £ X . 

(ii) Taking y := (a * x) * x and x := a in (NSF2), we have T A ({a * x) * x) > rmn{T A {a * ((a * a:) * x)), T A {a )} = 
min{T J 4 ((a* x) * (a*x)), T A (a)} = min{T) 4 (l), T A (a)} = T A (a),I A ((a*x)*x) < max{F 4 (a* ((a*x)*x)),I A (a)} = 
max{/ J 4 ((a * x) * (a * x)),I A (a)j = max-jA^l), Fi(a)} = I a (cl), and F A ((a * x) * x) < max{F 4 (a * ((a * x) * 
x)), Fa (a)} = max{F a ((a * x) * (a* x)), F A (a)} = max{F^(l), F A {a)} = F A {a) for any a, x £ X. 

□ 

Theorem 3.12. ([12]) Let A be a neutrosophic set in a BE-algebra. Then A is a neutrosophic filter of X if and 
only if it satisfies (NSF1) and 

(3.2) if x < y * z for any x,y £ X, then min{T A (x),T A (y)} < T A {z), max{Ui(;r), I A (y)} > Ia{z), and 
ma ,x{F A (x),F A (y)} > F A {z). 

Theorem 3.13. If every neutrosophic set of a BE-algebra X satisfies (NSF1) and Proposition 3.11(i), then it is 
a neutrosophic filter of X. 

Proof. Taking x := 1 in Proposition 3.11(i) and using (BE3), we get T a {z) = T A { 1 * z) > min{T J 4 (l * (y * 
z)),T A (y)} = min {T A (y * z),T A (y)},I A (z) =I A (f*z) < max{/ A (l * (y * z)), T A (y)} = ma x{I A (y * z), I A {y)}, 
and F A (z) = F A { 1 * z) < max{F 4 (l * (y * z)),FA(y)} = ma x{F A (y * z),F A (y)} for any y,z £ X. Hence A is a 
neutrosophic filter of X. □ 

Corollary 3.14. Let A be a neutrosophic set of a BE-algebra X. Then A is a neutrosophic filter of X if and 
only if it satisfies (NSF1) and Proposition 3.11(i). 

Theorem 3.15. Let A be a neutrosophic set of a BE-algebra X. Then A is a neutrosophic filter of X if and 
only if it satisfies the following conditions: 

(i) T A (y*x) > T A {x),I A (y*x) < Ia(x), and F A (y * x) < F A (x); 

(ii) T A ((a*(b*x))*x) > mm{T A (a),T A (b)},I A ((a*(b*x))*x) < max{U(o),U(6)}, and F A {(a*(b*x))*x) < 
max{FA.(a), F A (b)} for any a,b,x £ X. 

Proof. Assume that A is a neutrosophic filter of X. Using (NSF2), we have T A (y * x) > min{T J 4 (a; * (y * 
x)),T a {x)} = min{T j4 (l),TA(a;)} = T A (x), I A (y * x) < ma x{I A (x* (y * x)),I A {x)} = max{J j4 (l), I A (x)} = Ia(x), 
and F A (y * x) < max{FA(a; * (y * x)),F a (x)} = max{F^(l), F A (x)} = Fa(x), for any x,y £ X. It follows 
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from Proposition 3.11 that T A ((a * (b * x)) * x) > min{T J 4 ((a * {b * x)) * (b * x)),T A (b)} > minjT^a), T A (b)}, 
I A ((a * (b * x)) * x) < max{/^((a * (b * x)) * (b * x)), I A {b)} < max{I A (a), I A (b)}, and F A ((a * (6 * x)) * x) < 
max{i 5 x((a * (b * x)) * (b * x)), ^(6)} < max{F J 4 (a), F A (b)} for any x, a, b € A. 

Conversely, assume that A is a neutrosophic set of A satisfying conditions (i) and (ii). Taking y := x in (i), 
we have T A { 1) = 7a (x * x) > Ta{x ), 7a(1) = 7a(x * x) < 7a(x) and T'a(I) = F A (x * x) < Fa{x) for any x £ X. 
Using (ii), we get T A (y) = T A (1 * y) = T A (((x * y) * (x * y)) * y) > min{TA(x * y), T A (x)}, I A (y) = Ta(1 * y) = 
I A (((x*y)*(x*y))*y) < max{I A (x*y), I A (x)}, F A (y) = F A (l*y) = F A (((x*y)*(x*y))*y) < ma x{F A (x*y),F A (x)} 
for any x, y £ X. Hence A is a neutrosophic filter of X. □ 


4. Neutrosophic mighty filters in BE-algebras 

Definition 4.1. A neutrosophic set A in a B Til-algebra X is called a neutrosophic mighty filter of X if it satisfies 
(NSF1) and 

(NSF3) min {T A (z* (y* x)),T A (z)} < T A (((x* y) * y) * x)), max{7 A (z * (y * x)), I A (z)} > I A {{{x * y) * y) * x), and 
n\ax.{F A (z * (y * x)), F A (z)} > F A (((x * y) * y) * x) for any x,y,z £ X. 


Example 4.2. Let X := {1, a, b, c, d, 0} be a 7?E-algebra ([8]) with the following table: 


* 

1 

a 

b 

c 

d 

0 

1 

1 

a 

b 

c 

d 

0 

a 

1 

1 

b 

c 

b 

c 

b 

1 

a 

1 

b 

a 

d 

c 

1 

a 

1 

1 

a 

a 

d 

1 

1 

1 

b 

1 

b 

0 

1 

1 

1 

1 

1 

1 


Define a neutrosophic set A in A as follows: 



0.83, 

if x € {1,6, c} 

0.12, 

otherwise, 

0.14, 

if x £ {1, 6, c} 

0.81, 

otherwise, 

0.14, 

if x £ {1, 6, c} 

0.81, 

otherwise. 


It is easy to check that A is a neutrosophic mighty filter of A. 


Proposition 4.3. Every neutrosophic mighty filter of a BE-algebra X is a neutrosophic filter of A. 

Proof. Let A be a neutrosophic mighty filter of A. Putting y := 1 in (NSF3), we obtain min{IA( 2 :*(l*x)), T A (z)} = 
min{T A {z * x),T a (z)} < T A (((x * 1) * 1) * x) = T A (x), max{I A (z * (1 * x)),I A (z)} = max{I A (z * x),I A {z)} > 
7a(((x*1)*1)*x) = I a (x), and max{F A (z* (l*x)), F A (z)} = ma x{F A (z*x), F A {z)} > Fa(((x*1)*1)*x) = F A (x) 
for any x,y,z £ X. Hence A is a neutrosophic filter of A. □ 

The converse of Proposition 4.3 may be not true in general (see Example 4.4). 
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Example 4.4. Let X := {l,a,b,c,d} be a BE-algebra ([5]) with the following table: 


* 

1 

a 

b 

c 

d 

1 

1 

a 

b 

c 

d 

a 

1 

1 

b 

c 

d 

b 

1 

a 

1 

c 

c 

c 

1 

1 

b 

1 

b 

d 

1 

1 

1 

1 

1 


Define a neutrosophic set A in X as follows: 


T a (x) = 


Ia(x) = 


Fa(x) = 


0.84, 

if x 

= 1 

0 .11, 

otherwise, 

0.13, 

if x 

= 1 

0.81, 

otherwise, 

0.13, 

if x 

= 1 

0.81, 

otherwise. 


Then A is a neutrosophic filter of X , but not a neutrosophic mighty filter of X, since min-fT^l * (c* a)), T A (1)} 
T a { 1) = 0.84 ^ T A (((a * c) * c) * a) = T A {a) = 0.11. 


Theorem 4.5. Any neutrosophic filter A of a BE-algebra X is mighty if and only if it satisfies the following 
conditions: 

(4.1) T A (y * x) < T A {((x * y) * y) * x), I A (y * x) > I A (((x*y)*y)*x), and F A (y*x) > F A (({x * y) * y) * x) for 
any x,y € X. 


Proof. Suppose that a neutrosophic filter A of a BE-algebra X satisfies the condition (4.1). Using (NSF2) and 
(4.1), we have min {T A (z * (y * x)),T A (z)} < T A {y * x) < T A ({(x * y) * y) * x),ma x{I A (z * (y * x)),I A {z)} > 
I A (y * x) > I A ({{x * y) * y) * x), and max{E A (2 * (y * x)),F A {z)} > F A (y * x) > F A ({(x * y) * y) * x) for any 
x, y G X. Hence A is a neutrosophic mighty filter of X. 

Conversely, assume that the neutrosophic filter A of X is mighty. Setting z := 1 in (NSF3), we have min{T A (l* 
(V * x)), T A (l)j = T A (y * x) < T a {{{ x *y)*y)* x), max{J j4 (l * (y * x)), I A { 1)} = I A (y * x) > I A {{{x *y)*y)* x), 
and max{F A (l * (y * x)), F A (1)} = F A (y * x) > F A (({x * y) * y) * x) for any x, y € X. Hence (4.1) holds. □ 

Proposition 4.6. Let A he a neutrosophic mighty filter of a BE-algebra X. Denote that Xt '■= {x £ X\T A (x) = 
T a (1)},Xi := {a: G X\I A (x) = I A { 1)}, a nd Xp '■= {x G X\F A (x) = F A { 1)}- Then Xp,Xj, and Xp are mighty 
filters of X. 

Proof. Clearly, 1 G X T ,Xj,X F . Let z * (y * x),z £ X T . Then T A {z * (y * x)) = T A (l),T A (z) = T A ( 1). Hence 
min{T A ( 2 : * (y * x)),T A (z)} = T A { 1) < T A (((x * y) * y) * x) and so T A {(x * y) * y) * x) = T A { 1). Therefore 
((a: * y) * y) * x G Xp- Thus Xp is a mighty filter of X. Similarly, Xj, Xp are mighty filters of X. □ 

Theorem 4.7. Let A,B be neutrosophic filters of a transitive BE-algebra X such that A C B and T A { 1) = 
Tb(1), J A (1) = I b (1),F a { 1) = F b { 1). If A is mighty, then B is mighty. 
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Proof. Let x,y £ X. Since A is a neutrosophic mighty filter of a .BA-algebra X, by (4.1) and ACB we have 
1 ) 4 ( 1 ) = Ta(i/* ((y*x)*x)) < TA(({{{y*x)*x)*y)*y)* ((y *x) *x)) < T B (((((y*x) *x) *y) *y) * ((y *x) *x)). Since 
Ta{ 1) = T b { 1), we get T B ((y* x) * ((((y * x) * x) * y) * y) * x)) = T s (((((y * x) * x) * y) * y) * ((y * x) * x)) = T B ( 1 ). 
It follows from (NSF1) and (NSF2) that 

T B (y * x) = min{Te(l), T B (y * x)} 

= min {T B ((y * x) * (((((y * x) * x) * y) * y) * x)),T B (y * x)} (4.2) 

<T B (((((y * x) * x) * y) * y) * x). 

Since X is transitive, we get 

[({({y * x) * x) * y) * y) * x]*[((x * y) * y) * x] 

> ((x * y) *y) * ((((y * x) * x) * y) * y) 

> (((y * x) * x) * y) * (x * y) 

> x * ((y * x) * x) 

= (y * x) * (x * x) 

= (y * x) * 1 = 1. 

It follows from Theorem 3.12 that min{TB(((((y * x) * x) * y) * y) * x), T B ( 1)} = T B (((((y * x) * x) * y) * y) * x) < 
T B (((x*y)*y)*x). Using (4.2), we have T B (y*x) < T B (((((y *x) * x) *y) *y) *x) < T B (((x*y)*y) *x). Therefore 
T B {y*x) < T B (((x*y)*y)*x). Similarly, we have I B (y*x) > T B (((x*y)*y)*x) and F B (y*x) > F B (((x*y)*y)*x). 
By Theorem 4.5, B is a neutrosophic mighty filter of X. □ 

Theorem 4.8. Let A be a neutrosophic set in a BE-algebra X and let a, f3, 7 £ [0,1] with 0<a + /3 + 7 < 3 . 
Then A is a neutrosophic mighty filter of X if and only if all of (a, /?, y)-level set A^" 0 ’ 7 ) are mighty filters of X 
when A( a ’P’' y ' > ^ 0 . 

Proof. Assume that A is a neutrosophic mighty filter of X. Let a,/3 ,7 £ [0,1] be such that 0<a + /3 + 7<3 
and A(“ ,/3,7 ) yf 0. Let z* (y * x),z £ A( a,/3,7 ). Then Ta(z * (y * x)) > a, Ta(z) > a, Ia(z * (y * x)) < /?, Ia(z) < /?, 
and Fa(z * (y * x)) < 7 , Fa{z) < 7 . By Dehnition 4.1, we have Ta{ 1) > Ta(((x * y) * y) * x) > min{T^(^ * (y * 
x)),T a {z)} > a,I A { 1) < Ia({{x * y) * y) *x) < ma x{I A {z*(y*x)),I A (z)} < (3, and F A {1) < F A {((x*y)*y)*x) < 
max{F) 4 (^ * (y * x)),Fa{z)} < 7 . Hence 1, ((x * y) * y) * x £ A^’' 8,7 ') . Therefore A^ a,/3,7 ^ are mighty filters of X. 

Conversely, suppose that there exist a, b, c £ X such that Ta{cl) > Ta(1), 7^(6) < Ia( 1), and Fa (c) < Fa{ 1). 
Then there exist a t £ (0,1] and b tl c t £ [0,1) such that Ta{ol) > a t > Ta(1),/.a(&) < b t < Ia{ 1) and Fa(c) < 
c t < Fa( 1). Hence 1 ^ A^ at,bt,Ct \ which is a contradiction. Therefore Ta{x) < Ta(1),/a(x) > Ia{ 1) and 
Fa(x) > Fa( 1) for all x £ X. Assume that there exist at,bt,Ct,a,i,bi,Ci £ X and a/,6/,c/ £ X such that 
T A (((at*b t )*b t )*a t ) < min{T A (c t * (b t * a t )), T A {c t )}, I A (((a z * 5,) * b t ) * a*) > max] I A (ci * (&» * a*)),-T a(c»)}, and 
FA(((a/ * 6/) * 5/) * a/) > max{i*) 4 (c/ * (6/ * a/)), Fa(c/)}. Then there exist s t £ (0,1] and Si,Sf £ [0,1) such that 
T A (({at*bt)*bt)*a t ) < s t < mm{T A (ct*{bt*a t )), T A {c t )}, IA({{<ii*bi)*bi)*ai) > s* > ma x{I A {ci*(bi*ai)), I A (ci)}, 
and F A (((a,f*bf)*bf)*af) > s/ > max{F.A(c/*(&/*a/)), FA(c/)}. Hence c t *(bt*a t ),ct, Ci*(bi*ai),Ci £ A( St -sos/) 
and Cf*(bf*a,f),Cf £ A^*’S*.«/) but ((a t *bt)*bt)*a t , {{a,i*bi)*bi)*ai ^ A( St,Si, ' S ' f ), and ((a/*6/)*6/)*a/ ^ A ^ at,si,s/ ), 
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Neutrosophic sets applied to mighty filters in EE-algebras 

which is a contradiction. Therefore min{T^(^* (y*x)), Ta(z)} < TA(((x*y)*y)*x)),max.{lA(z*(y*x)),lA(z)} > 
Ia{{{x * y) * y) * x)), and nra x{Fa(z * (y * x)),Fa{z)} > Fa{{{x * y) * y) * x)) for any x,y,z £ X. Thus A is a 
neutrosophic mighty filter of X □ 
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Abstract 

We study the weak convergence of Mann’s explicit iteration processes to common coupled fixed point 
of firmly nonexpansive coupled mappings in Hilbert spaces. Our results extend and generalized the results 
due to Nabil and Solinran for coupled fixed point approach (T. Nabil and A. H. Soliman, weak convergence 
theorems of explicit iteration process with errors and applications in optimization, J. Ana. Num. Theor., 
5(2017) 81: 89). 

Key words and phrases, explicit iteration process, firmly coupled nonexpansive mapping; coupled fixed point; Hilbert 
space. 
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1 Introduction 

The study of finding the fixed point of iterative processes has attracted the interest of many researchers due 
to its applications in physics, optimization, image processing and economics can be recast in terms of a fixed 
point problem of nonlinear mappings in Hilbert space [[1],[2], [3], [4], [5], [6]]. A lot of this studies consider 
this mappings as nonexpansive which is defined as: let H be a real Hilbert space and K be a nonempty closed 
convex subset of H. Then, a mapping R of K into H is called nonexpansive if \\Rx — Ry | < ||a; — y\\ for all 
x,y £ K. R is called firmly nonexpansive if 

\\Rx-Ry\\ 2 + \\(Id-R)x-(Id-R)y\\ 2 < \\x - y\\ 2 (1) 

1 t— 3bdelsadek@yahoo.com 
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for all x, y £ K , where Id : K —> K denote the identity operator. We have known that every firmly nonexpansive 
mapping is a nonexpansive mapping. The finding of common fixed point for iteration process have been 
investigated since the early 1953 by Mann [7] which consider the following iteration scheme 

! X\ £ C is chosen arbitrarily 

Xn -\-1 QnXn T (1 O^n) Hx n ,W Tl £ N 

where {a n } is a sequence in [0,1]. Several authors studied another types of iteration process such as: Halpern 
[8] , Bauschke [9] and Xu and Ori [10] . In 2005, Kimura et al. [11], studied the convergence of an iterative 
scheme to a common fixed point of a finite family of nonexpansive mappings in Banach space. 

The problem of finding a common fixed point of families of nonlinear mappings has been investigated by many 
researchers; see, for instance, ([12]-[17]). 

Recently, Chuang and Takahashi [18] defined the new Mann’s type iteration process by metric projection 
from H to K and gave weak convergence theorems for finding a common fixed point of a sequence of firmly 
nonexpansive mappings in a Hilbert space. More recently, in 2017 Nabil and Soliman [19] studied the weak 
convergen theorem f a new Mann iterative proesses with errors. 

The idea of coupled fixed point was started in 1987 by Guo and Lakshmikantham [20]. Several authors studied 
the coupled fixed point Theorem See [[21],[22], [23], [24], [25]] 

In this work, we prove the weak convergence theorem for finding the coupled fixed points of iteration processes 
for the families of nonlinear coupled mappings in Hilbert spaces. 

2 Firmly nonexpansive coupled mappings 

Throughout this paper we denote by N the set of positive integers and strongly (respectively weak) conver¬ 
gence of {x n } to x € H by x n —> x (respectively x n — x). Let H be a Hilbert space . The inner product and 
the induced norm on H are denoted by < > and || . || respectively. Consider F(T) be the set of fixed points 

of T (i.e., F(T) = {x £ C : Tx = x}). 

Let C / He a closed and convex subset of a real Hilbert space H , and consider the coupled mapping 
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T : C x C —> H. Then (■ W\,W 2 ) € C x C is said to be coupled fixed point of T if T(w\,W 2 ) = W\ and 
T(w 2 ,Wi) = W 2 , thus we can define the set of all coupled fixed points of T ( denoted by CF(T) ) as : 
CF(T) = {(x,y) GC xC : T(x,y) = x,T(y,x) = y}. 

T : C x C —> C is said to be nonexpansive coupled mapping ( denoted by NCM ) if for every (x,y) and 
(tt, v) £ C x C, 

\\T(x, y) — T(u, u)|| < i[||a: — u|| + ||y — u||] 

;T is said to be firmly nonexpansive coupled mapping ( denoted ny FNCM ) if, 

II T(x,y) -T(u,v )|| 2 < ^[(x - u,T(x,y) -T(u,v)) + (y-v,T(x,y) -T(u,v))], 

equivalent; 

II T(x,y) -T(u,v )|| 2 < ^(x-u + y-v,T(x,y) -T(u,v)), 

for all (x,y), (u,v) G C x C. The following lemma give the relation between NCM and FNCM. 

Lemma 2.1 Let C ^ 0 be subset of real Hilbert space H. If T : C x C —> H be FNCM. Then T is NCM 
Proof. Since T is FNCM , for all (x,u), (u,v) G C x C we get that, 

\\T(x,y) - T(u,v )|| 2 < ^\{x-u,T(x,y) - T(u,v )) + (y-v,T(x,y) - T(u,v))] 

< \[\\x ~ u\\\\T{x,y) -T(u,v)\\ + \[y - v\\\\T(x,y) - T(u,v)\\]. 

Therefore, we get that; 

\\T(x,y) — T(u,v)\\ < ^[||a: — u|| + ||y — u||]. 

Thus , T is NCM. 

The following example show that the converse of lemma 2.1 is may not be true. 

Example 2.1 Let H = 3?, and consider T : 3? x 9? —> 3? such as:for all (x, y) G 3? x 9?, define T(x, y) = \x. Let, 
(x, y), ( u, r) E S x S, then we have that: 

II T(x,y) - T(u,v )|| = \\±(x - «)|| < ^[H* - u|| + ||y - t# 

Thus, T is NCM. However, 

(1 - 0 - 2 - 0, T(l, -2) - T( 0,0)) = ^ < 2||T(1, -2) - T(0,0)|| 2 . 
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Hence, T is not FNCM. 

Let (7^0 be closed convex subset of H. Let us recall that : the metric projection of H onto C ( denoted by 
Pc) is defined as the mapping Pq : H —> C such that: for each x € H , there exist a unique y £ C such that: 
P c x — y if and only if \\x — y|| < ||ar — z\\ for every z £ C. A mapping Pc satisfied some important properties 
such as:||Pc;r — Pcv\\ < ||ar — y\\ for all x,y £ H. Also \\Pcx — Pcy || 2 < \{x — y,Pcx — Pcy ), for all x,y £ H. 
The following lemma give one of useful properties of metric projection mapping. 

Lemma 2.2 [18]. Let C ^ (f> be closed and convex subset of a Hilbert space H , and let Pc be the metric 
projection from H onto C. Then (x — Pcx , Pcx — y) > 0, \/x £ H, y £ C. 

Let C be a nonempty, closed and convex subset of a Hilbert space H. Let {T„ :CxC —> H} be a, 
FNCM. Then we say that {T n } satisfies then resolvent coupled property ( denoted by RCP ) if there exist a 
NCM, T : C x C —> FI and two natural numbers no and k such that: ||x — T(x,y )|| < k\\x — T n (x,y)\\ and 
||y — T(y,x) || < k\\y — T n (y,x)\\ for all x,y £ C and n £ N with n > no and CF(T) = C\ ( ^L l CF(T n ). The next 
example give sequence of mapping which satisfy FRCP. 

Example 2.2. Let H = 3? and C = [0,2.] Define Xj : C x C —> 3? and T 2 : C x C —> 3? such as: 

0 if * e [0, §],y e [0,2], 

Ti(x,y)=l o if x £ [0,2],y £ [0, f], 

\{x + y )-| if x £ (§,2], 2 / e (|, 2], 

and 

0 if * e [0,1], y£ [0,2], 

T 2 {x,y)=l o if x £ [0,2], y £ [0,1], 

\(x + y)-l if x £ (1,2], y £ (1,2], 

let T 2 n -i(x,y) = T\(x,y) and T 2n (x,y) = T 2 {x,y) for all n £ N. Therefore,it is clear that: CF(Tj) = CF(T 2 ) = 
{(0,0)}. Now , If (x, y), ( u , v) £ [|, 2] x [|, 2] , we get that, 
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\\ T i(x,y) 


1 
4 
1 

2 
1 
2 


II*- 

( x ~ 
(x - 


-T 1 (u,w )|| 2 = || ^(x + j/) - ^(u-u )|| 2 
u + y — o|| 2 = -(x — u + y — v, x — u + y 
u + y-v,^{x-u) + ^(y - v)) 
u + y-v,Ti{x,y) -Ti(u,i>)). 


v) 


(2) 


In the other hand, If (x, y), ( u, v) in other region , we get that the same result. Also, if (x, y), ( u, v ) € [1, 2] x [1, 2], 
we have that: 


\\T 2 {x,y) -T 2 (u,v )\\ 2 = ||*(a : + y) - ^{u + v)\\ 2 
= “ u ) + (u ~ ' l ')l | 2 = \{x~u + y-v,^{x-u) + ^(y-v)) 

= \{x ~ u + y- v, ^{x + y- 1) - ^(u +o- 1)). 

= \{x~u + y- v,T 2 {x,y) -T 2 (u,v)). (3) 

By the same method, we can prove that: if (x, y), (it, v) in other regions of the mapping T 2 we get the same 
above results. Thus, Ti and T 2 are FNCM. Let T(x,y) = Ti(x,y). Thus, T is NCM , CFT = {(0,0)} and: 


\\x-T(x,y)\\ < 2\\x - T n (x,y)\\ 


Also, we get that: 


\\y-T(y,x)\\ < 2\\y — T n (y, x) || 


Then {T n } satisfies a RCP. 

Lemma 2.3. Let C be a nonempty, closed and convex subset of a real Hilbert space H and let T : C x C —» C 
be even mapping in the second variable (i.e. T(x,—y) = T(x,y), for all (x,y) € C x C) and FNCM with 
CF(T) ^ 0. Then (x — T(x, y),T(x, y) — W\) > 0 and (y — T(y, x),T(y, x) — w 2 ) > 0 for all (x, y € C x C and 
(101,102) e CF ( T )). 

Proof. Since ( 101 , 102 ) € CF(T) ,we get that: for all (x,y) £ C x C, 

II T(x,y) - T(ioi,io 2 )|| 2 = \\T(x,y) - ioi|| 2 < *(x - wi + y - w 2 ,T(x, y) - 101 ). 
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Therefore, 

II T(x,-y) - T(w 1 ,-w 2 )|| 2 = || T(x,y) - wi|| 2 < ^{x - w\ -y+w 2 ,T(x,y) -wi). 

Thus, we have that: 

(x - T(x,y),T(x,y) - wj) = {x - w 1 + y - w 2 - T(x,y) + w 1 - y + w 2 ,T(x,y) - wi) 

= (x - wi + y - w 2 , T( x, y) - w\) + {-T(x, y) + wi~y + w 2 , T(x, y) - wi) 

> 2\\T(x,y) - wi|| 2 + (-T(x,y) + W! - y + w 2 ,T(x,y) - wi) 

= (2 T(x,y) - 2wi,T(x,y) - w i) + ( -T(x,y ) + wi - y + w 2 ,T(x, y) - wi) 

= (T(x, y) + u>i-y + w 2 ,T(x , y) - wi) 

= (T(x, y) - x, T(x, y) - wi) + (x - wi - y + w 2 ,T(x , y) - wi) (4) 

Hence , we get that: 

2(x - T(x,y),T(x,y) - w{) > (x - wi + y - w 2 ,T(x,y) - wi) > 2||T(a:,y) - wi|| 2 > 0. (5) 

Similarly, we can prove that: (y — T(y , x),T(y, x) — w 2 ) > 0. 

Definition 2.1 [26]. A space X is said to satisfy Opial’s condition if for each sequence {a;,, } in X which x n —*■ x, 
we have V y £ X, y ^ x the following: 

(i) liminf ||x„ - x|| < liminf \\x n - j/||, 

n —»oo n —>oo 

(ii) limsup ||x„ — x|| < limsup ||a; n — y||. 

n —>-oo n—* oo 

We recall that: every Hilbert space has Opial’s property [26] . 

3 Main results 

In this section, we prove the main weak convergence theorems for families of FNCM in Hilbert spaces. To 
prove it, we use the following Lemma. 
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Lemma 3.1.([27]) Let T be a closed convex subset of a real Hilbert space H. Let T be a nonexpansive non 
self-mapping of K into H such that F(T) 0. Then F(T) = F(PkT). 

Now, we prove the main theorem in this paper. 

Theorem 3.1. Let C ^ </> be closed and convex subset of a Hilbert space H. Consider {T n } : C x C H 
be a sequence of FNCM and be even mappings in the second variable (i.e. T n (x,—y) = T n (x,y), for all 
(x,y) £ C x C) with S := fl^Li CF(T n ) ^ (j). Let {a n } be a sequence of real numbers in (0,2). Let {(x n ,y n )} 
be a sequence inCxC defined by: 

(aq, 2 /i) £ C is chosen arbitrarily 

x n +x • -^c((l &n)x n T ox n T n (x n , y^)) 5 V Tl £ N, 

y n + 1 := Pc({ 1 - a n )y n + a n T n (y n , x n )), V n £ N. 

If {T n } satisfies RCP and liminf^oo a„(2 - a n ) > 0, then (. x n ,y n ) (x,y) where (x,y) £ fl^Li CF(T„). 

Proof. Let (w 1 .W 2 ) £ S, now we will prove that : Pc{w 1 ) = w\, and Pc{w 2 ) = W 2 - Consider the mapping : 
f W2 : C —y H such that: f W2 = Ti(x,W 2 )- Thus, we have that: f W2 {w 1 ) = T\(wi,W 2 ) = w 1 . Then, w\ is fixed 
point of f W2 . Therefore, let x, y £ C. Then, we get that: 


II fw 2 {x) ~ fw 2 {y )\\ 2 = \\T 1 (x,w 2 ) - T 2 (y, w 2 )\\ 2 
= - y,f W2 (x ) - f W2 (y)) 

< \\\x - y\\\\fw 2 {x) - f W2 {y)\\ (6) 

Hence, we have that: 

\\fw 2 (x) - f W 2 (y )|| < ^\\x - y\\ < ||a: - y||. 

Then, f W2 is nonexpansive mapping . By applying lemma 3.1 , we get that: Pc(w 1 ) = w\. By the same method, 
let f Wl : C —> H, which defined as: f Wl ( x) = T\{x,Wi). It is clear that: f w 1 ( 102 ) = Ti(w2,w\) = W2- Thus, W2 
is fixed point of the mapping f Wl and therefore f Wl is nonexpansive. Then , we get that: Pc{w 2 ) = v' 2 ■ 

Also, by applying lemma 2.3, we get that: (x n - T n (x n ,y n ),T n (x n ,y n ) - w\) > 0 and 
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(y n ~ T n (y n) x n ),T n (y n , x n ) - w 2 ) > 0, for all n G N. Then, we get that: 

||*£n+l ^ 1 1| — ||-f > C'((l ^n)*^n T 2 /n)) P C'(^l) 11 — || (1 &n)%n T Vn ) ^ 1 II 

|| («^n ^l) T ^n(^n(^n) Vn) *^n) || 

((*^n ^l) T ^n(-^n(^n? Vn) ^n)} (*^n ^l) T Vn) *^n)) 

(*^n ^1 5 *^n ^l) T (^n, ^1 5 T n (x n , Vn) *^n) T (-^n(*^ri 5 Vn) Pnip^n 7 Vn) *^n) 

— ||*£n ^ 1 II T ^nll*^n r Pn(%ni Vn) || 2 o; n (x n Uq, T n {x n , Vn) *^n) 

— ||*£n ^ 1 II T ^nll*^n Vn) || T 2o; n (x n T n (x n , Vn)) -^n(*^n> Un) *^n) 

2Q! n (T n (x n , yn) ^ 1 ? T n (x n , Vn) *£n) 

^ ||*£n ^l|| ^n (2 Cy n )||x n T n (x n , 2 / n )|| 

for all n G iV. By doing the same steps , we get also: 

||Vn+l ^ 2 || ^ 11 2/tx ^ 2 || C^n) ||Vn -^n(Vn) *^n) || 5 

for all n £ N. Then we have that, {x n } and {y n } are bounded sequence in C, , therefore, lin^^oo ||x n — 
exist and lim n ^oo ||?/ n — 1 ^ 2 1| exist. Therefore, we get that: 

lim ci n (2 o; n )||x n T n (x n ,Vn)|| — 0* 

n—► 00 

Also, we have that: 

lim Q n (2 G^n)||Vn T n (jjn ? *^n) || — 0? 

n—>-oo 

and since lim n ^oo a n (2 — a n ) > 0 , then, we have that: 

lim ||x n - T n (a n ,2/ n )|| = 0, lim ||y n - ^ n (y n , x n )|| = 0. 

n—>oo n—> 00 

Since {T n } satisfies the RCP , then there exist NCM T : C x C —> C and no, fc € N such that: 

\\x~T(x,y)\\ < k\\x - T n (x,y)\\,\\y - T(y,x)\\ < k\\y - T n (y,x)\\, 

therefore , we get that: 

|| %n T(x n 7 Vn ) 11 k || %n T n (: Vn) ||7 || Un ^(ijn 7 *£n) 11 ^ & H^/n T n (yn 7 %n) \ \ i 
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for every n > 0. Then we have that : 

lim \\x n — T(x ni y n )\\ = 0, lim \\y n - T(y n , x n )\\ = 0. 

n —>oo n—► oo 

Since {x„} and {y n } are bounded, then there exist subsequences {x nki } of {x„} , {y nk2 } of {y n } and ( 111 , 112 ) £ 
C x C such that : x nk — 1 u\ and y nk2 —*• 1 * 2 - By applying one of the useful property of the Hilbert space , we 
get: 

||T(m,u 2 ) - x n \\ 2 = ||T(iti,u 2 ) - ui || 2 + 2(T(ui,u 2 ) - ui,ui - x n ) + ||ui - x „|| 2 
Since, {ai„} convergent weakly to iq, then we obtain that: 

lim (T(ui,u 2 ) — 111,111 — x n ) = 0 . 

n—> oo 

Hence, we find that: 

lim sup ||T(ui,u 2 ) - x n || 2 = ||T(ui,u 2 ) - ui || 2 + lim sup ||ui - x n \\ 2 . 

n—> oo n—> oo 

Also , using the condition of coupled firmly non-expansive , we get that: 

lim \\T(u 1 ,u 2 ) - x n \\ < lim ||T(ui,u 2 ) - T(ai„,y„)|| + lim \\x n - T(x n ,y n )\\ < lim || Ui - x n || . 

n—> oo n—* oo n—* oo n—> oo 

Thus, we have that: 

|| T(ui,u 2 ) — ui || 2 + lim sup ||tq — x „|| 2 < lim sup || Hi — x n || 2 . 


Then, we have that: 


T(u 1 ,u 2 ) - ui || 2 = 0 . 


Therefore, we get that: T(u\,u 2 ) = U\ and similarly we can prove that: T(u 2 ,ui) = u 2 . Thus , it clear 
that : (iti,u 2 ) £ S. Now we prove that {( x n ,y n )} —^ (x,y) £ S. Let, {x ni } and {x Hm } be subsequences of {x n } 
which converge weakly to 11 , v £ C respectively. If u 7 ^ v , from the the Opial property, 


lim |la:,,, - u|| < lim ||x n , - u|| = lim ||x„ m - u|| 

l —>00 l —>00 m—> oo 


< lim ||ai„ — ti|| = lim ||x„, — it|||. 


1 —>00 
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This is contradiction. Therefore, x n — 1 x. By the same method, we can prove y n — 1 y. Thus (. x n , y„.) —*• (x, y) € S'. 
Corollary 3.1. Let C <f> be closed and convex subset of a Hilbert space H. Consider T : C x C —> ff be 

FNCM and even mapping in the second variable (i.e. T(x,—y) = T(x,y), for all (x,y) £ C x C) with 

CF(T) ^ cj). Let {a n } be a sequence of real numbers in (0,2). Let {{x n , y n )} be a sequence in C x C defined 
by: 

(xi,yi) £ C is chosen arbitrarily 

Xn+l • -H c (( 1 O n )*Tn T (X n T(x n , 7/n)) , V 77, £ N , 

2/ro+l • Pc((l (Xn)yn T O n T(y n , X n )) , V 77 G -/V. 

If liminf^oo a„(2 - a n ) > 0, then (x n ,y n ) ->■ (x,y) where (x,y) G CF(T). 

Lemma 3.2.Let C ^ <f> be closed and convex subset of a Hilbert space H. Consider {T ?1 } : C x C —> H be a 
sequence of FNCM and be even mappings in the second variable (i.e. T n (x,—y) = T n (x,y), for all (x,y) £ 
C x C). Suppose that : YJIZT sup{||T„ + i(x, y) - T n (x,y )|| < oo : (x, y) £ C x C}. Then {T n (x,y)} converges 
strongly to some point of C x C. In the other hand, if T : C x C —* C defined by: T(x, y) = lim ra ^ 00 T n (x, y), 

for all (x,y) £ C x C. Then lim.^oo sup{||T(x, y) - T n (x,y) || : (x, y) £ C x C} = 0. 

Proof. First, we will prove that {T n (x,y)} is Cauchy sequence for all (x,y) £ C x C. Let i,j £ N and i > j. 
we get that: 

II Ti(x,y) - Tj(x,y)\\ < || sup{||T, ; (x, y) - Tj(x,y) || : (x,y) £ C x C} 

< sup{||T,(x, y) - T i _ 1 (x,y)\\ : (x,y) £ C x C} + supdlTj.^x, y) - Tj(x,y)\\ : (x,y) £ C x C} < .... 

OO 

< X! sup 'f!l T "+ i ( ;r > 2/ ) ~ T n{x,y )II : {x,y) £ C x C} 

2=1 

Let i —7 oo, Then we get that {T n (x,y)} is a Cauchy sequence. Thus {T n (x,y)} converges strongly to some 
point of C x C. Also, we have : 

OO 

II T(x,y) -Tj(x,y) || < ^sup{||T„ +i (x, y) -T n (x,y) || : (x,y) £ C x C} 

2=1 

Thus, we have that: limj^oo sup{||T(x, y) — Tj(x,y)\\ : (x,y) £ C x C} = 0. 

Theorem 3.2. Let C ^ (j> be closed and convex subset of a Hilbert space H. Consider {T n } : C x C —► F[ 

be a sequence of FNCM and be even mappings in the second variable (i.e. T n (x,—y) = T n (x,y), for all 

10 
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(x,y) G C x C) with S := CF(T n ) ^ Let {a n } be a sequence of real numbers in (0,2). Let {( x n ,y n )} 
be a sequence inCxC defined by: 

(£ 1 , 2 / 1 ) € C is chosen arbitrarily 
' £„+i := P c (( 1 - a n )a: n + a n T n (x n ,y n )),\/ n G iV, 

J/n+i := P c ((l - a n )*/n + ot n T n (y n , x n )),V n G N. 

If {T n } satisfies the property: J2Z-T sup{||T n+ i(x, y) -T n (x,y)\\ < 00 : (x, y) G C x C} and liminf^oo a n (2- 
a n ) > 0, then (x n ,y n ) ->■ (x,y) where (x,y) G f|,T=i CF(T n ). 

Proof. First, we will apply lemma 3.2. Define T : C x C —> F[ by T(x,y) = li 111,^00 T n (x,y) 

\\ T (x,y) -T(u,v)\\ = \\ lim T n (x,y) - lim T n (u,v)\\ 

n—> 00 n —xoo 

= lim \\T n (x,y) -T n (u,v)\\ < lim ^(||£ - u|| + ||y - v\\). (8) 

n—>o o n — xoo / 

For all ( x,y ), (w, v) G C x C. Hence T is a NCM . Therefore, we get that: 

lim sup{||T(£,y) - T n (x,y)\\ : (x,y) G B} = 0, (9) 

n —»oo 

for each bounded subset B of C x C. Then by doing the same steps as in Theorem 3.1, we get that 

\\x„ - tci|| 2 < \\x n - wi|| 2 - a n ( 2 - a n )\\x n - T n (x n ,y n ) || 2 . (10) 


therefore, 

|| y n - w 2 || 2 < ||y n - w 2 || 2 - a n (2 - a„)|| y„ - T n (y n ,x n )\\ 2 

Thus , we have that: 


lim || T(x n , y n ) - T n (x n ,y n )\\ = 0. (11) 

n —xoc 

Then, we get the following: 

|| X n T(x n , 2/n) 11 ^ || X n T n (£ n , 2/n) || T I P(*Tn 5 2/n) F n {x n , //n) || • 

therefore, we get that: 

lim \\x n — T(x n ,y n )\\ = 0. (12) 

n —»oo 

11 
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By doing the same step we can prove that: 


lim || y n - T(y n ,x n )\\ = 0. 

n—*oo 

Agian , by doing the same steps as the proof of Theorem 3.1, we get the proof of Theorem 3.2. 

Let C be a nonempty closed convex subset of a Hilbert space H and let {T„} and T be two families of NCM 
mappings of C x C into C and even in the second variable, such that: 0 ^ CF(T) = where 

CF(T n ) is the set of all coupled fixed points of { T n } and CT(T) is the set of all common coupled fixed points 
of T. We gave the following Condition. 

Condition 3.1. For each bounded sequence {( x n , y n )} of C x C, if we have that: lim^oo \\x n — T n (x n , y n ) | = 0 
and lim, woo \\y n - T n (y n ,x n )|| = 0, then lim.^oo ||a: n - T(x n ,y n )\\ = 0 and lim.^oo \\y n - T(y n ,x n )\\ = 0 for 
all TeT. 

Theorem 3.3. Let H be a Hilbert space, C be a nonempty, closed and convex subset of H. Consider {T„} : 
C x C —> C be a sequence of FNCM mappings. Let T be a family of NCM of C x C into C , which satisfies 
0 ^ CF(T) C n“ = i CF(T n ) and condition (3.1). Let {a n } be a sequence of real numbers in (0,2), and {( x n , y „)} 
be a sequence in C x C defined by: 

(aq, 2 /i) £ C is chosen arbitrarily 
' x n+ \ := P c ((l - a n )x n + a n T n (x n ,y n )),\/ n G N, 
yn +1 • Pc((l (%n)yn “t“ O n T n (y n , X n )) , V 77, G N. 

If liminf n _ >00 a n (2 - a n ) > 0, then (x n ,y n ) ->■ ( x,y) where ( x,y) G f|^=i CF{T n ). 

Proof. By doing the same steps as in the proof of Theorem 3.1, we get {{x n ,y n )} is bounded and 


also, 


By condition (3.1), 


lim ||ar„ - T n (x n ,y n )\\ = 0, 


lim \\y n ~ T n (y n ,x n )\\ = 0. 


lim ||a; n — T(x n , y n )\\ = 0, lim \\y n - T(y n , x n )|| = 0, 

i—^oo n —>-oo 

12 
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for all TgT. Since {( x n ,y n )} is bounded , there exist a subsequence {(x nk ,y nk )} of {( x n ,y n )} and ( 1 ( 1 , 112 ) £ 
C x C such that: x nk -1 U\ and y nk —1 u 2 . By lemma 2.6, we have that ( 111 , 112 ) £ CF(T) for all T € T. Thus 
we have that: (ui,u 2 ) £ CF(T) C f)^Li CF(T n ). Then the same steps as in the proof of Theorem 3.1 lead to 
{x n ,y n ) (x,y), where (x,y) £ f]n=i CF ( T n)- 

Acknowledgments 

The author would like to express their gratitude to King Khalid University, Saudi Arabia, for providing admin¬ 
istrative and technical support. 

References 

[1] P. Combettes, Strong convergence of block-iterative outer approximation methods of convex optimization, 
SIAM Journal On Control and Optimization, 38 (2000) 538 -565. 

[2] O.Chadli, Q. Ansari and S. Al-Homidan, Existence of solution for nonlinear implicit differential equations!/ 
An equilibrium problems approach, Numerical Functional Analysis and Optimization, 37 (2016) 1385 -1419. 

[3] L. Arias, P. Combettes, J. Pesquet and N. Pustelink, Proximal algorithms for multicomponent image 
recovery problem, Journal of Mathematical Imaging and Vision, 41 (2011) 3 -22. 

[4] O. Chadi, ! Konnov and J. Yao, Descent methods for equilbrium problems in a Banach space, Comput. 
Math. Appl. , 41 (1999) 435 -453. 

[5] S. Atsushiba and W. Takahashi, Strong convergence theorems for a finite family of nonexpansive mappings 
and applications, Indian J. Math., 38 (2000) 538 -565. 

[6] C. Roland and R. Varadhan, New iterative schemes for nonlinear fixed point problems with applications 
to problems with bifurcations and incomplete-data problems, Applied Numerical Mathematics, 55 (2005) 
215 -226. 

[7] W. R. Mann, Mean value methods in iteration, Proc. Amer. Math. Soc. 4 (1953) 504 -510. 

13 


819 


NABIL 807-821 



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 27, NO.5, 2019, COPYRIGHT 2019 EUDOXUS PRESS, LLC 


[8] B. Halpern, Fixed points of nonexpanding maps, Bull. Amer. Math. Soc. 73 (1967) 957-961. 

[9] H. H. Bauschke, The approximation of compositions of nonexpansive mappings in Hilbert space, J. Math. 
Anal. Appl. 202 (1996) 250- 159. 

[10] H. K. Xu and R. G. Ori, An implicit iteration process for nonexpansive mappings, Numer. Funct. Anal. 
And Optimiz. 22 (2001) 767- 773. 

[11] Y. Kimura, W. Takahashiand M. Toyoda, Convergence to common fixed points of a finite family of nonex¬ 
pansive mappings, Arch. Math. 84 (2005) 350-363. 

[12] W. M. Kozlowski, Fixed point iteration processes for asymptotic point-wise nonexpansive mappingsin 
Banach spaces, J. Math. Anal. Appl. 377 (2011) 43-52. 

[13] J. Balooee, Weak and strong convergence theorems of modified Lshikawa iteration for infinitely countable 
family of pointwise asymptotically nonexpansivemappings in Hilbert spaces, Arab journal of Mathematical 
Sciences, 17 (2011) 153-169. 

[14] H. Manaka and W. Takahashi, Weak convergence theorems for maximal monotone operators with non¬ 
spreading mappings in a Hilbert spaces, CUBO A Mathemtical Joutnal, 13 (2011) 11-24. 

[15] S. Suantai, W. Cholamjiak and P. Cholamjiak, An implicit iteration process for solving a fixed point 
problem of a finite family of multi-valued mappings in Banach spaces, Applied Mathematics Letters, 25 
(2012) 1656-1660. 

[16] Y. Shehu, Convergence theorems for maximal montone operators and fixed point problems in Banach 
spaces, applied Mathematics and Computation, 239 (2014) 285-298 . 

[17] L. C. Ceng, C. T. Pang and C. F. Wen, Implicit and explicit iterative methods for mixed equilibria with 
constraints of system generalized equilbtia and Hierarchical fixed point problem, Journal of Inequalities 
and Applications(2015) 2015: 280. 

[18] C. S. Chuang and W. Takahashi, Weak convergence Theorems for families of nonlinear mappings with 

generalized parameters, Numerical Functional Analysis and Optimization, 36(2015) 41: 54. 

14 


820 


NABIL 807-821 



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 27, NO.5, 2019, COPYRIGHT 2019 EUDOXUS PRESS, LLC 


[19] T. Nabil and A. H. Soliman, weak convergence theorems of explicit iteration process with errors and 
applications in optimization, J. Ana. Num. Theor., 5(2017) 81: 89. 

[20] D. Guo and V. Lakshmikantham, Coupled fixed points of nonlinear operators with applications, Non-linear 
Anal., 11(1987) 623: 632. 

[21] T. Bhaskar and V. Lakshmikantham, Fixed point theorems in partially ordered metric spaces and applica¬ 
tions, Non-linear Anal., 65(2006) 1379: 1393. 

[22] V. Lakshmikantham and L. Ciric, Coupled fixed point theorems for nonlinear contractions in partially 
ordered metric spaces, Non-linear Anal., 70(2009) 4341: 4341. 

[23] N. Luong and N. Thuan , Coupled fixed point theorems for mixed monotone mappings and an application 
to integral equations, Computers and Mathematics with Applications, 62(2011) 4238: 4248. 

[24] W. Sintunavarat and P. Kumam , Coupled fixed point results for nonlinear integral equations , Journal of 
Egyptian Mathematical Society, 21(2013) 266: 272. 

[25] A. H. Soliman , Coupled fixed poit theorem for nonexpansive one parameter semigroup , J. Adv. Math. 
Stud., 7(2014) 28: 37 . 

[26] Z. Opial, Weak convergence of the sequence of successive approximations for nonexpansive mappings, Bull. 
Amer. Soc., 73(1967) , 591- 597. 

[27] S. Matsushita and D. Kuroiwa, Approximation of fixed points of nonexpansive nonself mappings, Sci. Math. 
Jpn. 57(2003) 171-176. 


15 


821 


NABIL 807-821 



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 27, NO.5, 2019, COPYRIGHT 2019 EUDOXUS PRESS, LLC 


Dynamics of the zeros of analytic continued the second kind 

g-Euler polynomial 
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Abstract : In this paper we study that the second kind g-Euler numbers E n q and g-Euler Euler 
polynomials E nq (x) are analytic continued to E q {s) and E q (s,w). We investigate the new concept 
of dynamics of the zeros of analytic continued polynomials. Finally, we observe an interesting 
phenomenon of ‘scattering’ of the zeros of E q (s,w). 

Key words : Second kind Euler polynomial, Euler Zeta function, Analytic Continuation, complex 
zeros, dynamics. 


2000 Mathematics Subject Classification : 11B68, 11S40, 11S80. 

1. Introduction 

Several mathematicians have studied the Bernoulli numbers and polynomials, Euler numbers 
and polynomials, q-Bernoulli numbers and polynomials, g-Euler numbers and polynomials, the sec¬ 
ond kind Euler numbers and polynomials(see [1-11]). These numbers and polynomials posses many 
interesting properties and arising in many areas of mathematics and physics. Throughout this paper, 
we always make use of the following notations:N = {1, 2, 3, • • • } denotes the set of natural numbers, 
No = {0,1, 2, 3, • • • } denotes the set of nonnegative integers, Z denotes the set of integers, R denotes 
the set of real numbers, C denotes the set of complex numbers. We introduced the second kind 
g-Euler numbers E„^ q and polynomials E n ^ q (x) and investigate their properties(see [6]). Let q be a 
complex number with |< 7 | < 1. We define the second kind g-Euler numbers E n q and polynomials 
E n , q (x) as follows: 

2e* _ ^ t n 

I “2^ n ' q n\' 


F q (t) = 


2 1 . 


F q (x,t) = 


qe 

2e 4 


n —0 


qe 2t + 1 


= X>n, 9 (z)- j - 


n =0 


By the above definition (2) and Cauchy product, we have 


(1) 

( 2 ) 


V—A . .t 

J2 El ^ x h = 


1=0 


2e t 


0 21 . 


^ 4-n ^ +m 

= E E “,9j X] xm — } 


n —0 


m =0 


~ ( J2 En ^r,1 xl 


t' 


l—n 


1=0 \n =0 


n! (I — n)\ 


-EE 

1=0 \n =0 


En,qX 


l — n 


By using comparing coefficients —, we have the following theorem. 


Theorem 1. For n S No, one has 

n 

F n ,q{x) = 


k -0 


Ek,qX 


n—k 
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By Theorem 1 and some calculations, we have 

pb n z' \ rb 


1=0 


E ntq (x)dx = ^ [jjEl, q 

n +1 

tS 


X 


n—l 




i s/»+i 


(=0 


El t q X 


1=0 


n— Z+l I 


n— Z+l 


n — l + 1 


By Theorem 1, we get 


[ E nq {x)dx= En+l ' q{b) En+1 ^ a \ 
Ja n + 1 

Since E n<q ( 0) = E n<q , by (3), we have the following theorem. 
Theorem 2. For n € N, one has 

En, q (x) — E nq + n I E n —i q {t)dt. 

Jo 


(3) 


By using computer, the second kind g-Euler polynomials E rl/I (x) can be determined explicitly. 
A few of them are 


E o,q{x) = - 

Ei, q (x) = 

E 2 ,q{x) = 


-q 

2 


2 q 


2x 


(1 + l) 2 (1 + q) 2 (1 + q)’ 

4 8 q 4 q 2 


2 q 


+ 


4x 


4qx 


2x J 


(i + q) 3 (i + q) 3 (i + q) 3 (i + q) 2 (i + q) 2 (i + q) 2 (i + q) 2 (i + q)' 


2. Analytic Continuation of the second kind g-Euler numbers and the q-Euler Zeta 

function 


By using the second kind g-Euler numbers and polynomials, the second kind (/-Euler zeta 
function and Hurwitz g-Euler zeta functions are defined. From (1), we note that 


d_ k 

dt k 




= 2^(-l)V l (2n+l) fc =^„(*eN). 

t—0 n=0 


By using the above equation, we are now ready to define the second kind g-Euler zeta functions. 
Definition 3. For s £ C with Re(s) > 0, define the second kind (/-Euler zeta function by 

(-1 ) n q n 


C e(s) =2^ 


n —0 


(2n+ l) 6 


Notice that the Euler zeta function can be analytically continued to the whole complex plane, 
and these q -zeta function have the values of the (/-Euler numbers at negative integers. That is, the 
second kind (/-Euler numbers are related to the second kind (/-Euler zeta function as 

CE, q { k) = E^q. 
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By using (2), we note that 


d k 

dt k 


T,k F q(x,t) 


t =0 


= 2 ]T(-1) V(2n + a: + l) fe , (k G N), 


n =0 


and 


En,q{3 


\n —0 


n\ 


= Ek, q (x), for k gN. 


(4) 


(5) 


t—0 


By (4) and (5), we are now ready to define the Hurwitz q -Euler zeta functions. 

Definition 4. We define the Hurwitz g-zeta function £e i 9 (s,x) for s G C with Re(s) > 0 by 

(-1 ) n q n 


CE,q(s, x) — 2 ^ ' 


n —0 


( 2 n + x + l) s ' 


Note that x) is a meromorphic function on C. Relation between £ E, q (s,x ) and Ek, q {x) is 

given by the following theorem. 

Theorem 5. For k G N, we have 


C£?,<?( ^5 x) F/^ q(x). 


( 6 ) 


We now consider the function E q (s) as the analytic continuation of the second kind g-Euler 
numbers. From the above analytic continuation of the second kind g-Euler numbers, we consider 

E n ,q H > E q (s), 

C E : q{ 17 ) = E n q I >■ (^E z q ( s) = Eg(s). 

All the second kind g-Euler number E Utq agree with E q (n), the analytic continuation of the second 



Figure 1: The curve E q (s) runs through the points of all E n ^ q 

kind g-Euler numbers evaluated at n(see Figure 1). Consider 

E n q = E q (n) for n > 0 ( 8 ) 
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In Figure 1, we choose q = 1/3. In fact, we can express E' q {s) in terms of £ ' E (s), the derivative of 
C.E,q( s )- Consider 

Eq{s) = C E,q( — s), 

E' q {s) = -?E, q (-a) (9) 

E' q {2n + 1) = -C E , q (- 2n - !) for, n G N 0 . 

From the relation (9), we can define the other analytic continued half of the second kind g-Euler 
numbers 

Eq{s) = C,E,q{~ s )i E q ( s) = Ce,<j( S ) 

=> E q (-n) = C E, q (n),n £ N. 

By (10), we have 

lim EJ-n ) = C,E, q {n) = 2. 

71—>-00 

The curve E q (s) runs through the points E_ n q = E q (—n) and grows ~ 2 asymptotically as —n -A 
oo(see Figure 2). 





Figure 2: The curve E q (s) runs through the points E_ nyq for q = \ 


3. Dynamics of the zeros of analytic continued polynomials 


Our main purpose in this section is to investigate the new concept of dynamics of the zeros of 
analytic continued polynomials. Let T(s) be the gamma function. The analytic continuation can be 
then obtained as 


n ha s £ R, x ha w £ C, 

Ek, q H> E q (k + s — [s]) = Ce,i?(~ (k + (s — [s]))), 


ha 


F(1 + s) 


r(l + k + (s-[s]))T(l + [s]-k) 

, , , , r(l + s)Eq(k + S — [s])w/ S l k 

=> E n , q (w) ha E q {s,w) = ^ " - — 

r (l + k + (s - [s]))r(l + [s] - k) 

r(l + s)E q ((k — 1) + S — [s])w/ S l + 1-fc 


k—0 


T(k + (a - [a]))T{2 + [a] - k) 


( 11 ) 
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where [s] gives the integer part of s, and so s — [s] gives the fractional part. By (11), we obtain 
analytic continuation of the second kind q-Euler polynomials for q = 1/3. Consider 

Eo, q {w) ~ 1.5, 

E q ( 1, w ) ~ 0.75 + 1.5ui, 

E g (2,w) w -0.75 + 1.5u; + 1.5w 2 , 

E Q (2.2, w) « -1.14137 + 1.13863™ + 1.84171™ 2 + 0.15595™ 3 , 

( 12 ) 

E q ( 2.4, w) « -1.54674 + 0.60395™ + 2.13491™ 2 + 0.38568™ 3 , 

E q ( 2.6, w) « -1.94844 - 0.12719™ + 2.33741™ 2 + 0.69096™ 3 , 

£,(2.8,™) « -2.32024 - 1.07449rc + 2.39690w 2 + 1.06697w 3 , 

E q ( 3, w) w -2.625 - 2.25w + 2.25u; 2 + 1.5w 3 . 

By using (12), we plot the deformation of the curve E q (2,w) into the curve of E q (3,w) via the real 
analytic continuation E q (s, w), 2 < s < 3, w € R(see Figure 3). In [6], we observe that E q (n, w), w G 



W 


Figure 3: The curve of E q (s, w), 2 < s < 3, —0.3 < w < 1 


C, has Im(w) = 0 reflection symmetry analytic complex functions(see Figure 4). The zeros of 
E q (n,w ) will also inherit these symmetries. 

If E q (n,wo) = 0, then E q (n,WQ) = 0, 


where * denotes complex conjugation. 

For n £ No, it is easy to deduce that the second kind g-Euler polynomials E n q (x) satisfy 


'y ^ E nq ~i ( x) 


n =0 


ht = _ 

n! q~ 1 e~ 2t + 1 


2e e (-x)(-«) = 


” j-71 

-e xt = q^En^x)-. 


n—0 


By using comparing coefficients —- in the above equation, we have the following theorem. 

n\ 

Theorem 6 (Theorem of complement). For any positive integer n, we have 

E n , q (x) = (-l) n q- 1 E n ^(-x). (13) 

The question is as follows: what happens with the reflexive symmetry (13), when one considers 
the second kind g-Euler polynomials? Prove that E q (n,w),w £ C, has not Re(w) = 0 reflection 
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symmetry analytic complex functions(see Figure 4). Next, we investigate the beautiful zeros of the 
E q (s,w) by using a computer. We plot the zeros of E q (s,w) for s = 9, 9.3,9.7,10, q = 1/3, and 
w G C(Figure 4). In Figure 4(top-left), we choose s = 9. In Figure 4(top-right), we choose s = 9.3. 


-10 - 7.5 -5 - 2.5 0 2.5 5 

Re (w) 


-10 - 7.5 -5 - 2.5 0 2.5 5 

Re (w) 




Re(w) 


Re(w) 


Figure 4: Zeros of E q (s, w) for s = 9, 9.3,9.7,10 


In Figure 4(bottom-left), we choose s = 9.7. In Figure 4(bottom-right), we choose s = 10. 

Stacks of zeros of E q (s,w) for s = n + 1/3,1 < n < 50, forming a 3D structure are pre- 
sented(Figure 5). 

In Figure 5(top-right), we draw y and z axes but no x axis in three dimensions. In Figure 
5(bottom-left), we draw x and y axes but no 2 axis in three dimensions. In Figure 5(bottom-right), 
we draw x and z axes but no y axis in three dimensions. However, we observe that E q (n, w),w £ C, 
has Im(w) = 0 reflection symmetry analytic complex functions(see Figure 4 and Figure 5). 

Our numerical results for approximate solutions of real zeros of E q (s , w), q = 1/3, are displayed. 
We observe a remarkably regular structure of the complex roots of the second kind g-Euler polyno¬ 
mials. We hope to verify a remarkably regular structure of the complex roots of the second kind 
(/-Euler polynomials(Table 1). 
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Figure 5: Stacks of zeros of E q (s , w) for 1 < n < 50 


Table 1 . Numbers of real and complex zeros of E q (s,w) 


s 

real zeros 

complex zeros 

1.5 

2 

0 

2.5 

3 

0 

3.5 

4 

0 

4.5 

3 

2 

5.5 

4 

2 

6.5 

5 

2 

7.5 

6 

2 

8.5 

3 

6 

9 

3 

6 

9.3 

4 

6 

9.5 

4 

6 

9.8 

4 

6 

10 

4 

6 


Next, we calculated an approximate solution satisfying E q (s,w),q = 1/3, w £ R. The results 
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are given in Table 2. 


Table 2. Approximate solutions of E q (s,w) =0,t»el 


s 

w 

6 

-2.25291, -0.499167, 1.50121, 2.89899 

6.5 

-8.19021, -1.97235, -0.106447, 1.90361, 3.03711 

7 

-2.65744, -1.71446, 0.286584, 2.31062, 3.2536 

7.5 

-9.25827, -2.51685, -1.32105, 0.679634, 2.83991, 3.19538 

8 

-0.927418, 1.07258 

8.5 

-10.3265, -0.534533, 1.46541 

9 

-2.1399, -0.141641, 1.85831 

9.2 

-35.7141, -1.98173, 0.0155236, 2.01523 

9.5 

-11.3949, -1.74785, 0.251276, 2.2499 

9.7 

-6.68645, -1.59132, 0.408446, 2.40587 

10 

-3.09896, -1.3558, 0.644202, 2.64146 


In Figure 6, we plot the real zeros of the the second kind g-Euler polynomials E q (s,w) for 

s = n+i,l<7i<30,<7 = 1/3, and w G C (Figure 7). In Figure 6(right), we choose E q (s,w) for 
o 
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Figure 6: Real zeros of E q (s, w) 


s = n + - , 1 < n < 30. In Figure 6(left), we choose E q (n, w) for 1 < n < 30. 
o 

The second kind g-Euler polynomials E n ^ q {w) is a polynomials of degree n. Thus, E n q (w) has n 
zeros and E n +i iq (w) has n+1 zeros. When discrete n is analytic continued to continuous parameter 
s, it naturally leads to the question: How does E q (s,w), the analytic continuation of E n q {w ), pick 
up an additional zero as s increases continuously by one? This introduces the exciting concept of 
the dynamics of the zeros of analytic continued polynomials-the idea of looking at how the zeros 
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move about in the w complex plane as we vary the parameter s. To have a physical picture of the 
motion of the zeros in the complex w plane, imagine that each time, as s increases gradually and 
continuously by one, an additional real zero flies in from positive infinity along the real positive axis, 
gradually slowing down as if ” it is flying through a viscous medium ”. More studies and results in 
this subject we may see references [5], [6], [7], [10]. 

Acknowledgement: This work was supported by the National Research Foundation of Ko- 
rea(NRF) grant funded by the Korea government(MEST) (No. 2017R1A2B4006092). 
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Remarks on the blow-up for damped Klein-Gordon equations 

with a gradient nonlinearity * 

Hongwei Zhang, Jian Dang, Qingying Hn 

(Department of Mathematics, Henan University of Technology, Zhengzhou 450001, China) 


Abstract We consider initial boundary value problem for a class of damped Klein-Gordon 
type wave equations with a gradient nonlinearity and derive sufficient conditions for finite time 
blow-up of its solutions. To prove blow-up of the solution, we use eigenfunction method com¬ 
bining with a modification of Glassey’s inequality. This extend the early results. 

Keywords Klein-Gordon equations; blow-up; initial-boundary value problem; gradient 
nonlinearity 

AMS Classification (2010): 35L20,35B44. 

1 Introduction 

The aim of this paper is to give some sufficient conditions for blow-up of solutions to the following 
damped Klein-Gordon type wave equations with a gradient nonlinearity 

utt — A u + cut = f(u, Vu), in Cl x (0, T), (1.1) 

u(x,t ) = 0, x £ dCl, t G (0, T), (1.2) 

u(x, 0) = uo(x), ut(x, 0) = ui(x), iGU; (1.3) 

where P is a bounded domain in R n with sufficiently smooth boundary d Cl, f{u , Vu) = a|u| p-1 u+ 
b\Vu\ q ;p, q > 1, a, b G R, ab < 0, and c > 0. 

Nonlinear wave equations of the form (1.1) arise in differential geometry, controllability 
theory of partial differential equations, and in various areas of physics(see [1] and its references). 
The derivative Klein-Gordon type wave problem (1.1)-(1.3) can be viewed as a simplification of 
the Boussinesq equation [2, 3, 4, 1] with higher order spatial derivative terms appearing neither 
in the linear part nor in the nonlinearity. It belongs to the family of nonlinear wave equations of 
the form utt + Au = p{u)Vu+g{u). This family of wave equations have as an important subclass 
the Yang-Mills-type equations with p{u) = u and g{u) = u 3 . Yang-Mills-type wave equations 
have the same scaling as the cubic nonlinear wave equation, but are more difficult technically 
because of the derivative term uVu. Other important examples of the type equations include 
the Maxwell-Klein-Gordon and Yang-Mills-Higgs equations in the Lorenz gauge at least, as well 
as the simplified model equations of these (see [1]). If b = 0 and a / 0, then equation (1.1) is the 
standard Klein-Gordon wave problem. The standard Klein-Gordon wave problem in the critical 
exponent has been studied by many authors. In this case, the blowup behavior of solutions is by 
‘Corresponding author:Zhang H.W., Email: whz661@163.com 
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now fairly well understood, and various sufficient conditions for blowup have been provided and 
qualitative properties have also been investigated (see for example [5, 6, 7, 8, 9, 10, 11, 12, 13, 14], 
to cite just a few). However, very little is known in literature concerning the asymptotic dynamics 
exhibited by the derivative Klein-Gordon type wave equations of the form (1.1) and in space 
dimensions greater than one or two (see [1]). Recently, D’Abbicco [15] proved global existence of 
small data solutions to the following Cauchy problem for the doubly dissipative wave equation 
with power nonlinearity \X7u\ p : 


u u - A u + u t — A u t = | Vtt| p , 

for p > 1 + ^A_, in any space dimension n > 1 , and he also derive optimal energy estimates 
and L 1 — L 1 estimates for the solution to the semilinear problems. Willie[1] studied a nonlinear 
wave problem of the form 

utt — A u + dut = —p\Vu\ 2 + / y\u\ p ~ 1 u, p > 0 ,7 > 0, 

its linear problem well-posedness, behaviour of the spectrum of the wave differential operator 
in varied damping and diffusion constants, as well as the asymptotic dynamics defined by the 
derivative Klein-Gordon type wave problem. 

We mention also some related mathematical work involving the derivative nonlinearity term 
in the literature. Ebihara [16, 17, 18] established global existence of classical solutions and 
asymptotic behavior of solutions of the following nonlinear wave equation 

u a - A u = f{u , u t , Vu), (1.4) 

where f(u, ut, Vu) = —u p — |Vu| 2r — uf (or f(u, ut, Vu) = — u p \Vu\ q u r t , here p,q,r > 0). When 
f(u , ut ., Vit) = —a(x)(3(ut, V«) in (1.4), where /3(Ai, A 2 ,..., A n )Ai > 0, Slemrod [19], Vancosteno- 
ble [20] and Haraux [21] proved the weak asymptotic stabilization of solutions. Quite recently, 
Nakao [22, 23, 24, 25, 26] considered the nonlinear wave equations of the form 

u tt ~ An + p(x,u t ) = f(u,u t , Vu), (1.5) 

and he proved the global existence and decay of solutions. 

On the other hand, relatively little is known on the blowup for nonlinearities with a de¬ 
pendence on spatial derivatives of u. As far as we know, the previous studies of blow-up of 
solutions of (1.1) were performed in [27, 28, 29, 30]. In [27], Sideris gives blow-up of small 
data solutions in finite time for the Cauchy problem in three dimensions when the nonlinear 
gradient term a\u\ p ~ l u + b\Vu\ q in (1.1) is replaced with term f{u,ut,Vu) = a 2 \Vu\ 2 + b 2 \Au\ 2 . 
To our knowledge, this is the first blow-up result for nonlinear wave equation when the non¬ 
linear perturbation term depends on the derivatives of u. Then the result was extended by 
Schaeffer [28] and Rammaha [29, 30]. However, very little is known in the literature concerning 
the blow-up of solutions for initial boundary problem of equation ( 1 . 1 ) and such a method in 
[27, 28, 29, 30] cannot applied this case. Levine [7] has pointed that the eigenfunction method 
can easily be modified to include nonlinear terms of the form /(u,Vw) provided that for all 
R n ,f(s,p) > G(s), where G(s ) is a convex function and the function G(s) satisfy the 
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following conditions:(l)G'(s) — (A + l)s is nonnegative and nondecreasing on (so,oo) for some 
so > 0; (2 )Jq G(p)dp — |s 2 is nondecreasing on (sq, oo);(3)[/ 0 s G(p)dp — |s 2 ]^ is integrable at 
+oo for s. However, when /(it, Vit) = a\u\ p ~ 1 u + b\Vu\ q ,a, ft G R , we can’t find any function 
G(-s) such that f(s,p ) > G(s). 

Motivated by the eigenfunction method in [5, 7], the main purpose of this paper is to give 
sufficient conditions for finite time blow-up of solutions for the initial boundary value problem of 
equation (1.1) under certain conditions. We will generalize Glassey’s inequality (Lemma 1.1 in 
[5],and see also [7]), and get sufficient conditions for blow-up of solutions to problem (1.1)-(1.3) 
for various a, b G R and aft < 0 by eigenfunction method. In this sense, we extend the result 
[5, 7]. This method applies also to the case of the equation (1.1) with Neumann boundary 
condition and it remains valid for more general equation 

u a - Art + cu t = M p-1 w + f(u, |Vu|), (1.6) 

where / is locally Lipschitz continuous and satisfies certain growth condition (see remark 2.4). 

2 Main results 

Throughout this paper we assume all function spaces are considered over real field and their 
notations and definitions are same as those [31]. By the usual Galerkin method and similar to 
the proof in [16], we can obtain regular solution in the local sense. Now we extend Lemma 1.1 
in [5] (see also [7]) to the following lemma, which play an essential role in this paper. 

Lemma 1 Let (f>(t) G C 2 satisfy 

<j>tt + fa<l>t>h(<j>), t> 0 (2.1) 

with <)>(0) = a > 0,<j>t(0) = /3 > 0, where k\ > 0. Suppose that h(s) > 0 for all s > a. If 
<5o = k\ ,/q ^ 00 [/^ 2 + 2 h(p)dp\~ 2 ds < 1 , then <f>t(t) > 0 where <j>t{t) exists and lim <j>{t) = +oo 

where T <T* = —-^ln(l — So). 

Proof Because (f)(0) = a > 0 and (f>t{0) = f3 > 0 then there exist an interval [0,To) such that 
4>t.(t) > 0 and (f)(t) > a for t G [0, To). If it is false, let 

t\ = inf{f : cf>(t) = a},t -2 = inf {t : (j>t(t) = 0 }. 

If t 2 < t\, taking into account the condition (2.1) and the fact that h(s) > 0 for all s > a, we 
have 

j f (e klt ct>t) = e M (<M + k 1( f> t ) > e klt h(cj)) > 0. 

Thus (f>t(t 2 ) > e~ klt2 4>t(0) > 0, which contradicts <f>t(t 2 ) = 0, and so we have t ,2 > t\. Further¬ 
more, we have <f>t(t) > 0 for t G [0, t\). In this case, we get that <f>(t\) = (f>(0) + /]* 1 (f>t(s)ds > 
(f)(0) = a > 0, this is a contradiction of the fact <f>(t i) = a. Thus, there exist an interval [0, To) 
such that 4>t.(t) > 0 and (f>(t) > a for t G [0,To). 

A multiplication of (2.1) by 2 e 2klt (f>t(t.) gives 

2 e 2klt Mtt + 2 k ie 2klt ((f) t ) 2 > 2 e 2klt h((f>)(fH, 
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that is, 

f t [e 2klt {(j) t ) 2 ] > 2 e 2klt h(ct))(j) t > 2 h(<j))<j>t = 2^§ f£ h(s)ds. 

Integrating (2.2) from 0 to t yields 

e 2klt {(j)t) 2 - (< M 0 )) 2 >2 J* h(s)ds, 

since (f>t > 0 , hence 

<k > e-^iP 2 + 2 h(s)ds)~z. 

J a 

We may separate variables and integrate over (0, t) to obtain 

f +°o ry 

1 — e~ klt < k\ / (/3 2 + 2 / h(s)ds)~^dy = 8o. 

J a J a 

Therefore we get the result. 

We consider the following spectral problem 

A w + \w = 0 in Q, 
w = 0, on dQ. 


( 2 . 2 ) 


(2.3) 


(2.4) 

(2.5) 


It is well known that problem (2.4)-(2.5) has the smallest eigenvalue Ai > 0 and the correspond¬ 
ing normalized eigenfunction w\ > 0 in Q, J^w±(x)dx = 1 . Then we denote 


ko = ( 


IVuill^ 1 , .2=1 
-dx) i . 


in w 


1 


( 2 . 6 ) 


Theorem 2 Suppose q > l, a = 0 and b > 0. Let u(x,t) be a regular solution of problem 
(1.l)-( 1.3). Suppose that the following conditions are satisfied: 


uo(x)wi(x)dx = a, u\(x) , ipi(x)dx = /3, 

i Jn 


[. 9 /( 9 - J ) 


where a > — > 0 , /3 > 0 , and that — Ais is a nongeative, nondecreasing function 

for s > a. If = c + 2 J^[{^) 9 P q — Ai p]dp]~^ds < 1, then the solution of problem 

(1.1)-(1.3) blows up in a hnite time. 

Proof Let 

U(t) = / u(x,t)wi(x)dx. 

Jn 

Then 17(0) = a > 0, Ut( 0) = (3 > 0 and as it follows from (1.1)-(1.3), U(t) satisfies 

U tt + cU t + Ai U= [ \Vu\ q Wl dx. (2.7) 

Jn 

By (2.4) and Holder inequality, we get 


Ai U < | u(x, t)Xiwi(x)dx\ = | u(x, t)Awi(x)dx\ 

= I In VuVwidx\ < |Vu||Vrri|dai = 

w 1 

< (f n dx)^r(f Q \'Vu\ q w 1 dx) 7 i = ko(fn |Vu|«wid®)i, 

w i 
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that is to say 

[ \Vu\ q Wl dx > ) q U q . (2.8) 

Jn ko 

Therefore, from (2.7) and inequality(2.2), we obtain the ordinary differential inequality 

U tt + cU t > (^) q U q -\ x U, (2.9) 

fc 0 

with 7/(0) = a > 0, 74(0) = f3 > 0. Denote h(s ) = (^ ) q s q — Ai-s, since h(s) > 0 for s > a, it 
follows from Lemma 6 that lim U(t) = oo, for some To < T* = — \ln(l — <5i). Furthermore, 

t-s>T 0 

since U(t) > 0, we have U(t) = \U(t)\ < supn\u(x,t)\ f n w\dx < supn\u(x,t)\, and we get 
lim ||w||p = oo,Vl < p < oo, for some Tq < T* = —~ln( 1 — <4), which proves the theorem. 

Theorem 3 Suppose g>2,0<p<2,a<0 and b > 0. Let u(x, t ) be a regular solution of 
problem (1.1)-(1.3). Suppose that the following conditions are satisfied: 


In 


uo(x)wi(x)dx = ao, / ui(x)ipi(x)dx 


Po, 


where (3q > 0 and ao is the positive root of the equation b(^) q s q — |a|s p — Ais = 0. If 62 = 
c J^°°[P 2 + 2 Ja[(^) q P g ~ | al/AP — \ip\dp]-^ds < 1 , then the solution of problem (1.1)-(1.3) blows 
up in a finite time. 

Proof Let 


U(t)= / u(x,t)wi(x)dx. 

Jn 

Then 7/(0) = ao > 0,74(0) = 4o > 0 and as it follows from (1.1)-(1.3), U(t) satisfies 


U u + cU t + Aif/ = a / \u\ p w\dx + b / | ^Ju\ q w\dx. 


( 2 . 10 ) 


Then (2.8) and the inequality f Q \u\ p w\dx > U p yield the ordinary differential inequality 

U tt + cU t > b(^) q U q - \a\U p - AiT/ = h 2 {U), ( 2 . 11 ) 

k 0 

with 7/(0) = «o > 0, 74(0) = /?o > 0. Since h 2 (s) > 0 for s > ao, then the rest of the proof is 
similar to the proof of Theorem 2 and the proof is complete. 


Theorem 4 Suppose p>2,0<<7<2,7<0 and a > 0. Let u(x, t ) be a regular solution of 
problem (1.1)-(1.3). Suppose that the following conditions are satisfied: 

/ uo[x)w\(x)dx = ai, / ui(x)i/ji(x)dx = /3i, 

J Q, J 

where /?i > 0 an d «i is the positive root of the equation as p — \b\(j^) q s g — Ais = 0. If £3 = 
c/ q +0 °[/3 2 + 2 f*[aff 1 — \b\(^) q p q — \ip\dp]~^ds < 1, then the solution of problem (1.1)-(1.3) 
blows up in a finite time. 


5 


835 


Zhang ETAL 831-837 



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 27, NO.5, 2019, COPYRIGHT 2019 EUDOXUS PRESS, LLC 


Proof Similar to the proof Theorem 3, U(t) satisfies 

Utt + cUt + XiU = a / \u\ p w\dx + b / \S7u\ q w\dx, (2.12) 

Jo. Jo. 

with U( 0) = a\ > 0, Ut{0 ) = /3i > 0, and then we have 

Utt + cU t > aU p - \bA q U q - Ai U = h 3 (U), (2.13) 

k 0 

with U( 0) = aq > 0, Ut.( 0) = f3\ > 0. Since h^{s) > 0 for s > ao, then the rest of the proof is 
similar to the proof of Theorem 3 and the proof is complete. 

Remark 1 By Theorem 2-Theorem 4, we can also prove that the blowup result holds under the 
similar initial conditions for the case a > 0,p > 2,p > q or b > 0, q > 2, q > p. 

Remark 2 The same results hold if the boundary condition is of the form a^+bu = 0. 
Remark 3 The results remain true when A u is replaced by p-Laplace operator div{\ Vu| p Vu). 
Remark 4 The method remains valid for more general equation (1.6), where / is locally Lips- 
chitz continuous and satisfies the growth condition f(u, |Vrt|) < C{1 + |w| A: + |V«| 9 ). 
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The y-fuzzy topological semigroups and 
y-fuzzy topological ideals 

Cheng-Fu Yang 

(School of Mathematics and Statistics of Hexi University, Zhangye Gansu,734000, P. 

R. China) 

Abstract: Based on the concepts of semigroup and Chang's fuzzy topological space, this paper 
gives the defines of the y-fuzzy topological semigroups, y-fuzzy topological left ideals (y-fuzzy 
topological right ideals, y-fuzzy topological intrinsic ideals and y-fuzzy topological double ideals) 
and discusses the fuzzy continuous homomorphic image and the fuzzy continuous homomorphic 
inverse image of them. 

Keywords: Fuzzy topological space; y-fuzzy topological semigroup; y-fuzzy topological ideal; 
F-continuous; homomorphic image and homomorphic inverse image 

1.Introduction 

Since Zadeh [15] introduced fuzzy sets and fuzzy set operations in 1965. The 
concept of fuzzy sets has been widely used in various fields. For example, in 1968, 
Chang [2] applied the fuzzy set to topological space to give fuzzy topological space. 
After that, Pu and Liu [9,10] introduced neighborhood structure of a fuzzy point, 
moore-smith convergence and product and quotient spaces in fuzzy topological space. 
Afterwards Rosenfeld [12] fonnulated the elements of the theory of fuzzy groups and 
Foster [4] introduced the fuzzy topological groups. In 2011, Tanay et al. [13] gave the 
notion of fuzzy soft topological spaces and studied neighborhood and interior of a 
fuzzy soft set and then used these to characterize fuzzy soft open sets. Then Nazmul 
and Samanta [8] introduced the fuzzy soft topological groups. Subsequently, Coker 
[3] used the notion of intuitionistic fuzzy sets gave by Atanassov in [1] to introduce 
the notion of intuitionistic fuzzy topological spaces and obtained several preservation 
properties and some characterizations concerning fuzzy compactness and fuzzy 
connectedness. After that, Kul [6] introduced the intuitionistic fuzzy topological 
groups. 

Recently, Rajesh gave the notion of y-fuzzy topological group in [11] and 
discussed the connection between fuzzy topological group and y-fuzzy topological 
group. Based on this idea, in this paper, we give the concepts of the y-fuzzy 
topological semigroups, y-fuzzy topological left ideals (right ideals, intrinsic ideals 
and double ideals) and then discuss the homomorphic image and inverse image of 
them. 

2.Preliminary 

Definition 2,1. [15] A fuzzy set A in A is a set of ordered pairs; 

A = {( x , A(x)) :ieI} 
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Where A(x):X —»/ = [0,l] is a mapping and A(x) states the grade of belongness 


of x in A. The family of all fuzzy sets in X is denoted by I x . 
Particularly, the fuzzy set 


*x(y) = 


U,if x = y 
[0, otherwise 


Vy el 


is called a fuzzy point inX, denoted by x A . 

Definition 2.2.[15] Let A, B be two fuzzy sets of I x 
1 )A is contained in B if and only if A(x) < B(x) for every jeI. 

2)The union of A and B is a fuzzy set C , denoted by A U B = C , whose 

membership function C(x ) = A(x) v B(x) for every xeX . 


3)The intersection of A and B is a fuzzy set C , denoted by A fl B = C , whose 


membership function C(x) = A(x) a B(x) for every xeX . 

4)The complement of A is a fuzzy set, denoted by A c , whose membership function 
A c (jc) = 1 - A(x) for every xeX . 


Definition 2.3.[2] Let X, The two nonempty sets,/a function from X to Y and B a 
fuzzy set in Y with membership function B (y). Then the inverse of B , written as/ 
"'( B ), is a fuzzy set in X whose membership function is defined by f\ B )(x) = B (f 
(x)) for all x in X. 

Conversely, let A be a fuzzy set in X with membership function A (x). The 
image of A , written as f (A ), is a fuzzy set in Y whose membership function is given 
by 


fX)(y) 


0, otherwise, 


for V/ g Y 


where (y) = {x\f (x) = y } . 

Proposition 2.4.[2] Let/be a function fromXto Y. Then: 

(1) / _1 \B C ] = [f ~ X B~\ C for any fuzzy set B in Y. 


(2) f[A c ~\ zd [/ (A)] c for any fuzzy set A in X. 

(3) B ] a B 2 => f~\B x ] c: f~'[B 2 \ , where B x , B 2 are fuzzy sets in Y. 

(4) A t (D A 2 => /[d, ] cz f[A 2 ], where A t , A 2 are fuzzy sets in X. 
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(5) Sd /[/ '[5]] for any fuzzy set B in Y. 

(6) A^f\f~\A]\ for any fuzzy set A in A. 

Proposition 2.5. Let/be a function from Ato Y. Then: 

(1) /(in5)e/(i)n/(5) and f(A\jB) = f(A)\Jf(B) for any A,BeI x . 

(2) f-\A^B) = f-\~A)^f-\B) and f~\A\jB) = f~\A)[} f~\B) for any 


A,BeI x . 

Proof. This proposition can be directly verified by the Definition 2.3. 

Next example shows that f(A f| B) => / (A) f| / (B) for any A,B e I x has not hold. 


Example. Let A 


, f 1 T 0.3 °- 2 0.6 01 

i,b,c,d) , Y = {x,y\ , A = — + — +-+ — 

abed 


B = . Define /: X —> Y as/(a) =f(b) =f (c) = x,f(d) = y. Then 

abed 

~ n ~ 0.3 0.2 0.1 0.1 0.3 0.1 ~ 0.6 0.1 

AHB= — + —+ — + — , f(AHB) = — + — , f(A)= -+ — , 

abed x y x y 


f(B) = — + —,f(A)nf(B)=—+—. Thus /(Tnfi)2/(T)n/(S) forany 
x y x y 


A,B e I x has not hold. 


3.Fuzzy topological space 

Definition 3.1.[2] A fuzzy topology is a family x of fuzzy sets in X which satisfies 
the following conditions: 

(1) 0,1 e x; 

(2) If A,B e r ,then A f| B e x; 

(3) If A. e x, Vi e T ,then U i ^-A j e x; 

x is called a fuzzy topology for X, and the pair (X,x) is called a fuzzy topological 

space, or fts for short. Every member of r is called a x -open fuzzy set. A fuzzy set 
is r -closed if and only if its complement is x -open. In the sequel, when no 
confusion is likely to arise, we shall call a x -open ( x -closed) fuzzy set simply an 
open (closed) set. 

Proposition 3.2. Let Abe a nonempty set. If r and J are two fuzzy topologicals for X, 
then x f| J is a fuzzy topology for A, where xC\J = [AC\B\A&x,B ej} . 


840 


Cheng-Fu Yang 838-848 



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 27, NO.5, 2019, COPYRIGHT 2019 EUDOXUS PRESS, LLC 


Proof. Straightforward. 

Proposition 3.3. Let X, 7 be two nonempty sets,/be an one-to-one mapping from X 
to 7. If t is a fuzzy topological for X, then /(r) is a fuzzy topology for Y, where 

f{r) = {f{A)\Aer }. 

Proof. (1) Obviously, /(0) = 0, /(!) = 1; 

(2) If i/e /(/), then there exist A X ,B X er such that A = /(/) and B = / ( B t ) 
respectively. Vy e 7, 

an5)(y) = (/(i/n/(A))(v) = /(i/(v)A/(5 1 )(y) = (v verlw 4(x))A(v xerl(v) 5 1 (x)) 

= v , er i (> .)(/(^) A ^i o»= v xsf -i (y) (4 n Ax*)=/(/ n^xv). 

This means A f| 5 = f(A x f| B x ) . Since A x f| B x e r , thus /(/ f| e / (r) 

(3) If A. e /(r),Vi e T , then for any leT there exists a /' e r such that 
/ = /(/'). And then 

(U,.rf )(v) = *jtw) = V,. r (/(T,')U)) = v„ r (V X ' r , w 2;(x)) 

- v ,. / -'(, | ( v <.r3'W) = V M/ . 1(rt ((U,. r T;)(x)) = f(U,. r A')(y). 

This means U, eF X =/(U, er A') . Since U ier /er, thus /(U !er ^') e /(r) . This 
completes the proof. 

Proposition 3.4. Let X, Y be two nonempty sets and f a mapping from X to 7. If r is 
a fuzzy topological for 7, then / '(r) is a fuzzy topology for X, where 

f- 1 (T) = {f~ 1 (A)\Ae t}. 

Proof. (1) Obviously, / _1 (0) = 0 , / 1 (1) = 1; 

(2)If i,5 e /'(r) ,then there exist A x ,B x er , such that A = f~ 1 (A x ) and 
B = f~ 1 (B l ) respectively. VxeX, 

(2 n b )( x )=(/- 1 (x) n r 1 (A ))(x )=/- 1 (x )(x) a/-'(/, )(x)=x (/(*» a x (/(/» 

=(xnxx/(v»=r i (xnxx^). 
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This means AC\B = f 1 (A l fl-S/ . Since / f| er , thus 

AnB = f- l (A i nB l )ef-\r). 

(3) If /"'(T),Vier, then for any leT there exists a A[e r such that 
A. = f '(A'). And then 


(U,. er A,)(X) = v, r a ; .(x)) = v ! . er (/- 1 (i;)(x)) = v,. sr (4(/(x))) 

= v isr (4'(/(x))) = (U, er 4)(/(x)) = /-‘(U^A'X*). 

This means U isr A. = f 1 (U, er A[) . Since U, rr /' e r , thus 

U (rf 4=/ -1 (U <rf 4 , )e/- 1 (r). 

This complete the proof. 

Definition 3.5. [2] A function/from a fts ( X, t ) to a fts (T,f/ ) is A-continuous iff the 
inverse of each open set in Y is open set in X. 

Definition 3.6.[9] Let A be a fuzzy set in ( X , x) and the union of all the open sets 
contained in A is called the interior of A, denoted by A°. Evidently A° is the 
largest open set contained in A and A°° = A°. 

Proposition 3.7.[2] Let A be a fuzzy set in a fts (X, x). Then A is open iff A = 
A 0 . 

Definition 3.8.[9] The intersection of all the closed sets containing A is called the 
closure of A , denoted by A . Obviously A is the smallest closed set containing A 

and A = A. 

By the definitions of the interior and closure, obviously A° C A C A . 
Proposition 3.9.[9] Let A be a fuzzy set in a fts (X, x). Then A is closed iff A = 

A. 

Proposition 3.10. Let A be a fuzzy set in a fts ( X., x). 

(1) If A C / , then A° C ~B°. 

(2) If A C 5, then A C B. 

Proof. According to the definition can be directly proved. 

Proposition 3.11.[10] Let/: (X, x )—> (Y, U) be a function, then the ollowing are 
equivalent: 

(1)/is F-continuous. 
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(2) For every closed set A in 7, f~ l (A ) is closed set in X. 

(3) For any fuzzy set A in X,j{A) d f(A) . 

(4) For any fuzzy set F in 7, /“'(F) cz/ _1 (F) . 

Proposition 3.12. Let / : ( X\ x) —> (7 U) be a function; then the following are 
equivalent: 

(1) /is F-continuous. 

(2) For any fuzzy set F in 7, / _1 (5 0 )c(/ _1 (5))°. 

Proof. (1)=> (2). For any fuzzy set F in 7, by the definition of the interior and/is 
F-continuous, this means f~ l (B° ) is an open set in X. On the other hand, since 
F°czF, by (3) of Proposition 2.4, f^(B°)ci /~'(F). Considering (f ] (B))° is 
the union of all the open sets contained in / _1 (F), thus / _1 (F°) cz (/~'(F ))°. 

(2) => (1). Let F be any open fuzzy set in 7, then B° = B . By condition, 
/ _1 (F) = / _1 (5°)c(/ _1 (5))". On the other hand, since /~'(F) Z3 (/~'(F))°, thus 

/"'( B ) = (/"' ( B))°. This means ( B ) is an open set in X, thus/is F-continuous. 

Proposition 3.13. Let (X, x) be a fts and /: X— > 7 be an one-to-one F-continuous 
mapping, then the following are hold: 

(1) For any fuzzy set A inX, f(A°) = (f(A))°. 

(2) For any fuzzy set A in X, f ((A) 0 ) cz (/ (A))° 

Proof. According to the previous conclusion, (7/x)) is a fts. 

(1) For any fuzzy set A in X, since A° = U|f | B cz A,B e r| , by (1) of Proposition 
2.5, f(A°) = U{f(B)\f(B)czf(A),f(B)ef(T)] .On the other hand, by the 
definition of the interior, (f(A))° = U|/(F) | f(B) ci f(A),f(B) e /(r)| . Thus 
f(A°) = (f(A)y. 

(2) For any fuzzy set A in X, since A° = U|f | B cz A,B e r| , by (1) of 
Proposition 2.5, thus f((A)°) =lj|/(F) | f(B) cz f(A),f(B ) e f(r) J .Considering/ 
is a F-continuous, thus for any /(F) c: f(A) and /(F) € /( r) , by (3) of 
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Proposition 3.11, / (B) cz / (A) c / (A) holds. By the definition of the interior of 
(and (1) of Proposition 3.10, and then /(fi)=(/(B)fc(/(i))", thus 
f((A)°)cz(f(A)y. 

Definition 3.14.[5, 11] A fuzzy set A in fts ( X , x) is said to be fuzzy y-open if A C 

(A) 0 U (A)° . The complement of a fuzzy y-open set is called a fuzzy y-closed set. The 
family of all fuzzy y-open sets of X is denoted by yO(X). 

Proposition 3.15. Let ( X , x) be a fts and/: X—> 7be an one-to-one F-continuous 
mapping. If A is a y-open set in X, then/ A ) is a y-open set in 7 

Proof. Since A is a y-open set in X, then A C (A)°\J(A)° . And then f(A) C 
f((A)°U(A) 0 ) = f((A)°)Uf((A) 0 ) .By Proposition 3.11 and Proposition 3.13, 
/((3f)cz/(J4°) = (/U)) 0 and f((A)°) a (J\A))° . This means f(A) C 
MAY u W) = /((3)° ) U f«Af) C: (/(3))° U (/(i))° . By the Definition of the 
fuzzy y-open set, /(A) is a y-open set in 7. 

Proposition 3.16. Let (7, J) be a fts and/' 1 : 7—»Xbe an one-to-one F-continuous. If 
B is a y-open set in 7, then/ _1 ( B ) is a y-open set in X. 

Proof. Let/ -1 as/in proposition 3.15, the proof is similar to proposition 3.15. 
Definition 3.17. A fuzzy set A in a fts (X, x) is called a y-neighborhood of fuzzy 

point , if there exists a y-open set B e r such that x A e B c: A . The family 
consisting of all y-neighborhoods of is called the system of y-neighborhoods of 

Ai- 

Definition 3.18. A fuzzy point x A is said to be quasi-coincident with a fuzzy set A , 

denoted by x A qA , if 7 +A(x)> 1. A fuzzy set A is said to be a (/-neighborhood 

x /: of if there exists a y-open set B e r such that x^q^cL The family consisting 

of all the (/-neighborhoods of x A is called the system of (/-neighborhoods of x A . 
Proposition 3.19. Let ( X, x) be a fts and/an one-to-one F-continuous mapping from 
X to Y .If U is a (/-neighborhood of a in X , then / ( U ) is a (/-neighborhood 
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of /K) = [/(«)]* in fts (7,/(/)). 

Proof. In order to avoid confusion, here record y = f (a) . Without losing generality, 
let U e yO(X) , Since 

f(U)(f(a)) + A = f(U)(y) + A= v U(x) + A > U(a) > 1, 

x^r'(y) 

this means [/(<?/ qf(U)] .Considering /(f/)eyO(7) , thus /(C/) is a 
(/-neighborhood of [/(a)/. 

Proposition 3.20. Let (7, J) be a fts and /'* an one-to-one F-continuous mapping 
from Y to X. If Lis a (/-neighborhood of ( f[a)\ in Y, then f l (V) is a (/-neighborhood 
of ax in fts (X, /’’(J)). 

Proof. Without losing generality, let V e yO(Y) , Since 

/- 1 (F)(a) + L=F(/(a)) + L>l, 

this means axqf A (V). Considering//F)eyOC7), thus f A (V) is a (/-neighborhood of 
ax- 

4 y -Fuzzy topological semigroup 

Definition 4.1.[7] Let X be a semigroup and A, B two fuzzy sets in X. A B is 
defined as a fuzzy set in X, which membership function is as follows: 

AB(x) = v XiX2=x (A( Xl ) a B(x 2 )) for xel. 

Proposition 4.2. Let X, Y be two semigroups and/an epimorphism from X to Y.IfA, 
B are any two the fuzzy sets in X, then /( AB) = / (A)f (B). 


Proof. For any y eY , since 


f(AB)(y)= v ( AB) ( = v ( v (A(x x ) a B(x 2 ))) = v ( v (A(xf aB(x 2 ))) 

x&f '(y) xGf (v) x t x 2 =x x t x 2 =x xef (v) 

= v( V (A(x x )/\B{x 2 )))= V ( V (/(x/Af/x/)) 

X\*2 =x x x x 2 ef l (y ) f(x x x 2 )=f(x)=y x x x 2 ef '(7) 

= V ( V (A(x 1 )aB(x 2 ))) = V ( V (. A(x x )aB(x 2 ))) 

f(.x 1 )f(x 2 )=f(x)=y x,x 2 sf '(>’) y\y 2 =y x x x 2 &f '(v) 

= V ( V ( A(x x )aB(x 2 ))) = V ( V (A(x,)aB(x 2 ))) 

y\y 2 =y %£/ b\y 2 ) y\y 2 =y x^sf ( y,)f (v 2 ) 


= V (( V 1 (^))A( V , B(x 2 ))) 

y,y 2 =y x t x 2 ef (y,)f ( y 2 ) x,x 2 e/ O,)/ (y 2 ) 


= V (( v (A( Xl ))A( v B(x 2 ))) 

y\y 2 =y x,e/ (vO * 2 e/ (v 2 ) 
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= V (/(^)(v l )A/(5)(v,)) = /a5)(v), 

y\yi=y 

thus f(AB) = f(A)f(B). 

Proposition 4.3. Let X, 7 be two semigroups and / a monomorphism from X to Y. 
If C, D are any two the fuzzy sets in Y, then /“' (CD) = /“' (C)/" 1 (D). 

Proof. For any ieI, since 

f~ l (CD)(x) = CD(f(x)) = v (C(y l )AD(y 2 ))= , v, (£(*) a%)) 

TlT2=/U) 

= V (C(/(x 1 ))aD(/(x 2 )))= V (/ 1 (C(x 1 ))a/- i (D(x 9 ))) = (/- 1 (C)/- 1 (D))(x), 

*1*2 =* * t * 2 =* 

thus f-\CD) = f \C)f-\D). 

Definition 4.4. Let X be a semigroup and (X,r) a fts. Then (X,r) is called a 
T' -fuzzy topological semigroup, or y-ftsg for short, if for all a,b<aX and any 
(/-neighborhood W of fuzzy point (ab), there exist (/-neighborhoods U of a x 
and V of b x such that UV cz W . 

Proposition 4.5. Let X, Y be two semigroups and (X,t) a y -ftsg. If / is an 
one-to-one F-continuous homomorphic mapping from X to Y, then ( Y,f(r )) is a 

r -ftsg- 

Proof. By Proposition 3.3, (7,/(r)) is a fts. For any (/-neighborhood W of fuzzy 
point (ab) x in Y, according to Proposition 3.20, f~\W) is a (/-neighborhood of 
fuzzy point f~\(ab) x ) in X. Since ( X,t ) is a y -ftsg, thus there exist 
(/-neighborhoods C of and V of /"'(/) such that UV a f~ l (W), and 

then /(CL) c= W . By proposition 3.19, /(C) and /(L) is the (/-neighborhoods 
of a x and b A respectively. Again by Proposition 4.2, f(U)f(V) = f(UV)czW. 
Thus ( Y, /(r) ) is a y -ftsg. 

Proposition 4.6. Let X, Y be two semigroups and (Y, J) a y-ftsg. If / _1 is an 
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one-to-one F-continuous homomorphic mapping from X to Y, then ( X,f '(J)) is a 
Y - fts §- 

Proof. By Proposition 3.4, is a fts. For any Qy-neighborhood W of fuzzy 

point ( ab) A in X, according to Proposition 3.19, f(W) is a (^-neighborhood W of 
fuzzy point f((ab) A ) in Y. Since (Y, J) is a y -ftsg, thus there exist 
(^-neighborhoods U of f(a A ) and V of fib, ) such that UV cz f(W), and then 
c W . By proposition 3.20, f~ l (U ) and f~\V) is the (^-neighborhoods 
of a and b respectively.Again by Proposition 4.3, = f~ 1 (UV)czW. 

Thus ( X, f~ l ( J ) ) is a y -ftsg. 

5. y -Fuzzy topological ideal 

Definition 5.1. Let X be a semigroup and (X,t) a fts. Then (X,r) is called a -fuzzy 

topological left ideal (right ideal), if for all a,b el and any Q r neighborhood W of 

fuzzy point ( ab) A there exists (^-neighborhood U of b A ( (^-neighborhood V of a A ) 
such that U a W ( V cz W ). 

Definition 5.2. Let X be a semigroup and (X,t) a fts. Then (X,t) is called a 

y -fuzzy topological intrinsic ideal (double ideal), if for all a,b,ceX and any 

(^-neighborhood W of fuzzy point ( abc) A there exists ((-neighborhood U of b A 

(Q r -neighborhood U of a- and Q -neighborhood V of c, ) such that U cz W (such 
that UVczW). 

Proposition 5.3. LetX, Lbe two semigroups and (X,r) a -fuzzy topological left ieal 
(right ieal, intrinsic ideal, double ideal). If / is an one-to-one F-continuous 

homomorphic mapping from X to Y, then (T,/(r)) is a y -fuzzy topological left ieal 

(right ieal, intrinsic ideal, double ideal). 

Proof. Similar to the proof of Proposition 4.5. 
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Proposition 5.4. Let X, 7be two semigroups and (7 J) a y -fuzzy topological left ieal 
(right ieal, intrinsic ideal, double ideal). If /"' is an one-to-one F-continuous 

homomorphic mapping from X to 7, then (X is a y -fuzzy topological left 

ieal (right ieal, intrinsic ideal, double ideal). 

Proof. Similar to the proof of Proposition 4.6. 
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ABSTRACT: 

In this paper, we will investigate the local stability of the equilibrium points, global attractor, 
boundedness and the form of the solutions for the following equations 

Ax n x n _ 3 Ax n x n _ 3 

Xn+i =---and x n+1 =---, 

Bx„ + (X_ 2 Bx n - (X_ 2 

where the coefficients A, B and C are real positive numbers, and the initial conditionsx _ 3 ,x _ 2 ,x _ lt 
x 0 are arbitrary non zero real numbers. 

Keywords: difference equations, global attractor, local stability, equilibrium point, boundedness. 

Mathematics Subject Classification: 39A10. 

1. Introduction 

The study of difference equations has been growing continuously for the last decade. This is largely 
due to the fact that difference equations manifest themselves as mathematical models describing real life 
situations in probability theory ,quelling theory, statistical problems, stochastic time series, combinatorial 
analysis number theory, geometry, electrical network, quanta in radiation, genetics in biology economics, 
psychology, sociology, etc. In fact, now it occupies a central position in applicable analysis and will no 
doubt continue to play an important role in mathematics as a whole see [l]-[20]. The purpose of this article 
is to investigate the global attractivity of the equilibrium point, and the asymptotic behavior of the solutions 
of the following difference equations 


_ Ax n x n _ 3 
Xn+1 Bx n +Cx n _ 2 ' 


( 1 ) 


x n+l 


Ax n x n _3 
Bx n - CXn_2 ' 


( 2 ) 








Where the initial conditions x_ 3 , x_ 2 , x_ x , x 0 are arbitrary positive real numbers, and A, B, C are 
positive constants. We obtain the form of the solution of some special cases of equation (1) and (2) and 
some numerical simulation to the equation are given to illustrate our results. 

Lemma 1.1. Let / be some interval of real numbers and let /: I k+1 -> /, be a continuously differentiable 
function. Then for every initial conditions x_ k ,..., x_ x , x 0 G I, k £ {1,2, 3, ...}, the difference equation 

*n+l = f(x n ,Xn-i,...,Xn-k), n = 0,1,2,..., (3) 

has a unique solution {x n }“ = _ fe . 

Diflnition 1.1. A point x G I is called an equilibrium point of equation (3) ifx = f(x,x, ...,x). That is, 
x n = x for n > 0, is a solution of equation (3), or equivalently, x is a fixed point of/. 

Diflnition 1.2. The equilibrium point x of equation (3) is called locally stable if for every s > 0 there exists 
8 > 0 such that for all x_ k , x_ k+1 ,... ,x_ 1; Xo £ / with | x_ k — x | + | x_ k+1 — x | + ••• + | x 0 — x \ <8, 
we have | x n — x | < e, Vn > —k. 

Diflnition 1.3. The equilibrium point x of equation (3) is called locally asymptotically stable if it is locally 
stable and if there exists y > 0 such that for all x_k, x_k+i,..., x_ 1; x 0 G I with 

|x_ k -x| + | x_ k+1 — x | +••• + | x 0 x | <y, 

we have lim x n = x. 

n-> oo 

Difinition 1.4. The equilibrium point x of equation (3) is called global attractor if for all x_ k , 
x_ k+1 ,... , x_ x , x 0 £ /, we have lim x n = x. 

co 

Diflnition 1.5. The equilibrium point x of equation (3) is called global asymptotically stable if it is locally 
stable and a global attractor of equation (3). 

The equilibrium point x of equation (3) is unstable if it is not locally stable. 


The linearized equation of equation (3) about the equilibrium point x is the linear difference equation 


y n +1 = 


I 


df (x, x,... , x) 
d x n-i 


y-n-i 


( 4 ) 


Now suppose that the characteristic equation associated with equation (4) is 

p(A) = p 0 A k + PiA^ -1 + ••• + pfc.iA + p fe = 0, 



Theorem A. [32] Suppose that p t E R, i = 1,2,3,... k and k G {0,1,2, Then Xf=ilP;l < 1, is a 
sufficient condition for the asymptotic stability of the difference equation 

*n+k +PiX n +k-i + ■■■ + PkX n = 0, n = 0,1, 2,... . 

Theorem B. [33] Let [a, b] be an interval of real numbers and assume that g\[a, b] 3 -> [a, b] is a 
continuous function satisfying the following properties: 

(a) g(x,y,z ) is non-decreasing in x and z in [a, b] for each y G [a,b\, and is non-increasing in y G 
[a, b] for each x and z in [a, b]; 

(b) If (m, M) G [a, b] x [a, b] is a solution of the system 

M = g(M,m,M ) and m = g(m, M,m). 

Then m = M. Then equation x n+1 = 5 , (x n ,x n _ 1 ,x n _ 2 ), has a unique equilibrium xE [a, b] and every 
solution of this equation converges to x. 

Theorem C. [33] Let [a, b] be an interval of real numbers and assume that g: [a, b] 3 -> [a, b] is a 
continuous function satisfying the following properties: 

(a) g(x,y,z ) is non-decreasing in y and z in [a, b] for each x G [a,b\, and is non-increasing in x G 
[a, b] for each y and z in [a, b]; 

(b) If ( m, M) G [a, b] x [a, b] is a solution of the system 

M = g(m,M,M ) and m = g{M,m,m). 

Then m = M. Then equation x n+1 = 5 , (x n ,x n _ 1 ,x n _ 2 ), has a unique equilibrium xE [a,b] and every 
solution of this equation converges to x. 

Theorem D. [33] Let [a,b] be an interval of real numbers and assume that g: [a, b ] 3 -> [a,b] is a 
continuous function satisfying the following properties: 

(a) g(x,y, z) is non-decreasing in x in [a, b] for each y and z E [a, b], and is non-increasing in x and 
z G [a, b] for each y in [a, b]; 

(b) If ( m, M) G [a, b] x [a, b) is a solution of the system 

M = g(m,M,m ) and m = g(M,m, M). 

Then m = M. Then equation x n+1 = g(x n ,x n _ 1 ,x n _ 2 ), has a unique equilibrium xE [a,b] and every 
solution of this equation converges to x. 



Many researchers have investigated the behavior of the solution of difference equation for example: Cinar 
[5-7] has got the solutions of the following difference 


_ x n-1 r _ x n -1 ^ _ x n-1 

x n+1 Z > x n+1 — i > x n+1 ~ Z ■ 

1 + CLX n X n _i —It CLX n X n _i 1 + DX n X n _i 

Elabbasy et al. [10] studied the behavior of the difference equation 


Xfi+i ax n 


cx n dx n _i 


El-Metwally et al. [12] investigated the asymptotic behavior of the population model 

x n+i = a + px n _ t e- Xn . 

Karatas et al. [28] got the form of the solution of the difference equation 

x n~S 

1 + x n -2 x n-5 

Zayed and El-Moneam [45] deal with the behavior of the following rational recursive sequence 


x n +i = 


a + px n + YX n _! 
A + Bx n + Cx n _ 1 


Wang and Zhang [38] considered the sufficient and necessary condition for the existence and uniqueness of 
the initial value problem of difference equations of higher order. In addition, they investigated the local 
stability, asymptotic behavior, periodicity and oscillation of solutions for the same equation. See also [21]- 
[47], 

2. The Behavior of Equation (1) 


This section will examine the behavior of solutions of equation (1). The constants A, B and C within the 
equation are real positive numbers. 


2.1. Local Stability of Equation (1) 

In this subsection, we explore the local stability character of the solution of equation (1). 
Equation (1) make sure has a unique equilibrium point is set as follows: 


Axx 

Bx + Cx 


x = 0. 



Then the unique equilibrium point is x = 0 if B + C A A. 

Theorem 2.1. Assume that A(B + 3C) < (B + C) 2 , then the equilibrium point of equation (1) is locally 
asymptotically stable. 

Proof: Letf: (0 , co) 3 -> (0, oo) be a function define by 


f(u, V, w) = 


Auw 
Bu + Cv 


Thus, it follows that 


df 


ACvw 


df 


-ACuw 


df 


Au 


3u (Bu + Cv) 2 dv (Bu + Cv) 2 3w Bu + Cv 


As it can be seen 


df 


AC 


df 


-AC df 


3u'*=° (B + C) 2 ’ 3v'*=° (B + C) 2 ’ 3w'*=° B + C' 

Then the linearized equation associated with equation (1) about x = 0 is 


AC 


y n +i 


ry n + 


AC 


(B + C) 2 Jn (B + C) 2 
and it associated characteristic equation is 


y n -2 


B + C 


y n -s = o, 


a 4 - 


AC 


: A 3 + 


AC A 

A - -—-= 0. 


(B + C) 2 (B + C) 2 B + C 
It follows by theorem A that equation (1) is asymptotically stable if 

, AC , , AC , , A 


+ 


+ 


thus, 


(B + C) 2 1 1 (B + C) 2 1 ' 'B + C 

A(B + 3C) < (B + C) 2 . 


< 1 , 


( 5 ) 


Therefore, the proof is complete. 



2.2. Global Attractivity of the Equilibrium Point of Equation (1) 


The global attractivity character of solutions of equation (1) will be investigated in this section. 
Theorem 2.2. The equilibrium point of equation (1) is global attractor if B =£ A. 

Proof. Let p, q are real numbers and suppose that f: [p, q] 3 -> [p, q] be a function define by equation 
f(u, v, w) = then we can easily see that the function increasing in u, w and decreasing in v. Assume 

that (m, M) is a solution of the system 

M = f(M, m, M) and m = f(m, M, m). 

Then from equation (1), we see that 


Formerly 


BM + Cm’ Bm + CM 

BM 2 + CMm = AM 2 , Bm 2 + CMm = Am 2 . 

(B - A)(M - m)(M + m) = 0. 


Then M = m if B =£ A. Therefore, it can be concluded from Theorem B that x is a global attractor. 

2.3. Boundedness of the Solutions of Equation (1) 

The boundedness of the solutions of Equation (1) will be discussed in this section. 

A 

Theorem 2.3. Every solution of equation (1) is bounded if - < 1. 

B 

Proof. Let {x n }„ = _ 3 be a solution of equation (1). It follows from equation (1) that 


Ax n x n _ 3 Ax n x n _ 3 _ A 
Xn+1 ~~ Bx n + Cx n _ 2 - Bx n _ B Xn - 3 ' 


for all n > 1. 


By using a comparison, we can write the right hand side as follows y n+1 = -y n _ 3 . 

B 

( A\ n A 

-IK, K is constant, and this equation is locally asymptotically stable if - < 1, and converges 
to the equilibrium point y = 0. Thus the solution of equation (1) is bounded. 

2.4. Special Case of Equation (1) 

In this subsection, the solution of the fourth order difference equation will be presented here 


X n + X n _ 2 

Such that the initial conditions x_ 3 , x_ 2 , x_ : , x 0 are arbitrary non zero real numbers. 
Theorem 2.4. The solution of equation (6) is given by the following formulas for n = 0,1,2, 


(abc) n d n+1 

<10n_3 “ (a + c) n (b + d) n (ab + ad + bc) n ’ 


(abd) n c n+1 

<10n_2 ~ (a + c) n (b + d) n (ab + ad + bc) n ’ 



(acd) n b 


nun+l 


(bcd) n a 


n^n+l 


10n_1 (a + c) n (b + d) n (ab + ad + bc) n ' 10n (a + c) n (b + d) n (ab + ad + bc) n ' 


(ad) n+1 (bc) n 


x 10n+l — 


x 10n+3 — 


x 10n+2 — 


(acd) n+1 b n 


(a + c) n+1 (b + d) n (ab + ad + bc) n ’ 

(cbd) n+1 a n 

(a + c) n+1 (b + d) n+1 (ab + ad + bc) n ' Xl0n+4 = (a + c) n (b + d) n (ab + ad + bc) n+1 ' 


(a + c) n (b + d) n (ab + ad + bc) n+1 ' 
(bca) n+1 d n 


(abd) n+1 c n 


(cd) n+1 b n a n+2 


Xi ° n +5 + c ^ n +i( b + d) n+1 (ab + ad + bc) n ’ Xl0n+6 (a + c) n+1 (b + d) n (ab + ad + bc) n+1 ’ 
where x_ 3 = d, x_ 2 = c, x_ x = b, x 0 = a. 

Proof. By using mathematical induction, we can prove as follow. For n = 0 the result holds. Assume that the 
result holds for n — 1, as follows 


x 10n-7 


(cbd) n a 


n_n-l 


x 10n-5 — 


(a + c) n (b + d) n (ab + ad + be) 
(abd) n c n_1 


n _l > x 10n-6 


(bca) n d 


nun-1 


(a + c) n (b + d) n (ab + ad + be) 
We see from equation (6) that 

x 10n-4 x 10n-7 


n _l > x 10n-4 — 


(a + c) n 1 (b + d) n 1 (ab + ad + bc) n 
(cd) n b n_1 a n+1 


(a + c) n (b + d) n x (ab + ad + be)"’ 


x 10n-3 — 


x 10n-4 + x 10n-6 

(cd) n b n_1 a(acbd) n a n_1 


(a + c) 2n (b + d) 2n x (ab + ad + bc) 2n 1 ^(a + c) n x (b + d) n 1 (ab + ad + bc) 

(cd) n b n-1 a n -j- [b _1 d _1 (a + c) _1 (da + b(a + c)] (acb) n d n+1 

(a + c) n+1 (b + d) n (ab + ad + bc) n_1 (a + c) n (b + d) n (ab + ad + bc) n " 

x 10n-3 x 10n-6 


(acbd) n b x a(a + c) 1 + (bcad) n d 


\n j-1 


if] 


x 10n-2 


x 10n-3 + x 10n-5 


(acbd) 


2n 


(acbd) n d(ab + ad + be) 1 + (abcd) n c 1 


(a + c) 2n 1 (b + d) 2n x (ab + ad + bc) 2n ^ (a + c) n (b + d) n (ab + ad + bc) n 1 
(acbd) n -h (ab + ad + bc) _1 c _1 [dc + (ab + ad + be)] (abd) n c n+1 


(a + c) n (b + d) n (ab + ad + bc) n 


(a + c) n 1 (b + d) n x (ab + ad + bc) n+1 



Also, the other relations can be proved similarly. The proof is completed. 


2.5. Numerical Examples 

In this subsection, numerical examples which represent different types of solutions to equation (1). Are 
considered to confirm the results. 

Example 5.1. We assume the initial condition as follows: x_ 3 = 14, x_ 2 = 2, x_ x = 7, x 0 = 5 and the 
constants A = 2, B = 4, C =1. See Fig. 1. 



Figure 1. 

Example 5.2. See Fig. 2 since we put x_ 3 = 4, x_ 2 = 2, x_ x = 7, x 0 = 5 and the constants A = 12, B = 
4, C = 3. 


v in 4 plot of x(n+1) =Ax(n)x(n-3)/px(n) +Cx(n-2)) 



3. The Behavior of Equation (2) 

This section will examine the behavior of solutions of equation (2). The constants A, B and C within the 
equation are real positive numbers. 






3.1. Local Stability of Equation (2) 


In this subsection, we explore the local stability character of the solution of equation (2). Equation (2) make 
sure a unique equilibrium point is set as follows: 


Axx 

Bx — Cx 


x = 0. 


Then the unique equilibrium point isx=0ifA + C^B. 

Theorem 3.1. Assume that A(B — 3C) < (B — C) 2 , then the equilibrium point of equation (2) is locally 
asymptotically stable. 

Proof: Let f: (0, co) 3 -> (0, co) be a function define by 


Thus, it follows that 


f(u, V, w) 


Auw 
Bu — Cv ' 


(7) 


3f —ACvw 3f ACuw 3f Au 

3u (Bu — Cv) 2 ’ 3v (Bu — Cv) 2 ’ 3w Bu — Cv' 

As it can be seen 


3f , _ -AC 3f , AC 3f j A 

du ' x =° “ (B - C) 2 ’ 3v I 8=0 “ (B - C) 2 ’ aw I x=o “ B _ C ' 

Then the linearized equation associated with equation (2) about x = 0 is 

AC AC A 

y " +1 + (B - C) 2Yn ~ (B - C) 2 Yn ~ 2 ~ B - C y "“ 3 _ °' 
and it associated characteristic equation is 

, AC , AC A 

1 + (B - C) 2 1 ~ (B - C) 2 1 ~ B^C = °‘ 




It follows by theorem A that equation (2) is asymptotically stable if 


AC 


(B - C) 2 


+ 


AC 


(B - C) 2 


+ 


B - C 


< 1, 


or 

A(B — 3C) < (B-C) 2 . 


Therefore, the proof is complete. 


3.2. Global Attractivity of the Equilibrium Point of Equation (2) 

The global attractivity character of solutions of equation (2) will be investigated in this section. 

Theorem 3.2. The equilibrium point of equation (2) is global attractor if C A A. 

Proof. Let p, q are real numbers and suppose that f: [p, q] 3 -» [p, q] be a function define by f(u, v, w) = 
b Au ” . Then we can easily see that the function f(u, v, w) decreasing in u and increasing in v. So we have 
two cases we prove case (1) and case (2) is similar and so will be omitted. 

Case (1):- If Bu — Cv > 0, then we can easily see that the function f(u, v, w) increasing in w. Assume that 
(m, M) is a solution of the system 

M = f(m, M, M) and m = f(M, m, m). 

Then from equation (2), we see that 

A Mm AMm 

M =-, m =- 

Bm-CM BM-Cm 

=> BMm - CM 2 = AMm, BMm - Cm 2 = AMm. 

Formerly C(M — m)(M + m) = 0. Then M = m. Therefore, it can be concluded from Theorem C that x 
is a global attractor. 

3.3. Special Case of Equation (2) 


In this section, we study the following special cases of equation (2) where the constants A, B and C are 
integers numbers. The solution of the fourth order difference equation will be presented here 


x n+l 


x n x n-3 
x n - x n-2 


(8) 


Such that the initial conditions x_ 3 ,x_ 2 ,x_ 1 ,x 0 arearbitrary nonzero realnumbers. 

Theorem 3.3. The solution of equation (8) is given by the following formulas for n = 0,1,2,... 


(abc) n d n+1 

x 10n-3 


X 


(abd) n c n+1 


(a — c) n (b — d) n (bc — ab + ad) n ’ 


■10n-2 


(a — c) n (b — d) n (bc — ab + ad) n ’ 



(acd) n b n+1 


M.On-1 


(a — c) n (b — d) n (bc — ab + ad) n 
(ad) n+1 (bc) n 


Xl0n (a — c) n (b — d) n (bc — ab + ad) n ' 
(acd) n+1 b n 


(bcd) n a 


n^n+l 


10n+1 (a - c) n+1 (b - d) n (bc - ab + ad) n ’ 10n+2 (a - c) n (b - d) n (bc - ab + ad) n+1 ’ 

(cbd) n+1 a n (bca) n+1 d n 


'■lOn+3 


x 10n+5 — 


-,x 


(a - c) n+1 (b - d) n+1 (bc - ab + ad) n '“ lun+4 (a - c) n (b - d) n (bc - ab + ad) n+1 ' 
(abd) n+1 c n (cd) n+1 b n a n+2 


(a - c) n+1 (b - d) n+1 (bc - ab + ad) n ’’ Xl0n+6 (a - c) n+1 (b - d) n (bc - ab + ad) n+r 
Proof. As the proof of Theorem 2.4 and will be omitted. 

3.4. Numerical Examples 

Example 3.4. We suppose that initial condition are taken as follows: x_ 3 = 14, x_ 2 = 32, x_ x = —7, x 0 = 
and the constants A = 12, B = 3, C = 8. See Fig. 3. 

plot of x(n+1)=Ax(n)x(n-3)/px(n)-Cx(n-2)) 



Example 3.5. The Figure 4 shows the behavior of the solutions of equation (2) when x_ 3 = 1.55, x_ 2 
2.20, x_ x = 5.45, x 0 = 7 and the constants 21 = 4, B = 2, C = 3. See Fig. 4. 
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Abstract 

We investigate the convexity and the monotonicity of certain maps 
involving Hadamard products and Bochner integrals for continuous fields 
of Hilbert space operators. Their special cases and consequences are then 
discussed. In particular, we obtain certain arithmetic mean-harmonic 
mean, Jensen, and Fiedler type inequalities. 
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I Introduction 

Throughout, let 18(H) be the algebra of bounded linear operators on a complex 
separable Hilbert space H. The positive cone 18(H) + of 18(H) consists of all 
positive operators on H. The identity operator is denoted by /, where the 
underlying space should be clear from contexts. The spectrum of A £ 18(H) 
is written as sp(A). For self-adjoint operators A and B , the situation A ^ B 
means that A — B £ 18(H) + . If A is an invertible positive operator, we write 
A > 0. The operator norm of A £ 18(H) is denoted by ||A||. The notation 

II j|oo,x is used for the supremum norm on the set X. 

The Hadamard product of A and B in 18(H) is defined to be the bounded 
linear operator A o B satisfying 

((A o B)e, e) = {Ae, e)(Be, e) for all e £ £. (1.1) 
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Here, £ is a fixed countable orthonormal basis for EL This definition is indepen¬ 
dent on a choice of the orthonormal basis. In [7], it was shown that there is a 
positive linear map $ taking the tensor product A(£)B to the Hadamard product 
Ao B for any A,B £ *8(101). Indeed, the map $ is given by <l>(Af) = Z*XZ 
where Z : H — > El 0 H is the isometry defined on the basis £ by 

Ze = e ® e for all e £ £. (1.2) 

From the condition (1.1), the Hadamard product is commutative, bilinear, and 
positivity preserving. When H is the finite-dimensional space C n , the Hadamard 
product for square complex matrices is just a principal submatrix of their Kro- 
necker product, and it can be computed easily as the entrywise product. 

In the literature, there are many results concerning Hadamard products for 
matrices/operators, see e.g. [5, 8,10]. A well known result is Fiedler’s inequality: 

Theorem 1.1 ([6]). For any positive definite matrix A, we have 

dor 1 ;> i. 

Theorem 1.1 can be extended in the following way: 

Theorem 1.2 ([11]). For each i = 1,2,... , n, let A,; be a positive definite matrix 
and Xi a positive semidefinite matrix of the same size. Then the map 

n n 

i -1 i=1 


is increasing on [0,oo). 

In this paper, we shall investigate the convexity and the nronotonicity of an 
integral map 


an | XfA?X t d/x(t)o [ XfAf a X t dp(t) (1.3) 

Jn Jn 

where a is a real constant. Here, {A t )t^n and (X t )te fi are two operator-valued 
maps parametrized by a locally compact Hausdorff space Cl. Some interesting 
special cases of this map are discussed. Moreover, we obtain certain arithmetic 
mean - harmonic mean (AM-HM), Jensen, and Fiedler type inequalities as con¬ 
sequences. When we set II to be a finite space endowed with the counting 
measure, our results are reduced to the corresponding discrete inequalities. In 
particular, these include Theorems 1.1 and 1.2. 

The paper is structured as follows. In Section 2, we set up basic notations, 
and discuss Bochner integrability of continuous field of operators on a locally 
compact Hausdorff space. The main part of the paper, Section 3, discusses 
convexity and nronotonicity of the map (1.3) and its interesting special cases. As 
consequences, we obtain certain AM-GM, Jensen, and Fielder type inequalities 
in the last section. 
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2 Continuous field of operators on a locally com¬ 
pact Hausdorff space 

In this section, we provide fundamental background on continuous fields of op¬ 
erators and their integrability. See, e.g., [1, 3, 12] for more information. 

Let fl be a locally compact Hausdorff space endowed with a Radon measure 
fi. A family (A t ) te o of operators in 18(113) is said to be a continuous field of 
operators if the parametrization t H > A t is norm-continuous on fi. If, in addition, 
the norm function t H > ||vb|| is Lebesgue integrable on 12, then we can form the 
Bochner integral f n A t dp,(t) which is the unique operator in ©(H) such that 


f>( f A t d[i(t)] = ( (j){A t ) dp,(t) 

\Jn / Jn 

for every bounded linear functional f on ©(H) (see e.g. [14, pp. 75-78]). 

In what follows, suppose further that the measure /j on fl is finite. Next, 
we shall prove the Bochner integrability of an operator-valued map involving 
a continuous field of operators (Proposition 2.3). To do this we need some 
auxiliary results about functional calculus and vector-valued integration. 

Lemma 2.1. Let A be a nonempty compact subset of C and f : A — > C a 
continuous function. Let A be the subset of ©(H) consisting of all normal 
operators whose spectra are contained in A. Then the map T : A —> ©(H), 
A i ^ f(A) is continuous. Here, f(A) is the continuous functional calculus of f 
on the spectrum of A. 

Proof. See [4, Lemma 2.1], □ 

Lemma 2.2. Let (X, ||-||x) bo a Banach space, and let (T, v) be a finite measure 
space. Suppose that f : T —> X is a measurable function. Then f is Bochner 
integrable if and only if its norm function ||/|| is Lebesgue integrable, i.e., 

J ||/|| dv < oo. 

Here, ||/|| is defined by ||/||(a?) = ||/(a;)||x for any x €X. 

Proof. See e.g. [1, Theorem 11.44]. □ 


Now we are in a position to prove the Bochner integrability of a map related 
to the map (1.3). 

Proposition 2.3. Let (A t ) te o be a continuous field of normal operators in 
©(H) such that sp(A 4 ) C [m,M] for all t € fl. Let be a bounded con¬ 

tinuous field of operators in ©(H). For any continuous function f : [m,M] —> C, 
we can form the Bochner integral 

[ X* t f{A t )X t dp{f). 

Jn 

In addition, if f([m,M]) C [0,oo), then this operator is positive. 
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Proof. Let K > 0 be such that ||X t || ^ K for all t G fl. By Lemma 2.2, it suffices 
to prove the Lebesgue integrability of the norm function t en \\Xf f(A t )X t \\. 
We shall show that the map t > Xf f(A t )X t is continuous and bounded. Since 
t i —y At is continuous, the map t <—> f(A t ) is continuous on fl by Lemma 2.1, 
and hence so is the map t, H>• Xf f(A t )X t . For boundedness, we have that for 
each t G fl, 

\\X* t f{At)X t \\ < \\x;\\.\\f(A t )\\.\\x t \\ 

^ ll^ill 2 • \\f\\oo,[m,M] 

< K 2 \\f\\oo,[m,M}- 

Now, suppose that / is positive on [m,M], Then f(A t ) is a positive operator 
for all t G fl. Hence the resulting integral is positive since the integrand is 
positive. □ 


Remark 2.4. For convenience to all results in this paper, we may assume that 
fl is a compact Hausdorff space. In this case, any Radon measure on fl is always 
finite. It follows that every continuous field of operators on fl is automatically 
bounded, and hence is Bochner integrable. 

Lemma 2.5. Let X and ¥ be Banach spaces and let (T, v) be a measure space. 
Suppose that a function f : T —> X is Bochner integrable. If T : X —> Y be a 
bounded linear operator, then the composition T o f is Bochner integrable and 

J^Tof)dv = T^fdu 

Proof. See e.g. [1, Lemma 11.45]. □ 


The next property will be used to prove the main result of the paper. 

Proposition 2.6. Let (At)ten be a bounded continuous field of operators in 
18 (H). For any X G *8(111), we have 


f A t dfi(i) oX = f (A t oX)d/j,(t). 
if! if! 


( 2 . 1 ) 


Proof. By Lemma 2.2, the map t i-> A t is Bochner integrable on fl since it is 
continuous and bounded. Note that the map T <—> T o X is a bounded linear 
operator from 18(H) to itself. It follows from Lemma 2.5 that the map 1 1 —>• A t oX 
is Bochner integrable on fl and the property (2.1) holds. □ 


3 Convexity and Monotonicity of certain maps 
for Hadamard products of operators 

In this section, we consider convexity and monotonicity of the map 

an / X* t AfX t dn(t) o [ XlAf a X t dii(t) 

J Q J Q 

where a is a real constant. We start with an auxiliary result. 
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Lemma 3.1. For each A > 0, the map a H > A a +A “ is convex on R, increasing 
on [0, oo), decreasing on (— oo,0] and attaining its minimum at a = 0. 

Proof. The convexity of the map F(a) = A a +A~ a means that for each a, /3 £ R 
and to £ (0,1), we have F((l — co)a+ui/3) ^ (1 — co)F(a)+coF((3) or equivalently, 

A (l- U )a-fr0 + ^-((l-wja+w/j) (1 _ w )(^« + A~ a ) + lo(A? + A~ P ). (3.1) 

Indeed, for each fixed x > 0, consider the function f(a) — x a + x~ a in a real 
variable a. Then 


f" (a) = (\n x) 2 (x a + x “) > 0, a £ R. 

It follows that / is convex on R, i.e., for each a, fd £ R and u> £ (0,1) we have 

x (l« W )a+ W /3 + x — ((l—u>)a+ujf3) ^ (j _ + X ~<x) + u ( x f> + *-/»). ( 3 .2) 

Applying the functional calculus on the spectrum of A yields the desired in¬ 
equality (3.1). Note also that f'(a) = a(x a ~ 1 — £ _Q_1 ) for each a £ R. Hence, 
/ is increasing on [0, oo), decreasing on (—oo,0] and attaining its minimum at 
a = 0. Similarly, applying the functional calculus yields the desired results. □ 


A proof of a part of this fact in matrix context was given in [13], using 
diagonalization. 

Theorem 3.2. Let (At)ten be a continuous field of positive operators in ©(H) 
such that sp(A t ) C [m,M] C (0, oo) for all t £ fl. Let (X t ) te n be a bounded 
continuous field of operators in © (H). Then the map 

an / XfA?X t dn(t) o [ XfAf a X t dp,(t) (3.3) 

Jo. Jn 

is convex on R, increasing on [0, oo), decreasing on (—oo,0] and attaining its 
minimum at a = 0. 

Proof. Denote this map by F. Proposition 2.3 asserts the Bochner integrability 
of the map 1 K >• Xf AfX t for each a £ R. For each a £ R, we have by Proposition 
2.6 and Fubini’s theorem for Bochner integrals [2] that 


F(a) = 


f (x t *A?X t o f X* s Af a X s dp(s)) dfi(t) 

Jn \ J n J 

JJ (x;A? X t O X* s Af a X s ) df 0 (s) dgc(t) ( 3 . 4 ) 

\ JJ Q2 ( X * A< t Xt ° x *s A s a Xs) + (X* t Af a X t o X* S A«X S ) dfi( S ) dn(t). 


5 


868 


Chansangiam 864-873 



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 27, NO.5, 2019, COPYRIGHT 2019 EUDOXUS PRESS, LLC 


Then, appealing the isometry Z defined by (1.2), we have 


n«) = \ JJ n2 z * 0 x l A 7 a Xs) + (x;Ai a x t 0 x;a“x s )] z 

dn(s) dfi(t) 

= i JJ Z*(X t 0 X s )* [(A t 0 A” 1 )" + (At 0 A” 1 ) -0 ] (X t 0 X S )Z 


dfi(s) dp(t). 


(3.5) 


Now, for each a, (3 € R. and w €E (0,1), we have from Lemma 3.1 and (3.5) that 
F(( 1 — ui)a + u)(3) 

< \ fj^Z*(Xt®X s )*l(l-u){(At®A- 1 ) a + (A t ®A- 1 )-'*} 

+ w{(A t 0 A- 1 )? + (A t 0 A; 1 )- /3 }] (X t 0 X s )Zdn(s) dn(t) 

= \ ff^Z*[(l-u)(X* t A«X t ®X* s A- a X s + X* t Ai a X t ®X* s A<* s X s ) 

+ iw(Xf A 0 X t 0 X*A~ 0 X S + X*At P X t 0 X*Af X s )] Zd/i(s) dp(t) 

= JJ {X*tA«Xt o X s * A;“X S + o X* s A a s X s )dp(s) dp(t) 

+ | JJ (X* t A 0 X t O X* S A-?X S + X* t Af 0 X t O X s *Af X s )dp(s) dp(f) 
= (1 — uj) F (a) + u> F ((f). 


Therefore, F is convex. In the rest, it suffices to show that F is increasing on 
[0, oo) since the Hadamard product is commutative. It follows from (3.5) and 
Lemma 3.1 that for 0 ^ a ^ j3, 


F(a) < - 


ff Z*(X t 0 X s y [(At 0 Af 1 ) 0 + (At 0 A- 1 )- 0 ] (Xt 0 X S )Z dfj,(s) dp(t) 
J Jn 2 

\ JJ Q2 z* [(x;A 0 x t 0 x;a- 0 x s ) + (x* t A- 0 x t 0 x:a 0 x s )] Zdp(s) dp(t) 

[[ (X* t A 0 X t O X* s Aj 0 X s ) dn(s) dfi(t). 

J Jn 2 


From (3.4), the right-hand side is equal to F(0). Thus, F is increasing on 
[0, oo). □ 


In the rest of section, we discuss certain special cases of Theorem 3.2. 

Corollary 3.3. Let (At)ten and (B t )t^n be two bounded continuous field of 
positive operators in 93(H) such that sp(A t ) C [to, M] C (0, oo) and A t B t = 
B t A t for all t. € LI. Then the map 

a f AtB t dp(t) o f Af a B t dp(t) (3.6) 

Jn Jn 
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is convex on R, increasing on [0,oo), decreasing on (— oo,0] and attaining its 
minimum at a = 0. 

1 /2 

Proof. Set X t = B t for each f E J], Then ( X t ) tgn is a continuous field by 
Lemma 2.1. The family (X t ) te Q is bounded due to the boundedness of (B t ) tG Q. 
The result now follows from Theorem 3.2. □ 

An interesting special case of Corollary 3.3 is when B t = f{A t ) where / is 
a complex-valued continuous function on [m,M], In this case, the field (B t )t^n 
is bounded since 

WWW ^ ll/IU.KM] 

for all t £ O. Hence we obtain monotonicity information of the map 

[ A?f{A t )dn{t)o f Af a f(A t ) dp{t). 

Jn Jn 

In particular, when f(x) = x x , we get the following result. 

Corollary 3.4. For any A £ R, the map 

[ A x+a dg.{t) o [ A x ~ a dp(t) 

Jn Jn 

is convex on R, increasing on [0,oo), decreasing on (— oo,0] and attaining its 
minimum at a = 0. 

The next result is also a special case of Theorem 3.2 in which the weights 
are scalars. 

Corollary 3.5. Let {A t )t^n he a continuous field of positive operators in ®(H) 
such that sp(A t ) C [m,M] C (0,oo) for all t £ O. For any bounded continuous 
function w : —> [0, oo), the map 

an / w(t)At dp,(t) o f w{t)Af a dp(t) (3.7) 

Jo, JQ 

is convex on R, increasing on [0,oo), decreasing on (— oo,0] and attaining its 
minimum at a = 0. 

Proof. Set X t = ^w(t)I for all t G fl in Theorem 3.2. We see that (W)tefi is 
a bounded continuous field of operators. □ 

Corollary 3.6. Let f : Q —> C and g : O —> [0,oo) be bounded continuous 
functions such that Range(/) C [to, M] C (0, oo). Then the map 

a [ gf a dp. [ gf~ a d^i 
Jn Jn 

is convex on R, increasing on [0,oo), decreasing on (— oo,0] and attaining its 
minimum at a = 0. 
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Proof. Set H = C in Corollary 3.3. □ 

A discrete version of Theorem 3.2 is obtained in the next corollary, which is 
an operator extension of Theorem 1.2. 

Corollary 3.7. For each i = 1, 2,. .., n, let A;, £ 18(H) be such that A t is 

positive and invertible. Then the map 

n n 

X *i A i X i ° E X * A 7 ax i 

i=l i= 1 

is convex on M, increasing on [0, oo), decreasing on (— oo, 0] and attaining its 
minimum at a = 0. 

Proof. In Theorem 3.2, set Ll to be the finite space {1,2,..., n} equipped with 
the counting measure. □ 


4 AM-GM, Jensen, and Fiedler type inequali¬ 
ties 

From the main result (Theorem 3.2), we get three interesting inequalities. The 
first consequence is an integral version of the weighted arithmetic-harmonic 
mean inequality for bounded continuous function defined on a locally compact 
Hausdorff space: 

Corollary 4.1. Let f be a bounded continuous function defined on LI such that 
Range(/) C [ m,M] C (0, oo). Let w : Ll —> [0, oo) be a weight function, i.e., 
J n wd/x = 1. We obtain the following bound for the weight integral of f: 

IIWIIi > |, L, • (4-1) 

Here, ||-||i denotes the L x -norm on O. 

Proof. Setting H = C in Corollary 3.5 yields that the function 


a i ^ 




is increasing on [0, oo). In particular, this implies that 




Now, since f j dp. ^ / wM 1 dp = M 1 > 0, the inequality (4.1) follows. □ 

The second consequence is a Jensen type inequality for a continuous field of 
strictly positive operators. 
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Corollary 4.2. Let (At) ten be a continuous field of positive operators in 18(H) 
such that sp(A t ) C [to, M] C (0, oo) for all t £ LI. Suppose that /x(f2) = 1. Then 

/ d(i(t) o I ^ / A t dn(t)o / A t dp(t). 

J Cl J Cl J Cl 

Proof. Form Corollary 3.4, the map 

G(a) = [ A t 1+a dn(t) o [ A t 1 ~ a dpi(t) 

Jn Jn 

is increasing on [0, oo). In particular, we have G(l) ^ G( 0), which is the desired 
inequality. □ 

Corollary 4.2 may be regarded as a Jensen type inequality for continuous field 
of operators (cf. [9]). Indeed, the case H = C of this corollary can be described 
as follows. Suppose that (f2,/x) is a probability space. For any continuous 
function / : Lt —> (0, oo), we have 


fdti 


> 



which is Jensen’s inequality for the convex function (f>(x) = x 2 . 

The final result is an operator extension of Fiedler’s inequality (Theorem 

1 . 1 ). 


Corollary 4.3. For each invertible positive operator A, we have 


Joi" 1 S> I. 


(4.2) 


Proof. The case n = 1 in Corollary 3.7 says that the map a i-»- A a o A~ a has a 
minimum at a = 0. It follows that A a o A~ a ^ I for any a£l. Replacing A 
with A 1 ! a yields the inequality (4.2). □ 
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Abstract. In this paper we introduce the notion of Fibonacci periodicity modulo n, denoting this period by 
the function F(n). We note that F{n) is an integral multiple of a fundamental frequency /(n), where the ratio 
F(n)/f(n) is a power of 2 for a collection of observed values of n. It is demonstrated that if a,b are natural 
numbers with gcd{a,b) = 1, then F{n) = lcm{F(a), F(b)} and thus that F is a non-trivial example of a function 

F(p s+1 ) 


which we refer to as radical. From observations it also seems clear that 


F{p“) 


= p for primes p. 


1. Introduction and Preliminaries 


Fibonacci-numbers have been studied in many different forms for centuries and the literature on the subject is 
consequently incredibly vast. One of the amazing qualities of these numbers is the variety of mathematical models 
where they play some sort of role and where their properties are of importance in elucidating the ability of the 
model under discussion to explain whatever implications are inherent in it. The fact that the ratio of successive 
Fibonacci numbers approaches the Golden ratio (section) rather quickly as they go to infinity probably has a 
good deal to do with the observation made in the previous sentence. Surveys and connections of the type just 
mentioned are provided in ilj and [2] for a very minimal set of examples of such texts, while in [3j an application 
(observation) concerns itself with a theory of a particular class of means which has apparently not been studied in 
the fashion done there by two of the authors the present paper. Surprisingly novel perspectives are still available. 

Kim and Neggers [B] showed that there is a mapping D : M —> DM on means such that if M is a Fibonacci 
mean so is DM , that if M is the harmonic mean, then DM is the arithmetic mean, and if M is a Fibonacci mean, 
then burgoo D n M is the golden section mean. 

In [5] Han et al. discussed Fibonacci functions on the real numbers R, i.e., functions / : R —> R such that for all 
x € R, f(x+ 2) = /(x + l) + /(x), and developed the notion of Fibonacci functions using the concept of /-even and 
/-odd functions. Moreover, they showed that if / is a Fibonacci function then lim.,.^^ ■ The present 

authors [8] discussed Fibonacci functions using the (ultimately) periodicity and we also discuss the exponential 
Fibonacci functions. Especially, given a non-negative real-valued function, we obtain several exponential Fibonacci 
functions. 

The present authors [9] introduced the notions of Fibonacci (co-)derivative of real-valued functions, and found 
general solutions of the equations A (f(x)) = g{x) and (A + I)(f(x)) = g{x). Moreover, they [TO] defined and 
studied a function F : [0, oo) — > R and extensions F : R —> C, F : C —>■ C which are continuous and such 
that if n £ Z, the set of all integers, then F{n) = F n , the n th Fibonacci number based on Fq = F\ = 1. If 
x is not an integer and x < 0, then F(x) may be a complex number, e.g., F(— 1.5) = | + i. If z = a + bi, 

°* Correspondence: Tel: +82 33 248 2011, Fax: +82 33 256 2011 (K. S. So). 
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then F(z) = F(a) + iF(b — 1) defines complex Fibonacci numbers. In connection with this function (and in 
general) they defined a Fibonacci derivative of / : R —> R as (A f)(x) = /(x + 2) — f{x + 1) — f{x) so that if 
(A/)(x) = 0 for all x £ R, then / is a (real) Fibonacci function. A complex Fibonacci derivative A is given as 
A/(a + bi) = A/(a) + * A f(b — 1) and its properties are discussed in same detail. 


The notion of Fibonacci means was introduced by 


M(x,y) 


a(x + y) + 2 bxy 
2 a + b(x + y) 


where M{x, x) = — -—— = x provided 2 a + 2 bx ^ 0 ([B]). 

2jCl | u x 

Particular cases are a > 0,6 = 0 ,M(x,y) = the average (arithmetic mean), a = 0, b > 0 ,M(x,y) = 
the harmonic mean, and if q = 1+ 2 V ^ , M q (x,y) = ; the golden section mean. Hence both the harmonic 

mean, the arithmetic mean and golden section mean are special cases of the Fibonacci mean. 


The golden section mean M q (x, y) is defined by M q (x, y) = where q = 1+ 2 V ^ , and we define M q * (x, y) 

by q 2 q *+^+y) ?/ where q* = 1 ~ 2 V ^ , which is called a conjugate golden section mean. 

It was shown that: if M(x,y) = ^et+b^+y) 1 a Fibonacci mean and if M(x,y ) = DM(x,y), then either 
M(x, y) = M q {x, y) or M(x,y ) = M q ,{x,y). 


2. Fibonacci frequency 

Given a positive integer n > 2, let F(n) = m provided F/ c = Fk+ m (mod n) for all positive integers k. where m 
is the smallest positive integer with this property and F^ is the k th Fibonacci number relative to arbitrary inputs 
F\ = a, F 2 = b, non-negative integers. 

For example, for n = 2 we have with inputs a = 1,6= 1: 

1 , 1 , 0 , 1 , 1 , 0 , - - - 

whence F( 2) > 3. Also, a, 6, a + 6, a, 6, a + 6, ■ ■ • shows that F( 2) < 3. Thus, combining these observations we 
establish that: 

Proposition 2.1. F(2) = 3. 

For n = 3, a = l, 6 = 1 yields a lower bound computation is: 


1 , 1 , 2 , 0 , 2 , 2 , 1 , 0 , 1 , 1 , 2 , 0 , 2 , 2 , 1 , 0 , 1 ,••• 

and F( 3) > 8. Also, a, 6, a + 6, a + 26, 2a, 26, 2 a + 26, 2a + 6, a, 6, • • • and F( 3) < 8. Hence, it follows that: 

Proposition 2.2. F( 3) = 8. 

When we consider the method of proof of the above two propositions, we note that the pattern 0,1,1,2, • ■ ■ 
corresponds to a pattern aa + j3b, a,b, a + b, ■ ■ ■ in the second sequence where a + p = 0 (mod n), and that 
if • • • , s, • • • is any term in the a = 1, 6 = 1 sequence, then • • • , s, • • • corresponds to • • • , Xa + yb, ■ ■ ■ where 
A + y = s (mod n). Hence if s = 1, then we have A = 1 (mod n),y = 0 (mod n) or A = 0 (mod n),y = 1 
(mod n ), i.e., in the first case we find the input a, whereas in the second case we find the input 6. Notice that 
aa+pb, a, 6, a+6, • • • with a+(3 = 0 (mod n) means (a+l)a+/36 = 6 (mod n), ft = —a (mod n), (a+l)(a—6) = 0 
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(mod n ), and a — b arbitrary means a + 1 = 0 (mod n), i.e., a = n — 1 (mod n), /? = 1 (mod n). Hence, the 
sequence looks like (n — l)a + 6, a,b, ■ • •. If we continue the construction by including one more term, then 
A a + fib, (n — l)a + b, a, b, • • • yields (A + (n — l))a + (p + 1)6 = a (mod n) and (A + n — 2) a + (fi + 1)6 = 0 
(mod n). Hence a = 0 yields fi = n — 1 (mod n) and A + n — 2 = A — 2 = 0 (mod n), i.e., A = 2 (mod n), 
i.e., the sequence is • • • ,2 a + (n — 1)6, (n — l)a + 6, a, 6, • • • . Letting a = 6 = 1, the corresponding pattern is 
• • • , 2 + (n — 1) = 1, (n — 1) + 1 = 0,1,1, • • •. Thus, if this occurs at the m th location, then F(n) > m from 
a = 1, 6 = 1 and F(n ) < in from a, 6 unspecified, whence F(n) = m. We thus obtain: 

Theorem 2.3. To determine F(n) it suffices to take a = 1,6 = 1, and construct the Fibonacci sequence 
modulo n until the pattern ■ ■ ■ , 1, 0 is obtained. If the sequence has m terms, then F(n) = m. 

Suppose for example that we wish to determine F( 4). Using Theorem 2.3 we let a = 1,6 = 1, whence the 
sequence is 

1,1,2,3,1,0, 

and F(4) = 6. Note that F(4)/F(2) = 6/3 = 2. 


As another example consider the computation of F( 9). Again, using Theorem 3.3 and a 
the following sequence: 


and F(9) 


1 , 1 , 2 , 3 , 5 , 8 , 4 , 3 , 7 , 1 , 8 , 0 , 8 , 8 , 7 , 6 , 4 , 1 , 5 , 6 , 2 , 8 , 1,0 


24. Note that F(9)/F(3) = 24/8 = 3. 


1,6= 1, we obtain 


In this case we also note that the first 0 shows up after 12 steps. Accordingly we take /(9) = 12 and F( 9) = 
f(9)fh(9),F(9) = 2. We consider /(9) to be the fundamental frequency and m(9) to be the multiplicity , with F{ 9) 
the Fibonacci frequency of the integer 9 (> 2). 


Fibonacci numbers have been studied in great detail over many years and the literature on the subject is 
quite substantial with entire books on the subject dedicated to their study and the study of these numbers also 
meriting chapters in books on number theory ([1, 2]). Recently, two of the authors of this paper were able to 
make a different but not entirely surprising connection between Fibonacci numbers and the Golden Section than 
the usual one ([3]). 

If a = 6 = 1, then it is well-known that F m \ F n if and only if m \ n for example. Another known result is the 
following: For any prime p, there are infinitely many Fibonacci numbers which are divisible by p and these are 
equally spaced in the Fibonacci sequence. The case /(3) = 4 is an instance of this observation. Our point of view 
allows us to consider a more general situation and obtain some results on relationships connecting various values 
of F(n) and to make some conjectures on these relationships which appear to be interesting. 


3. Radical functions 

In the number-theoretical setting, a function / on the natural numbers is multiplicative if gcd(a, 6) = 1 implies 
f(ab) = /(a)/(6). Certainly any function for which ,f(xy) = f{x)f(y) is multiplicative. The Euler-phi-function is 
multiplicative in the number-theoretical sense without being multiplicative in the strict sense. 
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Given a natural number m = p■ ■ ■ p r r y , where the p t ’s are distinct primes in the factorization of m, we let 
rad(m) = pi---p n , according to conventional ring-theoretical practice. Thus, for natural numbers mi, m 2 , we 
find that rad{mim 2 ) = lcm{rad(m\), rad(m 2 )}- This function is an example of functions on the natural numbers 
satisfying the following “multiplicative” condition: a function / on the natural numbers is a radical function if 
gcd (a,b) = 1 implies f(ab) = lcm{f(a),f(b)}. 

When we check the table in the previous section, we observe that in the available examples it is true that 
gcd(a, b) = 1 implies F(ab) = lcm{F(a),F(b)}. For example, F( 4) = 6,F(5) = 20,F(20) = 60,gcd(4, 5) = 1 and 
F(20) = lcm{ 6 , 20} ^ 120, i.e., F is not a multiplicative function in the number-theoretical sense. Thus, it is our 
goal in this section to prove that F is a radical function in the sense described above. 

Lemma 3.1. If d\n, then F(d) < F(n). 

Proof. Since d\n, there exists an integer q such that n = dq. If we let F(n) = in, then Ft- = F k+m (mod n ) 
for any integer k, so that F k+m — F k = nu = dqu for some u £ Z, i.e., d\F k+m — F k . This means that 
F(d) <m = F(n). □ 

Lemma 3.2. If d\n, then F(d)\F(n). 

Proof. Using Division Algorithm, we have F(n) = F(d)q + r for some q,r £ Z, where 0 < r < F(d). Let 
F(n) := m and F(d) := t. Then m = qt + r and hence F :k = F k+m (mod n), so that n\Fk +m — Fk- Since d\n, we 
have d | F^ +m — F}.. We claim that Fk +r = F^ +qt+r (mod d). Since F(d) := t, 

F k = F k+t (mod d) (1) 

for any natural number k £ N. If we take k := k +1 in (1), then F k +t = F( k +t)+t — Fk+ 2 t (mod d). Similarly, we 
obtain 

F k = F k+(q _ 1)t (mod d) (2) 

for any natural number k £ N and natural number q > 1. If we replace k by k+r in (2), then F k + r = F k _|_ r+ ( g _ 1 ) ( = 
F k+r+qt (mod d). Hence F k = F k+m = F k+qt+r = F k+r (mod d). Since F(d) = t is the smallest positive integer 
with this property and 0 < t < t, we have r = 0, i.e., to = qt, proving the assertion. □ 

Theorem 3.3. If n = ab, where a,b are natural numbers with gcd(a,b) = 1, then F{n) = lcm{F(a), F(b)}. 

Proof. Suppose that n = ab, where a,b are natural numbers with gcd(a,b) = 1. Then F(a)\F(n), F(b)\F(n) 

by Lemma 4. Hence lcm{F(a), F(b)} < F(n). If we let to := lcm{F{a), F(b)}, then there exists natural numbers 
r,s such that to = rF(a) = sF(b) where gcd(r,s) = 1. Let a := ™,/3 := Then F k = F k+a (mod a), 
F k = F k+ p (mod b) for any positive integer k. Hence F k = F k+ra = F k+r m, = F k+m (mod a). Similarly, 
F k = F k+Sf 3 = F k+S m = F k+m (mod b) for any positive integer k. This means that a|F fc - F k+m ,b\F k - F k+m . 
Since gcd(a,b) = 1, it follows that F k = F k+m (mod ab), i.e., F k+m = F k (mod n), so that F(n) < to by the 
minimality property of F, proving the theorem. □ 

Corollary 3.4. Let a, b, c are natural numbers which are relatively prime. Then F(abc) = lcm{F(a) , F(b), F (c)}. 
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Corollary 3.5. Let a,b are natural numbers which are relatively prime. Then 


gcd{F(a),F{b)} 


F(a)m 

F(ab) 


Example 3.6. F(1147) = F(1517) = 760 using the table above along with Theorem 3.3. Indeed, 1147 = 31-37 
and 1517 = 41 • 37, F(31) = F(41) = 40, F(37) = 76 and lcm{ 40, 76} = 760. It is of course true that Fr eo is not 
a small integer. 


4. Powers of primes 

From the table given above, it is not immediately clear that there is any pattern to the values of F(p ), where 
p is a prime. However, in all cases we have seen, the following properties holds: 

Conjecture 4.1. For any prime p, 

F(p s+1 ) 

—- = p 

F{p s ) 

Thus, for example F(27)/F(9) = 72/24 = 3 and F(25)/F(5) = 5. Accepting Conjecture 4.1 as true, we note that 
if r](n) = F(n)/n , then rj(p s+1 ) = F(p s+1 )/p s+1 = pF(p s )/p s+1 = F(p s )/p s = rj(p s ) = ■ ■ ■ = rj(p). For example, 
77 ( 27 ) = 77 ( 3 ) = F(3)/3 = 8/3 = 72/27. If n = p r+1 q s+1 , then 


F(n) = lcm{F(p r+1 , F(q s+1 } 

= lcm{p r F(p),q s F(q)} 

= p r q s F(p)F(q) 

gcd {p r F(p),q s F(q)} 

= nF(p)F(q) 

gcd{F(p r+1 ), F(q s+1 )}pq 


and thus 


rj(n) = 


F(p)F(q) 


pqgcd{F(p r+1 ),F(q s+1 )} 

Now, pq = rad(n). Continuing in the same fashion, if m = p} 1 • • -pj/*, then we find that 

t ^ F(pi) • • • F(p n ) 

mm) =-—-—- 

rad(m) gcd{F(p} 1 ), • • • ,F(pjj")} 

Global properties of the function F(n) may then be gathered in the function: 

*7 ( \ -^( n ) 

Z v( S ) - r,s ’ 


so that Z v ( 1) 


E oo F(n ) 

n —2 n 


En= 2 v(n), which does not appear to converge for s = 1, but may well converge 


for complex variables with Re(s) sufficiently large. Other generating functions may also be constructed such as 
2 F(n)z n , 2 V(n)z", E~ 2 etc.. 
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Given F(n) for n> 2, define F(l) = 1 and for positive integers a, b with gcd(a, b) = 1, let F( |) satisfying the 
following equation: 

p,a = lcm{F{a),F(b )} 

[ b lcm{F(b), F(b 2 )} 

Thus, if b = 1, then F(f) = F(a)/1 = F(a). Also, F(£) = F(b) /lcm.{F(b), F(b 2 )}. Thus, if b = p is a prime and 
if Conjecture 4.1 is accepted, then F(-) = F(p)/pF(p) = 1/p. The meaning or interpretation of the values of F 
on fractions is not quite clear. It does however demonstrate that the function F defined on integers n > 2 has 
extensions to the positive rationals, the one described here being one of them. Since mn = (—m)(—n), it makes 
sense to define F(q) = F(—q) for rationals q > 0. Also, since we expect F(|) to be “near zero” if | is “near zero”, 
F(0) =0 appears to be a sensible decision also. 

For irrational values a , the definition of F( a) could be as follows: if we define S(n, a) := sup {F(q) \ q € Qfl [a — 
i, a+ A]}, then 0 < S(n + 1, a) < S(n, a) and hence lim.n^oo S(n, a) = inf„ 6w S(n, a). Since n n6w S'(?i, a) = {a}, 
it follows that this permits us to define F(a) for a an irrational number. If F(a) = oo, then S(n, a) = oo for all 
integers n. Thus, if this is the case, there is a sequence of rational numbers such that Hindoo q t = a and 

at the same time lirn^oo F(qi) = a and at the same time lim^oo F(qt) = oo. We conjecture the following: 

Conjecture 4.2. There is no sequence of rational numbers such that lim,;-^ qi = a and lim^oo F(qi) = 

oo. 

Given that the conjecture holds, F(a) is defined for irrational values of a as well, i.e., the domain of F is the 
real numbers. 

5. Comments 

In this paper we have considered several aspects of the sequence of Fibonacci numbers with inputs a, b arbitrary 
related to the periodicity of such a sequence modulo n. Because of the plenitude of relations known to exist among 
various Fibonacci numbers it was not surprising that patterns would be observed. We were pleased to discover that 
there were numerous relationships to be found, even if not all of them are explainable. The most mysterious values 
are those for F(p) where p is an arbitrary prime. Thus, F( 29) = 14, F(31) = 40, which insists on announcing 
that from the “Fibonacci point of view” there is a “big difference’ between these two primes in the twin-prime 
couple. Also, given an integer n, then fact that F(n 2 )/F(n ) ^ n, suffices to identify it as a composite number 
without knowing anything about any factorization of n. Thus, e.g., F(36)/F(6) = 24/24 = 1. Since Fibonacci 
numbers grow rather quickly, this observation may prove useful in the exercise of primality testing. Also, if 
F{n 2 )/F{n) = n, then, although this does not guarantee (maybe) that n is a prime, it seems that it ought to 
greatly improve the probability that it is. 
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6. Appendix 


n 

F(n) 

/(«) 

n 

F(n) 

f(n) 

n 

F(n) 

H n ) 

n 

F(n ) 

H n ) 

2 

3 

3 

3 

8 

4 

4 

6 

6 

5 

20 

5 

6 

24 

12 

7 

16 

8 

8 

12 

6 

9 

24 

12 

10 

60 

15 

11 

10 

10 

12 

24 

12 

13 

28 

7 

14 

48 

24 

15 

40 

20 

16 

24 

12 

17 

36 

9 

18 

24 

12 

19 

18 

18 

20 

60 

30 

21 

16 

8 

22 

30 

30 

23 

48 

24 

24 

24 

12 

25 

100 

25 

26 

84 

21 

27 

72 

36 

28 

48 

24 

29 

14 

14 

30 

120 

60 

31 

30 

30 

32 

48 

24 

33 

40 

20 

34 

36 

9 

35 

80 

40 

36 

24 

12 

37 

76 

19 

38 

18 

18 

39 

56 

28 

40 

60 

30 

41 

40 

20 

42 

48 

24 

43 

88 

44 

44 

30 

30 

45 

120 

60 

46 

48 

24 

47 

32 

16 

48 

24 

12 

49 

112 

56 

50 

300 

75 

51 

72 

36 

52 

84 

42 

53 

108 

27 

54 

72 

36 

55 

20 

10 

56 

48 

24 

57 

72 

36 

58 

42 

42 

59 

58 

58 

60 

120 

60 

61 

60 

15 

62 

30 

30 

63 

48 

24 

64 

96 

48 

65 

140 

35 

66 

120 

60 

67 

136 

68 

68 

36 

18 

69 

48 

24 

70 

240 

120 

71 

70 

70 

72 

24 

12 

73 

148 

37 

74 

228 

57 

75 

200 

100 

76 

18 

18 

77 

80 

40 

78 

168 

84 

79 

78 

78 

80 

120 

60 

81 

216 

108 

82 

120 

60 

83 

168 

84 

84 

48 

24 

85 

180 

45 

86 

264 

132 

87 

56 

28 

88 

60 

30 

89 

44 

11 

90 

120 

60 

91 

112 

56 

92 

48 

24 

93 

120 

60 

94 

96 

48 

95 

180 

90 

96 

48 

24 

97 

196 

49 

98 

336 

168 

99 

120 

60 

100 

300 

150 
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The weighted moving averages for a series of fuzzy 
numbers based on non-additive measures with a — A rules^ 

Zeng-Tai Gong 0 ’*, Wen-Jing Lei a,h 

° College of Mathematics and Statistics, Northwest Normal University, Lanzhou, 730070, China 
b School of Economics and Management, Tongji University, Shanghai, 200092, China 


Abstract Non-additive measure theory is an important mathematical tool to deal with inter-dependent 
or interactive information. The concept of fuzzy number provides an effective means of describing vague 
and uncertain system. The aim of this study is to integrate moving average with non-additive measures 
with a — A rules under fuzzy environment. That is, the moving average for a series of fuzzy numbers 
based on non-additive measures with a — X rules is proposed. Further, its specific calculation is invested 
and some properties are discussed. In particular, triangular fuzzy numbers about this method are also 
discussed. Finally, an example is given to illustrate our results. 

Keywords: Fuzzy number; Fuzzy measure; Moving average. 

1. Introduction 

Non-additive measure theory, as an extension of classical measure theory for the study of inter¬ 
dependent or interactive information, was proposed by Sugeon [18] by replacing additivity with mono¬ 
tonicity. Many studies have focused on theoretical aspects and applications of non-additive measures. 
Asahina [1] studied implication relationship among six continuity conditions and two null-additivity con¬ 
ditions with respect to non-additive measures. Li [8] discussed four versions of Egoroff’s theorem in 
non-additive measure theory by using special condition. In particular, the Choquet integral with respect 
to non-additive measures has lbeen successfully applied in decision-making [23, 19], information fusion 
[6], economic theory [17] and so on. 

Considering the inherent uncertain and imprecise of information in practical life, another key mathe¬ 
matical structure is introduced to model uncertain and incomplete systems, which is called fuzzy number, 
proposed by Zadeh [25], on the basis of fuzzy sets [24], Fuzzy number has been investigated intensively by 
researches from various aspects. Gong [5] generalized convexity from vector-valued maps to n-dimensional 
fuzzy number-valued functions. Saeidifar [16] introduced the concepts of nearest weighted interval and 
point approximations of a fuzzy number. And Wang [22] applied triangular fuzzy number to study 
management knowledge performance evaluation. 

Moving average is that, given a series of numbers and fixed subset size, the first element of the 
moving average is obtained by taking the average of the initial fixed subset of the number series [2], 
The moving average has been widely applied in time series analysis [20], cloud computing [14] signal 
processing and financial mathematics, etc. However, when we use moving average to make forecasting, 
it is not reasonable to assume that all data are real data before we elicit them from practical data, fuzzy 
data may exit, such as in financial and sociological application. So we need to take the vagueness of the 
universe of importance. Furthermore, there is interaction among data in real application. The aim of 
this paper is to propose the moving average for a series of fuzzy numbers based on non-additive measures 
with <t — A rules. In particular, triangular fuzzy numbers about this method are also discussed. 

The structure of this paper is as follows. In Section 2, we review some basic cponcepts and properties 
about non-additive measure with cr — A rules and fuzzy numbers. And the definition of conduct between 
a non-negative matrix and fuzzy number vector is given to make our analysis possible. In Section 3, we 
propose the moving average for a series of fuzzy numbers based on non-additive measures with a — A rules. 

^Supported by National Natural Science Fund of China (61763044, 11461062). 

‘Corresponding author. Tel.: +8613993196400. 

Email addresses: zt-gong@163.com(Zeng-Tai Gong), leiwenjingbz@163.com(Wen-Jing Lei). 
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In Section 4, the calculation of the weighted moving averages for fuzzy-number based on a non-additive 
measure with a — X rules is invested and some properties are discussed. The paper ends with conclusion 
in In Section 5. 


2. Preliminaries 


Throughout this study, R m denotes the m-dimension real Euclidean space and R + = (0, oo). 
Definition 2.1 [18, 10, 3]. Let A denote a nonempty set and si a er— algebra on the X. A set function 
H is referred to as a regular fuzzy measure if 

(1) /x(0) = 0; 

(2) g(X) = 1; 

(3) for every A and B G si such that A C B, g(A) < g(B). 

Definition 2.2 [18, 10, 3]. g\ is called a fuzzy measure based on a — A rules if it satisfies 


9\ 



^ | JJ[1 + A 9\{Ai )] ~ 1 

OO 

, i= 1 


A / 0, 


A = 0, 


where A G (-^.oo) U {°l > {A:} C si, A t n Aj = 0 for all i,j = 1, 2, • • • and i ^ j. 

Particularly, if A = 0, then g\ is a classic probability measure. 

A regular fuzzy measure g is called Sugeno measure based on a — A rules if g satisfies a — X rules, 
briefly denoted as g\. The fuzzy measure denoted in this paper is Sugeno measure. 

Remark 2.1. In the Definition, if n = 2, then 


g (A U B) 


g{A) + g(B) + Xg(A)g(B), X / 0, 
g(A) + g(B), X = 0. 


Remark 2.2. If A be a finite set, for any subset A of A, then 

S 

1 


9\ (A) = { 


A 


n [i+ a^a({®})] -1 , 


r&A 




i =1 


A / 0, 

A = 0. 


Remark 2.3 [3]. If A be a finite set, then the parameter A of a regular Sugeno measure based on a — X 
rules is determined by the equation 

n 

JJ(1 + A g\i) = 1 + A. 

2—1 

Let g\({xi}) = gi,i = 1,2, then g\(Ai) is obtained from the following recurrence relation 


g\{A m ) = g\({x m }) = 9m , 9\{Ai) = g\{A i+ 1 ) + Xgig\(A i+1 ), 1 < i < m. 

Let A(x) G E,r G (0,1] and [A] r = {x G R : u^( A) > r}. If A satisfies 

(1) A is a normal fuzzy set, i.e., an xo G R exists such that u^(xq) = 1; 

(2) A is a convex fuzzy set, i.e., u^(Xx + (1 — A )y) > min {u^(x),u^(y)} for any x,y G R, and 
A G (0, lj; 

(3) A is a upper semicontinuous fuzzy set; 

(4) [A] 0 = A G R : u A (x) > 0 = !j [A\ r is compact, where A denotes the closure of A. 

Then, A is called a fuzzy number. We use E to denote the fuzzy number space [9]. 
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It is clear that each x G R can be consider as a fuzzy number A defined by 

f 1, x = A, 

u a( x ) = \ 

{ 0, otherwise. 

Given any two fuzzy numbers A\, A 2 , k, k\ k 2 > 0, the operational rules are as follows: 

(1) k(Ai + A 2 ) = kAi + kA-2, 

(2) ki(k- 2 Ai) = (kik 2 )Ai, 

(3) (k\ + k 2 )A{) = kiAi + k 2 Ai. 

Lemma 2.1 [11, 12, 9]. For a fuzzy set A. it satisfy the following equation 

a= U (’•*DW). 

re[0,l] 


where r* denotes the fuzzy set whose membership function is constant function r. 
Let A, B ££,i:£l, the addition and scalar conduct are defined by 

[A + B] r = [if + [B]\ [kA] r = k[A] r , 

respectively, where [A\ r = { x : u^(x) ^ rj = [A _ (r), A + (r)], for any r G (0,1]. 
Lemma 2.2 [11, 12, 9]. If A G E, then 

(1) [A] r is a nonempty bounded closed interval for any r G (0,1]; 

(2) [j 4] ri D [A] r2 where 0 ^ r\ ^ r 2 ^ 1; 

(3) if r n > 0 and {r n } converging increasingly to r G (0,1], then 

OO 

n hp= iAT- 

n =1 


Conversely, if for any r G [0,1], there exists B r CK satisfying (1) — (3), then there exists a unique 
A G E such that [A] r = A r ,r G (0,1], and [Jl]° = Ure(o,i][^] r c -^o- 

Definition 2.3 [21]. A triangle fuzzy number A is a fuzzy number with piecewise linear membership 
function A defined by 


u A (x) 


' X - ai 
Cim 

' a n - x 

d n dm 

0 , 


— -T — 


C rn P X G (l n , 

otherwise , 


which can be indicated as a triplet ( ai,a m ,a n ). 

Given any two triangle fuzzy numbers X{ = (x',; — Xi, Xi + Si t i),Xj = (xj — Sj t i,Xj,Xj + <5y,i)), and 
k> 0, the operational rules are as follows: 

( 1 ) Xi + Xj = (xi - + Xj - S jt i,Xi + Xj,Xi + 5^ 1 + Xj + Sj, 1 ), 

(2) k ■ Xi = (kxi - kSi,i,kxi, kxi + kS i)2 ). 

Definition 2.4. Given a nonnegative matrix P = \pij\ and a fuzzy-number vector X, if P G R™ xm and 
X = [x\,x 2 , ■ ■ ■ ,x m ] T G E m (The T denotes the conjugate transpose of a vector or a matrix.), then the 
product of P and X is defined as follows: 


PX n -1 = 


E Pijxj 

3 =1 


m 

E Pm.jXj 

3 = 1 
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3. The weighted moving averages for fuzzy-number based on a non-additive measure with 
a — X rules 


Definition 3.1. Let (xi,X 2 ,--- ,x m ) £ E m , (ti,t 2 ,--- ,t m ) £ R m , and g\ be fuzzy measure satisfying 
6 — X rules. Denote A t = {ti, t* + i, • • • , t m }, i = 1, 2,..., m, A m+ i = 0. Then the weighted moving averages 
for fuzzy-number based on a non-additive measure with a — X rules is defined as follows: 

Xn — (9\(A\) g\(A2)')x n — m T (gx{A2) flA(^43))*Tn—m+i ■(■••• T ( 9\(A m ) gx{A m ^.i)^x n —i, 


where n> m. 

When we use moving average to make forecasting, it is not reasonable to assume that all data are real 
data before we elicit them from practical data, fuzzy data may exit, such as in financial and sociological 
application. So we need to take the vagueness of the universe of importance. Furthermore, there is 
interaction among data in real application. 

Remark 3.1. If A = 0, and Xi is a special fuzzy number, namely, real number, i = 1, 2, • • ■, the weighted 
moving averages for a series of fuzzy numbers based on non-additive measures with a—X rules degenerates 
to the classic weighted moving average in Ref. [2]. 

Theorem 3.1. Let (xi,X 2 ,--- ,x m ) £ E m , (^i , ^2 , • • • ,t m ) £ R m , and g\ be fuzzy measure satisfying 
5 - X rules. Let A t = {U,t i+ 1 , • • • ,t m }, % = 1,2, A m+l = 0, X n = [x n ,x n+1 , ■ ■ ■ ,x n+m _i] T , then 


v _ TD V _ p2 y- _ _ jyn—l y- 

A n — J'A.n- 1 — IT Ji n - 2 — - — IT Ji i, 


n = 1,2, 3,..., where 


P = 


0 

0 


1 

0 


0 

1 


0 0 0 
g\(A i) - g\(A 2 ) g\(A 2 ) - g\(A 3 ) g\(A 3 ) - g\(A 4 ) 


0 

0 


1 

g\(A m ) gx{A m ^i) 


Proof. Based on Definition 3.1 and the operational rules of fuzzy numbers, we have 


0 

1 

0 


%n— 1 

0 

0 

0 


X n 

0 

0 

1 


Xn-\-m— 3 

_ g\{Ai) - gx{A 2 ) 

g\(A 2 ) - gx(A 3 ) ■ 

g\(A m ) gx(A m . |_i) 


Xn-\-m— 2 


[x n ,x n+ i, ■ ■ ■ ,x n+m - 3, (g\{Ai)-gx{A 2 ))x n -i + (g\(A 2 )-g\(A 3 ))x n -\ - \-(gx(A m )-gx(A m+1 ))xn+ m - 2 ] J ■ 

And we know that 


G?a(^-i) 9\(A2'))x n — i + (gx(A2 ) gx{A 3 j^x n A~ ■ ■ ■ T igx(A rn X) gx(A m ^-i'))x n -\- m —2 — x n -\- m — i, 


This follows that 


PXn-i = X, 


The proof is complete. □ 

Theorem 3.1. Let (xi,X 2 ,-- - ,x m ) £ E m , (ti,t 2 ,-- - ,t m ) £ R m , and gx be fuzzy measure satisfying 
5 - X rules. ^Let Ai = {U,t i+ 1 ,--- ,t m }, i = 1,2 A m+l = 0, X n = [x n , x n+1 , ■ ■ ■ ,x n+m _i] T , and 

X~(r) and X+(r) as follows 


where [xj\ r 


X n (r) = [x n (r), x n+1 (r), ■ ■ 

i 

! 

iH 

X+(r) = [x+(r),x+ +1 (r),-- 

1— 

i 

+! 

IE-3 

x~(r),x+(r)]. Then 


X~(r) = PX~_ 1 (r) = P 2 X-_ 2 {r) 

II 

II 
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X+(r) = PX+_i(r) = P 2 X+_ 2 {r) = ■■■ = P n ~ 1 X+(r), 

where n = 1,2,3,..., and P is the same matrix in Theorem 3.1. 

Proof. Based on Theorem 3.1, we have 

0 1 ••• 0 1 [ x-^r) 

0 O--- 0 x~ (?’) 

pxn-i(r) = : . : : 

0 0 •" 1 ®n+m-s( r ) 

_ 9\{Ai) - g x {A 2 ) g x (A 2 ) - g\(A 3 ) ■ ■ ■ g x (A m ) - g x (A m+1 ) J [ x n+m _ 2 {r) _ 

\x n (O’ ? ^n-\-m —3 (r), (g x (Ai) - g x (A 2 ))x n _ 1 (r) + • • • + {g x {A m ) - g x {A m+l ))x n+m _ 2 {r)]E 

By Definition 3.1, we get 

( 5 a(^i) - 9 x{A^))x n -x + {g\{A 2 ) - g x (A 3 ))x~ (r) + • • • + (g x (A m ) - g x (A m+1 ))x~ +m _ 2 (r) = x^^r). 
This follows that 

PX-^r) = X~(r). 

Similarly, we can prove that 

PX+_ 1 (r) = X+(r). 

The proof is complete. □ 

Theorem 3.2. Let (xi,x 2 ,-- - , x m ) £ E m , Am) £ R m , and g x be fuzzy measure satisfying 

S A i ules. Let Ai — {t?, tj+i, , Im }, % — 1,2,..., ui, -1 nt ■ i — 0) X n — [x n , lin+i, • • • , 

If Xi is a triangle fuzzy number, and x t = (xi — 5^\,Xi, x t + 8^ 2 ), z = 1,2,--- , then 

4W = ,£“+m-l( r )] T 

= [$n,lT X n 8n, I, ^n+ 1 , 1 ^ X n <5n+l,l? 5 ^n+m—“ 1 “ ^n+ra— 1 Oi+ra— l,l ]0 

^ + W = [^W^n+lWr-* ,^+m-i( r )] T 

= [ ^n, 2 ^ H“ H“ $n, 2 ? ^n+ 1 , 2 ^ H“ ^n +1 H“ ^n+ 1 , 25 * * ’ ? Oi+ra— 1 , 2 ?" H“ ^n+m —1 H“ $n+ra— 1 , 2 ]^ • 

Proof. Based on the operational rules we have 

4W = ,£“ +m _i(r)] T 

= [$n,l?" “ 1 “ *^n ^n,l? “ 1 “ ^n,l? 5 ^n+m— 1 , 1 ?" “ 1 “ «^n+m —1 Oi+m—l,l ]0 

Xn( r ) = KW^n+lWr” ,^+m-l( r )] T 

= [ 8 n 2^ + + $n, 2 } ^n, 2 ?" ~\~ %n “ 1 “ ^n, 2 ? 5 Oi+m— 1 , 2 ?" “ 1 “ ^n+m —1 ^n+ra— 1 , 2 ]^* 

The proof is complete. □ 

4. The calculation of the weighted moving averages for fuzzy-number based on a non¬ 
additive measure with a — A rules 

Lemma 4.1 [15]. Let(rij, d 2 , ■ ■ • , d m ) e R™ and set 

q(x) = x m — d\x m ~ l — • • • — d m . 

Suppose that gcd{L G { 1 , 2 , ••• , m} : dk > 0 } = 1 , where the greatest common division of a set S is 
denoted by gcd(S). Then q has a unique positive root?’. Moreover, the algebraic multiplicity of r is 1, 
coinciding with the geometric multiplicity of r, and the modulus of every other root of q is strictly less 
than r. 

Lemma 4.2 [13]. LetH € C mxm , where C denotes plural numbers. Then the following holds 
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(1) {B n } converges to nonzero matrix if and only if 1 is a eigenvalue of B, whose algebraic multiplicities 
and geometric multiplicities coincide, and every other eigenvalues of B has modulus strictly less than 1; 

(2) If p(B) = max | A = 1 is a eigenvalue of B whose algebraic multiplicity and geometric multiplicity 

of 1 coincide, equal to 1 , with right-hand and left-hand eigenvalue x and y J respectively, then 


lim B n 

n—>oo 


xy J 

y^x' 


where cr(B ) is the set of eigenvalues of B. 

Theorem 4.1. Let (xi,x 2 ,--- ,x m ) £ E m , (t\R 2 ,--- , t m ) £ R m , and g\ be fuzzy measure satisfying 
5- X rules. Let A t = {U,t i+1 , ■ ■ ■ ,tm}, i = 1,2, A m+ i = 0, X n = [x n ,x n+ i, ■ ■ • ,x n+m _i] T , For the 
matrix P satisfying the following recurrence relation in Theorem 3.1 

v _ p V _ p2 Y" _ _ jyn— 1 y 

Ji n ~ -rJin-l ~ r Ji n -2 — ‘ ‘ ‘ — r Ai, 

if gcd {i £ {1, 2, • • • , m}\g\{Ai) — g\(Ai + \) > 0} = 1, then lim P n exists, and 

n—> oo 

lim P n = J— = e6 T , 
n—toc a T e 

m 

where e = ^ = [1,1, • • • , 1] T £ R m , is the itli standard unit column vector, 

i =1 

k 

a = [ai,a 2 , • • • ,a m ] T , b = [bi,b 2 , ■ ■ ■ ,b m ] J , a k = J2(9\ A) - 9\(Ai+i)), 

i=l 

h, — aTe fc — a k — 9 \(M)~g\(A k+1 ) r, _ i 9 o 

U k n j P m m 5^ *•*) 

J 2 ai 9 \{Ai) 

i =1 i =2 

Proof. For matrix P, its characteristic polynomial is p(t) = det (tld— P ), where Id is the unit matrix of 
order m . It is easy to obtain 

p (t) = t m - ( g\(A m ) - gx(A m+l ))t m - 1 - (g\(A 2 ) - gx(A 3 ))t - {gxiA^ - gx{A 2 )). 


m 

Since ^2{gx{Ai) — ^(Tj + i)) = g\(A\) = 1, t = 1 is a positive root of p(t). Note that 
i =1 


gcd {A: £ {1, 2 , • • • , m} : gx(Ai) - gx(A+i) > 0 } = 1 . 

According to Lemma 4.1, we can obtain t = 1 is the unique root of p(t), whose algebraic multiplicity and 
geometric multiplicity of 1 are both equal to 1 , and the modulus of every other root of q is strictly less 
than r. 

Let x be the right-hand eigenvector of matrix P with respect to eigenvalue 1, then Px = x. By using 
the elementary line transformation and the first elementary column transformation to matrix P, we can 
obtain 


Id- P 

1 -1 0 

0 1 -1 


0 

0 


0 

9x (A) - 9x (A) 


0 

9x A) - 9x(A 2 ) 


0 

9x{Aa) - gx(A 3 ) 


-1 

1 — {gx{Am+i) — 9x{A m )) 


1 

0 

0 •• 

• -i ■ 

0 

1 

0 •• 

• -i 

° : 

° : 

° : 

• -i 

i 

o 

0 

0 •• 

—i 

O 
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Hence, a basic systeme of solutions for homogeneous linear equation set (Id — P)x = [0,0, ••• ,0] T is 
determined. It follows that the right-hand eigenvalue of P with respect to 1 is x = [1,1, • • ■ , 1] T = e. 

Let y J be the left-hand eigenvector of matrix P with respect to eigenvalue 1, then y J P = y J . By using 
the elementary line transformation and the first elementary column transformation to matrix Id — P T , 
we can obtain 

1 0 0 ••• g\(A 2 ) - g\(Ai) 

0 l 0 ••• g\(A 3 ) — g\(A 2 ) 


Id-pi = 


0 0 0 ••• g\(A m ) g\(A m —\) 

0 0 0 ••• 1 - (g\(A m ) - g x (A m+1 )) 

1 0 0 ••• g\(A 2 ) - g x (A l ) 

o 1 0 ••• g\(A 3 ) - gx(Ai) 

0 0 0 ••• g\(A m ) - gx(Ai) 

0 0 0 ••• 0 

Thus, a basic system of solutions for homogeneous linear equation set (Id — P J )y = [0,0, •• • ,0] is 
determined as follows: 


[gx(Ai) -gx(A 2 ), g x (A ± ) - g x (A 3 ), ••• , g x (A 1 ) - g x (A m )} J , 

k 

It follows that the left-hand eigenvalue of P with respect to 1 is a J = [ai, a 2 , ■ ■ ■ , a m ], a*, = (gx(Ai) — 

i =1 

5A(7lj+i))i k = 1,2,3According to Lemma 4.2(1), we know that {P' 1 } converges to a nonzero 
matrix. Combing Lemma 4.2(2), we can get 

lim P n = = eb J . 

n-»oo a T e 

The proof is complete. □ 

Theorem 4.2. Let (xi,x 2 ,--- ,x m ) £ E m , (t\,t 2 ,--- , t rn ) £ R m , and gx be fuzzy measure satisfying 
5 - X rules. Let Ai = {U,ti+ 1 , • • • Am}, i = 1,2, ...,m, A m+1 = 0, X n = [x n ,x n+l , ■ ■ • ,z„ +m _i] T . For the 
matrix P satisfying the recurrence relation in Theorem 3.1 

v _ T) v _ p 2 v _ _ jyn—l y- 

A n — Jr A n _i — r' A n _2 — * * * — Jr Ai, 
if gcd {i £ {1, 2, • • • , m} : gx(Ai) — g\(Ai + \) > 0} = 1, then lim x n exists, and 

n—>oo 


lim x n 

n —>-oo 


m 

y hxi, 

i= 1 


where e = ^ e k = [1,1, ■ • • , 1] T € M mxl , e k is the ith standard unit column vector, 
1=1 

k 

a = [ai,a 2 , ■ • • ,a m ] T , b = [&i,6 2 , • • • ,b m } J , a k = )T)( gx(Ai) - gx(A i+ 1 )), 

i =1 

h, — aTe k — qk — 9\{M)-g\(A k+1 ) 7, _ i 9 o ™ 

u k — a j e — m — m 5 ^ — -*-5 ^5 •••? " L • 

]C <H mg\(Ai)~Y, 9\(Ai) 

i=1 i =2 

Proof. Since 

V _ JDV _ TD 2 y- _ _ jyn—l y- 

A n — -i A n _i — t' A n _2 — ‘ * * — Jr Ai, 

we have 

lim [x n , ^n+l5 * * * ? ^n+m—l]^ = lini P™ [%m ^n+ 1 7 * ?^n+m—l]^* 

n —>00 n —>00 

then, by Theorem 4.2, we can get 


lim [x n , , ^n+m—1 

n—>00 


T 


er T [x n ,x n+ i, 


, S'n+m—1 


T 
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i.e. lim x n is determined by the operation of the first row of lim P n 1 and X\ = [xi,X 2 , ■ 

n—>oo n—>oo 

follows that 

m 

T ^2 ^ i X f m 

_ a J x i = i ~ 

Inn x n = = —- = 2^ biXi■ 

i =1 


j Xm]T ■ It 


a J e 


The proof is complete. □ 

In moving weighted average, the weight of the information contained in the data is not the same, and 
is independent of each other, so to identify the data of each phase is not reasonable. And introducing 
the non-additive measure into the moving weighted average is of practical significance. 

Example 4.1. Given a closing stock prices system over 5 days. The closing prices of each day is 
denoted as x%, (xi, X 2 , ■ ■ ■ , x 5 ) £ E 5 , and every x* is a triangle fuzzy number, x* = (x* — < 5 ^ 1 , X*, x% + 5^ 2 ), 
i = 1,2,--- ,5. Suppose (t\,t 2 , • • • , £ 5 ) £ i? 5 , A: = {A • • • , £ 5 }, i = 1, 2 ,..., 5, A = 0. The value and 
the weight of each x t is shown in Table 1, i = 1, 2, • • • , 5, then we can get the closing stock price over 10 
days and some relevant results. 


Day 

Closing stock price 

g\ 

1 

(19,20,21) 

0.1 

2 

(21,22,23) 

0.2 

3 

(23,24,25) 

0.3 

4 

(24,25,26) 

0.15 

5 

(22,23,24) 

0.175 


Table 1: The closing stock prices over 5 days. 


5 

According to Remark 2.3 again, we know that n(i + A g\i ) 

i —1 


Then, by Remark 2.3, we have 

g\{M) = 1 , 5 a(A) = y {jjl 1 + a 5 a({A)] 


- 1 > = Oi 


„ i=2 


1 + A, hence we can gain A = 0.218. 


0a(A) = y jnt 1 + A 3a({®})] - 1 1 = 0.65, g\(A 4 ) = y jilt 1 + a 3a(M)] - ij = 0.33, 

5a(A) = 5a({®5}) = 0.175, 5a(A) = 0. 

By Definition 3.1, we have 


5 

xa = (^2({xi - Ai)(5a(A) - 5a(A+i)), 

1=1 

5 5 

^Xi(c/A(A) -3A(A+i)),X]( Xi + <M(sa(A) -5a(A+i))), 
2=1 2=1 

= (22.04,23.04,24.04). 


Similarly, we can also calculate x n ,n = 7,8,9,10, with respect to fuzzy measure g\ on A, shown in 
Table 2. And by Theorem 4.1 and Theorem 4.3, we have 


lim P n 

n —>00 


1 

0.12 + 0.35 + 0.67 + 0.825 + 1 


ea J 

a J e 


0.12 

0.35 

0.67 

0.825 

1 

0.12 

0.35 

0.67 

0.825 

1 

0.12 

0.35 

0.67 

0.825 

1 

0.12 

0.35 

0.67 

0.825 

1 

0.12 

0.35 

0.67 

0.825 

1 
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Day 

Closing stock price 

g\ 

1 

(19,20,21) 

0.1 

2 

(21,22,23) 

0.2 

3 

(23,24,25) 

0.3 

4 

(24,25,26) 

0.15 

5 

(22,23,24) 

0.175 

6 

(22.04,23.04,24.04) 


7 

(22.76,23.76,24.76) 


8 

(22.72,23,72,24.72) 


9 

(22.5,23.5,24.5) 


10 

(22.45,23.45,24.45) 



Table 2: 

The closing 

stock 

prices 

over 


' 0.04 

0.11 

0.23 

0.28 

0.34 


0.04 

0.11 

0.23 

0.28 

0.34 

= 

0.04 

0.11 

0.23 

0.28 

0.34 


0.04 

0.11 

0.23 

0.28 

0.34 


0.04 

0.11 

0.23 

0.28 

0.34 


,. - a T ^i 

iim x n = - 

n—»oo a T e 


1 

0.12 + 0.35 + 0.67 + 0.825 + 1 


(66.84,69.865,72.77) 


(22.54,23.56,24.54), 


5 

where e = E e k = [1,1, - - - , 1] T G R 5xl , e*, is the zth standard unit column vector, 
i =1 


2 3 

ai = g\(Ai) - g\{M) = o.i 2 , a 2 = J 2 (g\( A i) - g\{A+i)) = 0.35, a 3 = E(5a(a*) - g\( A i+i)) = 

i— 1 i= 1 

0.67, a 4 = E(< 7 a(A 8 ) - g x (A l+1 )) = 0.825, a 5 = E MA) - gx(A i+1 )) = 0.1. 

i =1 i=l 

Here when n is infinite, the forecasting value of x n will become a stable value (22.54,23.56,24.54) by 
the weighted moving averages for a series of fuzzy numbers based on non-additive measures with er — A 
rules. 


5. Conclusion 

In this paper, the moving average for a series of fuzzy numbers was proposed by means of non-additive 
measures with cr — A rules and fuzzy number. Meanwhile, the special case, i,e. the moving average for a 
series of triangular fuzzy numbers based on non-additive measures with a —A were also discussed. Further, 
the calculation of the weighted moving averages for fuzzy-number based on a non-additive measure with 
a — A rules was invested and some properties were discussed. Finally, an example was given to illustrate 
the practical importance of the main results. 
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A Periodic Observer 

LDP 


Based Stabilization Synthesis Approach for 
Systems based on iteration * 


Lingling Lv | Wei He f Zhe Zhang = Lei Zhang * Xianxing Liu 


Abstract 

The stabilization problem of state observer based for linear discrete-time periodic (LDP) system 
and its robust consideration are discussed in this paper. It is proved that the periodic controller and 
the full-dimensional periodic state observer can be designed separately. Based on the well-known CG- 
algorithm for matrix equation Ax = b as well as applying the lifting technique and algebraic operations, 
an iterative algorithm for both periodic observer gains and periodic state feedback gains can be generated 
simultaneously. By optimizing the free parameter matrix in the proposed algorithm, a robust stabilization 
algorithm based on periodic observer for LDP systems is presented. One numerical example is worked 
out to illustrate the effect of the proposed approaches. 

Keywords: Linear discrete-time periodic (LDP) systems; periodic state observers; stabilization; 
iterative method. 


1 Introduction 


The controller design requires us to master the state characteristics of the system. However, it is impractical 
to direct measure all state variables precisely in practical applications. So it requires us to make reliable 
estimates of the states that cannot be measured directly. The state observer is also called state reconstruction. 
The basic design idea is to design a state equivalent to the original system and use the designed state 
equivalent to the original state (see [l]-[2] and references therein). Especially, full-dimensional state observer 
in the construction idea is based on the original observed coefficient matrix in accordance with the same 
structure to establish a copy system. The difference between the observed system y and the copy system 
output y is taken as a fixed variable and fed back to the input of the integrator group in the copy system 
to form a closed-loop system (see [3]-[5] and references therein). The design of observer has always been a 
research hot topic in control theory and control engineering, one can see [6, 7, 8] and references therein for 
instance. 

Because of its extensive applications in cyclostationary process, multirate digital control, economics and 
management, biology, etc., and advantages of improving control performance by using periodic controllers, 
linear discrete periodic systems have been paid renewed attentions in the control theory community(see [9]- 
[11] and the references therein). The stabilization problem of dynamic systems has a fundamental importance 
in engineering, and hence it is among the most studied problems in modern control theory. Particularly, the 
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stabilization of periodic motions of dynamic systems has drawn much attention over the past years (see [12]- 
[16] and references therein). In [14], LMI based conditions for stabilization via static periodic state feedback 
as well as via static periodic output feedback are presented, and the problem of quadratic stabilization in the 
presence of either norm-bounded or polytopic parameter uncertainty is also treated. The output stabilization 
problem for discrete-time linear periodic systems is solved in [15], where both the state-feedback control law 
and the state-predictor are based on a suitable time-invariant state-sampled reformulation associated with a 
periodic system. In addition, utilizing parametric poles assignment algorithm and robust performance index, 
an algorithm of robust stabilization based on periodic observers is proposed in [16]. 

In this paper, the problem of stabilization of discrete-time periodic systems based on state observer is 
transformed into the solution of the corresponding matrix equations, and a neat iterative algorithm is given 
based on the well-known conjugate gradient algorithm. Initially, we consider the stabilization problem for 
linear discrete-lime periodic systems without disturbances and give the expected algorithm. On this basis, 
in case that uncertain disturbances exist in the system parameters, a robust control algorithm for purpose 
of stabilization is also derived. 

Notation 1 The superscripts ”T ” and ” — 1” stand for matrix transposition and matrix inverse, respectively; 
R" denotes the n-dimensional Euclidean space; i,j represents the integer set {i,i + 1,... ,j — 1, j}, tr(A) 
means the trace of matrix A. Norm ||Yl|| is a Frobenius norm of matrix A. A(A) means the eigenvalue set 
of matrix A and Ik a denotes the monodromy matrix At-iAt -2 ■ ■ ■ Aq with period T. 


2 Preliminaries 


Consider the completely observable and completely reachable LDP systems with the following state space 
representation 

%t+i = A t Xf + B t Ut 

Vt = C t x t 

where f G Z, the set of integers, x t € R”, u t G R r and y t € R m are respectively the state vector, the input 
vector and the output vector, A t , B t , Ct are matrices of compatible dimensions satisfying 


(1) 


At+T — A t , B t+ x — B t , C t +T — C t . 

In case that the state of system (1) can be measured, by periodic feedback control law 

Ut = —K t x t + v(t), Kt+T = d\ t , K t £ R' xrl 

where Vt is the reference input, we can obtain the following combined system with period T 

Xt +i = {At — B t K t )xt + B t vt 
y t = C t x t 


( 2 ) 


(3) 


When there exists some restrictions in practice, the state of system (1) can not be gotten by hardware, but 
the input u t and the output yt. can be measured. In this case, we need build another periodic system which 
can give an asymptotic estimation of system states. The system with the following form can be adopted: 

x t +i = A t x t + B t ut - L t {C t x - y t ) (4) 

where x G R" and L{t) G R nxm , t G Z are real matrices of period T. Obviously, equation 4 has the following 
equivalent presentation: 

xt+i — {At — L t Ct)xt + B t ut + L t yt. (5) 

Integrating (4) and (3) gives the following augmented system: 

A t _ B t K t 
L t Ct A t -B t Kt 


Xt +1 


. "D+ 1 




x t 


' B t ' 



+ 

. B t . 


v t 


y t = [ C t o 


x t 

X t 


(6) 


where A t = A t — L t C t . 

Then the problem of stabilization based on periodic observer for LDP system (1) can be represented as 
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Problem 1 Given a completely reachable and completely observable LDP system (1), find periodic matrix 
K(t) £ R rxn ,t £ 0,T — 1 and L(t) £ R nxrra ,£ £ 0,T- 1, such that the augmented system (6) is asymptoti¬ 
cally stable. 

When the system is disturbed by external environment, the closed loop system matrix will deviate from the 
nominal matrix A t , which can be generally expressed as 

At — B t K t A t + A at — ( B t + A bjt ) K t , t £ 0, T — 1, 

At + LfCt H > At + A a ,t + Lt (Ct. + A c ,t) ; t £ 0, T — 1, 

in which A at £ R nxn , A t, t £ R lixr , A c t £ W mxn ,t £ 0,T — 1 are random small perturbations. Thus, the 
problem of robust observer design for linear discrete-time periodic system (1) can be portrayed as 

Problem 2 Consider the completely observable and completely reachable linear discrete-time periodic system 
(1), seek the periodic matrix K(t ) £ R rx ™, t £ 0, T — 1 and L t £ R nxm , t £ 0, T — 1, such that the following 
conditions are met: 

1. The augmented system (6) is asymptotically stable; 

2. Eigenvalues of the augmented system (6) are as insensitive as possible to small perturbations on systems 
matrices. 


3 Main result 


The first thing to consider is the existence condition for a periodic state observer and a periodic state feedback 
controller. To do this, we would like to give the following theorem firstly. 

Theorem 1 For a given completely observable and completely reachable LDP system (1), the transfer func¬ 
tion of the closed-loop system (6) is equal to the transfer function of the closed-loop system (3). 

Proof. It is easy to calculate that the transfer function of the closed-loop system (3) is: 


G(s) = C t (sl -A t - BtKt)- 1 B t 


(7) 


Let 


It is easily computed that 


Pt = 


I 0 
I I 


P< 


-l 


I 0 
I I 


Noticing the coefficient matrices of system (6), we can obtain that 


Pt 

A-t 

_ B t K t 

P.-' = 

At + BtKt 

B t K t ' 


_ - L t C t 

At. + B t K t 

t 

0 

At 


' B t ' 


\ B t ] 

. B t . 


o 

_1 


Ct 0 ]P~ 1 = [Ct 0 . 


Obviously, system (6) is algebra equivalent to the following system: 


A t + B t K t BtK t 
U 0 A t 



(8) 


3 
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' si-At- B t K t B t M t 

-1 

' (si - A t - BJu)- 1 * 

0 si-A t 


0 (si-At)- 1 


' si -A t - B t K t 

B t Kt 

-1 

' B t ' 

0 

SI-A t 


0 


Since the systems which are algebra equivalent to each other have the same transfer function, we only need 
to prove that the transfer function of system (8) is as shown in (7). By noticing 

(9) 

KJ — J-L t j J 

the transfer function corresponding to (8) can be calculated as 

G(s) = [C t 0 

= C t (sl - A t - BtKtY'Bt 

which is exactly equal to the transfer function of system (6). Thus the proof is accomplished. ■ 

According to theorem 1, the introduction of periodic state observer has no influence on the desired poles of 
the closed-loop systems via periodic state feedback. Similarly, the introduction of periodic state feedback 
has no influence on the designed poles of observer. In this point, the LDP systems keep pace with the linear 
time invariant systems. Therefore, for the stabilization problem of LDP systems based on periodic observer, 
the periodic state feedback controller and periodic observer can be designed separately. In the following, 
poles assignment techniques are adopt to realize the desired purpose. 

Let Ti and T 2 be the predetermined set of poles of the close-loop system (3) and (5) respectively, which 


are both symmetric with respect to the real axis. Let Ffi. Ff £ 


be the T-periodic matrix satisfying 


A(\I/ f k) = Pi and A(*3 / f l) = T 2 , respectively. Clearly, to make system (3) and (5) possess the pole set Ti 
and r 2 if and only if there exists a T-periodic invertible matrix Xj and Yj such that 

l (A, - BjKj)Xj = -if. 


X il iv 


and 


Yf&Al -CW)Yi = -Ff. 


( 10 ) 

( 11 ) 


where if = — if . if = —if, j £ 0,T — 1. Obviously, equations (10) and (11) can be rewritten as the 
following periodic Sylvester matrices: 


and 


- BjKjXj = -Xj.i/f. 


A J Y i-Cj LjY j = -Y j+1 F^ 


( 12 ) 

(13) 


Next, an iterative algorithm of stabilization problem based on periodic observer via periodic state feedback 
is presented firstly, and its correctness will be strictly verified in the subsequence. 


Algorithm 1 (Periodic CG-based Algorithm of problem 1) 


1. Let if £ M rlxra ,F J L £ R nxn ,j £ 0,T—1 be a real periodic matrix, which satisfies A(\H f k) = Ti 
and A(tk F K) f) A(^/ J 4 j ) = 0; A(*3 / f l) = T 2 and A(\I/ f l) f) A(’3 / j4 t) = 0. Further, let Gj = KjXj £ 
R rxn ,Dj = LjYj £ R mxn are real parametric matrix such that periodic matrix pair (Fj^,Gj) and 
(F^Dj) is completely observable. 

2. Set tolerance e; Choose arbitrary initial periodic matrix Aj(0) £ R" xn ,Y ? (0) £ R” xn , j £ 0,T— 1; 
Calculated as follows: 

QA 0) = BjGj - AjXji 0) - X j+1 (0 )Tf, 

WA 0) = CjDj - AjYj (0) - Y j+1 (0)Ff-, 

RAO) = AjQA 0) + Q J -i(0)(Tf_ 1 ) T ; 

NA 0) = AjWA 0) + W J -_i(0)(Fjl 1 ) T ; 

PA 0) = -RAO); 

RAO ) = -RAO); 

t := 0. 


4 
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3. I/E J=o ll-ftj'WII — £ an d EE 1 ||JV,-(*)II < £ > stop; else, go to next step. 
4- While Y^j=o ll-Rj'WII > £ and EiAo ll-EWII — £ > calculate 


a AO 


Pj{t) 

Xj(t + 1) 
Yj{t+ 1) 
Qj(t + 1) 
Wj(t + 1) 
Rjit +1) 
Nj(t + 1) 

Pj(t+ 1) 

Hj(t+ 1) 

t 


EUUr[P?(t)RAt)] 

Ejr^tr [Hj{t)NAt)\ 


y T -l II 

^j =0 II 
Xj{t) + 

Yjit) 
b 3 g 3 - 

cj Dj - Aj Yj(t + 1) — Y j+1 (t + 1 )Ff 


AjHAt) + H j+ 1 (t)C'. 
a j(t)Pj(t)', 


A 3 X 3 (t + l)~X 3+1 (t + l)F^ 


+ 1 ) + Q 3 -i(t + lX-P/ii)' 1 


A]Q 3 (t 

AjWAt + v + Wj-At + iHF?) 


L\T. 


= -BAt + 1 ) + p M 

Ej=o 


R 3 ( 


-Nj(t- 
t + 1: 


1) 


EjJoll NAt- 


i)ir 


EE 1 \\W )\\ 2 


HAt ); 


5. Let Xj = X 3 (t),Y 3 = Y 3 (t). The real periodic matrix Kj and Lj can be obtained as 

Kj = G-jXj 1 ,j e 0,7'- 1, 

Lj = {DjYf r ) T ,j e 0,T- 1. 


Remark 1 T/ie mam part of the algorithm does not contain nested loops, so the computational complexity 
of the algorithm is 0(n). 


Next, the convergence and correctness of the algorithm are proved. 


Lemma 1 For sequences {R 3 (k)}, {Pj}(k) ,{N 3 (k)}, {Hj(k)}, j € 0,T 
k >0: 


1, the following relations hold for 


T-1 T-l 

E tr [Rj (k + 1 )P 3 (k)] =0, ]T tr [Nj (, k + 1 )H 3 (k)\ = 0, 

3=0 j= 0 

T-l T-l T-l T-l 

E tr [Rj(k)PAk)} + E = 0. E tr [Nj(k)H 3 (k)] + E \\Nj(k )\\ 2 = 0 

3=0 3=0 j= 0 j=0 

(eJE \\RAm 2 ) 2 ^ ^ (eJE n^(fc)ii 2 ) 2 
h Ej=“ 0 l iip,(fc)n 2 <00 ’ E^WHAm 2 

Proof. By the expression of Rj{k + 1) in Algorithm 1, the following deduction is established. 


(14) 

(15) 


(16) 
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Rj(k + 1) — AjQj {k + 1) + Qj—i(k + l)(PjE) T 

= A] (CjGj - AjXj(k + 1) - X j+1 (k + l)Ff) 

+ (Cj^Gj , - - Xj(k)F^_ 1 ) (F^f 

= A J {GjGj - AjXj(k) A,/?) 

+ (Cj-iGj-! - Aj^Xj^ - XjWFjiJ (F?Xf 
-a(k)Aj (A^k) + P j+1 {k)Ff) 

- a(k ) {Aj^Pj^ik) + Pj{k)Ff_ i) (if_!) T 
= ^(fc) - a(fc) [Aj (A,-P,- + P j+1 {k)Ff ) + (A^P^Ofc) + Pj^Ff^) ( Ff_ i 1 ) T ] 

Noticing the formula of a{k) in step 3 of Algorithm 1, we can obtain that 


T -1 


^tr[Pj(fc + l)P,(fc)] 

3 =0 


T—1 T - 1 

E tr ( fc )^(fc)] - «(fc) E [(4^(*) + ^+i (k)F?) T AjPjik) 

3=0 j =0 

T -1 

+a(fc) E [K--iPi-i(fc) + ^(fc)Pf-i) T 

3=0 

T—l 

Etx[pj(fc)p,(fc)] 

i=o 

T—1 

-a(fc) E [(^^(fc) + P i+ i(k)F?) T (AjPj(k) + P j+ i{k)Ff) 

3=0 

T—l T—l 

E tr [Rj(k)Pj(k)] - a(k) E || AjPjik) + P j+ i(k)Ff\\ 

3=0 3=0 

0 


The second equation in (14) can be verified by similar deduction. 

It is easily to check that equation (15) holds for k = 0. Then, according to the expression of Pj ( k + 1) and 
Equation (14), the following deduction holds. 


T—l 


Etr[Pj(fc + l)P,(fc + l)] 

3=0 


T—l 

= - E tr + 1 )Rj(k + 1)] 

3=0 

T—l 

= -En^( fc + 1 )ii 2 

3=0 


EjJoP^fc + i)!! 2 
Ej=0 \\Rj (k) II 2 


T—l 


Etr[Pj(fc + l)P,(fc)] 

3=0 


That’s to say Equation (15) holds. Applying Kronecker product, we get 
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T—1 

£ 

3=0 


T -1 
II 2 

3 II / y 

3=0 


AjPjik) + P j+1 {k)F?\\ = V || (P <g» Aj)vec(Pj(k)) + ((-P, K ) T 0 P) vec(Pj + i(k)) 


(P ® A 0 ) vec (P 0 (k)) + ((P 0 A ) T ® E ) vec (-Pi (&)) 

(P ® Ai) vec (Pi (fc)) + ((P A ) T 0 P) vec (P 2 (fe)) 

(P ® A t _i) vec (P T -i (/c)) + ((P A _ 1 ) T 0 P) vec (P 0 (k)) 


P 0 A 0 (Pq^") t ® P 


vec (P 0 (fc)) 


P 0 Ai (Pf ) T 0 P 


vec (Pi (fc)) 


P® a 2 


vec (P 2 (fc)) 


(p#: 2 ) t ®p 




.(p#Li) t ®p p®a t _ i 


_ vec (Pr-i (fc)) _ 



T—l 

< n £ ||Pj(fc)|| 2 , 

3=0 


where, 


n = 


P 0 A 0 (P,f) T ®P 

P ® A! (Pf) T ® P 
P® A 2 


L(pT_!) t ®p 

Define the following function: 

t- 1 


(P a _ 2 ) t ® p 

E A.t—1 


Ji{k) — - Y, ||BjGj - AjXj(t + 1) - Xj + i(t + 1)P A || , 


3=0 
T -1 


MV = 9 E ll C 7 D i - A J Y M + !) - T+iP + 1)£||-> 


i=o 

By using the expression of a(k), (3(k), the following relations hold for k > 0: 

T -1 T-l 

2: -v.) £ tr [P?(k)Rj{k)] J 2 (fc + 1) = J 2 (k) - - 


3=0 


Ji {k + 1) = Ji(fc) - \a{k) Y ^ [Pj{k)Rj{k)\ J 2 (, k + 1) = J 2 (fc) - \a{k) Y tr [Hj{k)Nj{k)] 
Then, one has 

Ji(k + 1) — J (k) 

1 (Ej£tr [P?(k)R,(k)]f 


2 EU\\ A JP3(k) + P j+ i(k)Fn 


< 0, 

which means that { J(k)} is a descent sequence, so that 

J\{k + 1) < J(0) 

holds for all k > 0. Then 


Y [Ji{k) - Jx(k + 1)] = Ji(0) - lim J(jfc) 


< 00 . 


(17) 


(18) 


(19) 


( 20 ) 


( 21 ) 
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In view of Equation (15), (17) and (21), the following deduction holds: 


E 

k> 0 

< 7T^ 


(£jr 0 1 ||i?#)|| 2 ) 2 (EEotrfiijm 


£j=o \\Pj(m 


= E 

k ; 

(£[=otr [Rj(k)P, 


k> 0 Z_-/j'=0 

2 

(U\ 1 ^ 

J 


£E 1 II^)II 2 


^T-l 
k >0 Z^j—0 

< oo. 


... , —, = 27 r(J( 0 ) — lim J(fc)) 

£ =o + 


Similar argument on J 2 (A;) gives the conclusion 


(eEoIIEWII 2 ) 2 _ 
h Ej=oii^(fc)ii 2 

To summarize, the Lemma 1 has been proved. ■ 

Based on the above lemma, the following conclusion could be drawn as: 


Theorem 2 Consider the completely observable and completely reachable periodic discrete-time linear sys¬ 
tem (1), the T-periodic matrix Lj,j € 0,T— 1, Kj,j € 0,T — 1, derived from Algorithm 1 is a solution of 
Problem 1. 


Proof. Let us first prove the convergence of matrix sequence {Rj(k)}, j € 0, T — 1 generated from Algorithm 

1. 


By Lemma 1 and the expressions of Pj(k + 1) in Algorithm 1, we have 


r-r 

En^( fc+ 1 )ii 2 


j =0 


E 


3= 0 


— Rj(k + 1) + 


EEoll^(fc + i)ll 2 
Ej=oPi(*OII 2 


Pj{k) 


2 


/ EjEo 1 ||^-(A: + 1)1I 2 
V EjJoPiWII 2 


En p i( fc )ii 2 + Eii^( fc + 1 )ii 2 - 


3=0 


3=0 


( 22 ) 


Equation (22) can be written as 


equivalently, where 


Assume that 


t(k + 1) = t(k) 


£Eoll p # + i)ll 2 


t(k) = 


eJEii^-^ii 2 

(EEo 1 ||i? j (fc)|| 2 )' 


T—1 


Ee E n p j( fc )ii 2 ^ °’ 


3=0 

which implies that there exists a constant 6 > 0 such that 


(23) 


(24) 


T—1 

E ii^-wii 2 > 

3=0 

for all k > 0. It follows from (23) and (24) that 

I k A -1 

t(k + 1 ) < t(k) +<■< m + -P-, 

0 0 
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which means 


So we have 


> 


t(k + 1) <5i(0) + k + 1 


1 


E^E 


t( k ) St (°) + k + i 

However, according to Equation (16) that 

1 


= oo. 


< °°- 


This gives a contradiction. Thus, there holds 


T—1 


lim E ||i?j(fc)|| 2 = 0, 


k—> oo 


3=0 


Similarity, we have 


T—1 


e n i? j( fc )ii 2 =°> 


J=0 


which indicates that the matrix sequence {Xj(k)}, {Yj(k)}, j £ 0, T—1, generated by Algorithm 1 are 
convergent to matrices {Xj}, {Yj}, j £ 0,T — 1, which are respectively the solutions to the two periodic 
Sylvester equations (12) and (13). According to the poles assignment theory as previously mentioned, matrix 
Lj, Kj derived from Algorithm 1 are solutions to Problem 1. ■ 


3.1 Minimum norm and robust consideration 

In this section, we will consider robust poles assignment problem raised in problem 2. In previous work, we 
have discussed the sensitivity of the closed-loop LDP systems with respect to parameter uncertainties. Here, 
we revisit it in the following lemma. 

Lemma 2 [17] Let H = A(T— 1)A(T— 2) • • • A(0) £ R" XT! be diagonalizable and Q £ C nxn be a nonsingular 
matrix such that 'L = Q~ l AQ £ R" xra , where A = diag{Ai, A 2 , • • • , A„} is the Jordan canonical form of 
matrix 'L. For a real scalar e > 0, Aj(e) £ R" xn , i £ 0, T — 1, are matrix functions of £ satisfying 


e->0+ £ 

where A* £ ]R" xn , * £ 0, T — 1 are constant matrices. Then for any eigenvalue A of matrix 
^/(e) = (A(T — 1) + Aj’_ 1 (e)) (A(T — 2) + A T _ 2 (e)) • • • (A(0) + Ap(e)), 
the following relation holds: 


min{ | A,; 

i 


Aj} < £UKf(Q) 


(T -1 


EP( f 


E=0 



max{|| Aj|| F } + 0(e 2 ). 

I 


(25) 


According to Lemma 2, combining the Algorithm 1, one could take the robust performance index of problem 
2 as 

T-l T-l 

J(G J ,D J ) = Kf (A 0 ) E Pi + BjKj ||E + k f (Y 0 ) E HE + EEllT 1 ( 26 ) 

3=0 j =0 

Based on the above discussion, the algorithm for robust stabilization based on observer design for LDP 
systems can be presented as follows. 
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Algorithm 2 (Robust stabilization based on periodic observer) 

1. Perform the operations of step 1-4 of Algorithm 1. 

2. Based on gradient-based search methods and the index (26), solve the optimization problem 

Minimize J{Gj , Dj ), 

and denote the optimal decision matrix by G° pt ,D° pt ,j £ 0,T — 1. 

3. Substituting G ° pt , D° pt into steps 2-4 of algorithm 1 gives optimization matrices X ° pt , Y° pt . 
4 • The robust controller and observer gains can be obtained as 

K opt = G opt (x opt)-l t L opt = ^opt^opt) —1)T ^ € 0}T _ L 


4 A Numerical Example 


Consider LDP system (1) with parameters as follows: 


A(0) = 


1 2 
-2 3 


, A(l) = 


-1 

3 


2 

-1 


A( 2) 


B( 0) = 

' -1 ' 
1 

, B( 1 ) = 

' -1 ' 
1 

, B( 2 ) = 

' -1 
1 

C { 0) = 

2 

-1 

, C ( 1 ) = 

' -1 ' 
-1 

, C( 2 ) = 

' 1 ' 
2 


-2 1 
1 3 


This is a diverging system and it is easy to prove that the system is completely reachable and completely 
observable. Hence, we can claim that it can be stabilized by a periodic state feedback law based on a 
full-dimensional state observer. Without loss of generality, let the pole set the system (3) and (5) be 
Pi = {—0.3,0.3} and r 2 = {—0.4, 0.4}, respectively. 


According to algorithm 1, by choosing parameter matrices G and D randomly, we obtain a group of solutions 
as follows: 


r K' 0 and = 

1.7699 -1.8268 ] 1 

1 7>^rand _ 

/A 1 — 

' -1.9615 -2.3782 

, 

[ Af nd = 

' -1.1669 -0.8084 ' 

1 


T rand 
L 0 
rand 


U( 


t rand 
L 2 


[ -2.5762 -1.4737 ] T 
[ 0.1217 2.0509 ] T 
[ -1.1765 -1.6305 ] T 


Furthermore, employing the robust stabilization algorithm 2, we obtain a group of solution as follows: 


y^robu _ 

— 

' 1.8432 

-3.5251 ' 

I 

f r robu 

robu _ 

' -3.1085 

1.4631 ' 


r robu 

A -r° bu = 

' -1.1128 

-2.4826 ] 

I 

[ L™ bu 


[ -0.6456 0.9869 ] T 
[ 0.3933 1.3929 ] T 
[ -1.0894 -1.7176 ] T 


Let discrete reference input v(t) = 0.1sin(| + t) and the initial values of state and the observer state be 

xo = [ — 1 1 ] T , xo = [ 0 0 ] T . We depict the trajectory of state variable x for the original system (1), 

state variable x and its estimated state of system (6) under (A' ran( j, L r and) ; state variable x and its estimated 
state of system (6) under {K ro t, u , Lrobu) in Fig-1 respectively, where the red line denote the histories of xL 
and the green line denote the histories the observed state x. From the simulation results, we can see the 
good performance of the controller and observer generated by the proposed algorithm. 


5 Conclusion 

A stabilizing controller design method for LDP systems based on periodic full-dimensional state observer is 
introduced in this paper. As similar with linear time variant systems, the periodic state feedback controller 
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Figure 1: Comparison of state and the observed state under different cases 


and periodic observer are designed separately, based on the periodic poles assignment technique. An iterative 
algorithm is presented to generate periodic observer gains and periodic controller gains simultaneously. In 
addition, robust stabilization problem is also discussed in this paper, and the corresponding algorithm is 
derived. The effectiveness of the proposed algorithms are shown by simulation results on an illustrate 
example. 
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SUBORDINATION AND SUPERORDINATION PROPERTIES FOR 
CERTAIN FAMILY OF INTEGRAL OPERATORS ASSOCIATED WITH 

MULTIVALENT FUNCTIONS 

M. K. AOUF, H. M. ZAYED, AND N. E. CHO 


Abstract. The object of the present paper is to obtain subordination, superordination 
and sandwich-type results related to a certain family of integral operators defined on 
the space of multivalent functions in the open unit disk. Also we point out relevant 
connections of the results presented here with those obtained in earlier. 

Keywords and phrases: p —valent function, differential subordination, superordina¬ 
tion, subordination chain, integral operator. 

2010 Mathematics Subject Classification: 30C45, 30C50. 

1. Introduction 

Let H = "H(U) be the class of functions analytic in U = {z G C : \z\ < 1} and H[a, n\ be 
the subclass of H(V) consisting of functions of the form f(z ) = a + a n z n + a n+ \z n+1 + ... 
and denote Ho := H[ 0,1] and H := H[ 1,1]. 

Let V denote the class of functions 

V={he H[ 0,1] : h{z)h'{z) ^0,t6U*:=U\{0}} , (1) 

and A{p) be the class of all functions of the form 

OO 

!(z) = z” + Y, a t+r z k+r (p 6 N = {1,2,...}), (2) 

fc=l 

which are analytic in U. We note that A(l) = A. 

For /, g e H(U), the function f(z) is said to be subordinate to g(z) or g(z) is su¬ 
perordinate to f(z), if there exists a function uj(z) analytic in U with cu(0) = 0 and 
\oj{z)\ < 1 (z G U), such that f(z) = g(co(z)). In such a case we write f(z) -< g(z). If g 
is univalent, then f(z) -< g(z) if and only if /(0) = g(0) and /(U) C p(U) (see [T4?,[l5]). 

Let 0 : C 2 x U —> C and h (z) be univalent in U. If p (z) is analytic in U and satisfies 
the first order differential subordination: 

0 (p (z) , zp' (z) ;z) -< h(z), (3) 

then p (z) is a solution of the differential subordination (|3]). The univalent function q (z) 
is called a dominant of the solutions of the differential subordination (@) if P (*) -< q (-) 
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2 M. K. AOUF, H. M. ZAYED, AND N. E. CHO 

for all p (z) satisfying (J3]). A univalent dominant q that satisfies q -< q for all dominants 
of (|3]) is called the best dominant. If p (z) and f (p ( 2 ), zp' {z) ; z) are univalent in U and 
if p(z) satisfies the first order differential superordination: 

h(z) ~< (j) (p (, z) , zp' (z) ; z) , (4) 

then p (z) is a solution of the differential superordination Q. An analytic function q ( 2 ) 
is called a subordinant of the solutions of the differential superordination Q if q 0 ) -< 
p (z) for all p (z) satisfying Q. A univalent subordinant q that satisfies q -< q for all 
subordinants of Q is called the best subordinant (see [I4| , [l5] ). 

For the functions fi(z) G Afp) {p E N, i — 2,3, h(z ) G V and the parameters 

/3, «i, ot 2 ,...,ot m £ C with /3 7 ^ 0, we introduce the integral operator I^ iai a : A(p) 
A(p) as follows: 


i p kZ, a jmz) = 


ai+J»E a i ) 

_ i =2 / 

m J 

ai-p/3+p J2 on J 
Z i=2 0 


n fm) h n ~\t)h\t)dt 


A=2 


(All powers are principal ones). 

We note the next special cases of the above defined integral operator: 
(i) For p — 1, m = 2, a± — j, 0*2 = (3 and f 2 {t) = fit), we obtain 


( 5 ) 


4 AiU)i z ) - 


fi + 7 
z^ 


f^i^h 1 l {t)h'{t)dt 


where the operator 4 ; / 3,7 was introduced and studied by Clio and Bulboaca | 6 |. 
(ii) For p — 1, m = 2, a\ = 7 , «2 = (3, 4(t) = f(t) and h(t) = t, we obtain 


T pM)( z ) = I / fi^ 1 1 ( t ) dt 


z'f 


where the operator Ip a was introduced by Miller et al. 16 and studied by Bulboaca 


To prove our results, we need the following definitions and lemmas. 


Definition 1. [If] Denote by Q the set of all functions q{z) that are analytic and injective 


on U \E{q) where 


E(q) = < C G <9U : lim q[z) = 00 
z-y( 


and are such that q'(() 4 0 f or C £ d\J\E(q). Further, denote by Q(a ) the subclass of 
Q for which q(0) = a. 
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SUBORDINATION AND SUPERORDINATION PROPERTIES 3 


Definition 2. (If] A function L (z, t ) (z G U, t > 0) is said to be a subordination chain 
(or Lowner chain) if L(.,t ) is analytic and univalent in U for all t > 0, L(z,.) is 
continuously differentiable on [0, oo) for all z Eli and L (z, s) -< L (z, t ) for all 0 < s < t. 


Lemma 1. 171 The function L(z,t) : Ux [0, oo) —* C of the form 
L (z, t ) = cii (t) z + a 2 (t) z 2 + ... (ai (t) 7 ^ 0; t > 0) 
and lim |ai (t)\ = oo is a subordination chain if and only if 

£—>■00 


Re 


dL (z, t ) 
dz 

dL (z, t ) 
dt 


>0 (z 6 U; t > 0 ) , 


and 


I L (z,t )| < K 0 |ai (t )| {\z\ <r 0 < 1; t > 0), 


for some positive constants K 0 and r 0 . 


Lemma 2. 10 / Suppose that the function TL : C 2 -A C satisfies the condition 

Re {H (is; t)} < 0 

for all real s and for all t < —n (1 + s 2 ) /2, n G N. If the function p(z) = 1 + + 

p n+ iz n+1 + ... zs analytic in U and 

Re {H (p(z); zp'(z))} >0 (z 6 U) , 

t/zen Re (p(^)} > 0 for z e U. 


Lemma 3. (11] Let n, 7 e C with and let h G 'H(U) with h{ 0) = c. //Re + 7 } > 

0 (zEll), f/zen f/ze solution of the following differential equation: 

q (z) + , q = h (z) (z G U; q(0) = c) 
ztq(^) + 7 

zs analytic in U and satisfies Re (ztq(zz) + 7 } > 0 for zGlI, 

Lemma 4. (If |/ Let p G Q(a) and let q(z) = a + a n z n + a n+ iz n+l + ... be analytic in 
U with q(z) 7 -a and n > 1. If q is not subordinate to p, then there exists two points 
£0 = r 0 e ie G U and Co G dU\E(q) such that 

g(U ro ) C p(U), q(z 0 ) = p (Co) and ^op^-o) = "zCog(Co) (m > n). 

Lemma 5. (15] Let q G TL[a; 1] and ip : C 2 —* C. Also set <p (q (. z ), zq' (z)) = h (. z ). If 
L (z, t) — <p(q (z ), tzq' (z)) is a subordination chain and q G H[a, 1] fl Q(a), then 

h (z) ^<p(q ( z),zq' (z)) , 


implies that q(z) -< p (z). Furthermore, if ip (q (z ), zq' (z)) — h (z) has a univalent solution 
q G Q(a), then q is the best subordinant. 
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Let c G C with Re (c) > 0 and 


N = N(c ) 


c| \J 1 + 2Re (c) + Im (c) 
Re (c) 


If R = R(z) = is a univalent function and b = R 1 (c), then the open door function 
R c (z) is defined by 



The function R c is univalent in HJ, R c (0) = c and R C (U) = R (U) is the complex plane slit 
along the half lines Re (w) = 0, Im (w) > N and Re ( w ) = 0, Im (w) < —N. 


Lemma 6. (Integral Existence Theorem Jlfi-Tf]) Let (j>, $ G H with <f(z) 7 ^ Q, <1>(T) ^ 


0 for z G U. Let a, (3,^,5 G C with (3 ^ 0, a + 5 = (3 + 7 and Re (a + h) > 0. If the 
function g(z) G A and 


zg'(z) , z<fif(z) 

Ot —7—7— ~r —77—7— 


+ 5 -< R a+ s(z), 


9{z) </>{z) 


then 




P + l 

z^^(z) 


^ ^ 0 (z G HJ) and 



(All powers are principal ones). 

Indeed, Lemma 6 is extended for p-valent functions as follows: 

Lemma 7. (see also (1^) Let pGh, 0 , <f> G H with (f(z) 7^ 0, $(;?) 7^ 0 for z G U. 
Let a, (3, 7 , 5 G C with (3 7 ^ 0, pa + 5 = p/3 + 7 and Re (pa + 5) >0. If the function 
f(z) G A(p) and 



z f'( z ) + z<//(z) 


/(-) </>(-) 


T 5 -*i R pa+ s(z) /, 


then 
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SUBORDINATION AND SUPERORDINATION PROPERTIES 


Re[/US# + ^+7)>0 (,60). 


7^ 0 (z £ U) and 

Rp (r: 

F(z ) $(2) 

(All powers are principal ones). 

2. Main results 

Unless otherwise mentioned, we assume throughout this paper that h £?, (3, ai, a 2 > ■■■,a r 


C with (5 7^ 0 such that Re ( a.\ + p Yf a i) > 0 and all powers are principal ones. 

Using similar arguments to Lemma [7J we obtain the following lemma. 

Lemma 8. If f t € A Pih;auai (i = 2, 3, • • • ,m), where 


Ari.h: 


■p,h\ai,ai 


/ iW 6A(p):£UfM + i + ^"W 


i=2 


fi(z) 


h'(z) 


, zh'(z) „ , . 

+ («i - 1) ., s —< R ( 2 ) 

Alfzj ai+p E “i 


^;’ai,«,,/?[/*](-) G ^ 0 and 


Re 


P T P.m - rxT/.A +ai+p2_^ai-p(3 


~ *[/<](*) 


i=2 


where Iff)) a . p is the integral operator defined by 0j. 

Theorem 1. Let fi,gi £ A p ,h-, ai , ai (i — 2, 3, • • • , m) and 

z(f>" (2) 


>0 (z £ U), 


Re < 1 + 


o{z) - c J f 


i=2 


9i\ z ) 

ZP 


<P(z) 


h(z) 


> -5 


Oil — 1 


h\z)- z £ U , 


where 5 is given by 


5 = - ,L J , —— ( a = ai + p cr — 1, Re{a} > 0 

i =2 


4Re{a} 

Then the subordination condition: 

'M z 


n 

i =2 


ZP 


h(z) 


ol \ — 1 


h\z) -< 0 (2) 


( 6 ) 


( 7 ) 


( 8 ) 


( 9 ) 
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implies that 


and the function z 




& 


zP 


-< Z 


jP,m r„ ir-w P 


L h;ai,ai,P 


[di] ( z ) 


ZP 


( 10 ) 


is the best dominant. 


Proof. Define the functions 'I'( 2 ) and <F(z) in U by 


T(z) = 0 


zP 


and <F(z) = z 


II 


,m 


h-,a lt a u p[9i\{ z ) 

ZP 


P 


(z e U). ( 11 ) 


From Lemma [8j it follows that these two functions are well defined. We first show that, if 

z<$>" (z) 

q{z) = 1 + ~&W (*eu)> ( 12 ) 

then 

Re {q (z)} >0 (z G U). 

From ([5]) and the definitions of the functions 0(z) and 4>(z), we obtain 




+ p ^2 ai 1 0 i z ) — z & ( z ) +1 «i +p ^2 -1 ) ® 


4=2 


i =2 


ffence, it follows that 

Z(f" (z) 


1 + 


(j)' (z) 


= g(z) + 


zg' (z) 


q (z) + + p Oii - 1 

4=2 


= h(z) (zgU) 


(13) 


(14) 


It follows from Q and (14) that 

( m 

Re < h (z) + cki + p ^ 2 a i ~~ 1 [ > 0 (z € U). 


(15) 


4=2 


Moreover, by using Lemma[3j we conclude that the differential equation (14) has a solution 
q(z) G H (U) with h (0) = q (0) = 1. Let 


H (u, v) = u + 


+ &■> 


u + ai+pJ2 a i~l 

4=2 


where 6 is given by (J8J). From (14) and (15), we obtain Re {H (q(z); zq'(z))} >0 (z G U). To 
verify the condition 

( l + s 2 \ 

Re {H (is; t)} < 0 s 6 1; 1 <--— ) , (16) 
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we proceed as follows: 


Re {H (is; t)} = Re is + -—7 -b 5 = 5 4 —< 


t 


is + a 


E s (s ) 


ps + a 


2 — 


2 la + is 


2 > 


where 


E$ (s) = (Re{a} — 25) s 2 — 45 (Ima) s + (Re{a} — 25 |a| 2 ) . 


(17) 

For 5 given by ([ 8 ]), the coefficient of s 2 in the quadratic expression E$ (s) given by (17) 
is positive or equal to zero and E§ (s) > 0. Thus, we see that Re{H(is;f)} < 0 for all 
s G M and t < — Thus, by using Lemma [2J we conclude that 

Re {q (;?)}> 0 (2 G U) , 

that is, that $(^) defined by 0 is convex (univalent) in U. Next, we prove that the 
subordination condition (|9]) implies that 

T (z) -< <f> (z), 

for T(^) and <h(z) dehned by ( |ITj ). Without loss of generality, we assume that <h(^) is 
analytic, univalent on U and 

$'(0 + 0 (| C | = 1 ). 

If not, then we replace T(^) and <L(z) by T( pz ) and &(pz), respectively, with 0 < p < 1. 
These new functions have the desired properties on U, so we can use them in the proof 
of our result and the result would follow by letting p —> 1. Consider the function L ( z,t ) 
given by 

/ \ 

1 


L(z,t) = 


1 - 


V 


“i+pE®! 

i =2 / 


(z) 4- - 2 — z& (z) (0 < t < 00 ; zGU). (18) 

a l + P EE a i 

i =2 


We note that 

dL (z, t) 


dz 


2=0 




1 + 


V 

This show that the function 


a i E pY 2 a i 

*=2 


d*' (0) 7 ^ 0 (0 < t < 00 ; zGU), 


L (z, t) = a± ( t ) 2 + a 2 (t)z 2 + ..., 

satisfy the conditions lim |ai (t)\ =00 and Gp (t) ^ 0 (0 < t < 00 ). Further, we have 

£—>■00 


Re 


dL (z, t ) 
dz 

dL ( z,t ) 
dt 


{ m ( z$>" (z) 

ai + p'^ai — 1 + (1 + t) yL + — 

(0 < t < 00 ; zGU), 


> 0 
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since $ (z) is convex and Re < aq + p ^2 cii — 1 > > 0, by using the well-known growth 


»=2 


and distortion sharp inequalities for convex functions (see 1 ). the second inequality of 
Lemma [I] is satisfied and so L (z, t ) is a subordination chain. It follows from the definition 
of subordination chain that 


/ 


0 (-) = 

and 

which implies that 


\ 


oil + p yc Qij 
»= 2 


$(z) + 


/ 


a i+pE a « 

i =2 


-Z& (z) = L (z, 0) 


L ( 2 , 0 ) -< L (z, t ) (0 < t < 00 ), 


l (c, t)$L (u, 0 ) = 0 (u) (0 < t < 00 ; c e au). 


(19) 

If 'h(^) is not subordinate to $( 2 :), by using Lemma[4j we know that there exist two points 
zq G U and Co G <9U such that 


'L (z 0 ) = $ (Co) and z 0 ^' {z 0 ) = (1 + t) Co$' (Co) (0 < t < 00 ) 

1 

\ 

1 -V- 

rvi 4- n V' rv.- 


( 20 ) 


Hence, by using (J10J), (|18j), (J20J) and (| 8 j), we have 

( 


L(( 0 ,t) — 


«i+pE a i 
»=2 / 


« (Co) + (1+ !, ) Co<t' (Co) 


oil + p yc 


i =2 


/ 




1 - 


V 

m 

= 0 n 

i=2 


a i+f ) E Q! > 

j=2 / 

fi(z o) V* fMfo) 

2)0 


(20) + 


-20^' (^o) 


i=2 


ol\ — 1 


/^o)^(U). 


This contradicts (19). Thus, we deduce that T -< <f>. Considering T = <L, we see that the 
function $ is the best dominant. This completes the proof of Theorem [l} I 


We now derive the following superordination result. 


Theorem 2. Let /•, g t G A p , h - aucti (i = 2, 3, • • • , m) and 


Re 


zfi' (*) \ 

(p'(z) J 


> -5 
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h\z) 


where <5 is given by If the function 

Uz)Y‘ AM '” 1-1 


n 

i=2 


ZP 


is univalent in U and z ( h - ai ' ai, f 




ZP 


<M-) A z]J 

i =2 


G "H[0, l]nQ. Then the superordination condition 
fi(z)\ ai (h{z)^ ai ~ l 


ZP 


h\z) 


implies that 


and the function z 


zp 


««>](*) V _ . /V£” ]M 

“*N Z 


Zf 


( 21 ) 


( 22 ) 




h;ai ,0.^,13 

zP~ 


is the best subordinant. 


Proof. Suppose that the functions T(T), $( 2 ) and q(z) are defined by © and ( Jl2|, 
respectively. We will use similar method as in the proof of Theorem [lj As in Theorem [lj 
we have 

/ \ 


[z = 


V 


a l + P I] a i 


$(z) + 


-z& (z) = cp(G (. z),zG’ (z)) 


®1 + PE®i 

i =2 / i =2 

and we obtain 

Re {q (z)} >0 (z G U) . 

Next, to obtain the desired result, we show that <f>(A) -< ^t(z). For this, we suppose that 


the function 


L(z,t) = 


( 


\ 


1 - 


V 


a i+p yi a i 

i =2 


<f> 0) + 


t 


/ 


a i t p yy QLj 

i =2 


-z& (z) (0 < t < 00 ; z G U) 


We note that 

dL (z, t) 


dz 


2=0 


\ 


a i+pE a i 

1=2 


(0) 7 ^ 0 (0 < t < 00 ; z G U). 
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This show that the function 

L (z, t ) = ai (t) z + a 2 (t)z 2 + ... 

satisfy the conditions lim \a\ (t)| = oo and a± (t) A 0 (0 < t < oo). Further, we have 


Re 


t—> OO 

dL (z, t) 
dz 

dL (z, t) 

dt 


= Re < + p cq — 1 + t ( 1 + 


i=2 


z§" {z)' 
(z) 


> 0 


(0 < t < oo; z G U), 


since $ (z) is convex and Re < aq + p Yf, cq — 1 /> > 0. By using the well-known growth 




i=2 


and distortion sharp inequalities for convex functions (see 1 ). the second inequality of 
Lemma [I] is satisfied and so L (z,t) is a subordination chain. Therefore, by using Lemma 
[5j we conclude that the superordination condition ( 21 ) must imply the superordination 
given by (J22|. Moreover, since the differential equation has a univalent solution <f>, it is 
the best subordinant. This completes the proof of Theorem [2] I 


Combining Theorems [l] and [2j the following sandwich-type results are derived. 
Theorem 3. Let f,gj G A Pt h m ,ai, {i — 2, 3, • ■ ■ , m; j — 1, 2) and 

z 4>"( z ) 


Re < 1 + 


(z = z 


n 

i =2 


(*) 

9i,j( z )\ ai ( h ( 2 ) 


> -8 


zp 


OL\ — 1 


h\z)\ z 6 ll 


where 8 is given by | 6 |). If the function 

fi( z )\ ai f h ( z ) 


n 

i =2 


ZP 


ai —1 


h\z) 


is univalent in U and z ( ^ j g ^[0,1] fl Q. Then 


zP 

m 


w^Tl 


i =2 


M z )\ ai (K z ) 


zp 


OLl — 1 


ti{z) -< 02 (z) 


implies that 




zp 


-< z 


ZP 


-< z 


ZP 
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P / TP’ m _r„.. „1 (r\\P 


11 


Moreover, the functions z ^ ^ and z ^ ^ are, respectively, the 


best subordinant and the best dominant. 


We note that the assumption of Theorem [3] that the functions 


n 


i =2 


fi(z) 


h(z ) 


Ql -1 


hf(z) and z 


II 


h;ai,ai,P 


[fi\{z) 


zP J \ z J v ' \ zP 

need to be univalent in U, may be replaced as in the following corollary. 
Corollary 1. Let /, g 3 G A Pthm , ai , (i = 2,3, -,m; j = 1, 2) and 

zfij (z) 


Re < 1 + 


0 ) (z) 


> -S 


[z = z 


n 

i =2 


9i,j(z) 

ZP 


h{z) 


Ql —1 


h\z)- 


and 


Re < 1 + 


e(*) = *n 


i =2 


where 5 is given by M). Then 


implies that 


h (z) 


1=2 


zO" (z) 

fi(z) \ a ‘ (h(z 

zP 


fi(z)\ ai (h(z) 
zp 


> -S 

Ql —1 


h’(z); 


Ql —1 


h'(z) -< 02 (z) 


ZP 


-< z 


i p h z,*jmz) 


ZP 


-< 2 ; 


I P HZ, a j9i,2](z) 


ZP 


(23) 


Proof. To prove Corollary [lj we have to show that condition (23) implies the univalence 

// p,m \f](z)\P 

of 0 (z) and \P(z) = z ( —j . Since 0 < S < I, it follows that 0 [z) is close to 


convex function in U (see |9j) and hence 0 (z) is univalent in U. Also, by using the same 
techniques as in the proof of Theorem [lj we can prove that T is convex (univalent) in 
U, and so the details may be omitted. Therefore, by applying Theorem [3j we obtain the 
desired result. I 
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Remark 1 . (i) Putting p — 1, m — 2, aii — 7 , = fd and, fi(t) = f{t) in Theorem 

001 and Corollary 1, we obtain the results by Cho and Bulboaca 0 and the results by 
Al-Kharsani et al. B 


(ii) If we take oq = 0 in the results mentioned above, then we have those by Aouf et. 
al [1]. Moreover, putting p — 1, m — 2, aq — 0, «2 = ft and f-iit) = fit) in Theorem 
l|~2, 3] and Corollary 1, we obtain the results by Cho and Kim 
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ADDITIVE s-FUNCTIONAL INEQUALITIES AND DERIVATIONS ON 

BANACH ALGEBRAS 

TAEKSEUNG KIM, YOUNGHUN JO*, JUNHA PARK, JAEMIN KIM, CHOONKIL PARK*, 

AND JUNG RYE LEE 

Abstract. In this paper, we introduce the following new additive s-functional inequalities 

ll/O - y) + f(y) + /(-*)II < \\s ( f{x + y)- f(x) - f(y)) ||, (o.i) 

II f(x + y) - f(x) - f(y )II < ||s (f(x -y) + f(y) + /(-*)) ||, (0.2) 

where s is a fixed complex number with |.s| < 1, and prove the Hyers-Ulam stability of linear 
derivations on Banach algebras associated to the additive s-functional inequalities (0.1) and 
(0.2). 


1. Introduction and preliminaries 

The stability problem of functional equations originated from a question of Ularn [20] con¬ 
cerning the stability of group homomorphisms. Hyers [6] gave a first affirmative partial answer 
to the question of Ulam for Banach spaces. Hyers’ Theorem was generalized by Aoki [1] for ad¬ 
ditive mappings and by Rassias [15] for linear mappings by considering an unbounded Cauchy 
difference. A generalization of the Rassias theorem was obtained by Gavruta [3] by replac¬ 
ing the unbounded Cauchy difference by a general control function in the spirit of Rassias’ 
approach. The stability problems of several functional equations have been extensively investi¬ 
gated by a number of authors and there are many interesting results concerning this problem 
(see [8, 9, 13, 14, 17, 18, 19]). 

Gilanyi [4] showed that if / satisfies the functional inequality 

II2/(a?) + 2 /( 2 /) - f{x - y)\\ < \\f(x + y) || (1.1) 

then / satisfies the Jordan-von Neumann functional equation 

2 f{x) + 2 /( 2 /) = f(x + y) + f(x - y). 

See also [16]. Fechner [2] and Gilanyi [5] proved the Hyers-Ulam stability of the functional 
inequality (1.1). Park, Cho and Han [12] investigated the Cauchy additive functional inequality 

11/0*0 + f(y) + f ( z )II < ll/(* + V + z )II ( L2 ) 

and the Cauchy-Jensen additive functional inequality 

\\f{x) + f{y) + ‘2f(z)\\< 2 /( : -y^ + z ) 

2010 Mathematics Subject Classification. Primary 39B52, 39B62. 

Key words and phrases, derivation on Banach algebra; additive s-functional inequality; direct method; Hyers- 
Ulam stability. 
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and proved the Hyers-Ulam stability of the functional inequalities (1.2) and (1.3) in Banach 
spaces. 

Park [10, 11] defined additive p -functional inequalities and proved the Hyers-Ulam stability 
of the additive p-functional inequalities in Banach spaces and non-Archimedean Banach spaces. 

This paper is organized as follows: In Section 2, we prove the Hyers-Ulam stability of linear 
derivations on Banach algebras associated to the additive s-functional inequality (0.1). 

In Section 3, we prove the Hyers-Ulam stability of linear derivations on Banach algebras 
associated to the additive s-functional inequality (0.2). 

Throughout this paper, assume that s is a fixed complex number with |s| < 1. 

2. Stability of linear derivations on Banach algebras associated to the 

FUNCTIONAL INEQUALITY (0.1) 

In this section, we prove the Hyers-Ulam stability of linear derivations on Banach algebras 
associated to the additive s-functional inequality (0.1). 

Theorem 2.1. Let 6 > 0 and p be real numbers with p > 2. Let f : B —* B be a mapping 
satisfying 

||/(A(x - y)) + A f(y) + A/(-x)|| < ||s (/(x + y) - f{x) - f(y)) || + 9 (||xf + \\y\\ p ) , (2.1) 

II f(xy) - xf(y) - yf(x)\\ < 6 (||xf + ||y|| p ) (2.2) 

for all A E S 1 := {p E C| \p\ = 1} and all x,y € B. Then there exists a unique C-linear derivation 

D : B B such that 

2/9 

n/w-pwn< (2P _ 2)(1 _ M) wr <2.3) 

for all x € B. 

Proof. Letting x = y = 0 and A = —1 G S 1 in (2.1), we get ||/(0)|| < ||s/(0)|| and so we get 

/(o) = o. 

Replacing y by x and letting A = 1 in (2.1), we get 

ll/(*) + /(-®)ll < l|s(/(2*)-2/(x))|| + 29 \\ x\\ p (2.4) 

for all x € B. 

Replacing x by — x and y by x and letting A = — 1 in (2.1), we get 

11/(2®) - 2/(x)|| < ||s (/(x) + /(-x)) || + 20||x|| p (2.5) 

for all xeB. 

From (2.4) and (2.5), we get 

||/(2x) - 2/(x)|| < |s| 2 ||/(2x) - 2/(x)|| + 2(1 + |s|)0||xf 

and so 

o n 

||/(2x) -2/(x)|| < -- n ||x|| p (2.6) 

1 — |s| 

for all x € B. So one can obtain that 

|/w- 2 /(|)|< 2 p( i 2 ! N ) M i> 
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and hence 


x 




x 


2 n+l 


< 


2.2 n ( 1 ”P)(9 

2^(1 - k|) 1 


for all x G B. So we get 


n— 1 




1=0 


2.2 l 0--p)Q 
2^(1 - | s |) 1 


(2.7) 


for all x G B. 

For positive integers n and m with n > m, 


2 - 2 m / — 
J \ On / J \ Otd. 


^ yl 2 • 2*( 1 -p)<9 

Z=m 


\x\ 


IS 


which tends to zero as m —$■ oo. So {2 n /(Js-)} is a Cauchy sequence for all x G £>. Since B i 
complete, the sequence {2 n /(Jr)} converges for all r G 6. We can define a mapping D : B ^ B 
by 


for all x G £>. 

Letting x = 0 in (2.1), we get 

for all A G 8 1 and all x G £>. 

By (2.8), we get 


D{ I )= i lhn2”/(| 7 ) 


||/(Ax) + A/(-x)|| < 6»||x|| p 


( 2 . 8 ) 


\\D(\x) + \D(—x)\\ = lim 

n—>oo 

for all x G B and all A G 8 1 . Hence 


' \x\ 


for all x G £> and all A G S 1 . 
Letting A = 1 in (2.9), we get 

for all x G B. Hence 


+«/(-- 

D(Xx) + A D(—x) = 0 

-D(x) + D(—x) = 0 
D( Ax) = XD(x) 


< lim -0||x|| p = 0 

n —>oo 2P n 


(2.9) 

( 2 . 10 ) 

( 2 . 11 ) 


for all x G H and all A G S 1 . 

Let A = 1 in (2.1). By (2.1), (2.8) and (2.10), we get 

'x-y 


|| D(x - y) - D(x) + D(y )|| = lim 


2 n f 


+ 2 B /(^)+2"/(-^ 


< lim 

n—>• oo 


S 2"7 


x + y 


- 2 n / ( — ) - 2 n / ( ^ 
J J ' ori 


+ 2-( 1 -^(||xf+||y|n 


= IN (-D(x + y)~ D(x) - D(j/)) || 
for all x, y G B. Hence 

II D(x -y)~ D(x) + D(y )|| < ||s(L>(x + y) - D(x) - £>(y))|| 


( 2 . 12 ) 
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(2.13) 


for all x,y £ B. 

Replacing y by — y in (2.12), we get 

II D(x + y)~ D{x) - D(y )|| < || s(D(x - y) - D(x) + D(y ))|| 

for all x,y £ B. 

It follows from (2.12) and (2.13) that 

II D(x + y)~ D(x) - D(y )|| < \\s 2 (D(x + y) - D{x) - D(y ))|| 
for all x,y £ B. Since |s| < 1, we get 

II D(x + y)~ D{x) - D(y) || = 0 

for all x,y £ B. So one can obtain that D is additive. Moreover, by passing to the limit in (2.7) 
as n —> oo, we get the inequality (2.3). 

Now let S : B —> B be another additive mapping satisfying 


||/(*)-S(z)||< 


2 V 


2 p - 2 


#||x| 


for all x £ B. 


\\D(x) - S(x) 


= 2 


< 2 l 


D[^)-S 


2 l 


2 l 


2 l 




2 l 


+ 2 


2 l 


f ^ ~S 7 


2 l 


oZ+l o P 


2 lp '' 2P — 2 ' 

which tends to zero as l -A oo. Thus D(x) = S(x) for all x £ B. This proves the uniqueness of 
D. 

Now let fi 6 C (/i / 0) and M an integer greater than 4|A|. Then |^=| <|<1 — | = |. 
By [7, Theorem 1], there exist three elements MijM2>M3 £ S 1 such that 3 jj = Mi + M 2 + M3- By 
( 2 . 11 ), 


M . A 


M 


D(\x) = D — • 3 —x = M ■ D - ■ 3—x = —D 3—x 

' / O 71/f O 71/f O 71 /f 


1 


A 


M 


M 


A 


M 


M M 

= —D(mx + y 2 x + y 3 x) = —(D(mx) + D(n 2 x) + D(y 3 x)) 

M, M A , N 

= y(Mi+ M 2 + M3)R>(x) = — ■ 3— D(x) 

= A D(x) 

for all x £ B. Hence 

D(ax + j3y) = D(ax ) + D(/3y ) = aD(x) + (3D(y) 

for all a, (3 £ C(a, (3 / 0) and all x,y £ B. And -D(Ox) = 0 = 0D(x) for all x £ B. So the unique 
additive mapping D : B —>• £> is a C-linear mapping. 

It follows from (2.2) and (2.8) that 


\\D(xy) - xD(y) - yD(x)\\ = Jim ||2 2 “/ (||) - 2"*/ ( Y) - 2~yf 

< lim 2 n ^e(\\x\\P + \\y\\P) = 0 
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for all x, y 6 B. Hence 

D(xy) = xD(y ) + yD(x) 

for all x,y 6 B. Hence the mapping D : B — > B is a C-linear derivation satisfying (2.3). □ 

Theorem 2.2. Let 6 > 0 and p be real numbers with 0 < p < 1. Let f : B -A B be a mapping 
satisfying (2.1) and (2.2). Then there exists a unique C-linear derivation D : B -A B such that 

2/9 

ll/(x)^(x)||< (2 _ 2p)(1 _ | , |) ||xr (2.14) 

for all x e B. 


Proof. It follows from (2.6) that f(x) — ^/( 2x) < j^j||x|| p and hence 


2”x) - ^/(2" +1 x) 

for all x G B. 

For positive integers n and m with n > m, 


< 


2 p n e 


2 n (l - \s\)' 


—f(2 n x) - —f(2 m x) 

2 n J v ' 2 m J v 7 


2 pZ 0 


n— 1 

- E 2 '(l-|s|) 

L=m 


(2.15) 


which tends to zero as m -A oo. So {^f(2 n x)} is a Cauchy sequence for all x £ B. Since B is 
complete, the sequence f(2 n x)} converges for all x G B. We can define a mapping D : B -> B 
by D{x) = linin^oo ^ f{2 n x) for all x £ B. 

Moreover, by letting m = 0 and passing to the limit in (2.15) as n —> oo, we get (2.14). 

The rest of the proof is similar to the proof of Theorem 2.1. □ 


3. Stability of linear derivations on Banach algebras associated to the 

FUNCTIONAL INEQUALITY (0.2) 

In this section, we prove the Hyers-Ulam stability of linear derivations on Banach algebras 
associated to the additive s-functional inequality (0.2). 

Theorem 3.1. Let 0 > 0 and p be real numbers with p > 2 . Let f : B -» B be a mapping 
satisfying (2.2) and 

||/(A(x + y )) - A f{x) -\f(y)\\ < ||s (f(x -y) + f{y) + f(-x )) || + 9 (||xf + \\y\\ p ) (3.1) 

for all A £ S 1 and all x,y G B. Then there exists a unique C-linear derivation D : B -A B such 
that 

ll/(x)-P(x)||< (2t , (2 2) | I ,| ^ | , |) ||xf (3.2) 

for all x € B. 

Proof. Letting x = y = 0 and A = — 1 e S 1 in (3.1), we get 

II3/(0) || < ||3s/(0) || 

and so we get /(0) = 0. 

Letting y = 0 and A = —1 in (3.1), we get 

||/(-z) + /(z)|| < ||« if{x) + II + 6 »||x|| p 
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and so 

l/(-i)+/(x)ii< r ^«nir 

for all x G B. 

Letting y = x and A = 1 in (3.1), we get 


11/(2®) - 2/(x)|| < ||s(/(x) + /(-®)) || + 20||xf 


(3.3) 


< 


—n*r +=?—^oin 1 ” 


1 - Is 


1-lsl 


for all igB. So one can obtain that 


/W-2/(|) 


< 


(2 — |s|)0 
2P(l-|s|) 


x 


and hence 


2 n f (^) - 2 n+1 f 


x 


2 n +i 


(2-| s\)2 n ^~P^e u 

< - 7 -—- X 

- 2P(l-|a|) 


for all x € B. So we get 


/w-**/(J)N|^rW 


(3.4) 


for all x € B. 

For positive integers n and m with n > rn. 


n— 1 


2"/ f—) - 2 m 7 f—) < V 

J \2 n J J \2 m - ^ 


l=m 


(2 - I s\)2 l ^-P^6 

2^(1 - k |) 


x 


which tends to zero as m oo. So {2 n f(^)} is a Cauchy sequence for all x € B. Since B is 
complete, the sequence {2 n f(^)} converges for all x G B. We can define a mapping D : B —> B 
by 


for all x & B. 

It follows from (3.1) and (3.5) that 


(3.5) 


\\D(X(x + y)) - XD(x) - XD(y)\\ = lim 


n—>oo 


2 n f X 


x + y 


x 


< lim 

n—>oo 


s 2 n f 


x-y 


+ 2"/(£1+2 


~2 n Xf - -2"A/ £ 


+ 2 n ^e(\\x\\ p + \\y\\ p ] 


= ||« (D{x -y) + D(y ) + D(-x)) 
for all A 6 S 1 and all x,y G B. Hence 


\\D(X(x + y)) - XD(x) - XD(y)\\ = ||s (D(x - y) + D(y) + £>(-x)) || (3.6) 

for all A G S 1 and all x,y G B. 

Letting A = —1 and x = y = 0 in (3.6), we get ||3D(0)|| < ||3sD(0)|| and so ZA(0) = 0. 
Replacing x by —x and letting y = —x and A = — 1 in (3.6), we get 

||D(2x) + 2Z?(—x)|| < ||s(ZA(—x) + D(x))|| 
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for all x G B. 

Letting y = —x and A = 1 in (3.6), we get 

|| D(x) + D(-x )|| < \\s(D(2x) + 2D(—x))\\ < \s\ 2 \\D(x) + D(-x )|| 

and so D(—x) = —D(x) for all x € B. 

Replacing y by —y and letting A = 1 in (3.6), we get 

II D(x -y)~ D(x) + D(y) || < ||s (D(x + y) - D{y) - D(xj) || 

for all x,y e B. 

Letting A = 1 in (3.6), we get 

\\D(x + y) -D(x) -D(y)\\ < ||s (D(x - y) + D{y) + D(-x)) || 

< \s\ 2 \\D(x + y) - D(x) - D(y)\\ 

for all x,y G B. Thus D(x + y) = D(x) + D(y) for all x,y G B. 

Letting y = 0 in (3.6), we get 

||.D(Ax) - XD(x)\\ < 0 
and so D(Xx) = A D(x) for all A e S 1 and 

The rest of the proof is similar to the proof of Theorem 2.1. □ 


Theorem 3.2. Let 8 > 0 and p be real numbers with 0 < p < 1. Let f : B -A B be a mapping 
satisfying (3.1) and (2.2). Then there exists a unique C-linear derivation D : B -> B such that 


\\f(x) ~ D(x)\\ < 


(2 — 2 p )(1 — | s |) 


for all x G B. 



which tends to zero as m -> oo. So f{2 n x )} is a Cauchy sequence for all x £ B. Since B is 
complete, the sequence f(2 n x)} converges for all x G B. We can define a mapping D : B -A B 
by D(x) = linin^oo ^f(2 n x) for all x E B. 

Moreover, by letting m = 0 and passing to the limit in (3.8) as n —>■ oo, we get (3.7). 

The rest of the proof is similar to the proofs of Theorems 2.1 and 3.1. □ 
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Abstract 

The aim of this report is to study modulus of convexity of a quasi-Banach space 
B. We prove that 5b is convex, continuous, nondecreasing and for arbitrary uniformly 

convex quasi-Banach space B, 6b (e) = 1 — ^ yj 1 — We also prove that a quasi- 

Banach space B is uniformly convex if and only if 5b (e) > 0. Moreover we prove that 
a non-trivial quasi-Banach space B is uniformly non-square if and only if (5 b (e) > 0. 

2010 Mathematics Subject Classification: 47H05, 46B20, 46E30 
Key words and phrases: modulus of convexity, uniformly convex, uniformly non¬ 
square, quasi Banach space. 


1 Introduction 

Many of the geometric constants for Banach spaces have been investigated so far. These 
constants play an important role in the description of various geometric structures of 
Banach spaces. In 1899 Jung [10] was the first who introduced a geometric constant for 
Banach spaces. In 1936 and 1937, Clarkson [4,5] introduced classical modulus of convexity 
to define a uniformly convex space. A great number of such moduli have been defined and 
introduced since then. The theory of the geometry of a Banach space has evolved very 
rapidly over the past fifty years. By contrast the study of a quasi-Banach space has lagged 
far behind, even though the first research papers in the subject appeared in the early 
1940’s [2,4-6]. There are very sound reasons to develop the understanding of these space, 
but the absence of one of the fundamental tools of functional analysis, the Hahn-Banach 

* Corresponding author 


925 


Shin Min Kang ET AL 925-934 



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 27, NO.5, 2019, COPYRIGHT 2019 EUDOXUS PRESS, LLC 


theorem, has proved a very significant stumbling block. However, there has been some 
progress in the non-convex theory and arguably it has contributed to our appreciation 
of Banach space theory. A systematic study of a quasi-Banach space only really started 
in the late 1950’s and early 1960’s with the work of several authors. The efforts of these 
researchers tended to go in rather separate directions. The subject was given great impetus 
by the paper of Duren et al. [7] in 1969 which demonstrated both the possibilities for using 
quasi-Banach spaces in classical function theory and also high-lighted some key problems 
related to the Hahn-Banach theorem. This opened up many new directions of research. 
The 1970’s and 1980’s saw a significant increase in activity with a number of authors 
contributing to the development of a coherent theory. An important breakthrough was 
the work of Roberts [13,14] who showed that the Krein-Milman Theorem fails in general 
quasi-Banach spaces by developing powerful new techniques. Quasi-Banach spaces ( H p - 
space when p < 1) were also used significantly in Alexandrov’s solution of the inner 
function problem in 1982 [1], During this period three books on the subject appeared 
by Turpin [16], Rolewicz [15] (actually an expanded version of a book first published in 
1972 and the author, Roberts [14]. In the 1990’s it seems to the author that while more 
and more analysts find that quasi-Banach spaces have uses in their research, paradoxically 
the interest in developing a general theory has subsided somewhat. The strictly convex 
Banach spaces were introduced in 1936 by Clarkson, [4], who also studied the concept 
of uniform convexity. The uniform convexity of L p spaces, 1 < p < oo, was established 
by Clarkson [4]. The concept of duality map was introduced in 1962 by Beurling and 
Livingston [3] and was further developed by many others and, De Figueiredo [8]. General 
properties of the duality map can be found in De Figueiredo [8]. 

In this paper we aim study modulus of convexity in the setting of quasi Banach spaces. 


2 Preliminaries 


Throughout this paper S B is a closed unit ball in a quasi Banach space. 

Definition 2.1. A uniformly convex space is a norrned vector space so that, for every 
0 < e < 2 there is some 5 > 0 so that for any two vectors with ||x|| = 1 and ||y|| = 1, the 
condition ||x — y|| > e implies that ||4±21| < l — fi. Intuitively, the center of a line segment 
inside the unit ball must lie deep inside the unit ball unless the segment is short. 


Definition 2.2. A quasi-Banach space B is said to be uniformly non-square if there exists 
a positive number 5 < 2 such that for any x\, X 2 £ S B , we have 


min 


( 

X\ + X‘2 


X\ + X2 

V 

C 

•> 

C 


< 5 . 


Definition 2.3. Let e £ [0,2] and C > 1. For a quasi-Banach space B, the modulus of 
convexity is a function 5 B : (0, 2] —> [0,1] defined as 

5 B {e) = inf jl - . X ^ X2 € s B ; ^ Xl > e j . (2.1) 


A characteristic or related coefficient of this modulus is 


So(B) = sup {e £ [0, 2] : 5 B (e) = 0} . 


( 2 . 2 ) 
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3 Main results 


Lemma 3.1. ([9]) Every convex function f with convex domain in M is continuous. 
Lemma 3.2. Let B be a quasi-Banach space, and xi,X 2 £ fig. Then 


xi + x 2 
20 


<1-5b 



(3.1) 


Proof. Let dim(6) < oo. Let e £ [0, 2] and choose u,v £ Sb such that 21011 j s maximal 
subject to = e. So, here this is enough to prove that ||u|| = ||u|| = 1. 

The case e = 0 is trivial. 

Assume that e / 0. Let x* € X* satisfying |j.x*|| = 1 and x*(u + v) = . It 

would be suffices to prove that if, say, ||u|| < 1, then x*(v — u) = e and \\u\\ < 1. Indeed 
an analogous reasoning would then yields, x*(u — v) = e and hence e = —e, which is a 
contradiction. 

To this end, let A = {w £ B : = e}. If w £ An Sb, then by maximality of 

we get 


x*(u + w) < 


u + w 
2 C 


< 


u + v 
2 C 


< x*(u + v). 


Hence, if we had ||u|| < 1, then x* would attain at v local maximum on A. Consequently, 
x* would norm the vector v — u, that is, x*{v — u) = = e. And also 


< 


Ml < 2^1 ll« + v|| + 11 u-v 


2C L 

= x*(y) < 1 


x*(u + v)+x*(u — v ) 


as permitted. This completes the proof. □ 

Lemma 3.3. Let B be a quasi-Banach space, and e £ (0, 2]. Then the following statements 
holds: 

(a) 5b (e) is convex and continuous function. 

( b ) 5b{c) is a non-decreasing function. 

(c) 5)3{e)/e is a non-decreasing function. 

Proof, (a) Consider any two vectors u, v £ B , we denote by N(u,v) the set of all pairs 
x,y £ B with x, y £ £#(0) such that for some real scalars aq, (3\ we have x — y = au and 
x + y = f3v, that is, N(u, v) = {(x,y) : x — y = au, x + y = {3v}. For r £ (0, 2) define 

5(u, v, r) = inf |l - ^ ■ x, y £ N(u, v ), ^ > r | . (3.2) 

It is easy to check 6(u,v,r) = 0 for (3.2) as ||x|| = l,Vx £ N(u,v). Moreover, for r, for 
any given Aq, A 2 £ (0, 2) and e > 0 we can choose Xk, ijk £ N(u, v ) such that (for k = 1,2) 

Xk + Vk > A k and 5(u, v, X k ) + | > 1 - . 
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The choice of (x k , y k ) is possible because of the definition of 8{u, v, r) in (3.2) as infimum. 

Now, for A 6 (0,1) we assume 

x 3 = Xxi + (1 - X)x 2 , 2/3 = Ayi + (1 - A)y 2 . (3.3) 

||x 3 || = A||xi|| + (1 — A)||s 2 || because x\,x 2 6 Sb( 0). Similarly, (x k ,y k ) G N(u,v) implies 

that there exist constants such that (for k = 1,2) 

Xk ~ Vk = a k u, x k - y k = f3 k v. (3.4) 

From equation (3.3) we have 

x 3 ~y 3 = Axi + (1 - \)x 2 - Ayi - (1 - A)y 2 
= A[.ti - yi] + (1 - A) [x 2 - y 2 \ 

= A[ai«] + (1 — X)[a 2 u] 

= [Aai + (1 — X)a 2 \u. 

Similarly, 

x 3 -y 3 = Aaq + (1 - X)x 2 - Ayi + (1 - A)y 2 
= A[.ti - yi] + (1 - A) [x 2 - y 2 \ 

= X[(3iy\ + (1 - X)[p 2 v] 

= [Xfii + (1 - X)(3 2 \v. 


Now we have 


|| 2-3 - 2/3 II = [A«i + (1 - A)a 2 ] Ml- 

(3.5) 

Similarly, 


II.T 3 - 2/3 II = [A/?i + (1 - A)/3 2 ]|H|. 

(3.6) 

Therefore, using (3.5) and (3.6), generally, we get, 


11^3 - 2/3 II = Aei + (1 - A)e 2 . 

(3.7) 



Belonging to some N(u,v) since 8g(u, v,e) is convex, which shows that 5s(e) is convex. 
Since 5s(e) is convex, so is continuous by Lemma 3.1. 

( b ) Let 0 < ei < e 2 < 2 and x±,x 2 G S& satisfying W £l < g 2 an d <- 

1 — <5/?(e 2 ). Then letting £ = £2 2 ~^ and x = x\ + S(x 2 — x\) and y = x 2 — £(x 2 — x\) we 

have x,y E S& and ^ x ~ y ^ < e 1 . 
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Now applying Lemma 3.2 we get 

<Wi) <1- ~ 2 CT~ - 1 -2C “ 

which shows that 613 (e) is a non-decreasing function. 

(c) Fix r) G (0, 2] with rj < e. Let xi, X 2 G £> such that ||xi|| = ||a? 2 1| = 1 and ^ X1 ~ X 
Here, it will be suffices to show that 

6b(v) < 613(e) 


Consider 


V . C V\ X! + X 2 

v , f, v\ r x i+x 2 


U\—U 2 = ~(xi - X 2 ) 


u 1 - U2 


«1 + «2 _ -Ti + X'2 

2 |kl+®2| 


n ryjjxi + x 2 | 
e 2e 


Ul+U 2 _ X1 + X2 /I 77 + 7/||xi + X 2 | 


X 1 + X 2 IIJ VC eC 


This implies that 


Xl + X 2 wi + U 2 

|xi+x 2 || 2C 


= _n_ v\\xi + x 2 \ 

V C eC 2eC 


= 1 - 


PI +U 2 \ 


Here note that 


Xl + x 2 xi + x 2 . ( 1 1 

|xi + x 2 || 2 C Xl X2 V l|x 1 + x 2 2C 


= 1 - 


FI + X2\ 


Now we have 


Xl+X 2 _ U 1 +U 2 . II , I 

\\xi+x 2 \\ 2 C _ C I Tj_ _ T] ||Xl +X 2 | 

Jui — U 2 II r/ \eC 2eC 

_ 1 /. ||ah+x 2 ||\ 

“ e V 2 C ) 

II xi +X2 _ Xl +X2 || 

II ||xi+X 2 || 2 C I 


Xl - x 2 
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then 


5(v) 


1 - 


||«1+W2|| 
2 C 


U i - U 2 


*l +*2 

U 1 +112 

ll*l+* 2 l 

2 c 

ll«l ' 

- 1t 2 ll 

II *1+0:2 

*1 +*2 II 

II 11*1+0:21 

20 II 


\\X\ ~ X 2 
Y _ |j*l+*2jj 


2C 


\Xl - X 2 


1 

< - 

e 


1 - 


|.Tl + X 2 \ 

2 C 


This completes the proof. 

Proposition 3.4. Let B be a quasi-Banach space. Then VO < ei < e 2 < 2 we have 


5e(e 2 ) ~ 5e{e 1 ) < 1 — fe(ei) 


Proof. Let 


Then we have 


£2=2 


fe(£2) = 


< 5b( 2) 

< fe(2) 


£2 - £l 


£2 ~ £l 
2-£i 


£2 - £1 

2-£l 
£2 - £1 
2-£i 
£2 - £1 


2-£i 


□ 


(3.8) 


+ £l 1 - 


£2 ~ £i 
2-£i 


+ £l 1 - 


£2 - £l 
2-£i 

£2 - £l 


2-£i 


+ <fe(e 1 ) 1 - 


+ <fe(e 1) - fe(e 1) 


2-£i 

£2 - £1 
2-£l 


£2 - £1 
2-£l 


[5b( 2) - fe(ei)] + <fe(ei)- 


Now 

^(£2) - 5js(e 1) < ( 2 - e± ) ^ _ ^( e i)l • 

Hence 

^(£2) - fe(e 1) < 1 - fe(ei) 

£2 - £1 “ 2 - £1 


This completes the proof. 


□ 


Theorem 3.5. Let B be a uniformly convex space. Then for every d > 0, e > 0, and for 
arbitrary vectors, x\,x 2 £ B with ||xi|| < d, ||:r 2 || < d and ^ X1 - X2 ^ > there exists 5 > 0 
such that 


xi + x 2 \\ 
2 C 


1-5 


d) J 


d. 
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Proof. For any arbitrary x\, x 2 £ B we assume that 

xi x 2 , , e 

zi = —, 2:2 = —r, and set e = - 

a d d 

Obviously e > 0. Moreover, with ||xi|| < 1 and ||x 2 || < 1 we have 


zi - z 2 \\ = j||a;i - x 2 \\ > - = e. 
d d 


Now, for uniform convexity, we have 

S = < © >0 °" d llM 2c‘ 211 ~ 1 ~ li<t) ’ 


which implies that 


thus 


This completes the proof. 


X\ + x 2 

2 dC 


< 1-6 



x\ + x 2 \\ 

2 C 


1-5 


dJ J 


d. 


□ 


Theorem 3.6. A quasi-Banach space B is uniformly convex iff 5 b (e) > 0. 


Proof. If X is uniformly convex, then, for given e > 0 there exists 5 > 0 such that 
Vxi, x 2 G B with ||xi|| = 1, ||x 2 || = 1 and > e 


xi + x 2 

2 C 


> 5 


5b{c) > 0 . 


Conversely, assume that 5g(e) > 0 for every e £ (0, 2], Let fix e e (0, 2] and then take 
x\,x 2 G B with ||xi|| = 1, 1 1 a ?2 1 1 = 1 and ^' tl r ,' t ' 2 ^ > e. Then 


0 < 5g(e) < 1 


X\ + x 2 

20 


This implies that 1 — < 1 _ § with 5 = 613 (e ), which does not depends upon either 

x'i or x '2 ■ This completes the proof. □ 


Theorem 3.7. For arbitrary uniformly convex quasi-Banach space B, 


63 (f) = 1 - £7\/l - 


e 2 C 2 


Proof. Let x±,x 2 £ B with ||xi|| = 1, ||X 2 1| = 1 and xElzpM. _ e xhen using the parallel¬ 
ogram identity, 

]|xi + x 2 || 2 + ||xi - x 2 || 2 = 2(||xi|| 2 + ||x 2 || 2 ), 

thus 


xi +x 2 || 2 = 2(1111 2 + ||x 2 || 2 ) - ||xi - x 2 
= 2(1 2 + l 2 ) — ||xi — x 2 || 2 
= 2(2) - (eC) 2 
= 4 — e 2 C 2 , 
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hence 

||xi + x 2 

thus we have 

j ll*i +*2 1 


2C 

which implies that 

inf 11 ll ' Tl + '"' 2 


1 2 C 

Hence, we get 



+ x 2 || = V 4 - e 2 C 2 , 

V4 - e 2 C 2 


2 C 


= 1 - 


= 1 ——\/l — 


C 


e 2 C 2 


fe(e) = 1 ~ (j\l 1 ~ 


e 2 C 2 


This completes the proof. 


□ 


Theorem 3.8. A non-trivial quasi-Banach space B is uniformly non-square if and only 

*/<fe(e) > 0. 

Proof. Let B be uniformly non-square. Set e = 2 — 25, e £ (0, 2). Then 

5e(e) > 1 - - > 0. 

Conversely, let there is eo £ (0, 2) such that 6 ts(e) > 0, that is, 

Ss(e) > rjo > 0 for some r/o £ (0,1). 

Let 2 — 26 = e £ [eo, 2). Then 

5 £ (0,1 — eo/2] and <%(2 — 25) = 613 (e) > rj 0 > 0. 

This indicates that for any x. y £ Ss- if 

ll.T — ' 


c 


>2- 25, 


then 


! \\ x + y\ ^ 

1 ■ - ’»• 


Let 5' = min{<5, 770 }. Then of course 5' £ (0,1). 
Now we just need to show that either 


^ < 1 - 5' or < 1 _ S'. If 


\x +; 


then we are done: 
Let we consider 


Then 


2 C 


I x + i 
2 C 


<1 -5' 


>1-5'. 


\x — y\\ > 2(7(1-50 > 2C(1 -5). 
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By this assumption we get 


which implies that 


x + y || 

2 C 


> Vo, 


x + y || 

2 C 


<!-%<(!- S'), 


which shows that B is uniformly non-square. This completes the proof. □ 

Proposition 3.9. Let B be a quasi-Banach space and H be a Hilbert space. Then 

6B(e)<6 H (e), Ve€[0,2]. (3.9) 

Proof. From Theorem 3.7 we can easily prove the result. □ 
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Abstract 

Our aim in this paper is to investigate the dynamics of a system of fourth-order rational 
difference equations 


_ X n-3~y n -l 
A + X n-,y n -l ’ 


y n +\ 


-U-3-U-1 

A +y n - 3 X n-l ’ 


n = 0,1, 


where the parameter A is arbitrary positive real number and the initial conditions 
x_ 3 , x 2 , x ,, x 0 , v_ 3 , y_ 2 , y ,, y 0 are arbitrary nonnegative real numbers. By using new iteration 

method for the more general nonlinear difference equations and inequality skills, we establish 
some sufficient conditions which guarantee the existence, unstability and global asymptotic 
stability of the equilibriums for this nonlinear system. Numerical examples to the difference 
system are given to verify our theoretical results. 


Keywords: difference system; equilibrium point; asymptotical stability; unstability 


1. Introduction 


Because of the necessity for some techniques that can be used in mathematical models 
describing real situations, nonlinear difference equations have been studied in the fields of 
population biology, economics, probability theory, genetics, psychology etc (see, e.g., [1-4] 
and the references therein). In recent years, with the dramatically development of 


* Corresponding authors at: College of Science, Chongqing University of Posts and 

Telecommunications, Chongqing, 400065, People’s Republic of China 

Email addresses: wangcv@cuit.edu.cn (C.Y. Wang), livh@cqupt.edu.cn (Y.H. Li ). 
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computer-based computational techniques, difference equations are found to be much 
appropriate mathematical representations for computer simulation and experiment (see, e.g., 
[5-8]). However, it is more interesting to investigate the behavior of solutions of a system of 
higher-order rational difference equations and to discuss the asymptotic stability of their 
equilibrium points (for example, see [9-19]). 

Recently, Bajo and Liz [20] described the asymptotic behavior and the stability properties 
of the solution to the following nonlinear second-order difference equation 

x n+l = -^-, n = 0,1, •••. (1.1) 

a +bX n Xn -1 


for all values of the real parameters a,b, and any initial condition (x ,, w (l ) e R 2 . 

In [21], Kurbanli, Cinar, and Yalcinkaya investigated the positive solutions of the following 
difference equations 


x 


y» x n-i +1 


’ L«+l 


y n 


x n y n -1 + 1 


n = 0,1, *, 


( 1 . 2 ) 


where (x k , y k ) e [0, qo) for k = -1,0 . 

Moreover, Touafek and Elsayed [22] deal with the periodic nature and the form of the 
solutions of the following systems of rational difference equations. 


x 


±l±x ,y 

n-3s n- 


’’ y n+l 


y n 


±l±y n _ 3 x„_ 


n = 0,1, *, 


(1.3) 


with a nonzero real number’s initial conditions. 

As an extension of (1.3), Elsayed [23] continuously dealt with the existence of solutions 
and the periodicity character of the following systems of rational difference equations 


x „ + i = 


x v 

ns n- 




y„+i = 


y n x n- 


X n(y„ X n -1 ±!) 


n = 0,1, ■ 


(1.4) 


where the initial conditions x ,x 0 ,v , and y 0 are nonzero real numbers. 

More recently, Khan and Qureshi [24] study the equilibrium points, local asymptotic 
stability of equilibrium point, unstability of equilibrium points, global character of 
equilibrium point, periodicity behavior of positive solutions and rate of convergence of 
positive solutions of the following systems 


ax 


X n +1 = 


71-1 


P-yy n y n x 


y n+ 1 = 


a \y»- 


Pl~Vx X n X n-1 


n = 0,1,---, 


and 


(1.5) 


2 
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°y n 


b ~ CX n X n -1 


’ y n+\ 


b i - c iy„y n -x 


n = 0,1, •••. 


(1.6) 


Especially, Yalcinkaya [25] investigated the sufficient condition for the global asymptotic 
stability of the following systems of difference equations 


X n+y n -l v = y„+ X n -1 

’ y n+\ 


x „y n - 1 - 1 


y„ X n -1 


n = 0,1, •••. 


(1.7) 


where the initial conditions YpXo,^, and v 0 are nonzero real numbers. 


Motivated by works [20-25], our aim in this paper is to investigate the dynamics of a 
system of fourth-order rational difference equations 


*, + i = 


X n-3 yn-l _ yn-3 X n-l 

' ’ y n+l - 


A+X n-3y n -l 


A +y n -3 X n-l 


n = 0,1 




(1.8) 


where A e (0, go) and (x„, y n ) e [0, co) x [0, co) for n = -3,-2,-1, 0, •••. 
For more related work, one can refer to [26-35] and references therein. 


2. Some preliminary results 


To prove the main results in this paper we first give some definitions and preliminary 
results [36-38] which are basically used throughout this paper. 

Lemma 2.1 Let I x , I y be some intervals of real numbers and let /: I x +I x /| +l —> I x , 
g : I* +1 x I ! y +l — » I v be continuously differentiable functions. Then for every set of initial 


conditions ( x i , v y ) e I x x I y , (z = -k, - k +1, • • •, 0, j = - / +1, • • •, 0) , the following system 


of difference equations 


j X n + 1 =f( X n’ X „- 1.”'. X n -k . T„ , y j , ' •' , V n , ), 

1 t„ + i — s( x n ’ X n-k’ T« 5 Tn-P ‘"j Tn-/)’ 


n = 0 , 1 , 2 , —, 


( 2 . 1 ) 


has a unique so 1 uti o n ! (x ( . v,)} V. 

Definition 2.1 A point (x, y ) e 7 r x / is called an equilibrium point of system (2.1) if 


x = f(x,x,---,x,y,y,---,y), y = g(x.x. 


x ,y,y,-",y) ■ 


That is, (x„,y„) = (x, y) for zz > 0 is the solution of difference system (2.1), or equivalently, 


(x, v) is a fixed point of the vector map (/, g) . 
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Definition 2.2 Assume that(x, y) be an equilibrium point of the system (2.1). Then, we have 

(i) An equilibrium point (x, y ) is called locally stable if for every s > 0 , there exits 
5 > 0 such that for any initial conditions (x i ,y i ) e I x x I (i = -k,---, 0, j = 0) , with 

Z Ijc. - x I < 8 , y°_ \y j - y I < S , we have lx -x\<e, I y —y\<e for any n > 0 . 

(ii) An equilibrium point (x, y ) is called attractor if lim n ^ a x n = x , Um n ^y n = y for any 
initial conditions (x i ,y i ) e I x x / (/ = j = -/,■••,0). 

(iii) An equilibrium point (x, y) is called asymptotically stable if it is stable, and (x, v) 
is also attractor. 

(iv) An equilibrium point (x, y ) is called unstable if it is not locally stable. 

Definition 2.3 Let (x,y) be an equilibrium point of the vector map F=(f,x n ,- ■ ■,x ik ,g,y n ,-■ ■,y n ,), 
where / and g are continuously differentiable functions at (x, y ) . The linearized system 
of (1.8) about the equilibrium point (x,y) is X n+1 = F(X n ) = F j ■ X n , where Fj is the 
Jacobian matrix of the system (1.8) about (x, y ) and X n = (x„,- • -,x n _ k ,y n ,---,y n , ) r . 

Definition 2.4 let p, q, s, t be four nonnegative integers such that p + q = n,s+t = m . Splitting 
x = (x 1 ,x 2 ,---,x n ) intox = ([x] p ,[xp and.y = (y p y 2 ,••■,>’,„) into y = ([v] ,[_v] ; ) , where [x]^ denotes 
a vector with o -components of x . We say that the function /(x,, x 2 , • • •, x n , y,, v 2 , • • •, v„,) 
possesses a mixed monotone property in subsets /" x/'" of R"xR' n if /( [x\ p ,[x] (/ ,[y] s , \y \) is 
monotone non-decreasing in each component of ([x] /; ,[y] v ), and is monotone non-increasing 
in each component of ([x] ? ,[y] ( ) for (x,y) e I" x/" ! . In particular, if q = 0, t = 0 , then it is 
said to be monotone non-decreasing in F xF'. 

Lemma 2.2 Assume that X(n + 1) = F(X(n)) ji = 0,1, •••, is a system of difference equations 
and X is the equilibrium point of this system i.e., F(X) = X . Then we have 

(i) If all eigenvalues of the Jacobian matrix J F about X he inside the open unit disk 
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|/t| < 1, then X is locally asymptotically stable. 

(ii) If one of eigenvalues of the Jacobian matrix J F about X has nonn greater than one, 
then X is unstable. 

Lemma 2.3 Assume that X(n +1) = F(X(n)) ,n = 0,1, • ••, is a system of difference equations 

and X is the equilibrium point of this system, the characteristic polynomial of this system 
about the equilibrium point X is P(/ 1) = a 0 A" + a j/T' 1 + • • • + a nA X + a n = 0 , with the real 

coefficients and a 0 > 0 . Then all roots of the polynomial P(X) lie inside the open unit disk 

|/l| < 1 if and only if 

A k > 0 for k = 1,2,•••,«, (2.2) 

where A k is the principal minor of order k of the n x n matrix 

<7j a 3 a 5 ■■■ 0 

a 0 a 2 a 4 ■■■ 0 

A h = 0 a x a 3 ■■■ 0 

0 0 0 • • • a n 

3. Main results and their proofs 


In this section, we shall investigate the qualitative behavior of the system (1.8). Let 
(3c, JO be an equilibrium point of system (1.8), then the system (1.8) has a unique 

equilibrium (0,0) when 0<A<2, and the system (1.8) has following three equilibrium 


points P 0 = (0,0), P t = i 


, and P 2 = (-y/A-2,4A-2) if A > 2 . 


To construct corresponding linearlized form of the nonlinear system (1.8), we consider the 
transformation 

( X n’ X n-l’ X n-2’ X n-3’ J’n’ Tn-U T«_2’ Tn-3) ’ fv fl’ fl’ §’ Sv Si’ £ 3 ) ’ (3-1) 

where 


/ = y " A Ji = X n-M’g = J ”' 3 X " -1 » Si = y n -M » i = h 2,3 • 

A + X n-3y n -l A + y„- 3 X „-1 
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The Jacobian matrix about the equilibrium point (x, v) under the transformation (3.1) is 
given by 


where S x = 


A + y 2 


(A + xy) 2 


Fj(x,y) = 


S 2 = 



0 

0 

0 

*1 

0 

*2 

0 

0 


1 

0 

0 

0 

0 

0 

0 

0 


0 

1 

0 

0 

0 

0 

0 

0 


0 

0 

1 

0 

0 

0 

0 

0 


0 


0 

0 

0 

0 

0 



0 

0 

0 

0 

1 

0 

0 

0 


0 

0 

0 

0 

0 

1 

0 

0 


0 

0 

0 

0 

0 

0 

1 

0 

- X 

■2 

. s. 


-A 

- 

y 2 

. 5 



A+x‘ 


(A + xy) 2 


(A + xy ) 2 


{A + xy) 2 


Theorem 3.1 If ^4 > 1 , then the equilibrium point (0,0) of the system (1.8) is locally 
asymptotically stable. 

Proof: We can easily obtain that the linearlized system of (1.8) about the equilibrium point 

(0,0) is 


(Pn + l= D( Pn ( 3 - 2 ) 

where 


- 


0 

0 

0 

1 

0 

1 

0 

0 

X n 





A 


A 



X n -1 


1 

0 

0 

0 

0 

0 

0 

0 

X n~2 


0 

1 

0 

0 

0 

0 

0 

0 

x n_ 3 


0 

0 

1 

0 

0 

0 

0 

0 


, D = 


1 






1 

y„ 


0 

0 

0 

0 

0 

0 

y„-1 



A 






A 

yn-2 


0 

0 

0 

0 

1 

0 

0 

0 

yn-3 _ 


0 

0 

0 

0 

0 

1 

0 

0 



0 

0 

0 

0 

0 

0 

1 

0 


The characteristic equation of (3.2) is 

f{X)={X 4 - ] -y = 0. (3.3) 

A 

In view of A > 1, it is clear that all roots of characteristic equation (3.3) lie inside unit disk. 
Hence the equilibrium (0,0) is locally asymptotically stable by Lemma 2.1. 
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Theorem 3.2 Let I , I be some intervals of real numbers and assume that f : I x/ —» I 

x j y j x y x 

and g : I k x +X x / | +l —>• I y be continuously differentiable functions satisfying mixed monotone 
property. If there exits 


such that 


\m 0 <min{x_ k ,---,x 0 ,y_ ! ,---,y 0 }<max{x_ k ,---,x 0 ,y_„---,y 0 }<M 0 , 
{n 0 <mm{x_ k ,---,x 0 ,y_ l ,---,y 0 }<max{x_ k ,---,x 0 ,y_„---,y 0 }<N 0 , 

\ m o ^ /( [m 0 \ p , [M 0 ] q , \n 0 1,[N 0 ],) < f([M 0 ] p , [m 0 ] q ,[JV 0 ] s , [n 0 \ ) < M 0 , 
[n 0 < g([m 0 ] pi , [M 0 fy,K] V| , [N 0 \) ^ g ([M 0 ] Pi , [m 0 \ ,[JV 0 /, [n 0 \)<N 0 , 

then there exit (m,M) e [m 0 ,M 0 ] 2 and (/?, M) e [« 0 , /V 0 ] 2 satisfying 

\M = f([M] p ,[m] q ,[N] s ,[n] t ), m = f([m] p ,[M] q ,[n] s ,[N] t ), 

N = g([M ] Pi , , [n \), n = gflmfy ,[M \, [n\,[N \). 


(3.4) 


(3.5) 


(3.6) 


Moreover, if m = M,n = N , then equation (2.1) has a unique equilibrium point (x,y)e 
[m 0 ,M 0 ]x[n 0 ,N 0 ] and every solution of (2.1) converges to (x, y) . 

Proof. Using m 0 ,M 0 ,n 0 and N 0 as two couples of initial iterations, we construct four 

sequences {m i \, {nj, and {Af} (i = 1,2,• • •) from the following equations 

\ m i = / (K- 1 \ » l M i ~i X >K-i l >[^-i1)» M i = ] P , K-i],>[fy-1L, K-i 1)» 

[«,. =g(K_ify,[M ! _ 1 ] ?i ,[« ! ._ify,[7V,._i] ti ), Af =g([M,._ 1 fy, [w, _ 1 ] ?i ,[iV i _ 1 fy, [«,._! ],_). 

It is obvious from the mixed monotone property of /and g that the sequences {/«,.}, {M ( .} , 


{«,} and {Af } possess the following monotone property 


m 0 < < • • • < m i <■•■< M t <■•■< M x < M 0 

n 0 <n l <---<n i <---<N i <---<N l <N 0 , 


(3.8) 


where i=0, 1,2,- --, and 


< x u < M t , < _y v < N t , for u>(k + 1)/ + 1, v > (/ + 1)/ + 1, z = 0,1,2, —. (3.9) 


Set 


Then 


m = limm ( ., M = limM ( ., n = limn ( , N = 1 i m N : . 


(3.10) 
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m < lim inf x i < lim sup x ( < M, n < lim inf y .< lim sup y ,< N. (3.11) 

/—>oo i —>co i —>oo /—>oo 

By the continuity of / and g , one has 

\M=f([M] p ,[m\ q ,[N] s ,[n] t ),m=f([m\ p ,[M] q ,[n\ s ,[N] t ), 

N = g([M] pi ,[m \, [AH,, ,[n \), n = g([m] pi ,[M \, [n\ , [N \). 

Moreover, if m=M ,n = N, then m = M = limx,. =x,n = N = limy, = y , and then the proof 

i —>co i —>co 

is complete. 

Theorem 3.3 If 1 <A , then the equilibrium point (0,0) of the system (1.8) is global 


attractor for any condition (x 3 , x 2 x ,, x 0 , y_ 3 , y 2 , y_j, y 0 ) e (0, oo ) 8 . 

Proof: Let (/, g): (0, oo ) 4 x (0, oo ) 4 —> (0, oo) x (0, oo) be a function defined by 


f( X n *n -1 *n- 2 ^ n -3 JA JVl ^„-2 ^„-3 ) = 


X n-3-.Vn-l 


and 


Set 


v — X 

g( x „ 1 ^„-2 A'„_3 ,v„ ,y„ 4 ,y„. 2 ,y„. 3 )= —^—— 

A + X n^y n-3 


, x-v V-X 

/=——> g=- 


.4 + xy T + xy 


we can obtain that 


/,= 


^4 + y 2 
(^4 + xy) : 


> g x = 


-A-y 2 

(A + xy> 


< 0 , 


, -^-x 2 xl + x 2 

/y (A + xy) 2< ’ gjr (A + xy) 2> ’ 

which implies that / and g possess a mixed monotone property. 


(3.13) 


(3-14) 


(3.15) 


(3.16) 


Let M 0 =JV 0 =max{x_ 3 ,x_ 2 x_ 1 ,x 0 ,y_ 3 ,y_ 2 ,y_ 1 ,y 0 } and -A/M 0 <m 0 =n 0 <M 0 /(l-A). 

Thus, we have 

m,, - N,. Mr, -Hr, , , Hr, -Mr, Nr, ~ 11 1 r, „ , , „ , 

m n < — - 5 -— < M n ,n 0 < — -—5-—< AL. (3.17) 

u A . ... TiT ^ . il /T u u A . . Hr A . AT ... u v 7 


^4 + m 0 A^ 0 .4 + M 0 n 0 


^4 + n 0 M 0 A + N 0 m 0 


Moreover, from (1.8) and Theorem 3.2, one can derive that there exists m,Me[m 0 ,M 0 ] , 
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n,N e\n 0 ,N 0 \ satisfying 


m — N n-M ,, M — n N — m 

m = - ,n = - ,M =- ,N = -. 

A + mN A + nM A + nM A + Nm 

Hence, we have 

M = N = m = n = 0 . 


(3.18) 


According to Lemma 2.2 and Theorem 3.2, If 1 < A , the unique equilibrium (0,0) is not 
only locally asymptotically stable, but also a global attractor. The proof is complete. 

Theorem 3.4 If A < 1, then the equilibrium point (0,0) is unstable. 

Proof: It is easy to see that there exist roots of characteristic equation (3.3) lie outside unit 
disk when A < 1. According to Lemma 2.2, the equilibrium point (0, 0) is unstable. 

Theorem 3.5 The equilibrium points p x =(slA-2,-sjA- 2) , and p 2 = (--JA-2, ^]A- 2) 

of the system (1.8) are locally asymptotically stable when 2<A<3 . And the equilibrium 

points P\ and P 2 of the system (1.8) are unstable when A >3. 

Proof: We can easily obtain that the linear equations of the system (1.8) about the 
equilibrium point p x = (VA-2, - \lA- 2) is 


where 


<P n = 


x„ 


x, 


72-1 




JC. 


-3 


y n 

y „-1 

yn-2 

y n—3 


<Pn +1 = D( Pn > 


D = 


0 0 0 

1 0 0 
0 1 0 
0 0 1 

2 

0 0 0 
0 0 0 
0 0 0 


The characteristic equation of (3.18) is 

/(A) = (T 4 - 


A-! Q 1-A 


2 

0 

0 

0 


0 

0 

0 


2 

0 0 
0 0 
0 0 


0 0 0 


1 

0 


4 A 1 2 


0 

1 


0 0 


) - o . 


0 0 


0 

0 

0 


0 

0 

1 


0 

0 

0 

A -1 


2 

0 

0 

0 


(3.19) 


(3.20) 


Hence, we have that the equilibrium point p x of the system (1.8) is locally asymptotically 


stable when 2 < A < 3 , and the equilibrium point p x of the system (1.8) is unstable when 
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A > 3. The stability and unstability of the equilibrium point p 2 can be proved similarly. 


4. Numerical simulations 


In this section some numerical examples are given in order to confirm the results of the 
previous sections and to support our theoretical discussions. These examples represent 
different types of qualitative behavior of solutions of the system (1.8). As examples, we 
consider the following difference equations 


x „ + 1 = 


x „-3 -y, 


n -1 


3 + X n-,y„-l 


y n+ 1 = 


y„. 3 -*„-i 

3 + y n -3 X n-l 


n = o, i, • 


(4.1) 


and 


_ *„-3-V„-l 7 
5 + X n-3y n - l ’ 


y n+ 1 


y n-3 X n-\ ^ 

3 + y n -3 X n-l ’ 


n = 0,1, 


(4.2) 


x„ 


-y n -1 


0 -5+Wn-! 


■» y n+ \ = 


y n 


-x„ 


0 - 5 + }’n-3 X n- 


n = 0,1, • • • 


(4.3) 


By employing the software package MATLAB7.0, we can solve the numerical solutions 
of the system (4.1), (4.2) and (4.3) which are shown respectively in Figures 4.1-Figure 4.4. 
More precisely, it is obvious that the equations (4.1) satisfy the conditions of Theorems 3.1 
and Figure 4.1 shows that the solution of the difference system (1.8) is local stability if A = 3 

and the initial conditions x_ 3 = 6, x 2 = 4, x = 2, x 0 = 8, y_ 3 = 1, y_ 2 = 4 , y , = 2 and v 0 = 3 • 

We can also see that the equations (4.1) satisfy the conditions of Theorems 3.2 and Theorem 
3.3, and Figure 4.2 shows that the solution of the difference system (1.8) is globally 

asymptotically stable where A = 3 , « = m 0 = -0.9, N 0 =M 0 = 0.9 and the initial conditions 

x_ 3 = 0.01, x _2 = 0.02, x_[ = 0.01, x 0 = 0.03, y_ 3 = 0.2, y_ 2 = 0.4 , y_ x = 0.8 and y () = 0.7 • It can 

be noticed that the equations (4.2) satisfy the conditions of Theorems 3.1, Theorems 3.2 and 
Theorem 3.3, and Figure 4.3 shows that the solution of the difference system (1.8) is globally 

asymptotically stable where A- 5 , n {] = m 0 = -0.3, N 0 = M 0 = 0.5 and the initial conditions 
x_ 3 = 0.2, x_ 2 = 0.06, x_j = 0.4, x 0 = 0.08, y_ 3 = 0.02, v_ 2 = 0.04 , y_ x = 0.01 and y Q = 0.1 ■ It is 


clear that the equations (4.3) satisfy the conditions of Theorem 3.4, and Figure 4.4 shows that 
the solution of the difference system (1.8) is unstable where A = 0.5 , and the initial 

conditions x_ 3 = 1.6,x_ 2 = 1, x_ x = 1.5,x 0 = 1.8,y_ 3 -1, y_ 2 =4, y_ x = 2 and y 0 = 3• 
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Figure 4.1. Solutions of (4.1) with A=3 and the initial conditions 

x_ 3 = 6, x _2 = 4, = 2, x 0 = 8, y_ 3 = 1, y_ 2 = 4, v_ t =2 and v 0 = 3 



n 


Figure 4.2. Solutions of (4.1) with A-3, /y =ny =-0.9, N 0 =Mq =0.9 and the initial conditions 
x_ 3 =0.01,x_ 2 = 0.02,x , =0.01,x 0 = 0.03, v_ 3 = 0.2, v 2 =0.4, v_, = 0.8 and y Q = 0.7 


li 
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Figure 4.3. Solutions of (4.2) with A = 5, n () =nu =-0.3, N 0 =M 0 =0.5 and the initial conditions 
x_ 3 = 0.2, x_ 2 = 0.06, x j = 0.4, x 0 = 0.08, y_ 3 = 0.02, y_ 2 = 0.04, v_, = 0.01 and y Q = 0.1 



Figure 4.4. Solutions of (4.3) with A = 0.5, and the initial conditions 
x_ 3 =1.6,x_ 2 =1,x_j =1.5,x 0 =1.8, y_ 3 =1, y_ 2 =4, y_ x = 2 and y 0 = 3 
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5. Conclusions 

This paper presents the use of a variational iteration method for systems of nonlinear 
difference equations. This technique is a powerful tool for solving various difference 
equations and can also be applied to other nonlinear differential equations in mathematical 
physics. The numerical simulations show that this method is an effective and convenient one. 
The variational iteration method provides an efficient method to handle the nonlinear 
structure. Computations are performed using the software package MATLAB7.0. 

We have dealt with the problem of global asymptotic stability analysis for a class of 
nonlinear high order difference equations. The general sufficient conditions have been 
obtained to ensure the existence, unstability and global asymptotic stability of the equilibrium 
point for the nonlinear difference equations. These criteria generalize and improve some 
known results. In particular, some illustrate examples are given to show the effectiveness of 
the obtained results. In addition, the sufficient conditions that we obtained are very simple, 
which provide flexibility for the application and analysis of nonlinear difference equation. 
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Abstract 

In this paper we are interested to give the Hadamard inequality for n-times differ¬ 
entiable convex functions via Caputo fractional derivatives. We also find bounds of a 
difference of this inequality. 
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1 introduction 

Fractional calculus was mainly a study kept for the finest minds in mathematics. The 
history of fractional calculus is as old as the history of differential calculus. It does indeed 
provide several potentially useful tools for solving differential and integral equations, and 
various other problems involving special functions of mathematical physics as well as their 
extensions and generalizations in one and more variables. Fourier, Eulern and Laplace 
are among those mathematicians who showed a casual interest by fractional calculus and 
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mathematical consequences. A lot of them established definitions by means of their own 
notion and style. Most renowned of these definitions are the Grunwald-Letnikov and 
Riemann-Liouville definitions [6-8]. 

In the following we give the definition of Caputo fractional derivatives [6]. 

Definition 1.1. Let a > 0 and a ^ {1,2,3,...}, n = [a] + 1, f € AC n [a,b\, the space 
of functions having nth derivatives absolutely continuous. The right-sided and left-sided 
Caputo fractional derivatives of order a are defined as follows: 

( g D" + /)(.t) = ——-- r dt, x>a (1.1) 

V a+j A ) p( n _ a ) J a (x_i)a-n+1 V > 

and 

(C ' D? - /)( ' T) = W=a).[ (t-C— + l 4t ’ X < b ' <L2) 

If a = n £ {1, 2, 3,...} and usual derivative f l ' n) ( x ) of order n exists, then Caputo fractional 
derivative ( c D% + f)(x) coincides with f^ n \x), whereas ( c 'D£_f)(x) coincides with f^ n \x) 
with exactness to a constant multiplier (—l) n . In particular we have 

( c D° a+ f)(x) = ( c D° b _f)(x) = f(x) 


where n = 1 and a = 0. 


Definition 1.2. ([7]) Let / £ L[a, b\. Then Riemann-Liouville fractional integrals of / of 
order a are defined as follows 

T a+f( x ) = J (* - t) a ~ l f{t)dt , x> a 

and 

Ib-fi x ) = TT7-T f (t - x) 0 - 1 f (t)dt, x<b. 

r(a) Jx 

In [10], Sarikaya et al. proved following Hadamard-type inequalities for Riemann- 
Liouville fractional integrals: 


Theorem 1.3. Let f : [a, b] —> M be a positive function with 0 < a < b and f £ L\[a, b\. If 
f is a convex function on [a,b], then the following inequalities for fractional integrals hold 


f 


( a + b 


2 a ~ 1 T{a + l) 
~ (b — a) a 

< f{a) + f(b) 

2 



f(b) +/“a±6 } _/(a) 


(1.3) 


with a > 0. 
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Theorem 1.4. Let f : [a, b] —> M be a differentiable mapping on (a, b) with a < b. If \ f'\ q 
is convex on [a, b] for q > 1, then the following inequality for fractional integrals holds 


2 Q - 1 r(a + l) rra 

(b-a) a 1 (*£*)+ 

b — a f 1 
4(a + 1) \2 (ck + 2) 


f(b) + / ( a o±b ) _/(a)] ~ f (y 


a + b 


«a+l)l/V)r + (a + 3)|/'(f>)|«) 5 


+ ((a + 3)|/'(o)|« + (a + l)|/'((.)|’)i 


(1.4) 


with a > 0. 


Theorem 1.5. Let f : [a, b] —> M be a differentiable mapping on (a, b) with a < b. If \ f'\ q 
is convex on [a, b\ for q > 1, then the following inequality for fractional integral holds 




(b — a 

r 

)« 1 (■ 

< h ~ a ( 

i 

- 4 l 

ap + 1 

b -al 

4 


a + b 


m\ g y | ^ 3 |r 


wr+imrv 


(1.5) 


4 \ ap + 1 


l\f\a)\ + \f'm, 


where 4 + 4 = 1. 

In recent days many researchers have focused their attention in establishing inequalities 
of Hadamard type via utilization of fractional integral operators, (see, [1-5,9]) and refer¬ 
ences therein. In this paper we are interested to give versions of inequalities (1.3), (1.4) 
and (1.5) for n-times differentiable convex functions via Caputo fractional derivatives. 

In the whole paper C n [a, b] denotes the space of n-times differentiable functions such 
that /(”) are continuous on [a, b]. 


2 Hadamard-type inequalities for Caputo fractional deriva¬ 
tives 

In this section we give a version of the Hadamard inequality via Caputo fractional deriva¬ 
tives. First we prove the following lemma. 

Lemma 2.1. Let g : [a, b] —> M be a function such that g e C n [a,b\, also let g^ n> is 
integrable and symmetric to Then we have 

( C D‘ + g)(b) = (-1 n c Dts)(a) 

= f[( C 0J+9)('>)+(-l)”( C '0”-9)(«)l- 
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Proof. By symmetricity of we ha ve g( n \a+b—x) = g^ n \x), where x £ [a, b\. Replacing 

x with a + b — x in the following integral we have 


( c K +g m = 


T(n — a) 

Ja (6-.T)“- n+1 

1 

r b g( n \a + b — x) 

T(n — a) 

Ja {x - a) a ~ n+1 6 

1 

r 


= (-1 ) n ( c Dtg)(a) 


Theorem 2.2. Let f : [a, b] —> M be a positive function with 0 < a < b and f £ C n [a, b\. 

jf f{n) 

is a convex function on [a,b\, then the following inequalities for Caputo fractional 
derivatives hold 

/<"> (^) 

s 2, ‘~7i! r< ")~-° +1> [( Cd t^>r)w+(- i)”( c o? a ± S) ^/)(«)] <2.i) 

/W(o)+ /(")(&) 


Proof. From convexity of /^ we have 

f in) ^ x + y ^j < f (n \x) + f {n \y) 

Setting x = |o + y = (2 2 *' l a + for t £ [0,1]. Then x,y £ [a, 6] and above 

inequality gives 

2/H (£±*) < /<") (|. + ^») + /'"> (^. + ~ 2 »), 

multiplying both sides of above inequality with a nd integrating over [0,1] we have 

2 f (n) ^±^7 .[ t^^'dt 

<j\n-a-l f in) T ^bj dt + f^ (^a+^dt 

on-ar/ rv \ r 

= f b _ a 1-1 [( C Of afS)+ /)('>) + (-l)”( c D^ i) _/)( 0 )] , 

from which one can have 

r(n\ f a+ b\ 


\ C D^ )+ f)(b) + (-in c D^J)(a)] . (2.2) 


V 2 J 

2 n-a-l r ( n _ a + 1) 
(b - a) n ~ a 
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On the other hand convexity of /gives 


/< ” , G“ + ¥ i ’) +/< ” ) ( 


2 -t t, 

- a H —b 

2 2 


< |/ ( ">(o) + Li/<»)((, j + £_i/<")(«) + 


multiplying both sides of above inequality with t n a 1 and integrating over [0,1] we have 


^ t n - Q -'/ (n ) Qo + (it + £ 


-«-l f (n) I 2_J a + f _ b | dt 


< 


/ (n) (a) + / (n) (6) 




from which one can have 


'in—a —1 


r(n — a + 1) 


(6 - a) n ~ a 

/ (n) (a) + / (n) (6) 
< £-w—£-Li. 


( C D^ )+ m) + (-1 rC'D^JXa) 


n/C 7~i« 


(2.3) 


Combining inequality (2.2) and inequality (2.3) we get inequality (2.1). 


□ 


3 Caputo fractional inequalities related to the Hadamard 
inequality 


In this section we give the bounds of a difference of the Hadamard inequality proved in 
previous section. For our results we use the following lemma. 


Lemma 3.1. Let f : [a, b] —> M be a differentiable mapping on (a,b ) with a < b. If 
f G C n+l [a, b\, then the following equality for Caputo fractional derivatives holds 
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Proof. One can note that 


b — a 


* IJ o 
b — a 


1 t n-a f (n+ 1) + dt 


a — b 


Jo 

b — a 




2 An) f a + b 


b — a 

a-\-b 


2 a I 2 

{a-b) J b \b — a 


(b - x ) 


n—a—1 


a — b 


f( n \x)da 


b — a 


2 „^ra + b\ , 2 n - a+1 r(n — a + 1) / 


b — a 


f (n) 


+ 


(6- a) 


n—a-\-l 


(-i n c D^j)(b) 


(3.2) 


Similarly 


b — a v rl 

4 L-VO 
6 — a 


f j.n—a f( n + 1) 

Jo 


2-t t, , , 

2 a + 2 ^ 


b — a 


fin) 


+ &\ 2 n ““ +1 r(n - a + 1) 


(6-a) 


n—a+1 


( c D^ H /)(a) 


(3.3) 


Combining (3.2) and (3.3) one can have (3.1). 


□ 


Using the above lemma we give the following Caputo fractional Hadamard-type in¬ 
equality. 


Theorem 3.2. Let f : [a, b] —► M be a differentiable mapping on (a, b) with a < b and 
f <E C n+1 [o,6]. // |/(-+ 1 >|^ is convex on [a, 6] for q > 1, f/ien the following inequality for 
Caputo fractional derivatives holds 


in—a—1 


r(n — a + 1) 


(6 - a)' 


( c D^ ]+ f)(b) + (-1 n c D^_f)(a) 


(*F)- 


_fin) 


a + b 


< 


b — a 


,, ,, w . 1) l/<" +1) (a)|« 

4(n — a + l) \2(n — a+ 2)/ LL 

+ (n - a + 3) |/ (n+1) (&)l 9 ] * + [(n - a + 3) |/ (n+1) (a)l 9 
+ (n —a+l)|/(" +1 >(6)H 
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Proof. From Lemma 3.1 and convexity of |/( n+1 )| and for q = 1 we have 


-\n-OL —1 


r(n — a + 1) 


/ (n) 


(b - a) n ~ a 
a + b 


( c L»^ )+ /)(6) + (°' J D^ ) _/)(a) 


C na 


< 


b — a 


n+l) 


t 2 — f, 
—(i -f- ———^ 


dt -jr 




df. 


b — a 


4 (n — a + 1) 


|/ (n+1) (a)| + |/ (n+1) (&)| 


For g > 1 using Lemma 3.1 we have 




-/ 


a + b 


< 


b — a 

~4~ 

+ /V 


L-70 


/ ( “ +1) Gb + ¥ 6 ) 


(if 


f(n +!) 


2 — f f, 

- a H —b 

2 2 


(if 


Using power mean inequality we get 


2 n -“-i r (n - a + 1) 
(6 - a) n ~ a 



( c D^ )+ f)(b) + (-l)"( Cf D« 2 ± £) _/)(o) 


b — a 

<- 

“ 4 


(--- 

\n — a + 1 


p 



+ 




2 - f f, 

-a H —b 

2 2 



2 - f 
2 


q - 

dt 


i 
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Convexity of |/( n+1 )|'J gives 


in—a—1 


r(n — a + 1) 


/ (n) 


(b - a) n ~ a 
a + b 


< 


b — a 


1 


4 \n — a + 1 

rl 


( C D^ ]+ f)(b) + (-1 n c D^ } J)(a) 


J\n-a Q|/(n + l) ( a )r + ^_i|/(n+l) (6) |^ df 


+ 

L-70 
b — a 


.n-a, 2 _J|/ ( n + 1) ( 0 )| 9+ i| / ( n+ 1) ( 6 )| ? )^ 


4 \n — a + 1 


|/ (n+1) (a)| <? + |/( n+1 )(6)|'J |/(-+ 1 >(6)|^ 


2(n — a + 2) n — f + 1 2(n — a + 2) 


+ 


|/ (n+1) (a)| <? | j( n + 1 )( a )|9 + |/(" +1) (6)|« 


n — a + 1 2(n — a + 2) 2(n — a + 2) 


which after a little computation gives the required result. 


□ 


Theorem 3.3. Let / : [a, 6] —■> M 6e a function such that f 6 C' n+1 [a, b\, a < b. If \f < ' n+1 ' > \ q 
is convex on [a, b] for q > 1, then the following inequality for Caputo fractional derivatives 
holds 


in—a—1 


r(n — a + 1) 


_ /( n) 


(b - a) n ~ a 
a + b 


( c D^ )+ f)(b) + (-1 )"( c n^ ) _/)(a) 


< 


b — a 


|/ (n+1) (a)| <J + 3|/ (n+1) (6)| 9 ' 


+ 


4 \np — ap + 1, 

/ 3|/ ( " +1) (a.)l <3, + |/ (n+1) (6)| 9 ' 


n 


< 


b — a 


4 \3(np — ap + 1) 


[|/ (n+1) (a)l + l/ (n+1) W|], 


(3-4) 


with 4 + 4 = 1. 

p <? 
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Proof. From Lemma 3.1 we have 


'in—a —1 


r(n — a + 1) 


_ f (n) 


(b - a) n ~ a 
a + b 


( C D^ )+ tm + (-1 )"( C 'Of a ± 4) _/)(n) 


< 


b — a 


* U o 

+ f\ n - a 

Jo 




dt 


/ (n+1) (+ *? 


dt 


From Holder’s inequality we get 


in—a—1 


r(n — a + 1) 


(6 - o)» 


( c D^ ]+ f)(b) + (-l)"(^D« iS±6) _/)(o) 


niC T^a 


~f {n) 


a + b 


< 


b — a 


t np ~ ap dt 


/° 


n+l) 


t 2 -t, 

—ci ———l 


dt 


+ 


t np ~ ap dt 


/° 


n+l) 


2-t t, 

- a H —b 

2 2 


dt 


Convexity of |/( n + 1 )| < ? gives 


in— cl—1 


r(n — a + 1) 


< 


_/(«) 

b — a 


(b - a) n ~ a 
a + b 


1 


( C D^ ]+ f)(b) + (-1 TfD^JKa) 


2 -t, 


4 \ n/i — ap + 1 



LJO 


_|/ ( n+ 1) ( a)r + __| / ( n + 1) ( 6 ) r ) (it 




+ 

L-70 
b — a 



2 ^\f {n+1 \a)\ q + \\f {n+l \b)V) dt 


\f( n+1 \a)\ q + 3\f( n+1 \b)\ q 


+ 


4 \np — ap + 1 
3|/ (n+1) (a)|« + |/ (n+1) (6)| < ? 
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For second inequality of (3.4) we use Minkowski’s inequality as follows 

| 2 n—a—1 r ( n _ a + 1 ) 


(6 - a) 1 


( C D^ )+ f)(b) + (-1 n c D^ } J)(a) 


~f {n) 


a + b 


< 


b — a 


16 \np — ap + 1 


\f( n + 1 )(a)\ q + 3\f( n+1 \b)\ q 


+ 


3|/ (n+1) (a)| <? + \f^ n+1 \b)\ q 


< 


b — a 


16 \np — ap + 1 


< 


b — a 


4 \3(np — ap + 1) 


(3« + l)(|/^ n+1) (a)| + |/^ n+1 )(6)|) 

(|/ (n+1) ( a )l + |/ (n+1) (&)|)- 


□ 
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Abstract 

Hesitant fuzzy information systems are generalized types of traditional information 
systems. First, a dominance relation is defined by the score function of hesitant 
fuzzy value in hesitant fuzzy information systems. By introducing the dominance 
relation to hesitant fuzzy information systems, we then establish a dominance-based 
rough set model by replacing the indiscernibility relation in classic rough set theory 
with the dominance relation, and develop a ranking approach for all objects based 
on dominance classes. Furthermore, to simplify the knowledge representation, we 
provide an attribute reduction approach to eliminate the redundant information. And 
an example is provided to illustrate the validity of this approach. 

Key words: Dominance relation; Dominance-based rough set; Hesitant fuzzy in¬ 
formation systems; Reduction 


1 Introduction 

As a mathematical approach to handle imprecision, vagueness and uncertainty in data 
analysis, rough set theory introduced by Pawlak [22, 23] is a valid means of granular 
computing [24], In Pawlak’s rough set model, the equivalence relation is a key tool and 
can represent information systems or decision tables. However, the equivalence relation 
is a very stringent condition that may limit the application of rough sets in practical 
problems. Therefore many researchers have generalized the notion of Pawlak’s rough 
set by replacing the equivalence relation with other binary relations. It may be a fuzzy, 
intuitionistic fuzzy, interval-valued fuzzy, hesitant fuzzy or other indiscernibility one within 
the generalized rough sets [1,3,4,15,21,27,31,34,39,40,42-51,54,55,59]. 

The aforementioned rough sets, such as fuzzy rough set [1,3,21,27,34,39], intuitionistic 
fuzzy rough set [15,54,55], hesitant fuzzy rough set [4,40,46], and so on, do not consider 
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attributes with preference-ordered domains. However, in many real-life situations, we are 
always faced with some problems in which the ordering of properties of the considered 
attributes plays a key role. In such case, to take into consideration the ordering properties 
of criteria, Greco et al. [8-11] generalized the notion of Pawlak’s rough set and initiated the 
dominance-based rough sets approach (DRSA) by replacing the indiscernibility relation 
with a dominance relation. In DRSA, the knowledge approximated is a collection of 
upward and downward unions of classes and the dominance classes are sets of objects 
defined by a dominance relation in which condition attributes are the criteria and classes 
are preference ordered. Up to now, many fruitful results in DRSA have been achieved 
[5,12,13,25,29,30,52], 

Hesitant fuzzy (HF) set theory, initiated by Torra and Narukawa [32] and Torra [33] 
as one of the extensions of Zadeh’s fuzzy set [56], permits the membership degree of an 
element to a set having several possible different values. Because HF set can express the 
hesitant information more comprehensively than other extensions of fuzzy set, it has been 
applied in dealing with lots of decision making problems successfully [2,6,17,18,28,35-38, 
57]. Although rough sets and HF sets both capture particular facets of the same notion- 
imprecision, studies on the combination of rough set theory and HF set theory are rare. 
In [40], Yang et al. proposed the concept of HF rough sets by integrating HF sets with 
rough sets. However, Zhang et al. [46] pointed out that hesitant fuzzy subset based on the 
hesitant fuzzy rough sets is not necessarily antisymmetric. To remedy this defect, they 
introduced an HF rough set over two universes and give a new decision making approach 
in uncertainty environment using the model. Subsequently, Zhang et al. [47] extended 
the rough set into interval-valued hesitant fuzzy environment and introduced the concept 
of interval-valued hesitant fuzzy rough sets. In typical hesitant fuzzy background, Zhang 
and Yang [53] studied the constructive approach to rough set approximation operators and 
proposed a typical hesitant fuzzy rough set. By combining the hesitant fuzzy linguistic 
term set and rough set, Zhang et al. [41] developed a general framework for the study of 
hesitant fuzzy linguistic rough sets over two universes. 

On the one hand, hybrid models integrating an HF set with a rough set are rarely 
developed despite the above mentioned research efforts. Knowledge reduction is also an 
important task in classic and generalized rough set theory. However, the issue has rarely 
been discussed under the hesitant fuzzy environment. On the other hand, it is well known 
that the rough set data analysis starts from information systems which contain data about 
objects of interest, characterized by a finite set of attributes. As an important type of data 
tables, information systems on decision problems have been widely studied [7,14,16,19, 
20,25,26]. However, in general, we may not have enough expertise or possess a sufficient 
level of knowledge to precisely express our preferences over the objects by using a value or 
a single term, and then, we may usually have a certain hesitancy between a few different 
values. In such a case, the traditional information system can not express our preferences 
or assessments by only a single term or value. Considering the facts, it is natural for 
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us to investigate information systems in the context of hesitant fuzzy settings which is 
called hesitant fuzzy information systems. So how to make a decision by a dominance 
relation is an urgent need in hesitant fuzzy information systems. The aim of this paper is 
to introduce a dominance relation to hesitant fuzzy information systems and establish a 
rough set approach by replacing the indiscernibility relation with the dominance relation. 
Then we develop a reduction approach in hesitant fuzzy ordered information systems for 
eliminating redundant information from the perspective of the ordering of objects. 

The rest of the paper is organized as follows. In Section 2, by reviewing some basic 
concepts, a dominance relation is introduced to hesitant fuzzy information systems and 
some properties are discussed. Section 3 establishes a dominance-based rough set approach 
in hesitant fuzzy ordered information systems by replacing the indiscernibility relation with 
a dominance relation. In Section 4, a ranking approach is established through the notions 
of dominance degree and whole dominance degree. Section 5 proposes a reduction approach 
in hesitant fuzzy ordered information system for eliminating redundant information from 
the perspective of the ordering of objects. Finally, we conclude the paper in Section 6. 

2 Dominance relation in hesitant fuzzy information systems 

In [32,33], Torra and Narukawa introduced the notions related to HF sets. 

Definition 2.1 ( [32,33]) Let U be a fixed, set, a hesitant fuzzy set A on U is in terms 
of a function h&(x) that when applied to U returns a subset of [0,1]. 

To be easily understood, Xia and Xu [35] denoted the HF set by a mathematical 
symbol: 

A = {< x, h\(x) > \x G U}, 

where h&(x) is a set of some different values in [0,1], standing for the possible membership 
degrees of the element x G U to A. 

For convenience, Xia and Xu [35] called hpjx) an HF element, and denoted the set of 
all HF sets on U by HF(U). 

To compare the HF elements, Xia and Xu [35] defined the following comparison laws: 

Definition 2.2 ( [35]) For an HF element h, s(h) = i X^ 7 e/i O' ca ^ e d the score func¬ 
tion of h, where ffh is the number of the elements in h. For two HF elements h\ and h^, 
if s(hi) > s(h 2 ), then hi >~ / 12 ; if s(hi) = s(h 2 ), then hi = hi- 

An HF information system is a quadruple X = (U, AT, V, /), where 

• U is a non-empty finite set of objects called the universe; 

• AT is a non-empty finite set of attributes; 

• V is the domain of all attributes, i.e., V = Vat = U a e AT 

• f : U xAT — > V is a total function such that f(x, a) G V a for every a G AT, x G U, called 
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Table 1: An HF information system 


u 

a 1 

a2 

as 

04 

05 

Xl 

{0.4,0.6,0.7} 

{0.4,0.5,0.6} 

{0.3,0.4,0.6} 

{0.1,0.3,0.4} 

{0.4,0.5,0.8} 

X‘2 

{0.4,0.5,0.6} 

{0.0,0.4,0.5} 

{0.5,0.6,0.7} 

{0.4,0.6,0.7} 

{0.2,0.3,0.4} 

X'S 

{0.5,0.6,0.7} 

{0.5,0.7,0.8} 

{0.6,0.8,0.9} 

{0.5,0.7,0.8} 

{0.6,0.8,0.9} 

X4 

{0.4,0.7,0.8} 

{0.4,0.6,0.7} 

{0.5,0.7,0.8} 

{0.8,0.9,1.0} 

{0.7,0.8,0.9} 

X5 

{0.4,0.6,0.8} 

{0.4,0.5,0.8} 

{0.4,0.6,0.7} 

{0.5,0.7,0.8} 

{0.4,0.6,0.8} 

X 6 

{0.2,0.3,0.4} 

{0.2,0.3,0.6} 

{0.3,0.4,0.5} 

{0.4,0.6,0.9} 

{0.3,0.6,0.7} 

x7 

{0.1,0.4,0.5} 

{0.5,0.6,0.7} 

{0.4,0.6,0.7} 

{0.3,0.7,0.8} 

{0.6,0.8,0.9} 

X 8 

{0.2,0.5,0.7} 

{0.2,0.6,0.8} 

{0.3,0.4,0.5} 

{0.4,0.6,0.8} 

{0.4,0.5,0.8} 


an information function, where V a is a set of HF elements. Denote as f(x,a ) = h a {x), 
then we call it the HF value of x under the attribute a. In particular, if the information 
function f(x, a) contains only one real number, the HF information system degenerates 
into a traditional information system [29]. 

Example 2.3 An HF information system is given in Table 1 , where U = {xi, X 2 , X 3 , X 4 , x$, 
X 6 ,X 7 , xs}, AT = {ai, a- 2 , as, 04 , 05 }. 

In practical decision analysis, we always consider a dominance relation between objects 
that are possibly dominant in terms of values of an attributes set in an HF information 
system. Generally, an increasing preference and a decreasing preference can be considered 
by a decision maker. If the domain of an attribute is ordered by a decreasing or increasing 
preference, then the attribute is a criterion. 

Definition 2.4 An HF information system is called an HF ordered information system 
(HFOIS) if all attributes are criterions. 

On the basis of Definition 2.2, we develop an approach to rank two objects whose 
attribute characters are described by HF values. 

Definition 2.5 Let T = ( U, AT, V, f) be an HFOIS. For x,y G U, denote as 

xFaV Va G A, f(x, a) F f(y, a) <*=>• Va G A, f(x, a) >- f(y, a) V f(x, a) = f(y, a), 

then we say that x dominates y with respect to A C AT if x F A y, denoted by xM^y. Where 
= {(y, x) G U x U\y F A xj is called a dominance relation in HFOIS. Analogously, we 
call the relation a dominated relation in HFOIS, which can be defined as follows: 

= {(V, x ) eUxU\x F a y}. 

From Definitions 2.5 and 2.2, we can easily obtain the following theorem. 
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Theorem 2.6 Let X = (U, AT, V, f ) be an HFOIS and A C AT, then 

(1) and are reflexive, transitive and unsymmetric; 

(2) = PlaeA^fa}’ = PlaeA^fa}' 

The dominance class induced by the dominance relation is the set of objects dom¬ 
inating x, i.e., 

M a = {y G u \f(v >°) >- f ( x ,«) v f(y ,«) = /Od «)( v « e a)} 

= {y e U\(y,x ) <E M^}, 

where [x]~j describes the set of objects that may dominate x and is called the A-dominating 
set with respect to x G U. 

Similarly, the dominance class induced by the dominated relation is the set of 
objects dominated by x, i.e., 

[x]i = {y e U\f(x, a) y f(y, a) V f(x, a) = f(y, o)(Va G A)} 

= {y e U\(y,x ) G M^}, 

where [x]^ describes the set of objects that may be dominated by x and is called the 
A-dominated set with respect to x G U. 

Let t//M^ denote classification on the universe, which is the family set {[x]~[|x G U}. 
Any element from U /M^ is called a dominance class with respect to A. Dominance classes 
in U /M^ do not constitute a partition of U, but constitute a covering of U. 

In the text that follows, without loss of generality, we adopt the dominance relation 
for investigating HFOIS and consider attributes with increasing preference. 

Theorem 2.7 Let 1 = (U, AT, V, f ) be an HFOIS and A, B C AT. 

(1) If B C A C AT, then Rj t . 

(2) If B C A C AT, then [x]^ D [x]^ D [x]^ T . 

(3) If Xj G [x^, then [xj]j C [x*]^ and [xi]j = U{[®j]a : x j G MaI- 

(4) [xi]j = [xj]j iff f(xi,a ) = /(xj,a)(Va G A). 

Proof. (1) and (2) are straightforward. 

(3) If Xj G [xj]^, by Definition 2.5, then f(xj,a ) y f(xi,a ) for all a G A. Similarly, for 
all x G [xj]$, we have f(x,a ) y f(xj,a). According to the transitivity of the dominance 
relation then f(x,a ) y f(xi,a), i.e. x G [x*]^. Thus [xj]^ C [x*]^. Consequently, 

[xi]j = UiNii : * T i G Mill- 

(4) “=>” Assume that [x*]^ = [xj]^, then [x*]^ C [xj]^. Based on the result (3), for 
all a G A, we have /(xj,a) >; f{xj,a). Similarly, we can conclude that f(xj,a) y f(xi,a). 
Consequently, /(xj,a) = /(xj,a)(Va G A). 

“•<=” It can be directly derived from the definition of the set of objects dominating x. 

□ 
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Example 2.8 (Continued from Example 2.3). Compute the classification induced by the 
dominance relation M^ T in Table 1. 

From Table 1, we have 

UfR^T = {[ x i]aT' \ x 2\aTi ■ ■ ■ > [ x 8]]4t}’ 
where 

[xi\at = { X U X 3, X A, X $}, [ x 2]j T = { x 2, x 3, x 4}, [ x 3,]j T = {^ 3 }, [ x a]j T = {^ 4 }, 

1 X 5]aT = { x 3i x i, x b}, [xgIaT = {^3, X 4,X 5 ,X 6 }, [x 7 ]j t = {.T 3 ,.T 7 }, [x 8 }j T = {x 3 , X 4 , X 5 , X 8 j. 

From Example 2.8, it is evident that dominance classes in U/R^ T do not constitute a 
partition of U, but constitute a covering of U. 


3 Rough set approach to HFOIS 

In this section, we shall investigate the problems of set approximation and roughness 
measure with respect to the dominance relation in HFOIS. 

Definition 3.1 Let X = (U, AT,V, f) be an HFOIS. For any X C U and A C AT, the 
lower and upper approximations of the set X with respect to the dominance relation 
are defined as follows: 

Wi(X) = {x£U\[x]^CX}, 

m.j{x) = {xeu\[x]jnx ^(b}. 

From Definition 3.1, we can easily obtain the following theorem. 

Theorem 3.2 Let 1 = (U, AT, V, f) be an HFOIS and X, Y C U, then 

( 1 ) Rj(X) =~ k|(~X), rJ(*) =~ X); 

(2) Rj(X) C X C r|(X); 

(3) ACAT=> C Rj(X) D Rj t (X); 

(4) X C Y =*► Mj(X) C r|(*) C M|(T); 

(5) 0 Y) = M^(X) n M^(T), Rj{X U Y) = M^(X) U R^(T); 

(6) M^(X U7)D Rj{X) U M^(T), Rj(X n Y) C Rj(X) D R^(T); 

(V M|(0) = M§"(0) = 0, ^f(U) = m5(I7) = U; 

(8) R|(R|P0) = R|(X), 55(55(X)) = M5(X). 

Theorem 3.3 Let X = (U, AT, V, /) be an HFOIS and A C AT. If then 

M^(X) = Rj t {X) and R^(X) = R^ T (X). 
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Proof. It is directly derived from Definitions 2.5 and 3.1. 

□ 

Generally speaking, the uncertainty of a set is due to the existence of the borderline 
region. The wider the borderline region of a set is, the lower the accuracy of the set is. 
To express the idea precisely, some basic measures (accuracy and roughness) are defined 
to depict the quality of the rough approximation of a set. In the following, we introduce 
the concepts of roughness measure and accuracy measure to measure the imprecision of 
rough sets induced by dominance relation in HFOIS. 


Definition 3.4 Let X = (U, AT, V, f) be an HFOIS, X C U and A C AT. Then the 

y- 

roughness measure p x A of the set X with respect to the dominance relation is defined 
as follows: 


pt A = 1 - = 

I^POI 

where \ - \ denotes the cardinality of a set. IfR-^(X) = 0, we define p x A = 0. r] x A = 






is referred to as the accuracy measure of X with respect to the dominance relation . 


According to Definition 3.4 and Theorem 3.2(2), we observe that 0 < p^A < 1 and 

0 < T) x < 1 . 

Obviously, by Theorem 3.3 and Definition 3.4, we can draw the following conclusion. 

then 


Theorem 3.5 Let 1 = (U, AT, V, f) be an HFOIS and A C AT. If = Rj t , 


$ — 

Px A = Px AT and r fx = Vx 


?- 

MT 


Theorem 3.6 Let 1 

ing holds: 


(2 )vl 


(U, AT, V, f) be an HFOIS, X C U and A C AT, then the follow- 


Proof. (1) Since A C AT, by Theorem 3.2(3) we have M^(A) C R^ T (A) and M^(A) D 


. |Ra(X)| |Mt,,(x)| 

l^ T (X). It implies that -=- < == -. According to Definition 3.4, then p x = 


A _ 


1 - 


lg|(x)| 

|R|(x)| 




> 1 - 


|R= r (X)| 


4rP0l 

TTD r 


= Px 


AT i.e., ofi AT < r ^ A 


Px X P X 


(2) It is directly derived from the result (1) and Definition 3.4. 


□ 


Example 3.7 Consider HFOIS in Table 1. Let A = { 01 , 04 , 05 } C AT and X = {x%, X 3 , x§, X 7 }. 
Now we compute the rough sets of X induced by U/R^ T and U/R^, respectively. 
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By Definition 3.1 and Example 2.8, the rough set (M^ T (X), M^ T (X)) can be obtained 
as follows: _ 

^At ( X ) = i X 3,X7}, K aA X )) = {X1,X 2 ,X3,X 5 ,X G ,X 7 ,X S }. 

Then we compute the classification set induced by the dominance relation U/R^. By 
Table 1, we have 

U/Rj = {[xi]|, [x 2 ]j,..., [x 8 ]^}, 
where 


[xi]j = {xi,X 3 ,X 4 ,X 5 }, [x 2 \j = {x 2 ,X 3 ,X 4 ,X b }, [x 3 ]^ = {x 3 ,X 4 }, [x 4 ]j = {.X 4 }, 

[X 5 ]a = {x 3 ,X 4 ,X 3 }, [x 6 ]a = {x 3 ,X 4 ,X 5 ,X 6 }, [x 7 \j = {x 3 ,X 4 ,X 7 },Jxs\j = {x 3 , X 4 , X 5 , X 8 } ■ 
Similarly, by Definition 3.1, we calculate the rough set (M^(X),M^(X)) as follows: 

= 0 , = {xi,X 2 ,x 3 ,x 5 ,x e ,x 7 ,xs}. 

Therefore, we have 


Ri , l*jPOI , 

p x A - 1 - ^-- 1 

I^POI 
^ I^POI 

Vx = ^- 

I^POI 

lhus, p x < p x and rj x > r/ x . 


i fepQI i 2 

Swi 7 

e* t _ feWI _ 2 

fePOl 7 ' 


5 

7’ 


4 Ranking for all objects in HFOIS 

In [58], Zhang et al. defined the concept of dominance degrees for ranking all objects 
in classical ordered information systems. Inspired by the idea, we introduce a dominance 
degree between two objects in HFOIS as follows: 


Definition 4.1 Let T = (U, AT,V, f) be an HFOIS and A C AT. Dominance degree 
between two objects with respect to the dominance relation is defined as 


B A (xi,Xj) 


Ma u MaI 

\U\ 


where \ ■ \ denotes the cardinality of a set, Xi,xj 6 U. 


Theorem 4.2 Dominance degree B A{x%,Xj) satisfies the following properties: 

(1) jU\< R>A(xi,xj ) < 1 ; 

(2) if(xj,Xk ) thenH>A(xi,Xj) <B A{xi,Xk) and B a(x j , xf) > B^pfc, xf). 


Proof. (1) It is straightforward. 
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(2) Assume that (xj,Xk) 6 By Theorem 2.7, then [xj]^ C [x*.]^. Therefore, we 
have 

D A {xi,Xj) - D A (xi,x k ) = |^| (| ~ Na U [xj]j 

< 7^t(I ~ 

= 0 , 

D A (xj,Xi) - D A(xk,Xi) = t^i (| ~ Na U [xj]^ 

> j^j(I ~ Wj u nj 

= 0 . 

That is, H>A(xi,Xj) < D A{xi,xif) and D A(xj,Xi) > DaNjN- □ 

According to Definition 4.1, we may construct a dominance relation matrix with respect 
to A induced by the dominance relation . Based on the dominance relation matrix, the 
whole dominance degree of each object can be calculated by the following formula 

ID U(xi ) = —j-^D A.(xi,Xj), Xi,Xj G U. (1) 

Obviously, by the concepts of dominance degree and whole dominance degree, the 
following theorem holds. 

Theorem 4.3 Let X = (U, AT, V, /) be an HFOIS and A C AT. If then 

ID) A (xi,Xj) = ID) AT(xi,Xj) and 1D>a(N = Bat(N- 

By employing the whole dominance degree of each object on the universe, we may rank 
all objects by the values of Byi(ij). The following example is given to demonstrate the 
application of this method. 

Example 4.4 (Continued from Example 2.8). Rank all objects in U based on the domi¬ 
nance relationMr^rp. By the concept of dominance degree, we obtain the dominance relation 
matrix as follows 


/ 

1 

0.75 

0.625 

0.625 

0.875 

0.875 

0.625 

0.875 

\ 


0.875 

1 

0.75 

0.75 

0.875 

0.875 

0.75 

0.875 



1 

1 

1 

0.875 

1 

1 

1 

1 



1 

1 

0.875 

1 

1 

1 

0.875 

1 



1 

0.875 

0.75 

0.75 

1 

1 

0.75 

1 



0.875 

0.75 

0.625 

0.625 

0.875 

1 

0.625 

0.875 



0.875 

0.875 

0.875 

0.75 

0.875 

0.875 

1 

0.875 


V 

0.875 

0.875 

0.625 

0.625 

0.875 

0.875 

0.625 

1 

/ 


~ Na u fodSu 
~ Na u N]aI) 

~ [Xk& u NaI) 
~ NIa u NaI) 
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Therefore, by Equation 1, the whole dominance degree of each object x t can be calculated 
as follows: 

©at 0*4) = 0.75, Dat(®2 ) = 0.82, O/rrtAs) = 0.98, ^> at { x &) = 0.96, 

©at(*T5) = 0.875, = 0.75, Oat(*T7) = 0.857, BatO^s) = 0.768. 

An object with larger value implies a better object. Therefore, based on the values of 
we can rank all objects as follows: 

X3 t: X4 >z X5 >z x-j A xs h 



5 Attribute reduction in HFOIS 

In order to simplify knowledge representation in HFOIS, it is necessary for us to reduce 
some dispensable attributes in the context of dominance relations. In this section, we will 
develop an approach to attribute reduction in a given HFOIS. 

Definition 5.1 Let T = (U, AT, V. /) be an HFOIS and A C AT. For any B C A, if 
and then we call A an attribute reduction of T. 

By Definition 5.1, we can easily verify the following conclusion holds. 

Theorem 5.2 Let T = (U, AT,V, f) be an HFOIS and A C AT. If A is an attribute 
reduction ofZ, then H>A(xi,Xj ) = B Ar{xi,Xj), Xi,Xj E U. 

In what follows we define several special attributes in HFOIS as follows: 

Definition 5.3 Let T = (U, AT,V, /) be an HFOIS. If j an attribute 

a E AT is called dispensable with respect to the dominance relation otherwise, a is 

called indispensable. The set of all indispensable attributes is called a core with respect to 
the dominance relation M^ T . 

Definition 5.4 LetT = (U, AT,V, f) be an HFOIS and A C AT. Denote by Dis{x,y) = 
{a E A\(x,y) then we call Dis(x,y) a discernibility attribute set between x and y, 

and DIS = ( Dis(x, y) : x,y E JJ) a discernibility matrix of the HFOIS. 

Theorem 5.5 Let T = (U, AT, V, /) be an HFOIS and A C AT. Suppose that Dis[x , y) is 
the discernibility attribute set of I; then iff An Dis(x,y) 0 ( Dis(x,y) 0). 

Proof. “=>•” Assume that = M^, for any y E U then [y] = [y] ^. If some 

x ^ [?/]at> then x ^ [v]a- Therefore, there exists a E A such that (x, y) ^ Kr,. Thus, 
a E Dis(x, y). Consequently, if Dis{x, y ) 0, we have A 0 Dis(x, y) 0. 

“<1='’ Based on Definition 5.4, we can observe that if (x, y) ^ for any (x, y) E U x 
U, then Dis(x,y) 0. Since An Dis(x,y) 0, there exists a E A such that a E Dis(x,y), 
i.e., (x,y) £ lr,. Thus (x,y) ^ M^. Consequently, D M^. On the other hand, note 
that A C AT, then we have C M^. Hence, = M^. □ 
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Table 2: The discernibility matrix of Table 1 


u 

Xl 

X2 

X 3 

X4 

X 5 

xe 

27 

28 

Xl 

0 

0304 

0402030405 

0402030405 

040203040.5 

04 

02030405 

0204 

X2 

030205 

0 

0402030405 

0402030405 

04020405 

020405 

020405 

020405 

X 3 

0 

0 

0 

040405 

0 

0 

0 

0 

X4 

0 

0 

02 03 

0 

0 

0 

02 

0 

X 5 

0 

03 

020305 

04030405 

0 

0 

O2O5 

0 

X(j 

a 1020305 

0403 

0402030405 

0402030405 

040203040,5 

0 

0402030.5 

040205 

x 7 

Ol 

0403 

01020304 

04030405 

0404 

04 

0 

ai 

x 8 

0103 

0403 

0402030405 

0402030405 

010203040,5 

04 

020305 

0 


Definition 5.6 LetT = (U, AT,V, f) be an HFOIS, A C AT and Dis(x,y) the discerni¬ 
bility attributes set of I with respect to M^ T . Denote as 

m = A {\A a: a G Dis ( x >y)\ x ,y e u }} i 

then we call Ai a discernibility function. 

From the definition of minimal disjunctive normal form of the discernibility function 
and Theorem 5.5, we can easily verify the following conclusion. 

Theorem 5.7 Letl = (U, AT,V, f) be an HFOIS. The minimal disjunctive normal form 
of M is 

t / q k \ 

M = V A) • 

k =1 \s=l / 

Denoted by B = {aj 3 : s = 1, 2,..., q *.}, then { B f. : k = 1, 2,..., t} are the family of all 
attribute reductions ofl. 

By Theorem 5.7, a practical approach to attribute reductions of HFOIS is provided. 
In the following, we shall illustrate how to obtain attribute reductions of an HFOIS by an 
example. 

Example 5.8 (Continued from Example 2.3). According to Definition 5.f, we obtain the 
discernibility matrix of Table 1 (see Table 2). Thus, we have 

M. = (ai V a2 V 05) A (ai V a2 V 03 V 05) A 01 A (ai V 03) A (03 V 04) A 03 

A (ai V 02 V 03 V 04 V 05) A (02 V 03) A (02 V 03 V 05) A (a 1 V 02 V 03 V 04) 

A (ai V 04 V 05) A (ai V 03 V 04 V 05) A (ai V 02 V 04 V 05) A (ai V 04) A 04 

A (02 V 04 V a.5) A (02 V 03 V 04 V 05) A 02 A (02 V 05) A (02 V 04) 

= 01 A 02 A 03 A 04 
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Therefore, there is only one attribute reduction for the HFOIS, which is { 01 , 02 , 03 , 04 }. 
From the perspective of the ordering of objects, the attributes 01 , 02,03 and 04 are indis¬ 
pensable in Table 1. 

6 Conclusions 

Although the conventional rough set theory is a powerful and useful mathematical tool 
to deal with uncertainty information, it can not deal with ordering objects instead of clas¬ 
sifying objects. In this situation, we have investigated information systems in the context 
of hesitant fuzzy settings, which is called hesitant fuzzy information systems. The hesitant 
fuzzy information system is an important type of data tables, which is generalized from 
the traditional information systems. First, based on the score function of hesitant fuzzy 
value, a dominance relation has been introduced to hesitant fuzzy information systems. 
Then we have established a rough set approach in HFOIS by replacing the indiscernibility 
relation with the dominance relation, and given a ranking approach to all objects by em¬ 
ploying the whole dominance degree of each object. Finally, from the perspective of the 
ordering of objects, we have also developed a reduction approach in HFOIS for eliminating 
redundant information. 
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THE STABILITY OF CUBIC FUNCTIONAL EQUATIONS WITH 
INVOLUTION IN MODULAR SPACES 

CHANGIL KIM AND GILJUN HAN* 


Abstract. In this paper, we prove the generalized Hyers-Ulam stability for 
the following cubic functional equation with involution 

f(2x + y) + f{2x + a{y)) - 2 f(x + y) - 2f(x + cr(y)) - 12f(x) = 0 
in modular spaces by using a fixed point theorem. 


1. Introduction and preliminaries 

In 1940, Ulam proposed the following stability problem (cf. [21]): 

“Let Gi be a group and G 2 a metric group with the metric d. Given a constant 
5 > 0, does there exist a constant c > 0 such that if a mapping / : Gi —> 
G 2 satisfies d(f(xy),f(x)f(y)) < c for all x,y € Gi, then there exists a unique 
homomorphism h : Gi —> G 2 with d(f(x ), h{x)) < 5 for all x € Gi?” 

In the next year, Hyers [6] gave the first affirmative partial answer to the ques¬ 
tion of Ulam for Banach spaces. Hyers’ theorem was generalized by Aoki [2] for 
additive mappings and by Rassias [17] for linear mappings by considering an un¬ 
bounded Cauchy difference, the latter of which has influenced many developments 
in the stability theory. This area is then referred to as the generalized Hyers-Ulam 
stability. A generalization of the Rassias’ theorem was obtained by Gavruta [5] 
by replasing the unbounded Cauchy difference by a general control function in the 
spirit of Rassias’ approach. 

A problem that mathematicians has dealt with is ”how to generalize the classical 
function space L p ". A first attempt was made by Birnhaum and Orlicz in 1931. 
This generalization found many applications in differential and intergral equations 
with kernls of nonpower types. The more abstract generalization was given by 
Nakano [14] in 1950 based on replacing the particular integral form of the func¬ 
tional by an abstract one that satisfies some good properties. This functional was 
called modular. Since then, these have been thoroughly developed by several math¬ 
ematicians, for example, Amemiya [1], Koshi and Shimogaki [9], Yamamuro [23], 
Orlicz [15], Mazur [11], Musielak [12], Luxemburg [10], Turpin [20]. This idea was 
refined and generalized by Musielak and Orlicz [13] in 1959. 

Recently, Sadeghi [18] presented a fixed point method to prove the general¬ 
ized Hyers-Ulam stability of functional equations in modular spaces with the A 2 - 
condition, Wongkum, Chaipunya, and Kumam [22] proved the fixed point theorem 
and the generalized Hyers-Ulam stability for quadratic mappings in a modular 
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space whose modular is convex, lower semi-continuous but do not satisfy the A 2 - 
condition, and Park, Bodaghi, and Kim [16] proved the generalized Hyers-Ulam 
stability for additive mappings in a modular space with A 2 -conditions. 

Let X and Y be real vector spaces. For an additive mapping a : X —>• X with 
cr(o(x)) = x for all x £ X, a is called an involution of X. For a given involution 
a : X —> X, the functional equation 

(1.1) f(x + y) + f(x + o(y)) = 2f(x) 

is called an additive functional equation with involution and a solution of (1.1) is 
called an additive mapping with involution. For a given involution er : X —> X, 
the functional equation 

(1.2) f(x + y) + f(x + a(y)) = 2f(x) + 2 f(y) 

is called the quadratic functional equation with involution and a solution of (1.2) is 
called a quadratic mapping with involution. The functional equation (1.2) has been 
studied by Stetkaer [19] and the generalized Hyers-Ulam stability for (1.2) has been 
obtained by Bouikhalene et al. [3, 4, 7]. 

In this paper, we prove the generalized Hyers-Ulam stability for the following 
cubic functional equation with involution 

(1.3) f(2x + y) + f(2x + a(y)) - 2f(x + y)~ 2f{x + cr{y)) - 12/(x) = 0 

in modular spaces without the A 2 -condition and the convexity by using a fixed 
point theorem. Unlike Banach spaces and U-spaces, due to the triangle inequlity 
in modular spaces, we need subtle calculation in the proofs of Theorem 2.1 and 
Theorem 2.2 

Definition 1.1. Let X be a vector space over a field K(R, C, or N). 

(1) A generalized functional p : X —> [0, 00 ] is called a modular if 
(Ml) p(x) = 0 if and only if x = 0 , 

(M2) p(ax) = p(x) for every scalar a with |a| = 1, and 

(M3) p(z) < p{x) + p(y) whenever z is a convex combination of x and y. 

(2) If (M3) is replaced by 

(M4) p{ax + /3y ) < ap(x) + /3p(y) 

for all x, y £ V and for all nonnegative real numbers a, (3 with a + j3 = 1, then we 
say that p is convex. 

For any modular p on X, the modular space X p is defined by 
X p = {x £ X | p(\x) —» 0 as A —> 0} 

and the modular space X p can be equipped with a norm called the Luxemburg 
norm, defined by 

IM|p = inf {A > 0 | < l}. 

Let X p be a modular space and {r„} a sequence in X p . Then (i) {x„} is called 
p-Cauchy if for any e > 0, one has p(x n — x m ) < e for sufficiently large m,n € N, 

(ii) {x n } is called p-convergent to a point x £ X p if p(x n — x) —> 0 as n —> 00 , and 

(iii) a subset K of X p is called p-complete if each p-Cauchy sequence is p-convergent 
to a point in K. 

Another unnatural behavior one usually encounter is that the convergence of a 
sequence {x n } to x does not imply that {cx n } converges to cx for some c £ K. 
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Thus, many mathematicians imposed some additional conditions for a modular to 
meet in order to make the multiples of {x n } converge naturally. Such preferences 
are referred to mostly under the term related to A 2 -condition. 

A modular space X p is said to satisfy the A 2 -condition if there exists k > 2 such 
that X p (2x) < kX p (x) for all x £ X. Some authors varied the notion so that only 
k > 0 is required and called it the /L^-type condition. In fact, one may see that 
these two notions coincide. There are still a number of equivalent notions related to 
the A 2 -condition. In [ 8 ], Klramsi proved a series of fixed point theorems in modular 
spaces where the modulars do not satisfy A 2 -conditions. His results exploit one 
unifying hypothesis in which the boundedness of an orbit is assumed. 


Example 1.2. A convex function ( defined on the interval [0, 00 ), nondecreasing 
and continuous, such that £(0) = 0, C( CK ) > 0 for a > 0, ((a) -A 00 as a -A 00 , is 
called an Orlicz function. Let (B, S,p) be a measure space and L°(p) the set of 
all measurable real valued (or complex valued) functions on fl. Deine the Orlicz 
modular p ^ on L°(/l) by the formula 

pdf) = [ C(\f\)dp- 
J n 

The associated modular space with respect to this modular is called an Orlicz space, 
and will be denoted by (ZA, B, p) or briefly ZA . In other words, 

zA = {/ e L\p) | p c (A/) < 00 for some A > 0}. 

It is known that the Orlicz space ZA is /^-complete. Moreover, (ZA, | • || P( .) is a 
Banach space, where the Luxemburg norm || • L is defined as follows 


II/IIpc = inf {a > 0 



Further, if p is the Lebesgue measure on M. and £(i) = e t — 1, then p^ does not 
satisfy the A 2 -condition. 


For a modular space X p , a nonempty subset C of X p , and a mapping T : C —► 
C, the orbit of T at x € C is the set 

0(x) = {x, Tx, T 2 x, ■ ■ ■}. 

The quantity S p (x) = sup{p(u — v) \ u,v £ O(x)} is called the orbital diameter of 
T at x and if S p (x) < 00 , then one says that T has a bounded orbit at x. 

Kliamsi [ 8 ] proved a series of fixed point theorems in modular spaces where the 
modulars do not satisfy A 2 -conditions. His results exploit one unifying hypothesis 
in which the boundedness of an orbit is assumed. 

Lemma 1.3. [8] Let X p be a modular space whose induced modular is lower semi- 
continuous and let C C X p be a p-complete subset. If T : C —> C is a p- 
contraction, that is, there is a constant L £ [0, 1) such that 

p(Tx - Ty) < Lp(x -y), Vx,y£C 

and T has a bounded orbit at a point Xq £ C, then the sequence {T n x 0 } is p- 
convergent to a point w £ C. 
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For any modular p on X and any linear space V, we define a set M 

M := {g : V —> X p \ g(0) = 0} 

and the generalized function p on M by for each 

p(g) := inf{c > 0 | p(g(x)) < cip(x,0), \/x G V}, 

where xp : V 2 —> [0, oo) is a mapping. The proof of the following lemma is similar 
to the proof of Lemma 10 in [22]. 

Lemma 1.4. Let V be a linear space, X p a p-complete modular space where p is 
lower semi-continuous and f : V —> X p a mapping with /(0) = 0. Let xp : V 2 —> 
[0, oo) be a mapping such that 

(1.4) iim xp(2 n x, 2 n y) = ^ < 8L ^ X , x) 

n—t oo 8 n 

for all x, y G V and some L with 0 < L < 1. Then we have the following : 

(1) M is a linear space, 

(2) p is a modular on M, 

(3) if p is convex, then p is convex, 

(4) Mp = M and Mp is p-complete, and 

(5) f> is lower semi-continuous. 

Proof. (1), (2), and (3) are trivial. 

(4) By the definition of Mp, Mp = M. Let e > 0. Take any p-Cauchy sequence 
{g„} in Mp. Then there is an l G N such that for n, m G N with n,m> l, 

(1.5) p{.9n{x) - g m {x)) < exp(x , 0) 

for all x G V. Hence {g n (x)} is a p-Cauclry sequence in X p for all x G V. Since 
X p is a p-complete modular space, there is a mapping g : V —> X p such that 
p(p„( x) — g(x)) —» 0 as n —» oo for all x G V. Since each g n G M, there is an 
mGN such that 

P(9m{0 ) - g{0 )) = p(p(0)) < e 

and hence g G Mp. Since p is lower semi-continuous, by (1.5), we have 
P{9n{x) - g{x)) < lim inf p(p„(x) — g m (x)) < exp(x, 0) 

m—> oo 

for all igL Hence Mp is p-complete. 

(5) Suppose that {g n } is a sequence in Mp which is p-convergent to g G Mp. Let 
e > 0. Then for any n G N, there is a positive real number c n such that 


p(g n ) <c n < p(g n ) + e 


and so 
( 1 . 6 ) 


p(g(x )) < liminf p{g n (x)) 

n—> oo 

< liminf c n xp{x, 0) < ( liminf p(g n (x)) + e 0) 

n—too \ n—t oo / 


for all x £ V. Hence p is lower semi-continuous. 


□ 
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2. The generalized Hyers-Ulam stability for (1.3) in modular spaces 

Throughout this section, we assume that every modular is lower semi-continuous. 
In this section, we prove the generalized Hyers-Ulam stability for (1.3). 

For any / : V —> X p and any involution a : V —> V, let 

Df(x, y) = f(2x + y) + f(2x + a(y)) - 2 f(x + y) - 2 f(x + a{y)) - 12 f(x). 

Theorem 2.1. Let V be a linear space, X p a p-complete modular space and f : 
V —> X p a mapping with /(0) = 0. Let <j> : V 2 —> [0, oo) be a mapping such that 

(2.1) <j>(2x,2y) < 8Lcj>(x,y), <f{x + a(x), y + a(y)) < 8L(/>(x, y) 
for all x, y £ V and some L with 0 < L < X an( i 

(2-2) p(Df(x,y)) < <f(x,y) 

for all x,y £ V. Then there exists a unique cubic mapping F : V —> X p with 
involution such that 

(2-3) p(f{x) - ^/(x)) < -_ 2 8 L ^(x,0) 

for all x € V. 

Proof. Let ip(x,y) = <j>(x,y) + <j>(y,x) for all x,y € V. Then if satisfies (1.4) and 
hence, by Lemma 1.4, p is a lower semi-continuous convex modular on M;j, Mp = M, 
and Mp is p-complete. Define T : Mp —> Mp by 

Tg(x ) = ^ (g{2x) + g(x + <t(x))^J 

for all g £ Mp and all x £ V. Let g,h £ Mp. Suppose that p(g — h) < c for some 
nonnegative real number c. Then by (2.1), we have 

p(Tg{x) - Th(x)) < p(htf(2x) - h(2x)fj + p(^[g{x + a(x)) - h(x + ct(x))]) 

< 16 Lcif(x, 0) 

for all x £ V and so p(Tg — Th) < 16 Lp(g — h). Hence T is a p-contraction. By 

(2.2) , we get 

(2.4) P(f(x) + f(a(x))) < (f{0, x) 
and 

(2.5) p(/( 2x) - 8 fix)') < p(2f(2x) - 16 f(x)) < <j>(x, 0) 

for all x £ X. Letting x = x + a(x) in (2.4), by (M3), we have 

(2.6) p(f(x + <r(x))) < p(2f(x + cr(x))) < ^(0, x + cr(x)) < 8L<j>(0, x), 
for all x £ X and by (2.5) and (M3), we get 

(2-7) p(^/(2x) - /(x)) < p(/(2x) - 8/(x)) < </>(x, 0) 

for all x £ X. 

Now, we claim that T has a bounded orbit at \f . By the definition of T, we 
have 

(2.8) T n f(x + cr(x)) = ^/(2 n (x + a(x))) 
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for all x £ V and for all n £ N. Hence by (2.1), (2.6), and (2.8), we have 
p(T n f(x + a(x))) < p(f(2 n (x + a(x)))) < (8L) n+1 </>(0, x) 
for all x £ V and for all n £ N. By (2.7), for any nonnegative integer n, we obtain 

p^T n f(x)~lf(x)) 

< p(r n f(x) - ^ 3 /( 2 x)) + p(^f(2x) - f(x)) 

< p(\T n - 1 f(2x) \f{ 2x)) + pfr-'fix + a(x))) + <t>{x , 0) 

< p(^T n - 1 f{2x) - l -f{2x)) + ( 8 L) n 0 (O, x) + <Kx, 0 ) 
for all x £ V and by induction, we have 

1 1 n—1 n —1 

pUT n f(x) - -/(*)) < £(8L)""V(0,2 i x) + Y, 0(2**, 0 ) 

(2.9) i =0 i =0 

< n( 8 L)"(/>( 0 , x) + - 0 (^, 0 ) 

for all x £ V and all n £ N. Hence by (2.9), we get 

(2.10) p(\T n f(at) - \r m f(x)) < 0) + [ n(8i) " + 0, a:) 

for all x £ V and all all nonnegative integers n, to and since 0 < L < ^, by (2.10), 
we have 

p[\ Tn f(x) - ^T m f(x) S ) < 4(f>(x, 0 ) + </>( 0 , x) < 4 ip(x, 0 ) 
for all x £ V and all nonnegative integers n, in. Hence we have 

p{r n \f - T m \f) < 4 

all nonnegative integers n,m and thus T has a bounded orbit at \ f. 

By Lemma 1.3, there is an F £ Mp such that {T n ^f} is p-convergent to F. 
Since p is lower semi-continuous, we get 

0 < p{TF -F)< liminf p(TF - T n+1 -f) < lirninf 16Lp(V - T n -f) = 0 

and hence F is a fixed point of T in Mp. By induction, we can easily show that 

1 1 ” -1 

?”/« = 5 ^/( 2 ”*) + ^ Y. 2 ‘/( 2 “-‘A + »(*))) 

i =0 

i 2 n — 1 

= 2 St/( 2 "*) + ^ rr f(2 n ~ 1 (x + a(x))) 
for all x £ X and n £ N. Moreover, we have 

( 2 . 11 ) p(±DF(x,y)) <p[^[DF(x,y)-T n ^Df(x,y)])+p[^T n ^Df(x,y)) 
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for all x, y € V and all n € N. Note that 
p(±[DF(x,y)-T n ±Df(x,y)]) 

- p {^6 F (2x + y) -T n \f{2x + y) )+p (^4 F(2x+a{y)) - T n ^f(2x + cr(y)) ) 
+ i 2F{x + y) -T n ^2f(x + y) )+p(^ 2F{x + a{yj) - T n ^2f{x + a(y)) ) 
+ p(±[l2F(x)-T n ±12f(xj\) 

for all x,y € V and all n £ N. Since {T n \f} is p-convergent to F, we get 
(2-12) Jiim pQ[DF(x,y) -T n ±Df(x,y)]) =0 

for all x, y £ V. Further, we have 

p[^T n ^Df(x,y)) = p[^T n Df(x,y)) 

< p( ¥n ^Df(2 n x, 2 n y)) + 2 n ~ 1 (x + a(x)), 2 n ~\y + <r(y)))) 

< </>( 2 "a;, 2 n y) + cf(2 n ~ 1 (x + a{x)), 2 n ~ 1 (y + a{y))) 

<2(8 L) n <j>(x,y) 

for all x, y £ V and all n £ N. Letting n -* oo in the last inequality, we get 

(2.13) *K^ r "i i> /M=0 

for all x,y € V. By (2.11), (2.12), (2.13), and (Ml), we obtain 

DF(x,y) = 0 

for all x,y £ V and hence F is a cubic mapping with involution. Moreover, since p 
is lower semi-continuous, by ( 2 . 10 ), we get 

p{f(x) - < Y _ 2 8L ^°) 

for all x £ X. □ 

If p is covex, then Theorem 2.1 can replaced by the following theorem. 

Theorem 2.2. All conditions of Theorem 2.1 are assumed. Further, suppose that 
p is a convex modular and 0 < L < \. Then there exists a unique cubic mapping 
F : V —> X p with involution such that 

(2-14) p(f(x) - |/(z)) < 2 *(i- 

for all x £ V. 

Proof. Let ip(x,y) = <j>(x,y) + <j>(y,x) for all x,y £ V. Then if satisfies (1.4) and 
hence, by Lemma 1.4, p is a lower semi-continuous convex modular on Mj, Mp = M, 
and Mp is p-complete. Define T : Mp —> Mp by 

Tg(x ) = i (g{2x) + g(x + a{x ))) 
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for all g € Mp and all x € V. Let g,h £ Mp. Suppose that p{g — h) < c for some 
nonnegative real number c. Then by (2.1), we have 

p(Tg(x) - Th{x)) < \p(^\g{ 2z) - h(2x)fj + ^p(^\g(x + <r(x)) - h(x + <r(a;))]) 
< 2 Lap(x, 0) 

for all x £ V and so p{Tg — Th) < 2Lp(g — h). Hence T is a p-contraction. By 
(2.2), we get 

(2.15) p(f(%) + /(<?(x))) < 0(0, x) 


and 

(2.16) p(/(2x) - 8/(a;)) < ^p(2f(2x) - 16 f(x)) < ^<j>{x, 0) 
for all x G X. Letting x = x + a(x) in (2.15), by (M3), we have 

(2.17) p(f(x + a(x))) < ^p(2f(x + a{x))) < ^0(0 ,x + a(x)) < 4L0(O,ai), 
for all x € X and by (2.16) and (M3), we get 

( 2 -!8) p^f(2x) - /(a:)) < ^p{f{2x) - 8 f{x)) < ^0(x, 0) 

for all x £ X. 

Now, we claim that T has a bounded orbit at \f. By the definition of T, we 
have 

(2.19) T n f(x + <j(x)) = ^/( 2 n {x + a(x))) 

for all x £ V and for all n £ N. Hence by (2.1), (2.15), and (2.19), we have 
p(T n f(x + a(x))) < ^p(f(2 n (x + a(x)))) < 2(2L) n+1 0(O, x) 
for all x £ V and for all n £ N. By (2.18), for any nonnegative integer n, we obtain 

KV/Or) - \m) 

< \p(r n f{x) I/O 2x)) + ^(1/(2*) - /(*)) 

< 2x ) - ^/( 2a; )) + d p { Tnl ^ x++ °) 

< dp{\ Tn ~ 1 f {2x) ~ l f( - 2x) ) + ^T^ 0 ’ *) + °) 

for all x £ V and by induction, we have 


( 2 . 20 ) 


[\T n f(x) - i/Or) 


fonn-i 1 n 1 1 

%—0 2—0 


^E 


(2 L) n 1 

< x ) + 25(1 -L) ^ X ’ ^ 

for all x £ V and all n £ N. Hence by (2.20), we get 

(2.21) p( V/Or) - V/0r)) < 1 0(s, 0) + ± [(2 L) n + (2L) m ]0(O, x) 
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for all x £ V and all all nonnegative integers n. m and since 0 < L < by (2.21), 
we have 

p(\T n f(x) - -T m f{x)) < ^ 

< ^(f>(x, 0) + x) 

for all x £ V and all nonnegative integers n, m. Hence we have 

all nonnegative integers n,m and thus T has a bounded orbit at |/. 

By Lennna 1.3, there is an F £ Mp such that {T n ^fj is p-convergent to F. 

Since p is lower semi-continuous, we get 

0 < p(TF — F) < liminf p(TF - T n+1 \f) < liminf 2Lp(F - T n ]f) = 0 

and hence F is a fixed point of T in Mp. By induction, we can easily show that 

1 ”“ 1 

T7W = 5S/(2Y) + Y. 2*/(2”- 1 7 + »(•))) 

i =0 

i 2 n — 1 

= 2^/(2"*)+ -285-/( 2B " 1 (* + ff (*))) 

for all a: £ X and n G N. Moreover, we have 

( 2 . 22 ) 

p(^ DF (x,y)) < \p {^7 DF (x,y)-T n ^Df( x ,y) ) + \p(^f Tn \ D f(x,y)) 
for all x, y £ V and all n £ N. Note that 
p[^[DF(x,y)-T n ^Df(x,y)]) 

<^(^6 F ^ 2x + y'>~ Tn \^ 2x + y'> ) + ^3 p {^4 F ( 2x + <x(y))-T n ^f(2x + <T(y)) ) 
+ ^p(^ [ 2F (x + v)~ T n \2f(x + y )\) + lp(l [ 2 F(x + a(y)) T n ±2f(x + a(y ))]) 

+ YA¥[ l2F{x) - Tn \ l2f{x) }) 

for all x,y £ V and all n £ N. Since {T n \f} is p-convergent to F, we get 
(2.23) lim^p^ DF(x,y) -T n ^Df(x,y) ) = 0 
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for all x,y € V. Further, we have 

p[^T n ^Df(x,y)) = p[^T n Df(x,y)) 

1/1 \ 1 / 2 n — 1 \ 

< ^{^Df^x, 2"»)) + - 2 p[^Df{2-\x + a(x)), 2"~\y + a(y)))) 

1 2 n — 1 

< + <'(*>), 2 "- 1 (» + «■(„))) 

for all x, y £ V and all n € N. Letting n —> oo in the last inequality, we get 

(2.24) 

for all x,y € V. By (2.22), (2.23), (2.24), and (Ml), we obtain 

DF(x, y) = 0 

for all x, y £ V and hence F is a cubic mapping with involution. Moreover, since p 
is lower semi-continuous, by (2.21), we get 

p{F(x)- |/(a0) < L ^ (x,0) 

for all x £ X. □ 

It is well-known that every normed space is a modular space with p{x) = ||x||. 
Using Theorem 2.2, we have the following corollary. 

Corollary 2.3. Let X and Y be normed spaces and e, 9, and p be real numbers 
with e > 0, 6 > 0, and 0 < p < §. Let f : X —»• Y be a mapping with involution a 
such that /(0) = 0 and 

y)|| < e + 0(||a;|| 2p + ||y|| 2p + IMHMD 

and 

Ik + ^WII < 2||x|| 

for all x,y £ X. Then there is a cubic mapping F : X —> Y with involution such 
that 

\\F(x)-f(x)\\< 2{8 ^ 22p) (e + 0\\x\\ 2 n 

for all x £ X. 

Proof. Let p(z) = ||z| for all y £ Y and 4>{x,y) = e + d(||:r|| 2p + ||j/|| 2p + ||a;|| p ||j/|| p ) 
for all x, y £ V. Then p is a convex modular on a normed space Y, Y = Y p , and 

(f(2x, 2y) < 2 2p (j)(x, y), <p(x + <r(x), y + a(y)) < 2 2p (f>(x , y) 

for all x,y £ V. By Theorem 2.2, we have the results. □ 

Using Example 1.3, we get the following example. 
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Example 2.4. Let e, 9, and p be real numbers with e > 0, 9 > 0, and 0 < p < |. 
Let £ be an Orlicz function and 4/ the Orlicz space. Let / : V —> L be a mapping 
with involution a such that /(0) = 0 and 

[ C(I/(2a: + y) + f{2x + a(y)) - 2 f(x + y) - 2f(x + a(y)) - 12 f(x)\)dp 
Jn 

< e + e(\\ x fP + \\yfr + \\ x \\r\\y\\r) 

and 

||a; + cr(ai)|| < 2||ai|| 

for all X ,y € X. Then there is a cubic mapping F : X —> Y with involution such 
that 

J n cm*) - imm < 2(8 ^ 22p) (e+ o\\ x m 

for all X € X. 


Define a mapping p 2 : K. — 
on R and = R. Note that 


by P 2 (x) = |cc| 2 . Then clearly, p -2 is a modular 


- x 2 + - x 4 
2 2 


= ^>^ + 1 = ^x12^+1x1415. 


Hence p 2 is not convex. Moreover, since (R, | • |) is a complete normed space, we can 
easily show that (R, p 2 ) is a complete modular space. Using these and Theorem 2.1, 
we have the following example. 


Example 2.5. Let e, 9 , and p be real numbers with e > 0, 6 > 0, and 0 < p < |. 
Let f : V —> R be a mapping with involution a such that /( 0) =0 and 


1/(2* + y) + f(2x + a{y)) - 2f(x + y) - 2f(x + cr{y)) - 12/(a;)| = 
<e + 9(\\ X \\^ + \\yr p + \\x\ny\n 


and 

||* + u(ai)|| < 2||ar|| 

for all X ,y € X. Then there is a cubic mapping F : X —> Y with involution such 
that 

\F(x) — 1/(*)|^ < J“Z” 22 p ( e + ^ll a; l| 2p ) 

for all X £ X. 
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A nonstandard finite difference method applied to a 
mathematical cholera model with spatial diffusion 
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a School of Mathematics and Statistics 
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Abstract 

In this paper, we propose a nonstandard finite difference (NSFD) scheme to solve 
numerically a cholera epidemic model with spatial diffusion. Through constructing dis¬ 
crete Lyapunov functions, we prove the globally asymptotical stabilities of the disease- 
free equilibrium and the chronic infection equilibrium, which coincide with the corre¬ 
sponding continuous model . Finally, numerical simulations are provided to illustrate 
the theoretical results. 

Cholera, partial differential equation, nonstandard finite difference scheme, Lyapunov 

function, global stability. 


1 Introduction 

Cholera is an infection of the intestines caused by the bacterium called Vibrio cholcrae and 
can spread rapidly in areas with inadequate treatment of sewage and drinking water. The 
World Health Organization (WHO) has warned that there are an estimated 3-5 million 
infected cases and 28,800-130,000 deaths worldwide due to cholera every year. Since 1817, 
seven cholera pandemics have spread in many places, with periodic outbreaks such as the 
latest one in Yemen in October 2016, which is the worst cholera outbreak in the world. The 
total cases in Yemen have exceeded half a million, with nearly 2,000 deaths reported, since 
the outbreak began to spread rapidly at the end of April 2017 due to the deteriorating hygiene 
and sanitation conditions and the disrupted water supply across the country. There have 
been massive outbreaks of cholera in many developing countries of Africa and South-east 
Asia, including Congo (2008), Iraq (2008), Zimbabwe (2008-2009), Vietnam (2009), Nigeria 
(2010), Haiti (2010), Mexico (2013), South Sudan (2014), and Somalia (2017). 

In recent years, many epidemic models have been proposed to a better understanding of 
the transmission of cholera. In 2001, Codego [1] proposed a SIRB epidemic model to study 
the transmission of cholera in which B represents the V. cholerae concentration in water. 
Hartley Morris and Smith [2] in 2006 discovered a representative hyperinfectious state of 
the pathogen, which is the ’explosive’ infectivity of freshly shed V. cholerae based on the 
laboratory results. Tien and Earn [3] proposed a water-borne disease model with multiple 
transmission pathways: both direct human-to-human and indirect water-to-human transmis¬ 
sions, and identified how these transmission routes influence disease dynamics. Mukandavire 
et al. [4] simplified Hartley’s model to understand transmission dynamics of cholera outbreak 
in Zimbabwe. Liao and Wang [5] in 2011 conducted a dynamical analysis of the Hartley’s 
model to study the stability of both the disease-free and endemic equilibria so as to explore 
the complex epidemic and endemic dynamics of the disease. Bertuzzo et al. [6] based on 


1000 


Shu Liao ET AL 1000-1012 



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 27, NO.6, 2019, COPYRIGHT 2019 EUDOXUS PRESS, LLC 


the Codeco’s work and developed a partial differential equation model for cholera epidemics. 
Their results suggested that cholera outbreaks may be triggered by time scales of disease 
dynamics. In a recently study, Safi et al. [7] designed a new two-strain model to assess the 
impact of basic control measures and dose-structured mass vaccination on cholera transmis¬ 
sion dynamics in a population. More papers in the field of cholera epidemic models are 
presented in ( [8-11]). 

Nowadays, more and more researchers consider to discretize the continuous models for 
practical purposes. One of the reasons is that most numerical methods like traditional 
Euler, Runge-Kutta and some standard procedures of MATLAB software will fail to solve 
nonlinear systems generating oscillations, chaos, and unsteady states if the time step size 
increases to a critical size. The other reason is that the results of the discrete time models 
are more accurate and convenient to describe infectious diseases and can preserve as much as 
possible the qualitative properties of the corresponding continuous models. The nonstandard 
finite difference (NSFD) scheme developed by Mickens ( [12-14]) performs well and has 
been applied to many articles. An NSFD discretization must satisfy one of the following 
two conditions ( [15,16]): nonlocal approximation is used and discretization of derivative 
must be a denominator function. Cui et al. [17] employed an NSFD scheme to discuss a 
class of SIR epidemic model with vaccination and treatment. The dynamical properties of 
their discretized model were analysed to demonstrate that the discretized epidemic model 
maintains essential properties of the corresponding continuous model, such as positivity 
property, bounciness of solutions, equilibrium points and their local stability properties. 
Suryanto et al. [18] constructed an NSFD scheme to solve a SIR epidemic model with 
modified saturated incidence rate. From their numerical simulations, the NSFD scheme 
allowed large time step size to save the computational cost. Qin et al. [19] proposed an 
NSFD method for an epidemic model which described the hepatitis B virus infection with 
spatial dependence. They have shown that the NSFD method is unconditionally positive by 
using the M-matrix theory. Moveover, asymptotical stabilities of the steady-state solutions 
were fully determined by constructing discrete Lyapunov functions independent of the time 
and space step sizes. Manna and Chakrabarty [20] analysed a spatiotemporal model for 
HBV infection by using an NSFD scheme, and studied the global stability properties of 
the discretized model. The simulation results demonstrated the advantages of the usage of 
NSFD method over the other schemes. For more investigations on NSFD scheme can be 
found in ( [21-24]). 

In 2015, Wang and Wang [25] proposed a PDE model to simulate cholera infection with 
spatial diffusion, taking multiple transmission ways into account among the human host, the 
pathogen, and the environment. The model in their paper assumes that both the human 
population and the bacteria undergo a diffusion process and is given by the following system 

= A - fc W K + w{xt) ~ ~ ^ + Dl ' AS ’ (1) 

= + p h S(x,t)I(x,t) - (j + n + ui)I(x,t) + D 2 AI, (2) 

= £I(x,t) - 8W{x,t) + D 3 AW r (3) 


of PDEs: 

as 

dt 

dl 

dt 

dW 

dt 
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dR 

dt 


7 1 (. x , t ) — fiR(x, t ) + D^AR, 


( 4 ) 


where S(x,t ), I(x,t), R(x,t ) and W(x,t) denote the susceptible, the infected, the recovered 
populations and the density of V. cholerae at location x and time t, respectively. The param¬ 
eters f3h and ftw denote the concentrations of the hyperinfectious (HI) and less-infectious (LI) 
vibrios, respectively, /i represents the natural death rate that is not related to the disease, 
U\ defines the rate of disease-related death, k is the concentration of vibrios in contaminated 
water, £ the natural decay rate of V. cholerae , 5 the bacterial death rate, 7 the recovery 
rate, and Di (i = 1,2, 3,4) are the diffusion coefficients. 

II is a bounded domain in R n with smooth boundary dfl, A is the Laplacian operator, 
that is A = £” =1 £2 with n is the number of spatial dimensions of the domain fh The 
Neumann boundary conditions of the model system are: 


dS _dl _ dW 
dt dt dt 


dR 

dt 


0 , x G 


( 5 ) 


In the case that the diffusion coefficients Di are all equal to zero, according to Wang and 
Wang’s [25], we know that the basic reproduction number is given by: 


Rq 


A 

/A/t(7 + n + Mi) 


(£/V + 5nf3 h ). 


( 6 ) 


And the disease-free equilibrium E 0 (S 0 ,1 0 ,W 0 , R 0 ) is (-,0,0,0), the endemic equilibrium 
E*(S*, /*, W*, R*) is determined by: 


^ A (7 + ti + Ul )I* . f3 e S* 5 k w * = Z_E r * = JZ 

ix ix ’ 7 + yU + ni- (3 h S* £ ’ 5 ix 

Wang and Wang’ paper [25] also established the following results: 

Theorem 1 Assume Di = 0, then for model system ( 1 - 4 ), ( 1 ) the disease-free equilibrium 
E 0 is locally and globally asymptotically stable if Ro < 1; and (2) if Ro > 1, the unique 
chronic infection equilibrium E* is globally asymptotically stable. 


In this paper, we consider the cholera spatially dependent model proposed in Wang and 
wang [25] and construct an NSFD scheme for this model. As far as we know, there are 
few studies on the continuous cholera models designed as discrete equations. The rest of 
the paper is organized as follows. In the next section, we construct a discretized cholera 
model with diffusion from the continuous model by using the nonstandard finite difference 
method. In Section 3 and Section 4, the global asymptotic stability analysis of the equilibria 
is performed by using discrete Lyapunov functions. In Section 5, we carry out the numerical 
study of the discrete model, which confirms our theoretical results. Finally, the conclusions 
are summarized in Section 6 . 


2 A discretized model 

Assume H = [a, b] with a,b G R, let At be the time step size and Ax = ££ be the space 
step size, A = kAt for k G N be the time mesh point, where N is the set of all non-negative 
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integers. The space mesh point is X n = nAx for n e {0,1, • - - ,N}. At each point, we 
denote approximations of S(x n ,tk), I(x n ,tk), W(x n ,tk ) and R(x n ,tk ) by S*, 1W k and R*, 
respectively. For the sake of convenience, a (N + 1)— dimensional vector 

U k = (Uq,Ui, • • • , U%) T (7) 


is used to represent all the approximation solutions at the time £*,. The notation (-) T denotes 
the transposition of a vector, and all components of a vector U are non-negative. 

We construct the following NSFD method for model system (1-4): 


qk+1 _ qk 

At 

jk +1 jk 

At 

W k+1 - W k 
At 

f?k +1 _ jqk 

At 


ck+l\jrk qk+1 _ n qk+1 , qk+1 

A - ^++w “ ■ ' lS ” +1 + Dl — (tw • < 8 > 


— Pw 


S k+1 W k 

y y n 


K + W k 

= aY'-fly' + A, 
= T i* +1 - »R k n + '+ D 


jk +1 _ o jk+1 I jk+1 

+as; + v* — ( 7 +^ 1 +^2 n+1 , A y, "-‘ w 


wSi - 

(Ax) 2 

jqk+1 _ o pfc+1 I pfc+1 

Ai+l zil n ~r Ai-l 

1 (Ax) 2 


(Ax) 


( 10 ) 

(ii) 


with discrete initial value conditions 

= lpl(x n ),In = = lf 3 (x n ),R° = ^ 4 (z„), 

for n G {0,1, • • • , N}, and discrete boundary condition is given as: 

S k -! = S k , s k N = S k N+1 , l\ = II 4 = 4 +1 , = w fc , w k = W k +ll R\ 


T}k T}k _ 

-H'O1 rt 7V — 


R 


k 

N+1 * 


It is easy to check that the solutions of the discrete system (8-11) are positive, and have the 
disease-free equilibrium Eq and the chronic infection equilibrium E*, which are the same as 
that of the model (1-4). 


3 Global stability of the disease-free equilibrium 


Since R does not appear in the first three equations of the system (8-11), we only need to 
study the system (8-10). In this section, we establish the global stability of the disease-free 
equilibrium of system (8-10) by constructing a discrete Lyapunov function. 

Theorem 2 If R 0 < 1, the disease-free equilibrium E 0 of the model system (8-10) is globally 
asymptotically stable. 

Proof Define a discrete Lyapunov function 


L k 


£ T(S„ 9 (|) + It + (7 + M + «i)( 1 + ^) wt 


( 12 ) 
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where the function g(x) = x — 1 — Inx , x G R + , clearly, g(x) > 0 with equality only if x — 1. 
Thus we have L k > 0 with equality if and only if S k = Sq, I k = 0 and W k = 0 for all 
n G {0,1,, N}. Then, along the trajectory of (8-10), we have 


N 


£‘ +1 - L k = E w[ S “ +I - S » + JtT + 7 +1 - + 7 + / t +Ml (w* +1 - w‘)l 


n=0 


' 5(7 + '‘ + “h ( ,vyi_ w y 


{ 

N 

E i 2A - 
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f3 w S k+1 W k 
k + WA 
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cfc +1 O cfc+l I cfc +1 
°n+l "T" °n-l 


(Ax) 
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h^n +1 + W*) A 
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n + W * 




+ - (7 + A + «i)4 fc+i + ^2 
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(Ax ) 2 

bL’+I o rfc+l I rk+1 

1 n +1 z1 n ' 1 n—l 


+ (7 + » + «i) 4 l+1 - A±|-tA<+‘ + b 3 


(Ai ) 2 

(7 + M + «1) w£\ - 2ir ‘ +1 + wy;, 
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(Ax) 
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1 AT l 1 


rfc+1 


fc +1 
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d 3 

N 


rk +1 
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n=0 


h ^ +1 


(Ax ) 2 

^ +1 

A 


+ A 


(Ax ) 2 (Ax ) 2 

(7 + /x + mX + 1 -^t 1 


e (Ax ) 2 

) + (7 + h + M lKn(A) — !)]• 


Since 2-A, — ^ "— < 0 by the arithmetic-geometric inequality, it then follows that if 

R 0 < 1, L k+1 — L k < 0, for all k G IN and the equality holds if and only if S k+1 = A 
This yields that {L k } is a monotone decreasing sequence. Thus, there exists a constant L 0 
such that limk^+oo(L k+1 — L k ) = 0. Therefore, we have lirrik^. +00 S k = A lirrik^ +00 I k = 0, 
lirrii i .^ +00 W k = 0, for all n G {0,1,... N}. Hence, E 0 is globally asymptotically stable when 
Rq < 1. This completes the proof. ■ 


4 Global Stability of the chronic infection equilibrium 

In this section we concern with the global stability of the chronic infection steady state of 
system (8-10) when R 0 > 1. 
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Theorem 3 If R 0 > 1, the chronic infection equilibrium E* of the model system (8-10) is 
globally asymptotically stable. 

Using the expression for S* along with system (8-10) and discrete boundary conditions, 
we first have 

N i Cfc+l Ok 

EaUA^-AA 

TV 
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__ i qk+l _ q* 
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eU a - i3wS " +1w ' 

n =0 
TV 


qk+l _ o qk+l I qk+l 

J n+1 w °n-1 ■ 


S* 


n "n . a nk +1 jk ,, Qk+l , 79 °n +1 n 1 ^ \l 

+ PhO n i n -pb n + L>i - ( - ^ -A 1 _ 


K + Wf 


( Ax ) 


V 1 r ( PwS*W* p w S k+1 W k ok+i T k nwvi s * \i 

K + w* +fjhb 1 -hZ wk - P hi} n 4 -/A* 


72—0 

N 


s* iy K + w* 

?k+i 
’n+l 


-1 qk+l _ 9C/C+I 1 qk+l 

E 1 17 n °n+l ZjJ n T ‘’n-lw, 

1 7XAU A 1 

72—0 
N 


K + W% 

s* 


(Ax) 


A + 1 


)] 


Ei 

72—0 


h(S k+1 - S*) 2 , p w W 


s*st+ l 


+ 


s 


K + W* 




(k + W*)Sff rl Wf. 


(k + W%)S*W* 


q* qk+lrk H 1 ( qk+l qk+l\2 

I a T*( 1 _ __Wl _ *4 4 M _ 79 \ ' yfn +1 ‘-’n J 

+ /3h ( S$+ l){ S'*/* ^ (Ax) 2 ^^ 1 ' 


5*/* 


In the same way, we have 
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N ~ 1 (Tk+l _ jk+l \2 
_ jj l J n+l J n J 

2 ^j(A t+OS 1 ' 

Similarly, by letting £/* = <5bb*, we obtain: 

J2 1 W k+1 W k 
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We then define the following Lyapunov function: 

H k = V A 4 . A + ^ g& 

Zs A t [ /3 h I* y{ S* p h S* J{ T * R,xr* y{ w* n ' 


n=0 


p h SI* W* 


(13) 


Thus, H k > 0 for all k G N, with equality if and only if S k = S* , I k = /* and W k = bb* for 
all n e {0,1,... N}. The difference of H k is: 
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N 


< 




n =0 


M s ; +1 - y> ! 


O* ck-\-l jk Tk+1 Tk+l 


PwW* 


S* , J n +1 , S* +1 I*(k+W*) K + W* o1 

'I” — 1“ Ti. II 7777771 777T 2] 


p h I*(K + I* I k+1 S*W* 

p w W* ,HZ +1 I k+1 W* I k+l 


w* 


+ 


1 )} 


&/*(« +W*) v W* W^I* I* 

D ST' (gSi - ^ +1 ) 2 _ V^ 1 US1 - J n +1 ) 2 _ D V- 1 (WSl 1 - ^n +1 ) 2 

1 Z^ (Ax) 2 ^+j5*+i 2 Z^ (\ rr .\2 7-fc+i rfc+i 3 Z^ 


ti=0 

< A { . m(S‘ +1 -5*) 2 


S (A xyi*t\i k » 


n =0 


/3 h S , *+ 1 S'*/* 


s( 


ti=0 

c^+i 


3 ; (Ai) 2 <«H'i+i 


71=0 


S + 1 ■ 


0 ( 


ofc +1 Tk 
^n 1 n ' 


Jk+lg* ■ 


PwW* 


P h I*(n + W*) u#v 5 '*+ 1 


S'* S fc+1 / fc+1 f/T + W*) IF fc+1 J fc +w* 

[o(-) + g( — --— --) + q (—-—) + q(— -)]} 

L y V Oi-4-1 > 1 y v jfc+lg*]^/* w* y Wl/fc-l-l 7*/J j 


w* 

IV—1 


TH fc+1 /* 


N” 1 /cfc+1 cfc+m ^-1 / rfc+1 _ rfc+l\2 / T i/fe+l TJ/fc+l\2 

_ jj ST' l D n+l D r> J _ jj ST' ldra +1 1 n J _ jj ST' W'n+l VV n ) 

1 Z_^ (Ax) 2 S^ + }S^+i 2 Z^ rA^-^ffc+iffc+i 3 Z^ 


71=0 


=! (Ax)^„‘+I/J+ 


71=0 


si (Ax)w„‘t;w‘+i 


71=0 


It is easy to see 17 fc+1 — i/ fc < 0 for all A; € IN. Then there exists a constant H* such that 
limk^+oo(H k+1 — H k ) = 0, which implies lirrik^+ooS k = S*. Combined with system (8-10), 
we have limk^+ooI k = /* and Umk^+ooW k = kb* as well, for all n G {0,1,... IV}. Hence, 
E* is globally asymptotically stable when R 0 > 1. This completes the proof. 


5 Numerical results 

In this section, we propose numerical simulations to verify the stability properties of the 
NSFD scheme. We use the data regarding the course of the cholera in Zimbabwe during 
2008-2009, which is the worst outbreak in Africa in the past 30 years with over 100,000 
humans have been infected and more than 4,300 killed. The total population in Zimbabwe 
is 12,347,240, for mathematical simplicity, we scale down all data numbers by a factor of 
1,200. All epidemiological parameter values for cholera in literature are given as: A = 4.5, 
li = 0.000442, f = 70, 5 = 0.2333, u x = 0.04, 7 = 1.4, k = 1000000 ( [2,4,5,9]). In 
addition, the initial values are taken as J(x, 0) = 10 x exp(— x), S(x, 0) = 1000 x exp(— x), 
W(x, 0) = 10 x exp(— x), and R(x,0) = 10 x exp(—x), where x G [0,50]. 

Let the grid sizes used in the simulation are Ax = 0.5 and At = 0.1, respectively, and 
the diffusion coefficients Di are all fixed as 0.01. The discussions in ( [2,4,5,9]) indicate that 
parameters pw and Ph are sensitive and vary from place to place, so we first set Pw — 0.0001 
and Ph = 0.0001, which renders R 0 = 0.7070 < 1. Hence, model system has a disease- 
free equilibrium in this case, the number of infectious decreases quickly and the disease 
dies out. It can be observed from Figure 1, where the steady state approaches to E 0 = 
(0.6, 0,0). For the other case, we choose Pw = 0.0001, Ph = 0.000236 and do not change 
the other parameter values, which gives Ro = 1.6683 > 1, the chronic infection steady state 
is E* = (0.5135,1899.14,8200.46) by calculation, the infected steady state is stable as can 
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be observed numerically in Figure 2. We then examine the case with different sets of initial 
conditions when Ro > 1, also obtain almost the same patterns. 

Figure 3 compares the profile when we choose two different combinations of Di, as, 
(0.01, 0.05, 0.01, 0.05) and (0.05, 0.1,0.05, 0.1) for R 0 > 1. Only the distribution of the density 
of I(x,t) is depicted, similar results for the other two variables S(x,t ) and R(x,t) are not 
presented here. Comparing Fig. 3 and Fig l.(a), we can find that diffusion coefficients have 
no effect on the convergence of solutions, but the larger diffusion coefficients will deduce 
the number of infected population and speed up the arrived time at the chronic infection 
equilibrium. 

In a addition, we perform numerical simulations of a standard finite difference (SFD) 
scheme to compare the results with NSFD scheme using the same discrete boundary condi¬ 
tions and parameter values in Figure 4. The stronger competitiveness of NSFD scheme has 
been proved by its succsess in preserving the global stability of equilibrium and the failure 
of the SFD method. 




(c) 


Figure 1: Graphs of the numerical solutions of the NSFD method when R 0 < 1. 
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6 Conclusions and discussions 

In this article, we derive a discrete cholera infection model with spatial diffusion by using an 
NSFD method. We show that the disease-free steady state of the discrete model is globally 



Figure 2: Graphs of the numerical solutions of the NSFD method when f? 0 > 1. 
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Figure 3: Dynamics of infected population when Rq > 1 for two different sets of D t . 



1009 


Shu Liao ET AL 1000-1012 


J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 27, NO.6, 2019, COPYRIGHT 2019 EUDOXUS PRESS, LLC 


asymptotically stable if the basic reproduction number R 0 < 1, and the chronic infection 
equilibrium is globally asymptotically stable when Rq > 1. In a word, our results (Theorem 
2 and Theorem 3) imply that the discretization scheme (8-11) is dynamically consistent with 
the continuous system with respect to the globally asymptotical stability of the steady-state 
solutions. Our simulation results also conclude that the diffusion coefficients have no relation 
to the global stability of such cholera epidemic. Finally, numerical results show the advantage 
of our method in comparison to an SFD method. Application of this method to the general 
delayed discrete epidemic models is our future work. 
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On the Higher Order Difference Equation 
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ABSTRACT 

The main objective of this paper is to investigate the global stability of the solutions, the boundedness and the 
periodic character of the nonlinear difference equation 

x n +i = ax n + /3x n -i + jx n -k + - --- — -, n = 0, 1, ..., 

bx n + CXn-l + dx n -k 

where the parameters a, /3, 7 , a, b, c and d are positive real numbers and the initial conditions X- s , X- s+ i,..., X-\ 
Xq are positive real numbers where s = max{l, k}. Some numerical examples will be given to explicate our 
results. 
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1. INTRODUCTION 


Our goal is to study some qualitative behavior of the solutions of the difference equation 


Xn +1 OtX n -{- f3x n —l 


7 Xn-k 


&X n X n —k 

bx n + CX n -l + dx n -k ’ 


n = 0 , 1 , ..., 


( 1 ) 


where the parameters a, f3 , 7 , a, 6 , c and dare positive real numbers and the initial conditions x_ s , £_ s+ i,..., x_i 
x 0 are positive real numbers where s = max{l, k}. 

Recently there has been a great interest in studying the qualitative properties of rational difference equations. 
For the systematical studies of rational and nonrational difference equations, one can refer to the papers [1-270] 
and references therein. 

Ibrahim [4] investigated the global attractivity of the positive solutions of the difference equation 


1 


x n-(2k + l) 
l-\-Xn-k x n-(2k + l) ’ 


n — 0 , 1 ,.... 


Zayed et al. et al. [5] studied the periodicity, the boundedness and the global stability of the positive solution 
of the difference equation, 

„ _ aXn+lSXn- 1 +JXn-2+SXn-3 , 1—0 1 

•^n+l — Axn i lSXn _ 1 + cv„ -2 -I Dx„ - 3 ’ — u, i,.... 

In [ 6 ] El-Dessoky investigated the global stability character and the periodicity of solutions of the recursive 
sequence 

ax n —i-\-bXn — k c\ i 

x n+l — c+£ Jx Tl _;£c„_ fc > U ~ 0 , 1 ,.... 

Guo-Mei Tang et al. [7] obtained the global behavior of solutions of the following nonlinear difference equation 

Xn+l = A + BXn+Xn-k ’ 17 = 0,1,.... 
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Papaschinopoulos et al. [ 8 ] studied the asymptotic behavior and the periodicity of the positive solutions of 
the nonautonomous difference equation 

P 

x n +l = A n + 77 = 0,1,.... 

El-Dessoky [9] obtained the global stability, the boundedness and the periodicity of the nonlinear difference 
equation 

2-71+1 OjX n “l” bx n — k “I” CX n — l eXn — s—CtXn — t ’ ^ - 

Nirmaladevi et al. [10] studied the periodicity solution and the global stability of nonlinear difference equation 
Vn+i = Py n + Qyn-k + Ry n -i + 5 ^ 3 ^ 77 , n = 0 , 1 ,.... 


"Let I be some interval of real numbers and let 

F : I s+1 -»• J, 

be a continuously differentiable function. Then for every set of initial conditions X- s , £_ s +i,..., Xo £ I, the 
difference equation 

x n -\-i F(x n , x n —i , ■, x n — s (, 77 0,1,..., (2) 

has a unique solution {x n }%L_ s . 

Definition 1.1. (Equilibrium Point) 

A point x £ I is called an equilibrium point of the difference equation (2) if 

x = F(x,x, ...,x). 

That is, x n = x for n> 0, is a solution of the difference equation (2), or equivalently, x is a fixed point of F. 
Definition 1.2. (Stability) 

Let x £ (0, oo) be an equilibrium point of the difference equation (2). Then, we have 

(i) The equilibrium, point x of the difference equation (2) is called locally stable if for every e > 0, there exists 
6 > 0 such that for all x _ s ,..., x-i,xq £ I with 


| x- t - a;| + ... + \x-\ - x\ + |aio - aj| < S, 


we have 


\x n — x\ < e for all n > —t. 


(ii) The equilibrium point x of the difference equation (2) is called locally asymptotically stable if x is locally 
stable solution of equation (2) and there exists 7 > 0 , such that for all x_ t , •••, £- 1 , xq £ I with 


X-s - x\ + ... + \x-\ -x\ + |aio - x\ < 7 , 


we have 

(Hi) The equilibrium point 
I, we have 


lim x n = x. 

n—> 00 

x of the difference equation (2) is called global attractor if for all X- s ,...,X-i,xo £ 
lim x n = x. 

n—> 00 


(iv) The equilibrium, point x of the difference equation (2) is called globally asymptotically stable if x is locally 
stable, andx is also a global attractor of the difference equation (2). 

(v) The equilibrium point x of the difference equation (2) is called unstable ifx is not locally stable. 


1014 


El-Dessoky ET AL 1013-1022 



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 27, NO.6, 2019, COPYRIGHT 2019 EUDOXUS PRESS, LLC 


Definition 1.3. (Periodicity) 

A sequence {x n }1fL_ s is said to be periodic with period p if x n+p = x n for all n > —t. A sequence {x n }1fL_ s is 
said to be periodic with prime period p if p is the smallest positive integer having this property. 

Definition 1.4. EqiLation (2) is called permanent and bounded if there exists numbers M and m with 0 < m < 
M < oo such that for any initial conditions x_ s , ..., X-i, xo £ (0, oo) there exists a positive integer N which 
depends on these initial conditions such that 

m < x n < M for all n > N. 


Definition 1.5. 
difference equation 


The linearized equation of the difference equation (2) about the equilibrium x is the linear 


Un+l — 


i= 0 


dF(x, x ,..., x) 
da 


Dn—i 


(3) 


Now, assume that the characteristic equation associated with (3) is 


pW — PoA s + piX s 1 + ... + p s -iX + p s — 0, 


(4) 


where 


Pi = 


dF(x,x,...,x) 

dXn-i 


Theorem 1.6. [ 1 ]: Assume that pi £ R, i = 1,2, ...,s ands is non-negative integer. Then 

S 

i—l 

is a sufficient condition for the asymptotic stability of the difference equation 

Vn+s A~ PlVn+s—1 T T PsVn = 0? 71 = 0, 1, ... . 


Theorem 1.7. [ 1 ]: Consider the the difference equation (2) where F £ C(I t+1 ,R) and I is an open interval of 
real numbers. Letx be an equilibrium point of the difference equation (2). Finally, suppose that F satisfies the 
following two conditions: 

(i) F is nondecreasing in each of its argements. 

(ii) F satisfies the negative feedback pi'operty 

[F(x, x , ..., x) — x\ (x — x) < 0, for all x£l — {0}. 

Then the equilibrium point x isa global attractor of all solutions of the difference equation (2). " 

2. LOCAL STABILITY 

In this section, we study the local stability character of the equilibrium point of equation (1). 

Equation (1) has equilibrium point and is given by 

x = ax + px+fx+ ^ + a c f + ^ , 

[(1 — a - (3 - 7 ) (b + c + d) - a] x 2 = 0. 

If (1 — a — (3 — 7 ) (b + c + d) / a, then the equilibrium point of the difference equation (1) is x = 0. 
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Let / : (0, oo ) 3 —* (0, oo) be a continuous function defined by 


f(u, v, w) = au + Pv + jw + 


bu-\-cv-\-dw * 


Therefore, it follows that 


df(u, v , w) _ | aw(cv-\-dw ) df{u, v, w ) 

du ^ ( bu-\-cv-\-dw ) 2 ’ dv 


P- 


acuw j df(u, v, w) _ | au(bu+cv) 

dw ' ' 


( bu-\-cv-\-dw ) 2 


( bu-\-cv-\-dw ) 2 


Theorem 2.1. Tfte zero equilibrium x of the difference equation (1) is locally asymptotically stable if 

{a + p + 7 ) (b + c + d) + a < 1 . 


(5) 


Proof: So, we can write Eq. ( 6 ) at zero equilibrium point x = 0 

df(x, x, x) _ p __ 


df(x, x, x) _ a(c+d) _ 

(b+c+d) 2 Tl) 

. a(b-\-c) 

7+(^ 7 += Pa- 


du 

and 


011 


(b+c+d)" 


= P2 


Then the linearized equation of equation (1) about x is 

Vn+ 1 PlVn—k P-lVn—l PsVn—s = 0, 

It follows by Theorem 1 that, equation (1) is asymptotically stable if and only if 

\pi\ + \Pz\ + \ps I < 1- 

Thus, 


a + 


a(c+d) 


( b+c+dy 


+ 


P — 


(b+c+d) 2 


and so 


a + 


a(c+d) 
(b+c+d) 2 


+ P ' 


(b+c+d) 2 


7 + 


+ 7 + 


a(b+c) 


(b+c+d) 

a(b+c) 


< 1, 


(b+c+d) 2 


< 1, 


a + 3 + + a ( b + c + d ) < 1 

“ + P +7+ (6+c+d) 2 ^ ^ 

(a + P + 7 ) ( 6 + c + d) + a < 1 . 


The proof is complete. 


Example 1 . Consider l = 2, k = 3, a = 0.3, P = 0.02, 7 = 0.01, a = 0.1, b = 0.2, c = 0.3 and d = 0.7 and 
the initial conditions x _3 = 0.2, x _2 = 0.4, X-\ — 0.6 and Xq = 0.1, the zero solution of the difference equation 
(1) is local stability (see Fig. 1). 



Figure 1. Sketch the behavior of zero solution of equation (1) is local stable. 
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Example 2. The solution of the difference equation (1) is unstable if l = 2, k = 3, a = 0.3, (5 = 0.2, 7 = 0.1, 
a = 0.5, b = 0.2, c = 0.3 and d = 0.7 and the initial conditions x_ 3 = 0.2, X -2 = 0.4, X-\ = 0.6 and Xq = 0.1. 
(See Fig. 2). 


plot of x(n+1 )= alfa X(n)+ beta X(n-I)+ gamma X(n-k)+(a X(n)X(n-k)/(b X(n)+ c X(n-I)+ d X(rvk))) 



Figure 2. Draw the behavior of the solution of equation (1) is unstable. 

3. GLOBAL STABILITY 

In this section, the global asymptotic stability of equation (1) is studied. 

Theorem 3.1. The equilibrium point x is a global attractor of Eq. (1) if a + /? + 7 / 1. 

Proof: Suppose that f and r] are real numbers and assume that F : [C,??] 3 — ■> [C,v\ is a function defined by 

F{x, y, z) = ax + f3y + -yz + bx “ff +dz ■ 

Then 


dF(x, y, z) _ 1 az(cy+dz) dF(x, y, z) a _ gcxz j dF(x, y, z) _ . ax(bx+cy) 

Ox u ' r (bx+cy+dz) 2 ’ dy F ( bx+cy+dz ) 2 dz I ' r ( bx+cy+dz ) 2 ' 


Now, we can see that the function F(x, y, z) nondecreasing in x, y and z. Then 


[. F(x , x, x) — x] (x — x) = ax + fix + 'jx + 


1 — a — (3 — 7 - 
= —[1 — a — 0 — 7 — 


bx-\-cx-\-dx 

a 


— X 


b + c + d 
a 

b + c + d 


(x — x) 
0 - 0 ) 
x 2 < 0 


If a + f3 + 7 + b+ a c+d < 1, then F(x, y, z ) satisfies the negative feedback property 

[. F(x , x, x) — x] (x — So) < 0 , for x 0 = 0 . 

According to Theorem 2, then a: is a global attractor of Eq. (1). This completes the proof. 


Example 3. The solution of the difference equation (1) is global stability when l = 2, k = 3, a = 0.03, /3 = 
0.02, 7 = 0.01, a = 0.1, b = 0.2, c = 0.3 and d = 0.7 and the initial conditions x _ 3 = 0.2, x _ 2 = 0.4, x_i = 0.6 
and x 0 = 0.1. (See Fig. 3). 
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plot of x(n+1 )= alfa X(n)+ beta X(n-I)+ gamma X(n-k)+(a X(n)X(n-k)/(b X(n)+ c X(n-I)+ d X(n-k))) 



Figure 3. Plot the behavior of the solution of equation (1) is global stability. 


4. BOUNDEDNESS OF THE SOLUTIONS 

In this section, we investigate the boundedness nature of the positive solutions of equation (1). 
Theorem 4.1. Every solution of Equation (1) is bounded if one of the following conditions holds: 

(i) a + - < 1 , (3 < 1 and 7 < 1 . 

(ii) a < 1 , (3 < 1 and 7 + ^ < 1 . 


( 6 ) 

(V 


Proof: First we prove every solution of Equation (1) is bounded if a + ^ < 1, (3 < 1 and 7 < 1. Let {x n }^_ s 
be a solution of Equation (1). It follows from Equation (1) that 

%n+l = OLX n + (3x n -l + JX n -k + b Xri+CXn _ l+ d Xn _ k > 

< ax n + (3x n -i + 7 x n - k + 

= (a + %) x n + f3x n -i + 'jXn-k 

X n T X n —i X n —k • 


Then 

x n+1 <x n + X n -i + x n -k for all n > 0. 

So every solution of Eq. (1) is bounded from above by M = x 0 + X-i + X-k- 

Second we prove every solution of Equation (1) is bounded if a < 1, (3 < 1 and 7 -f | < 1. Let {x n }fff_ s be 
a solution of Equation (1). It follows from Equation (1) that 

i/O 1 1 ax n x n _fc 

X n+1 — OLX n + (3x n -l + 7 s : n-k + bx^+cx^-i+dx^-k > 

< OLX n + /3x n -l + JXn-k + 

— OLX n T f3x n —l T (7 ”t“ b ) k 

^ %n—l H” 3Cn—k‘ 


Then 


x n +i <x n + x n -i + x n -k for all n > 0 . 


So every solution of Eq. (1) is bounded from above by M = Xq + X-i + X-k- 
Theorem 4.2. Every solution of Equation (1) is unbounded if a > lor [3 >1 or 7 > 1. 
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Proof: Let {x n }^L_ s be a solution of Equation (l).Then from Equation (1) we see that 

x n+1 = ax n + (3x n _i + jXn-k + bXn+ lll x _"+ L dXn _ k > ux n for all n > 0 . 
We see that the right hand side can be written as follows 

^■n+1 QZn—l' 


then 

Zi n+i = a n zi +i + const., i = 0,1, I, 

and this equation is unstable because a > 1, and lim z n = oo.Then by using ratio test {a; n }^ = _ is unbounded 

n —>oo 1 6 

from above. 


Similarly we can prof that every solution of Eq. (1) is unbounded if /3 > 1 or 7 > 1. Thus, the proof is now 
completed. 


Example 4. We assume l = 2, k = 3, a = 1.3, ft = 0.2, 7 = 0.1, a = 0.1, b = 0.2, c = 0.3 and d = 0.7 and 
the initial conditions x _3 = 0.2, X -2 = 0.4, x_i = 0.6 and Xq = 0.1, the solution of the difference equation (1) 
is unbounded (see Fig. 4). 



Figure 4. Plot the behavior of the solution of equation (1) is unbounded. 


5. EXISTENCE OF PERIODIC SOLUTIONS 

Theorem 5.1. Suppose that l and k are even positive integers, then equation (1) has no prime period two 
solutions. 

Proof: First suppose that there exists a prime period two solution 

...P, Q. P, Q, ..., 

of equation ( 1 ). We see from equation ( 1 ) when l and k are an even, then x n = x n -i = x n -k■ It follows equation 
( 1 ) that 

P = aQ + j3Q + 7 Q + b Q + cQ +d Q , 


and 

Therefore, 


Q — aP + ftP + 7 P + bp+ a c p +[i p ■ 

(b + c + d) P = (6 + c + d) (a + /3 + 7 )Q T aQ, 


( 8 ) 


(b + c + d) Q — (b + c + d) (o + /3 + 7 )P T aP, 


(9) 
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Subtracting (9) from ( 8 ) gives 

(b + c + d) (P — Q) = ((& + c + d) (of + /3 + 7 ) + a) ( Q — P) 

(P — Q) [( 6 T c + d) (1 + 0 + /3 + 7 ) T o] —0 

Since (b + c + d) (1 + a + f3 + 7 ) + a ^ 0, then p = q. This is a contradiction. Thus, the proof is completed. 


Theorem 5.2. Let l is even and k is odd positive integers, then equation (1) has no positive prime period two 
solutions. 

Proof: First suppose that there exists a prime period two solution 


...P, Q, P, Q,..., 

of equation (1). We see from equation (1) when l is an even and k is an odd, then x n = x n -i and x n+ \ = x n -k- 
It follows equation (1) that 

P = aQ + f3Q + 7 P + b Q + ®Q+dP > 

and 

Q = aP + /3P + 7 Q + bP+c p +d Q ■ 

Therefore, 

( b + c) (1 - 7 ) PQ + dP 2 = (b + c) (a + f3)Q 2 + d(a + f3)PQ + aQP , (10) 


(6 + c) (1 — 7 ) PQ T dQ~* — (b + c) (o + /3)P 2 + d{ot + f3)PQ T aPQ, (11) 

Subtracting (11) from (10) gives 

d(P 2 - Q 2 ) = (b + c) (a + f3)(Q 2 - P 2 ) 

(P 2 - Q 2 ) (d+(b + c) (a + P)) = 0 
Then P = ±Q. This is a contradiction. Thus, the proof is completed. 


Theorem 5.3. Suppose that l is odd and k is even positive integers, then equation (1) has no positive prime 
period two solutions. 

Proof: First suppose that there exists a prime period two solution 


...P, Q, P, Q,..., 

of equation (1). We see from equation (1) when k is an even and l is an odd, then x n 
It follows equation (1) that 


P — cxQ + (3P + 7 Q T 


aQ 2 

bQ+cP+dQ ’ 


— %n—k &H(1 ^n+1 — %n—l • 


and 


Therefore, 


Q 


aP + j3Q + 7 P + 


aP 2 

bP+cQ+dP ' 


(b + d) (1 — /3) PQ + cP 2 = (b + d) (a + 7 )Q 2 + c(a + 7 )PQ + aQ 2 , 


( 12 ) 


{b + d) (1 - fS) PQ + cQ 2 = (b + d) {a + 7 )P 2 + c(a + 7 )PQ + aP 2 , (13) 

Subtracting (13) from (12) gives 

c(P 2 - Q 2 ) = (( b + d) (a + 7 ) + a ) (Q 2 - P 2 ) 
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(P 2 — Q 2 ) [c ((b + d) (a + 7 )+a)] =0 
Then P = ±Q. This is a contradiction. Thus, the proof is completed. 

Theorem 5.4. Let l, k are odd positive integers. If 

(1 + a - /3 - 7 ) (b + c + d) - a ^ 0, 

then Eq. (1) has no prime period two solution. 

Proof: First suppose that there exists a prime period two solution 

...P, Q, P, Q, ..., 

of equation (1). We see from equation (1) when l and k are an odd, then x n +i = x n -i 
( 1 ) that 

P = aQ + /3P + 7 P + b p + a c p +£i p, 

and 

Q = aP + f3Q + 7 Q + bQ+cIj+dQ • 

Therefore, 

(1 - /3 - 7 ) (b + c + d) P = a (b + c + d) Q + aP , 

(1 - /3 - 7 ) (6 + c + d) Q = a (b + c + d) P + aQ , (15) 

Subtracting (15) from (14) gives 

(1-/3- 7 ) (b + c + d) (P ~ Q) = a(b + c + d) (Q - P) + a(P - Q) 

(P - Q) [(1 + a - /3 - 7 ) (b + c + d) - a] = 0 

Since (1 + a — /3 — 7 ) (b + c + d) — a ^ 0, then p = q. This is a contradiction. Thus, the proof is completed. 
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Abstract. The purpose of this article, we consider the existence of a unique best proximity 
point x* £ A such that d(x*,Tx*) = dist(A, B) for generalized <p-weak contraction mapping 
T : A —» B, where A, B(^f= 0) are subsets of a metric space ( X , d). 


1. Introduction 

Let (A, d) be a metric space. A mapping T : X -A X is a contraction if 
there exists a constant a G (0,1) such that 

d(Tx,Ty) < a ■ d(x,y), Vx,yG X. 

A mapping T : X -A X is a p-weak contraction if there exists a continu¬ 
ous and nondecreasing function p : [0,oo) -A [0, oo) with cp 1 (0) = {0} and 
linit-Kx) tp(t) = oo such that 

d(Tx,Ty) <d(x,y)-ip(d(x,y)), Va :,y £ X. (1.1) 

If X is bounded, then the infinity condition can be omitted. 

The concept of the <^-weak contraction was introduced by Alber and Guerre- 
Delabriere [1] in 1997, who proved the existence of fixed points in Hilbert 
spaces. Later Rhoades [14] in 2001, who extended the results of [1] to metric 
spaces. 

Theorem 1.1. ([14]) Let (X. d) be a complete metric space, T : X —> X be a 
ip-weak contractive self-map on X. The T has a unique fixed point p in X. 

Remark 1.2. Theorem 1.1 is one of generalizations of the Banach contrac¬ 
tion principle because it takes p(t) = (1 — a)t for a G (0,1), then ip-weak 
contraction contains contraction as special cases. 

Next, we present a brief discussion about best proximity point which is a 
interesting topic in best proximity theory. 

°2010 Mathematics Subject Classification: 54H25, 47H09, 47H10, 41A65. 

‘’Keywords: Optimal solution, best proximity point, P-property, generalized (p-weak con¬ 
traction mapping, fixed point, metric space. 
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Let (X,d) be a metric space and Afifi 0) be a subset of (X,d). Consider 
a mapping T : A —> X. The solutions to the fixed point equation Tx = x 
are called fixed points of the mapping T. It is clear that T(A) n A / 0 is a 
necessary (but not sufficient) condition for the existence of a fixed point for 
the mapping T : A —> X. If the necessary condition fails, then 

d(x,Tx) > 0, 

for all x £ A. This means that the mapping T : A —>• X does not have any 
fixed point, i.e., Tx = x has no solution. This point of view, it give us to think 
of a point x £ A which is closest to Tx in some sense. Best approximation 
theory and best proximity point theory are relevant in this perspective. One 
of the most interesting best approximation theorem is due to Fan [3]. 

Theorem 1.3. ([3]) Let Cfifi 0) be a compact convex subset of a normed linear 
space V and F : C -A V be a continuous function. Then there exists a point 
p £ C such that || p — Fp\\ = d(Fp , C) = inf{||Fp — c|| : c £ C}. 

Such an element p £ C in Theorem 1.3 is called a best approximant point of 
T in C. 

Although a best approximation point acts as an approximate solution of 
the equation Fp = p, the value \\p — Fp\\ need not be the optimum, i.e., a best 
approximant point is not an optimal solution in the sense that 

min \ \p — Fp II. 

peA 

Naturally, let us consider nonempty subsets A, B of a metric space ( X , d) and 
a mapping T : A -A B. Then one can think of finding an element x* £ A such 
that 

d(x*,Tx*) = min {d(x,Tx) : x £ A}. 

Since 

d(x, Tx) > dist(A, B) = inf{d(a, b) : a £ A,b £ B} 

for all x £ A, the optimal solution of min^g^ d(x, Tx) is one for which the 
value dist(A,B) is attained. A point x* £ A is said to be a best proximity 
point of T : A -A B if 

d(x*, Tx*) = dist(A , B). 

So a best proximity point of the mapping T is an approximate solution of the 
equation Tx = x which is optimal solution in the sense that 

mino?(x, Tx). 
x£A 
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Remark 1.4. It is trivial that all best proximity point theorems work as 
a natural generalization of fixed point theorems if the mapping T is a self¬ 
mapping. 

Recently Sultana and Vetrivel [15] obtained the following best proximity 
point theorem for mapping satisfies (1.1). 

Theorem 1.5. ([15], Theorem 3.4) Let A,B(fi 0) be two closed subsets of a 
complete metric space ( X , d) such that the pair (A, B ) has the P-property and 
Ao / 0 and T : A —>• B be a mapping such that T(Afi) C Bq and it satisfies 
(1.1). Then there exists a unique p 6 A such that d(p,Tp ) = dist(A, B). 

In 2016, Xue [16] introduced a new contraction type mapping as follows. 

Definition 1.6. ([16]) A mapping T : X —> X is a generalized p-weak contrac¬ 
tion if there exists a continuous and nondecreasing function p : [0, oo) — > [0, oo) 
with 99 ( 0 ) = 0 such that 

d(Tx,Ty) <d(x,y)-p(d(Tx,Ty)), Vx,y£X (1.2) 

holds. 

We notice immediately that if T : X —> X is cp-weak contraction, then T 
satisfies the following inequality 

d(Tx, Ty ) < d(x, y) - p(d(Tx,Ty)), Vx, y G X. 

However, the converse is not true in general. 

Example 1.7. Let X = (— 00 , + 00 ) be endowed with the Euclidean metric 
d(x, y) = \x—y\ and let Tx = \x for each x G X. Define p : [0, + 00 ) -» [0, + 00 ) 
by p(t) = 1 1. Then T satisfies (1.2), but T does not satisfy inequality (1.1). 
Indeed, 

d(Tx, Ty) = ^x-^y 

4 2 

<\x~y\~ -■ ~\x - y | 

3 5 

= d(x,y) - p(d(Tx,Ty)) 

and 

d(Tx, Ty) = ^x-^y 

, , 4 , 

>\x-y | - -\x - y | 

= d(x,y) - p(d(x, y)) 

for all x, y £ X. 
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Example 1.8. ([16]) Let X = (—l,+oo) be endowed by d(x,y) = \x — y\ and 
let Tx = for each x € X. Define p : [0, +oo) —>• [0, +oo) by p(t) = 
Then 

\x - y\ 

(1 + x)(l + y) 

^ \x-y\ , , \x-y | 2 

l + \x - y\ 1 + \x - y\ 

= d(x, y) - p(d{x,y)) 

holds for all x, y G X. So T is a </?-weak contraction. However T is not a 
contraction. 

Remark 1.9. The above examples show that the class of generalized p-weak 
contractions properly includes the class of <^-weak contractions and the class 
of ip-weak contractions properly includes the class of contractions. 

In fact, let T : X —> X be a contraction, there exists a E (0,1) such that 

d(Tx,Ty) < a ■ d(x,y), \/x,y£X. 

Then 

d{Tx,Ty) < a ■ d(x, y) = d(x, y) - (1 - a)d(x, y ) 

= d{x,y) - ip(d(x,y)), 

where, ip(d(x,y)) = (1 — a)d(x,y). So, T is a 99 -weak contraction. Moreover, 
let T be a ip- weak contraction, from property of ip, we have d(Tx,Ty) < d(x, y) 
and 

ip(d(Tx,Ty)) < <p(d(x, y)). 

From (1.1), 

d(Tx, Ty) < d(x, y) - ip{d(x, y)) 

< d{x, y) - ip(d{Tx,Ty)), Vx,y £ X. 

Therefore, T is a generalized p-weak contraction. 

In the meantime, if T is a yj-weak contractive self mapping for one mapping 
ip so we do not expect that the </?-weak contractivity should be satisfied with 
the same function ip. Let us suppose that T is a p-weak contractive self 
mapping and consider 

<p(x) = min {p(x/2); x/2} . 

Then, if d{Tx,Ty) > \d(x, y), we have 

d(Tx,Ty) < d(x,y) - p(d(Tx,Ty )) < d(x,y) - p(^d(x,y) j 


d(Tx,Ty) = 


l+x 1 +y 
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on account of monotonocity of tp and finally 

d(Tx,Ty) < d(x,y ) - <p(d(x,y)). 

On the other hand, if d(Tx,Ty) < | d(x,y ), we get 

d(Tx,Ty) < d(x,y) - ^d(x,y ) < d(x,y ) - <p(d{x,y)). 

So T is just the </5-weak contractive mapping. The continuity and monotonoc¬ 
ity of (p follows directly from properties of min function, <p and the metric. 

For related results, please see [9], [10], [11] and the references therein ([5], 

[6], [7], [8]). 

The purpose of this article, we consider the existence of a unique best prox¬ 
imity point x* £ A such that d(x*,Tx*) = dist(A,B) for generalized <^-weak 
contraction mapping T : A -A B, where A,B(^ 0) are subsets of a metric 
space ( X , d). 


2. Preliminaries 

Let A, B be two nonempty subsets of a metric space (X, d). Let us define 
the following notation which will be need throughout this article: 

Aq = {x e A : d(x, y ) = dist(A, B ) for some y £ B}, 

Bq = {y £ B : d(x, y) = dist(A, B ) for some x £ A}. 

In [12], the authors discussed sufficient conditions which guarantee the 
nonemptiness of Aq and Bq. Also, in [2], the authors proved that Aq is con¬ 
tained in the boundary of A. 

Let us define the notion of nonself generalized <^-weak contraction mapping 
as follows. 

Definition 2.1. Let A, B be two nonempty subsets of a metric space (X,d). 
A mapping T : A —>■ B is said to be a generalized ip-weak contraction if 

d(Tx,Ty) <d(x,y)-<p(d(Tx,Ty)), Vx,y£A, (2.1) 

where ip : [0, oo) — > [0, oo) is a continuous and nondecreasing function such 
that (p is positive on (0, oo), <y9 _1 (0) = {0} and lim^oo <p{t) = oo. If A is 
bounded, then the infinity condition can be omitted. 

The notion called the P-property was introduced in [13]. 

Definition 2.2. ([13]) Let (A, B) be a pair of nonempty subsets of a metric 
space ( X , d) with Aq / 0. Then the pair (A, B) is said to be has the P-property 
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if and only if for any x\,x 2 £ Aq and y \, y 2 £ Bq, 

d(xi,yi) = dist(A,B) = d(x2,V2) => d(xi, x 2 ) = d(y lt y 2 ). 

Now we recall the following results from [4] and [15]. 

Lemma 2.3. ([15]) Let p : [0, oo) —> [0, oo) be a function such that (/? - 1 (0) = 
{0} and p is either nondecreasing or continuous. Then 

p{yn) > 0 y>n 0 

for any bounded sequence {p n } of positive reals. 

Lemma 2.4. ([4]) For a given subset D of {(x,y) £ M 2 : x, y > 0}, the 
following statements are equivalent: 

(i) for any e > 0, there exist 5 > 0 and 7 £ (0, e) such that 

u < e + 5 =7- u < 7 

for all ( u , v) £ D, 

(ii) there exist a continuous and nondecreasing function : [ 0 , 00 ) —> 
[ 0 , 00 ) such that 

(j){u) < u, Vu> 0 and v<<f{u), \/(u,v)€D. 


3. Main results 


Lemma 3.1. Let A and B be two nonempty subsets of a metric space (X, d) 
and p : [ 0 , 00 ) — > [ 0 , 00 ) be a function such that <^ - 1 ( 0 ) = { 0 } and 

p{t n ) —X 0 =7 —X 0 (3.1) 

for any bounded sequence {t n } of positive reals. Let T : A -> B be a genearlized 
p-weak contraction mapping satisfying (2.1). Then, for any £ > 0, there exist 
5 > 0 and 7 £ ( 0 , s) such that 

d(x,y)<e + 5 =7- d(Tx,Ty) < 7 

for all x,y £ A. 


Proof. Suppose that there exists an £0 > 0 such that for any <5 > 0, 7 £ (0, £ 0 ) 
and there exist x,y £ A such that 


Let 


d(x,y)<£o + 5 =7- d(Tx,Ty) > 7 . 

1 n 2 

d n = — and 7™ = ——^£0, Vn£N. 

n/ 1 + n- 
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Then there exist {x n } and {y n } in A such that 

1 n 2 

d{x n , yn) <C £o T y ^ d(Tx n ,Ty n ) > - - y£o- (3.2) 

n z 1 + n z 

From (2.1), we have 

— —y£o < d(Tx n ,Ty n ) 

1 + n z 

< d(x n ,y n ) - ( p(d(Tx n ,Ty n )) 

< £o + -y - ip(d(Tx n ,Ty n )). 

n z 

That is 

In 2 1 £o 

ip(d{Tx n ,Ty n )) <e 0 + — - ——y£ 0 = -y + wr—y- 

n z 1 + n z n z 1 + n z 


Hence 


( p(d(Tx n , Ty n )) —> 0 as n —> oo. 

Since d(Tx n ,Ty n ) < d(x n , y n ) and {d(x n , y n )} is bounded, we get {d(Tx n , Ty n )} 
is bounded. By the given hypothesis (3.1), 


d(Tx n , Ty n ) —)• 0 as n —> oo. 


On the other hand, from (3.2), 


lint d(Tx n ,Ty n ) > £o > 0. 

n—>• oo 


This is a contradiction. Thus Lemma 3.1 holds. 


□ 


The following theorem is main result which gives sufficient conditions for the 
existence of a unique best proximity point for generalized <p- weak contraction 
mapping. 

Theorem 3.2. Let ( A,B ) be a pair of two nonempty closed subsets of a com¬ 
plete metric space (X, d) such that Aq / 0. Let T : A —»• B be a generalized 
(p-weak contraction mapping such that T(Aq ) C B 0 . Assume that the pair 
(A, B) has the P-property. Then there exists a unique x* in A such that 
d(x*, Tx*) = dist(A, B). 

Proof. Let xo € Aq. Since Tx o £ T(Aq) C Bo, there exists x\ £ Aq such that 

d(x i, Tx o) = dist(A , B). 

Again, since Tx i £ T(Aq) C Ho, there exists X 2 £ Ao such that 

d{x 2 ,Tx\) = dist{A,B). 

Continuing this process, we can find a sequence {x n } in Ao such that 

d{x n+ i,Tx n ) = dist{A,B), Vn£ N. (3.3) 
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Since ( A, B ) has the P-property, from (3.3), we obtain 

d(x n ,x n+ i) = d(Tx n -i,Tx n ), VnG N. (3.4) 

By the definition of T and (3.4), we have 

d(x n ,x n+ i) = d(Tx n -i,Tx n ) 

< d(x n -i,x n ) - ip(d(Tx n -i,Tx n )) 

<d(x n -i,x n ), V n G N. 

Therefore, the sequence {d(x n , x n +i)} is monotone nonincresing and bounded. 
Hence it converges. If we set A n = d(x n ,x n + 1 ) and L be the limit of A n , i.e., 

lim X n = lim d(x n , x n+ i) = L > 0. 

n—>oo n—>oo 

Now, we claim that L = 0. Suppose to the contrary that L > 0. Since {A n } is 
nonincreasing sequence, i.e., 

A n > A n+ i >•••>£> 0, V n G N 

and ip is nondecreasing, we obtain 

<p(\ n ) > <p(L) >0, ViiGN. (3.5) 

From the inequality 

An = d(x n ,x n+ 1 ) < d(x n - i,x) - <p(d(Tx n -i,Tx n )) 

— An—i l p(d(Tx n —i 1 Tx n ')'), 

(3.4) and (3.5), we have 

An A n —1 tpidiXni Xn+1 )) — An—1 p{Xn) 

< A n -i — ‘p(L), Vn G N. 

Since tp is continuous, we get L < L — ip(L). That is 

ip(L) < 0 

which contradicts condition of ip. Hence 

lim d(x n ,x n+ i) = L = 0. 

n—>oo 

Now we apply Lemma 2.3 and Lemma 2.4 to the set D = {(d(x, y),d(Tx,Ty)) : 
x, y G A} on Lemma 3.1, one knows that there exists a function (j> : [0, oo) —» 
[0, oo) such that 4> is continuous and nondecreasing with 

(f>(t)<t, Vf>0 and d(Tx, Ty) < (f>(d(x, y)), \/x,y&A. (3.6) 

Thus for a given e > 0, there exists N G N such that 

d(x n ,x n+ i) < s - <t>(e), \/n>N. (3.7) 

Next we show that {x n } is a Cauchy sequence. 
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Denotes the closed ball with center x and radius e by B[x, e], we will claim 
the following relations. 

Claim I. T(B[xn , e] fl A) C B[Tx jv-i, e]. 

Let x £ B[x Ar,e] n A, i.e., d(xN,x) < e, from (3.4), (3.6) and (3.7), then 

d(Tx, Txn-i) < d(Tx,TxN ) + d(TxN,TxN-\) 

< 4>{d(x, x N )) + d(x N+ i,x N ) 

< <i>(e) + {e- </>(e)} = e, 
which implies that Tx £ B[Tx jv_i,e]. 

Claim II. y £ B[Txn~\, e] with d(x, y ) = dist(A , B ) for some x £ Aq implies 
x £ B[x n, e] H A. 

Let y £ B[Txn-i, e] with d(x,y) = dist(A,B ) for some x £ tIq. From (3.3), 
we have d(xN,Tx n-i) = dist(A,B). Therefore, by rising the P-property of 
(^4, B), we obtain that 

d(x N ,x) = d(Tx N -i,y) < e. 

Hence Claim II holds. 

From (3.7), it is clear that 

xn+i £ B[x n, e] H A. 

And by Claim I, we have Txn+i £ B[Tx jv_i, e]. From (3.3), d(x n+ 2 , Txn+i) = 
dist(A,B) with xn +2 £ Ao. From Claim II, 

XN +2 £ B[xn,s\ n A. 

Again by Claim I, Txn +2 £ B[Txn-i,s] and by (3.3), d(xN + 3 , Txn + 2 ) = 
dist(A, B ) with xjy +3 £ Aq. Again by Claim II, 

xjv+3 £ B[x N ,e\ n A. 

Continuing this process, we can conclude that 

XN+m £ B[xn, e] n A, Vm£ N, 

i.e., d(xN, xjv+m) < e. Hence the sequence {x n } is a Cauchy sequence. Since 
A is closed subset of the complete metric space (A, d) , there exists an element 
x* £ A such that lim^^oo x n = x*. By the definition of T, we have d(Tx,Ty ) < 
d(x, y) for all x, y £ A which implies that T is continuous in A. Therefore we 
obtain 

lim Tx n = Tx*. 

n—>oo 

Also, from the continuity of the distance function d, we have 

lim d(x n ,Tx n ) = d(x*,Tx*). 
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Equation (3.3), it means that the sequence {d(x n+ i, Tx n )} is a constant se¬ 
quence with the value dist(A, B). Hence 

d(x*, Tx*) = dist(A , B ), 

i.e., x* is a best proximity point of T. 

Finally, we show that x* is unique best proximity point of T. Suppose that 
x'i and X 2 are two best proximity points of T in A with x\ / x 2 - Since x\ and 
x 2 are two best proximity points of T, we have 

d(xi,Tx\) = dist(A,B ) = d(x 2 ,Tx 2 ). 

By the P-property of (A, B ), we obtain 

d(x i,x 2 ) = d(Txi,Tx 2 ). 

Since x\ and x v 2 are distinct elements in A, one can have 

tp(d(x i,x 2 ))>0. (3.8) 

From the definition of T and (3.8), 

d(xi,x 2 ) = d(Txi,Tx 2 ) < d(xi,x 2 ) - (p(d(Tx\, Tx 2 )) 

= d(x i,x 2 ) - <p(d(xi,x 2 )) 

< d(x i,x 2 ). 

This is a contradiction. Therefore the uniqueness of the best proximity point 
follows. □ 

The following example illustrates that Theorem 3.2 holds. 

Example 3.3. Let X = (— oo,+oo) be endowed with the Euclidean metric 
d(x, y) = \x — y\. Then ( X , d) is a complete metric space. Let A = [—1,1] and 
B = [0, 2] be two subsets of (X, d). Define T : A —>■ B by 

Tx = -x 
5 

for each x £ A. Define (p(t) : [0, +oo) —»• [0, +oo) by 

, , 4 

<P(t) = jjf- 

Then, by Example 1.7, T satisfies (1.2). It is easy to check that A and B 
are closed subsets of complete metric space (X,d), 0 / Aq = [0,1] = Bq and 
T{Aq) = [0, |] C [0,1] = Bq. Moreover (A, B) has the P-property. Indeed, let 
d(x i, Txi) = dist(A, B) = d(x 2 ,T X 2 ) ■ By 

0 = dist(A , B) = inf{d(a, b) : a £ A, b £ B}, 
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we have x\ = Tx\ and X 2 = Tx 2 . Thus d(x 1 , 2 : 2 ) = d(Tx’i, Tx’ 2 ). Hence {A, B) 

has the P-property. Therefore all the assumption of Theorem 3.2 hold and 

note that x* = 0 is the unique best proximity point. 
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Abstract 

In this paper, we present a explicit viscosity technique of nonexpansive mappings 
in the framework of CAT(0) spaces. The strong convergence theorem of the proposed 
technique is proved under certain assumptions imposed on the sequence of parameters. 
The results presented in this paper extend and improve some recent announced in the 
current literature. 
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1 Introduction 

The study of spaces of nonpositive curvature originated with the discovery of hyperbolic 
spaces, and flourished by pioneering works of Hadamard and Cartan, etc. in the first 
decades of the twentieth century. The idea of nonpositive curvature geodesic metric spaces 
could be traced back to the work of Busenrann and Alexandrov, etc. in the 50’s. Later 
on Gromov [9] restated some features of global Rienrannian geometry solely based on the 
so-called CAT(0) inequality. For through discussion of CAT(0) spaces and of fundamental 
role they play in geometry, we refer the reader to Bridson and Haefliger [5]. 

* Corresponding author 
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As we know, iterative methods for finding fixed points of nonexpansive mappings have 
received vast investigations due to its extensive applications in a variety of applied areas of 
inverse problem, partial differential equations, image recovery, and signal processing; see 
[1-3,7,14-17] and the references therein. One of the difficulties in carrying out results from 
Banach space to complete CAT(O) space setting lies in the heavy use of the linear structure 
of the Banach spaces. Berg and Nikolaev [4] introduce the notion of an inner product-like 
notion (quasi-linearization) in complete CAT(O) spaces to resolve these difficulties. 

Fixed-point theory in CAT(O) spaces was first studied by Kirk [10,11]. He showed that 
every nonexpansive (single-valued) mapping defined on a bounded closed convex subset of 
a complete CAT(O) space always has a fixed point. Since then, the fixed-point theory for 
single-valued and multivalued mappings in CAT(O) spaces has been rapidly developed. 

In 2000, Moudaf’s [13] introduce viscosity approximation methods as following 

Theorem 1.1. Let C be a nonempty closed convex subset of the real Hilbert space X. Let 
T be a nonexpansive mapping of C into itself such that Fix(T) is nonempty. Let f be a 
contraction of C into itself with coefficient 0 G [0,1). Pick any xq G [0,1), let {x n } be a 
sequence generated by 

Xn+l = 7 " f{x n ) + Z -- T(x n ), U > 0, 

1+7 n 1 + 7n 

where { 7 ™} is a sequence in (0,1) satisfying the following conditions: 

(1) lim, woo 7 n = 0, 


Then { x n } converges strongly to a fixed point x* of the mapping T, which is also the 
unique solution of the variational inequality 

(x-f(x),x-y) >0, Vy G Fix{T). 

In other words, x* is the unique fixed point of the contraction PFix(T)f> that is, 

P Fix(T)f{x*) = X*. 

Shi and Chen [15] studied the convergence theorems of the following Moudaf’s viscosity 
iterations for a nonexpansive mapping in CAT(0) spaces. 

x n +i=tf(x n )®{l-t)T(x n ), (1.1) 

Xn+1 — &nf(.Xn) © (1 < T)i)F(.T n ). (1-2) 

They proved that {x n } defned by (1.1) and {x n } defined by (1.2) converged strongly to a 
fxed point of T in the framework of CAT(0) space. 

Zhao et al. [18] applied viscosity approximation methods for the implicit midpoint rule 
for nonexpansive mappings 

x n +i = a n f{x n ) 0 (1 - a n )T ©^++ 1 ^ , Vn > 0. 

Motivated and inspired by the idea of Kwun et al. [12], in this paper, we extend and 
study the explicit viscosity rules of nonexpansive mappings in CAT(0) spaces 

Xn+l — (1 CX-ri)ffx n ) © CX n T(t) n fi ^ 

Vn — (1 Pn)x n © f3 n T(x n ). 


(2) ££= 0 7n = OO, 

(3) £SV 1 


1 7n+l 


J_| 

7n I 


= 0 
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2 Preliminaries 

Let(X, d) be a metric space. A geodesic path joining x G X to y G X (or, more briefly, a 
geodesic from x to y) is a map c from a closed interval [0, l] C R to X such that c(0)= x, 
c(l) = y, and d(c(t), c(t')) = |f — for all t, t! G [0, /]. In particular, c is an isometry and 
d(x,y) = l. The image a of c is called a geodesic (or metric) segment joining x and y. 
When it is unique, this geodesic segment is denoted by [x, y\. The space (X, d) is said to 
be a geodesic space if every two points of X are joined by a geodesic, and X is said to 
be uniquely geodesic if there is exactly one geodesic joining x and y for each x, y G X. A 
subset Y C X is said to be convex if Y includes every geodesic segment joining any two 
of its points. A geodesic triangle A(aq, a? 2 , £ 3 ) in a geodesic metric space (X. d) consists 
of three points 21 , £ 2 ,and 23 in X (the vertices of A) and a geodesic segment between 
each pair of vertices (the edges of A). A comparison triangle for the geodesic triangle 
A(.ti, 22 , 23 in (X, d) is a triangle A( 2 i, 22 , 23 ) := A(aq, 22 , 23 ) in the Euclidean plane E 2 
such that d% 2 d(xi, 2 j) = d(xi, 2 ^)for i. j = 1, 2, 3. 

A geodesic space is said to be a CAT(O) space if all geodesic triangles satisfy the following 
comparison axiom. 

Let A be a geodesic triangle in X, and let A be a comparison triangle for A . Then, 
A is said to satisfy the CAT( 0) inequality if for all x,y G A and all comparison points 
x,y e A, 

d(x,y) = d E 2 (x,y) (2.1) 

Let 2 , y G X and by the Lemma 2.1(iv) of [ 8 ] for each t € [0,1], there exists a unique point 
z £ [2 ,y\ such that 


d(x,z) = td(x,y), d(y,z) = (1 -t)d(x,y). (2.2) 

From now on, we will use the notation (1 — t) 2 © ty for the unique fixed point z satisfying 
the above equation. 

We now collect some elementary facts about CAT(0) spaces which will be used in the 
proofs of our main results. 

Lemma 2.1. ([8]) Let X be a CAT{ 0) spaces. 

(а) For any 2 , y, z G X and t G [0,1], 

d(( 1 — t)x © ty, z) < (1 — t)d( 2 , z) + td(y, z). (2-3) 

( б ) For any x,y,z G X and t G [0,1], 

d 2 (( 1 — t)x © ty, z) < (1 — t,) 2 d(x, z) + td 2 (y, z) — t( 1 — t)d 2 (x, y). (2.4) 

Complete CAT(0) spaces are often called Hadamard spaces (see [5]). If x,y\,y^ are 
points of a CAT(0) spaces and yo is the midpoint of the segment [ 2 / 1 , 272 ], which we will 
denoted by ( Vl ® y2 ) ; then the CAT(0) inequality implies 

d 2 (x, Vl ® y2 ^j < irf 2 ( 2 , 2 / 1 ) + ^d 2 (x, 2 / 2 ) - ^d 2 (2/i, 2 / 2 )- (2.5) 

This inequality is the (CN) inequality of Bruhat and Tits [ 6 ]. In fact, a geodesic metric 
space is a CAT(0) space if and only if it satisfies the (CN) inequality (cf. [5], page 163). 
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Definition 2.2. Let X be a CAT(O) space and T : X —► X be a mapping. Then T is 
called nonexpensive if 

d(T(x),T(y))<d(x,y), x,y£C 

Definition 2.3. Let X be a CAT(O) space and T : X —► X be a mapping. Then T is 
called contraction if 


d(T(x),T(y)) < 0d(x, y), x,y £C, 6 £ [0,1) 

Berg and Nikolaev [4] introduce the concept of quasi-linearization as follow. Let us 
denote the pair (a,l)elxl by the ab and call it a vector. Then, quasi-linearization is 
defined as a mapping 

(-, •) : (X x X) x {X x X) —> M 


defined as 


(ab, cd) = ~(d 2 (a, d) + d 2 (b, c) — d 2 (a, c) — d 2 (b, d)) 


it is easy to see that (ab,cd) = (cd,ab), (ab,cd) = —( ba,cd) and (ax,cd) + (xb,cd) = 
(ab, cd) for all a, b,c,d£ X. We say that X satisfies the Cauchy-Schwarz inequality if 

(ab, cd) < d(a, b)d(a, c ) 

for all a,b,c,d £ X. It is well-known [4] that a geodesically connected metric space is a 
CAT(O) space of and only if it satisfy the Cauchy-Schwarz inequality. 

Let C be a non-empty closed convex subset of a complete CAT(O) space X. The metric 
projection P c : X —► C is defined by 

u = P c (x) inf {d(y, x) : y € C}, Vx £ X 

Definition 2.4. Let P c : X —> C is called the metric projection if for every x £ X there 
exist a unique nearest point in C, denoted by P c x, such that 

d(x, P c x) < d(x, y), y £ C 

The following theorem gives you the conditions for a projection mapping to be nonex¬ 
pensive. 

Theorem 2.5. Let C be a non-empty closed convex subset of a real CAT( 0) space X and 
P c : X —> X a metric projection. Then 

(1) d(P c x, P c y) < (xy, P c xP c y) for all x, y £ X, 

(2) P c is nonexpensive mapping, that is, d(x,p c x) < d(x,y) for all y £ C, 

(3) (xP c x, yP c y) < 0 for all x £ X and y £ C. 

Further if, in addition, C is bounded, then Fix(T) is nonempty. 

The following lemmas are very useful for proving our main results: 

Lemma 2.6. (The demiclosedness principle) Let C be a nonempty closed convex subset 
of the real CAT(Q) space X and T : C —> C such that 

x n —*■ x* £ C and (I — T)x n —> 0. 

Then x* = Tx*. Here —> and —*■ denote strong and weak convergence, respectively. 
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Moreover, the following result gives the conditions for the convergence of a nonnegative 
real sequences. 

Lemma 2.7. Assume that {a n } is a sequence of nonnegative real numbers such that 
a n + i < (1 — 7 n )cL n + 5 n ,Mn > 0, where {(3 n } is a sequence in (0,1) and {<5 n } is a sequence 
with 

(1) E“ 0 7n = OO, 

(2) lim^oo sup ^ <0 or E5Eo IE| < 00 • 

Then lim, woo a n —* 0. 


3 The main result 

Theorem 3.1. Let C be a nonempty closed convex subset of a complete CAT( 0) space X. 

Let T : C —> C be a nonexpansive mapping with F(T) / <f> and f : C —> C be a contraction 
with coefficient 0 £ [0,1). Pick any xq £ C, let {x n } be a sequence generated by (1.3), 
where{a n } and {/3 n } are the sequence in ( 0 , 1 ) satisfying the following conditions: 

( 1 ) lim, woo a n = 1 and lim, woo (i n = 1 , 

( 2 ) E 5 Eo a n = oo and E^Lo Pn = oo, 

( 3 ) E“=o Wn+i ~ a n | < oo and EJEo \Pn+i ~ Pn\ < ooVn > 0 , 

(4) lim, woo d(x n , T(x n )) = 0. 

Then {x n } converges strongly to a fixed point x* of the nonexpansive mapping T which 
is also the unique solution of the variational inequality 

(xf(x), yx) >0, My £ F(T). 

In other words, x* is the unique fixed point of the contraction Ppix(T)fi that is, PFix(T)f{ x *) 
* 

= x. 

Proof. We divide the proof into the following five steps. 

Step 1. First, we show that x n is bounded. Indeed, take p £ F(T) arbitrarily, we have 

d(x n+ i,p) = d(( 1 - a n )f(x n ) © a n T(y n ),p ) 

< (1 - a n )d{f{x n ),p) + a n d{T(y n ),p) ^ 

< (1 - a n )d(f(x n ), f(p)) + (1 - a n )d(f(p),p) + a n d(y n ,p ) 

< (1 - a n )9d(x n ,p) + (1 - a n )d(f(p),p) + a n d(y n ,p). 


Now consider 


d(y n ,p) = ((1 - Pn)x n © (3 n T(x n ),p) 

< (1 -Pn)d(x n ,p) + f3 n d(T(x n ),p) 

< (1 - Pn)d(x n , p) + /3 n d{x n , p) 

< d(x n ,p). 
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Using this in (3.1) we have 


d(x n+ i,p) < (1 - a n )9d(x n ,p) + (1 - a n )d(f(p),p) + a n d(x n ,p) 

= [(1 - a n )9 + a n ]d(x n ,p) + (1 - a n )d(f(p),p) 

= [l-l + a + (l- a n )9]d(x n ,p) + (1 - a n )d(f(p),p) 

= [1 - (1 - a) + (1 - a n )9]d(x n ,p) + (1 - a n )d(f(p),p ) 

= [1 - (1 - a n ){ 1 - 9)]d(x n ,p) + (1 - a n )(l - 9) (p), p)) , 


thus we have 


similarly 


From this 


d(x n+ i,p) < max < d(x n ,p) 


d(x n ,p) < max d(x n -i,p) 


(y~£ d (/(p)>P))} » 
(j-^d(/(p).P))} • 


d(x n+ i,p) 

< max / d(x n , p), 


< max < d(x n -i,p) 




< max < d(x o, p), 


1 - 9 


d(f(p),p) 


which shows that {x n } is bounded. From this we deduce immediately that {f(x n )}, 
{T(x n )} are bounded. 

Step 2. Next, we want to prove that lim, woo d(x n + 1 , x n ) = 0. 

For this consider 


d(x n -f-i , x n ) 

= d(( 1 - a n )f(x n ) © a n T(y n ), (1 - a n _i)/(x n _i) © a n _iT(y n _i)) (3.2) 

^ (1 Ot n )9d(x n , X n — i) + \(%n &n—i\d(T(y n —i),f(x n —i)) © ot n d(i)m yn—i )• 


Now consider 

d(y n ,y n - l) 

= d(( 1 - Pn)x n © (3 n T(x n ), (1 - (3 n -i)x n -i © Pn-iT(x n -i)) 

^ (1 Pn)d(x n , X n —\) + |Pn Pn—l\d(T(x n —i), X n —\) © p n d(x n . X n —\) 
© d(x n ,x n — i) © 1 3 n Pn— i \d(T(x n —\) , x n —i). 


Using this in (3.2) we get 


d{x n -\. 1 , X n ) 

© (1 cx n )9d(x n , x n —i) © | cx n OL n —\\d(T(jj n —\), f(x n —i)) 

© QL n d(x n , X n —\ ) © CX n \P n Pn—1 \d(T(x n —\) , X n —l) 

— [(1 a n )9 © OLn\d(x n , x n —i) © |o; n cr n _i | d(T (y n —i ), /( 2 ©— 1 )) 

© Otn\Pn Pn —1 \d{T{x n — i), 2©—l). 
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Let A n = (1 - a n ) so A n E (0,1), since a n G (0,1) Yl™=o A = oo, Yl™=o I“n - i| < oo 

and E^=o l/?ra - Ai-i|- By using Lemma 2.7, we get lim, woo d(x n+l ,x n ) = 0. 

Step 3. Now, we want to prove thatlim, woo d(x n , T(y n )) — » 0 

d(x n , T(y n )) < ci(.x n , T(x n )) + d(T(x n ), T(y n )) 

L d(x n , T(x n )) © d(x n , Un) 

= d(x n , T(x n )) + d(x n , (1 - P n )x n © P n T(x n )) 

< d(x n , T(x n )) + f3 n d(x n , T(x n )) 

< (1 + Pn)d(x n , T(x n )) 

—> 0 (n —> oo). 

-> -* 

Step 4. In this step, we claim that limsup n _ > 0 O (x*/(x*), x*x n ) < 0, where x* = 
PF(T)f(x*)- 

Indeed, we take a subsequence {x ni } of {x n } which converges weakly to a fixed point p 
of T. Without loss of generality, we may assume that { x ni } —*■ p. From lim^oc d(x n , Tx n ) 
= 0 and Lemma 2.6 we have p = T(p). This together with the property of the metric 
projection implies that 

lim sup (x*f(x*),x*x n ) = lim sup (x*f(x*),x*x ni ) = (x*f(x*),x*p) < 0. 

n—>oo n—>oo 

Step 5. Finally, we show that x n —► x* as n -> oo. Here again x* € Fix(T ) is the 
unique fixed point of the contraction Ppix(T)f- Consider 


d 2 (x n+ i,x*) 

= d 2 (( 1 - a n )f(x n ) © a n T(y n ),x*) 

= (1 - a n ) 2 d 2 (f(x n ), x*) + (1 - a n )d 2 (T(x n ), x*) 

+ 2a n (l - a n )(f(x n )x*, T(y n )x*) 

< u 2 n d 2 {y n ,x*) + (1 - a n ) 2 d 2 (f(x n ),x*) + 2a n (l - a n )(f(x n )f(x*),T(y n )x*) 

-> -> (3.3) 

+ 2a„(l - a n )(f(x*)x*, T(y n )x*) 

< a 2 d 2 (y n , x*) + (1 - a n ) 2 d 2 (f(x n ),x*) + 2a n (l - a n )d(f(x n ), f(x*))d(T(y n ),x*) 

+ 2a n (l - a n )(f(x*)x*, T(y n )x*) 

< ot 2 n d 2 (y n , x*) + 2a n (l - a n )9d(x n , x*)d(y n , x*) + (1 - a n ) 2 d 2 {f(x n ), x*) 

+ 2a n (l - a n )(f(x*)x*, T(y n )x*), 

now consider 


d(y n , x*) = d(( 1 - P n )x n © P n T(x n ),x*) 

< (1 - f3 n )d(x n , x*) + (3 n d(T(x n ),x*) 

< (1 - (3 n )d{x n , x*) + / 3 n d(x n , x*) 

< d(x n ,x*), 
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using (3.2) in (3.3) we get 
d 2 (x n+ i,x*) 

< ot 2 n d 2 (x n , x *) + 2a n (l - a n )6d(x n , x*)d(x n , x*) + (1 - a n ) 2 d 2 (f(x n ),x* 
+ 2a n (l - a n )(f(x*)x*, T(y n )x*) 

< ald 2 (x n , x*) + 2a n (l - a n )6d(x n , x*)d(x n , x*) + (1 - a n ) 2 d 2 (f(x n ),x* 
+ 2a n (l - a n )(f(x*)x*, T(y n )x*) 

< [a 2 n + 2a n (l - a n )d]d 2 (x n , x*) + (1 - a n ) 2 d 2 (f(x n ), x*) 

+ 2a n (l - a n )(f(x*) - x*, T(y n ) - x*). 

Note that a n 9 < a n since a n G (0,1) and 0 G [0,1) 

2 oc n 9 2cv ni 

which implies that 

cx n -f- 2cr n $(l cv n ) <C oc n "G 2a n (l ll^), 

therefore, we have 

d 2 (x n+ i,x*) 

< [a 2 + 2a n (l - a n )}d 2 (x n , x*) + (1 - a n ) 2 d 2 (f(x n ), x*) 

+ 2a n (l - a n )(f(x*)x*, T(y n )x*) 

< [2 a n - al)\d 2 (x n , x*) + (1 - a n ) 2 d 2 (f(x n ), x*) 

+ 2a n (l - a n )(f(x*)x*, T(y n )x*) 

< 2a n d 2 (x n , x*) + (1 - a n ) 2 d 2 (f(x n ),x*) 

+ 2a n (l - a n )(f(x*)x*, T(y n )x*) 

< 2[1 - (1 - a n )\d 2 (x n , x*) + (1 - a n ) 2 d 2 (f(x n ),x*) 

+ 2a n (l - a n ){f(x*)x*,T(y n )x*), 

as by lim, woo a n = 1 we have 

(1 - a n ) 2 d 2 (f(x n ),x*) +2a n (l - a n )(f(x*)x*,T(y n )x*) 

Iim sup--- 

n—>oo (l-a n ) 

= lim sup[(l - a n )d 2 (f(x n ),x*) + 2a n (f(x*)x*, T(y n )x*)} 

n—> oo 

< o. 

From (3.6), (3.7), and Lemma 2.7 we have 

lim d 2 (x n+ i,x n ) = 0, 

n—>oo 

which implies that x n —► x* as n —> oo. This completes the proof. 


) 

) (3.5) 


(3.6) 


(3.7) 
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Abstract 

In this paper, we establish the generalized viscosity implicit rules of asymptotically 
nonexpansive mappings in CAT(0) spaces. The strong convergence theorems of the 
implicit rules proposed are proved under certain assumptions imposed on the control 
parameters. The results presented in this paper improve and extend some recent 
corresponding results announced. 
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1 Introduction 

The study of spaces of nonpositive curvature originated with the discovery of hyperbolic 
spaces, and flourished by pioneering works of Hadanrard and Cartan, etc. in the first 
decades of the twentieth century. The idea of nonpositive curvature geodesic metric spaces 
could be traced back to the work of Busenrann and Alexandrov, etc. in the 50’s. Later on 
Gromov [11] restated some features of global Riemannian geometry solely based on the 
so-called CAT(0) inequality. For through discussion of CAT(0) spaces and of fundamental 
role they play in geometry, we refer the reader to Bridson and Haefliger [ 6 ]. 

* Corresponding author 
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As we know, iterative methods for finding fixed points of nonexpansive mappings have 
received vast investigations due to its extensive applications in a variety of applied areas 
of inverse problem, partial differential equations, image recovery, and signal processing; 
see [1-4, 8 , 9,16,18-21] and the references therein. One of the difficulties in carrying out 
results from Banach space to complete CAT(O) space setting lies in the heavy use of the 
linear structure of the Banach spaces. Berg and Nikolaev [5] introduce the notion of an 
inner product-like notion(quasilinearization) in complete CAT(O) spaces to resolve these 
difficulties. 

Fixed-point theory in CAT(O) spaces was frsc studied by Kirk [13,14]. He showed that 
every nonexpansive (single-valued) mapping defined on a bounded closed convex subset of 
a complete CAT(O) space always has a fxed point. Since then, the fxed-point theory for 
single-valued and multivalued mappings in CAT(O) spaces has been rapidly developed. 

In 2000, Moudaf’s [15] introduce viscosity approximation methods as following 

Theorem 1.1. Let C be a nonempty closed convex subset of the real Hilbert space X. 
Let T be a nonexpansive mapping of C into itself such that Fix(T ) = {x : T(x ) = x} 
is nonempty. Let f be a contraction of C into itself with coefficient 0 G [0,1). Pick any 
x'o G [0,1), let {x n } be a sequence generated by 

X n +1 = 7,t f(x n ) + —-— T(x n ), n > 0, 

1+7 n 1 + 7n 

where {'J n } is a sequence in (0,1) satisfying the following conditions: 

( 1 ) lim, woo 7 n = 0 , 

(2) ££=0 7 n = 00 , 

oo I 1_ 1 _ 

Tl~0 I 7 n _|_i 'fn 

Then {x n } converges strongly to a fixed point x* of the mapping T, which is also the 
unique solution of the variational inequality 

(x~ f{x),x-y) > 0, \/y G Fix{T). 

In other words, x* is the unique fixed point of the contraction PFix(T)f> that is, 
PFix(T)fi x *) = x * ■ 

Shi and Chen [17] studied the convergence theorems of the following Moudaf’s viscosity 
iterations for a nonexpansive mapping in CAT(0) spaces. 

x n +1 = tf(x n ) © (1 - t)T(x n ), (1.1) 

x n+ 1 — a nf ( x rif) © (1 Q! n )T'(.'C n ). ( 1 - 2 ) 

They proved that {x n } defned by (1.1) and {x n } defned by (1.2) converged strongly to a 
fxed point of T in the framework of CAT(0) space. 

Zhao et al. [22] applied viscosity approximation methods for the implicit midpoint rule 
for nonexpansive mappings 

x n +i = a n f(x n ) © (1 - a n )T ® x n+i ^ ; y n > o 

Motivated by He et al. [12], in this paper, we study the generalized viscosity implicit 
rules of asymptotically nonexpansive mappings in the framework of CAT(0) spaces. 


(3)£ 
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More precisely, we consider the following implicit iterative algorithm 

x n+ i = a n f(x n ) © (1 - a n )T n (/3 n x n © (1 - (3 n )x n +i) (1-3) 

under suitable conditions, we proved that the sequence {x n } converge strongly to a fixed 
point of the asymptotically nonexpansive mapping T. 


2 Preliminaries 

Let(X, d) be a metric space. A geodesic path joining x € X to y £ X (or, more briefly, a 
geodesic from x to y) is a map c from a closed interval [ 0 , l] C R to X such that c( 0 )= x, 
c(l) = y, and d(c(t), c(t')) = \t — t'| for all t, t! £ [ 0 , /]. In particular, c is an isometry and 
d(x,y) = l. The image a of c is called a geodesic (or metric) segment joining x and y. 
When it is unique, this geodesic segment is denoted by [2, y\. The space (X, d) is said to 
be a geodesic space if every two points of X are joined by a geodesic, and X is said to 
be uniquely geodesic if there is exactly one geodesic joining x and y for each x, y £ X. A 
subset Y C X is said to be convex if Y includes every geodesic segment joining any two 
of its points. A geodesic triangle A(aq, X 2 , 23) in a geodesic metric space (X, d) consists 
of three points xi, £2,and 23 in X (the vertices of A) and a geodesic segment between 
each pair of vertices (the edges of A). A comparison triangle for the geodesic triangle 
A(.ti, X2 ,23 in (X, d) is a triangle A(2 i, 22, 23) := A(aq, 22, 23) in the Euclidean plane E 2 
such that d%2d(xi, 2 j) = d(xi , 2^)for i. j = 1 , 2 , 3 . 

A geodesic space is said to be a CAT(O) space if all geodesic triangles satisfy the 
following comparison axiom. 

Let A be a geodesic triangle in X, and let A be a comparison triangle for A . Then, 
A is said to satisfy the CAT(Q) inequality if for all x,y £ A and all comparison points 
x,y £ A, 

d(x,y) = d E 2 (x,y). (2.1) 

Let x,y £ X and by the Lemma 2.1(iv) of [10] for each t £ [0,1], there exist a unique 
point 2 £ [ 2 , y] such that 

d(x,z) = td(x,y), d(y,z) = (1 -t)d(x,y). ( 2 . 2 ) 

From now on, we will use the notation (1 — t )2 © ty for the unique fixed point z 
satisfying the above equation. 

We now collect some elementary facts about CAT(0) spaces which will be used in the 
proofs of our main results. 

Lemma 2.1. ([10]) Let X be a CAT( 0) spaces. 

(а) For any x,y, z £ X and t £ [0,1], 

d(( 1 — t)x © ty, z) < (1 — t)d( 2 , z) + td{y, z). (2-3) 

( б ) For any x,y,z £ X and t £ [0,1], 

d 2 (( 1 — t)x © ty, z) < (1 — t,) 2 d(x, z) + td 2 (y, z) — t( 1 — t)d 2 ( 2 , y). (2.4) 
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Complete CAT(O) spaces are often called Hadamard spaces (see [6]). If x,y\,y^ are 
points of a CAT(O) spaces and yo is the midpoint of the segment [ 2 / 1 , 3 / 2 ], which we will 
denoted by Vl ® y2 ; then the CAT(O) inequality implies 

d 2 Vl ® V2 ^ < ^d 2 (x, yi) + i d 2 (x, 2 / 2 ) - ^d 2 (yi, 2 / 2 )- (2.5) 

This inequality is the (CN) inequality of Bruhat and Tits [7]. In fact, a geodesic metric 
space is a CAT(O) space if and only if it satisfies the (CN) inequality (cf. [6], page 163). 

Definition 2.2. Let X be a CAT(O) space and T : X — ► X be a mapping. Then T is 
called nonexpensive if 

d(T(x),T(y))<d(x,y), x,y£C. 

Definition 2.3. Let X be a CAT(O) space and T : X — ■> X be a mapping. Then T is 
called contraction if 


d(T(x),T(y)) < 0d(x,y), x,y £C0 £ [0,1). 


Berg and Nikolaev [5] introduce the concept of quasi-linearization as follow. Let us 
denote the pair (a, b) £ X x X by the ab and call it a vector. Then, quasi-linearization is 
defined as a mapping 

(•, •) : (x x X) x (X x X) —* M 


defined as 


(ab, cd) = i(d 2 (a, d) + d 2 (b , c) — d 2 (a, c ) — d 2 (b, d)), 


( 2 . 6 ) 


it is easy to see that (ab,cd) = (cd,ab), (ab,cd) = —(ba,cd) and (ax,cd) + (xb,cd) = 
(ab, cd) for all a, b,c,d£ X. We say that X satisfies the Cauchy-Schwarz inequality if 


(ab, cd) < d(a, b)d(a, c) 


for all a, b, c, d G X. It is well-known [5] that a geodesically connected metric space is a 
CAT(O) space of and only if it satisfy the Cauchy-Schwarz inequality. 

Let C be a non-empty closed convex subset of a complete CAT(O) space X. The metric 
projection P c : X —► C is defined by 


u = P c (x) <=$■ inf {d(y, x) : y £ C}, \/x £ X 


Definition 2.4. Let P c : X —► C is called the metric projection if for every x E X there 
exist a unique nearest point in C, denoted by P c x, such that 


d(x, P c x) < d(x, y), y € C. 


The following theorem gives you the conditions for a projection mapping to be nonex¬ 
pensive. 

Theorem 2.5. Let C be a non-empty closed convex subset of a real CAT( 0) space X and 
P c : X —> X a metric projection. Then 

(1) d(P c x, P c y) < (xy, P c xP c y) for all x,y £ X, 

(2) P c is nonexpensive mapping, that is, d(x,p c x) < d(x,y) for all y £ C, 

(3) (xP c x, yP c y) < 0 for all x £ X and y £ C. 
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Definition 2.6. A mapping T : C —> C is called asymptotically nonexpensive if there 
exist a sequence a sequence {k n } C [0, oo) with lim^oo k n = 1 such that 

d(T n x — T n y ) < k n d(x , y), V.x, y G C, n > 1. (2-7) 

It is well known that if T is an asymptotically nonexpansive, then Fix(T ) is always 
closed and convex. Further if, in addition, C is bounded, then Fix(T ) is nonempty. 

The following lemmas are very useful for proving our main results: 

Lemma 2.7. (The demiclosedness principle) Let C be a nonempty closed convex subset 
of the real CAT(O) space X and T : C —► C such that 

x n —>■ x* £ C and (I — T)x n —► 0. 

Then x* = Tx*. Here —> and —>■) denote strong and weak) convergence, respectively. 

Moreover, the following result gives the conditions for the convergence of a nonnegative 
real sequence. 

Lemma 2.8. Assume that {a n } is a sequence of nonnegative real numbers such that 
a n + 1 < (1 — (3 n ) a n + S n , Vn > 0, where {(3 n } is a sequence in (0,1) and {5 n } is a sequence 
with 

( 1 ) En= 0 Pn = OO, 

(2) limsup, woo sup |<0or E^Lo IA»| < 

Then lim, woo a n —> 0. 

3 The main results 

Theorem 3.1. Let C be a non-empty closed convex subset of a complete CAT(Q) space X 
and T : C —> C be an asymptotically nonexpensive mapping with sequence {k n } C [0, +oo) 
with lim, woo k n = 1 and Fix(T ) / 0. Let f : C —> C be a contraction with coefficient 
6 e [0,1). For arbitrary initial point x'o G C, let {x n } be a sequence generated by (1.3), 
where {a n } and {fd n } are the sequence in (0, 1) satisfying the following conditions: 

(1) lim, woo a n = 0 and E^i “n = oo, 

(2) lim n ^ 0O = o, 

(3) 0 < t < (3 n < j3 n + i < 1, for all n > 0, 

(4) lirn^oo d(T n (x n ), (x n )) = 0. 

Then {x n } converges strongly to the point x* = PFix(T)fi x *) of the mapping T, which 
is also the unique solution of the variational inequality 

(xf(x), xy) >0, Vy G Fix(T). 

In other words, x* is the unique fixed point of the contraction PFix(T)f> that is, 
PFix(T)fi x *) = x * ■ 

Proof. We have divided the proof into four steps. 

Step 1: First, we show that the generalized viscosity implicit rule (??) is well-defined 

S n ( x ) = a n f(x n ) © (1 - a n )T n ((3 n x n © (1 - /3 n )x n+ i). 
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Consider 


d(S n (x ), S n (y)) 

= d(a n f(x n ) © (1 - a n )T n ((3 n x n © (1 - P n )x), 
otnfiVn) © (1 - a n )T n (/3 n y n © (1 - j3 n )y)) 

= (1 - a n )d(T n (/3 n x n © (1 - / 3 n )x),T n ((3 n y n © (1 - P n )y)) 

< (1 - a n )kn( 1 - Pn)d(x, y). 

Since lim a n = 0 and a n = oo, lim n _ >0O k71 1 = 0, or n > 0. We may assume that 

n—>oo OLn 

(1 — a n )k n (l — P n ) < 1 — t for all n > 0. This implies that S n is a contraction for each 
n. Therefore there exists a unique fixed point for S n by contraction principle, which also 
implies that (1.3) is well-defined. 

Step 2: Now, we show that the sequence { x n } is bounded. Indeed take p G Fix(T ) 
arbitrary, we have 

d(x n+ i,p) 

= d(a n f(x n ) © (1 - a n )T n (/3 n x n © (1 - f3 n )x n+1 ),p) 

< a n d((f(x n ),p) + (1 - a n )d((P n x n © (1 - (3 n )x n+ i),p) 

< a n d((f(x n ), f(p )) + a n d((f (p),p) + (1 - a n )k n d{{(3 n x n © (1 - (3 n )x n+ i),p) 

< a n 0d(x n ,p ) + a n d((f(p),p ) + (1 - a n )k n (3 n d(x n ,p ) 

© (1 Pn)kn(, 1 ftn)d(x n +\,p) 

< (a n 6 + (1 - a n )k n (3 n )d(x n ,p ) + a n d((f(p),p) 

© (1 (dn)k n (\ (3 n )d(x n ^.\ , p ), 

it follows that 

[1 (1 &n)k n { 1 — Pn)]d(x n +i,p) 

= ( a n 9 + (1 - a n )k n p n )d(x n ,p) + a n d((f(p),p). 

Since {a n } and {/3 n } are the sequence in (0,1) 

lim inf(1 - a n )k n ( 1 - j3 n ) < 1 


for any given positive number e, 0 < e < 1 — 6, there exists a sufficient large positive 
integer no, such that for any n > no, we have 


k n 1 © f3 n ccx n 


and 


k n - 1 < 


k n + 1 

Pn 


(kn - 1 ) < 


k l - 1 

Pn 


< ea n . 
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Moreover, by (3.1) 

M \ _ (1 ~ Otn)knPn » \ _ \ s 

d[ Xn+1 , P ) an)kn{1 __ x _ (1 _ an)fcn(1 _ p n) d U^P> 

(X n ( k n $) {kn 1 ) 


1 - 


+ 


1 - (1 - a n )k n ( 1 - (3 n )\ 


d(x n ,p) 


< 


1 - (1 - a n )k n ( 1 - p n ) 
a n {k n -9 - e) 


1 - 


+ 


1 - (1 - a n )k n ( 1 - /3 n ) J 

a n(k n 0 e) 


d(f{p),p) 

d(x n ,p) 

1 


1 - (1 - a n )k n ( 1 - /3 n ) V(^n -o -e) 
0 max ■( d{x n , p),~ —4—: d(f(p),p) 


d(f(p),p) 


0 max < d(x n , p ) 


kn — 9 — e 

1 


1 — 0 — e 
By applying induction, we obtain 


d(f(p),p) 


d(x n+ i,p) < max d(x 0 ,p), 


1 - 9 -e 


d(f(p),p) 


Hence, we conclude that {x n } is bounded. Consequently, we deduce immediately from it 
that {f(x n )} and {T n (fj n x n © (1 — P n )x n +\ } are bounded. 

Step 3: Now, we prove that lim d(x n +i,x n ) = 0 

n—> oo 

d(x n -\- 1,20) © d{x n +i,T x n ) © d(T x n ,x n ) 

= d(a n f(x n ) 0 (1 - a n )T n (P n x n 0 (1 - /3„)x n+1 ), T0c n ) + d{T n x n , x n ) 

< a n d((f(x n ),T n x n ) + (1 - a n )d(T n (x n (P n x n 0 (1 - /3 n )x n+ i)), T n x n ) 

+ d(T n x n , x n ) 

© a n d{{f(x n ), T x n ) 0 (1 c%n) k n d{{P n x n 0 (1 /3 n ).'c n _)_i), x n ) 

+ d(T n x n , x n ) 

© cx n d{{f {x n ), T x n ) 0 (1 o; n )A; n (l p n )d(x n +i , 20) 0 d(T 20, 20) 

0 a n M\ 0 (1 Q!n)^n(l Pn)d(x n +] , 20) 0 (i(r 20, 20), 

where Mi = sup{d((/(x„), T n x n ), n > 1} is constant such that 

1 (1 a n )fc n (l P n )d{x n -\~i , 20) 0 ot n M i 0 d(r 20, x n ) 

It gives 

ot n M\ 


d{x n -\-\i Xjp 0 


1 - (1 - a„)£; n (l - /?„) 

+ --7T-TT-TT- —d(T n X n , X % 


1 - (1 - a n )A: n (l - /?n) 

Since 1 — (1 — a n )/c n (l — Pn) > r by virtue of the conditions (1) and (4), we have 

lim d(x n+ i,x n ) = 0. (3.2) 
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Step 4: Now we show that lim d(x n , Tx n ) = 0. 

n—xx> 

d(x n , T n_1 x„) 

= d(a n -\f{x n -i) © (1 - a„_i)T n_1 (/3„_ix„_i 0 (1 - /3 n _i)x n ), T n_1 x n ) 

© ), T x n ) © (1 o^n—i)k n d^fd n —\x n —\ ® (1 /3 n _i).T n ), x n ) 

© ot rL —\d( K ( K f( K x n —\), T x n ) © (1 OL n —\)k n f3 n —\d( K x n ,x n —\) 

© j AT) © (1 cx. n —\)k n (3 n —\d(x n iX n —\) 

by condition (1) and (3.2) we have 

lim d(x n ,T n ~ 1 x n ) = 0. 


Hence we get 


d(x n , Tx n ) < d(x n , T n x n ) + d(T n x n , Tx n ) 

< d(x n , T n x n ) + Aiid(T n_1 x„, x n ) 
—> 0 (n —► oo) 

Then, it follows from (3.2) and (3.3) that 


(3.3) 


d(T n (P n x n 0 (1 - p n )x n +i,x n ) < d(T n (/3 n x n © (1 - Pn)x n+ i,Tx n ) + d(Tx n , x n ) 

© knd((PnXn © (1 Pn)x n - 1 - 1 ) 2-n) © d(Tx n , X n ) 

© ^n(l Pn)d(^X n -\- 1 , X n ) © d(Tx n , X n ) 

© k n d(x n+ \, x n ) © d(Tx n , x n ) 

—> 0 (n —> oo). 


Step 5: In this step, we claim that 

limsup(x*/(x*), x*x n ) < 0, 

IT—XX) 


where x* = PFix(T)f{ x *)- Indeed, we take a subsequence {x ni } of {x n } which converges 
weakly to a fixed point p of T. Without loss of generality, we may assume that { x ni } —*■ p. 
From lirrin^oc d(x n , T(x n ) = 0 and the Lemma 2.7 we have p = T(p). This together, with 
the property of metric projection implies that 


limsup(x*/(x*), x* x n ) 

rr—xx) 


lim sup (x*f(x*),x*x ni ) 

x—>oo 

lim sup (x* f(x*),x*p) 

X —XX) 


< 0 . 


Step 6: Finally, we show that x n —► x* as n —* oo. 
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Now, we prove that lim, woo d(x n+ \, x n ) = 0. Now, we again take x* £ Fix(T ) is the 
unique fixed point of the contraction PFix(T).f ■ Consider 

d 2 0™, x n ) = d 2 (a n f(x n ) © (1 - a n )T n ((3 n x n © (1 - {3 n )x n+l ),x*) 

= a 2 n d 2 {f(x n ),x*) + (1 - al)d 2 (T n (p n x n © (1 - (3 n )x n+1 ), x*) 

+ 2a n (l - a n ){f(x n )x*,T n (P n x n © (1 - /3 n )x n+ i)x*) 

< a 2 n d 2 (f(x n ),x*) + (1 - a\)k 2 x d 2 {l3 n x n © (1 - f3 n )x n+ i),x*) 

+ 2a n (l - a n ){f(x n )f(x*), T n (f3 n x n © (1 - / 3 n )x n+1 )x *) 

+ 2a n (l - a n )(f(x*)x*, T n (/3 n x n © (1 - / 3 n )x n+1 )x *) 

< (1 - afyk^d 2 (fd n x n © (1 - p n )x n+ i),x*) 

+ 2a n {\ - a n )d(f(x n )f(x*))d(T n ((3 n x n © (1 - (3 n )x n+ i)x*) + K n 

< (1 - a?)kld 2 (f3 n x n © (1 - P n )x n+ i),x*) 

+ 29a n (l - a n )k n d(x n , x*)d{T n {(3 n x n © (1 - (3 n )x n+1 )x*) + K n , 

where 

K n = a 2 d 2 (f(x n ),x*) + 2a n (l - a n )(f(x*)x*, T n (f3 n x n © (1 - (3 n )x n+ i)x*), 
it becomes 

(1 - al)kld 2 (P n x n © (1 - p n )x n+ i),x*) 

+ 29a n (l - a n )k n d(x n , x*)d(T n (/3 n x n © (1 - (3 n )x n+ i)x*) + K n + d 2 (x n , x n ) 

> 0. 

Solving this quadratic inequality for d((fi n x n © (1 — /3 n )x n+ i)x*) yields 
d((P n X n © (1 - P n )x n+ i)x*) 

— ~Z7Z s 2 7.2 \ — (1 a n)k n d(x n , X ) 

OL n ) K n ^ 

+ y/49 2 a 2 (l - a n ) 2 k 2 d 2 (x n , x*) - 4(1 - a n ) 2 k 2 (K n - d 2 (x n , a:*))} 

—9a n d(x n , x*) + y /¥a 2 l d 2 {x n , x*) - K n + d 2 (x n+ i,x*) 

(1 - a n )k n 

This implies that 

(3 n d(x n , x*) + (1 - (3 n )d(x n+ i,x*) 

> —9a n d(x n , x*) + y/fPaffijxn, x*) - K n + d 2 (x n+ i,x*) 

(1 - a n )k n 

namely, 

[(1 oi n )fc n /? n ](i(x n , x ) + (1 (a n )fc n (l /3 n )c?(x n _|_i, x ) 

> V9 2 ald 2 (x n , x*) - K n + d 2 {x n+ i,x*). 
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Then 

9 2 a 2 n d 2 (x n , x*) - K n + d 2 (x n+ i,x*) 

< [(1 - a n )k n (3 n + da n ] 2 d 2 (x n , x*) 

+ (1 - a n ) 2 kl( 1 - (3 n ) 2 d 2 (x n+ i,x*) 

T 2[(1 c%n)k n f3 n T 9a.n\(X a n )k n (l (3 n )d(x n , x )d(x n - |_i, x ) 

< [(1 - a n )k n (5 n + 8a n ] 2 d 2 (x n , x*) 

+ (1 - a n ) 2 k 2 (l - /3 n ) 2 d 2 (x n+ i,x*) 

T ((1 o/.n)k n (3 n T 0<Y n )(l a n )k n (l /3n)(d ( x n , x ) T d ( x n +\, x )), 


which is reduced to the inequality 

[1 - (1 - a n ) 2 kl( 1 - (3 n ) 2 ~ ((1 - a n )k n (3n + 9a n )( 1 - a n )k n (l - (3 n )]d 2 (x n+1 ,x*) 
< [((1 - a n )k n ( 1 - (3 n )) 2 + (1 - a n )k n ( 1 - (3 n )(l - a n )k n (l - f3 n ) 

- d 2 a 2 n \d 2 (x n , x*) + K n , 


that is, 


[1 - (k n + a n (6 - k n ))( 1 - a n )(l - f} n )k n \d 2 (x n+ i,x*) 

< [((1 - a n )k n f3 n + 9a n )(k n + a n (8 - k n )) - 8 2 a 2 n ]d 2 (x n , x*) + K n 


it follows from (3.4) that 
d 2 (x n+ i,x*) 


< 


[((1 cXfi)k n /3 n T 9cx n ^(k n T ot n (9 k n )) 6 o n ]d (x n ,x 

[1 - (k n + a n (9 - k n ))( 1 - a n )(l - (3 n )k n \ 

_ Kn _ 

[1 - (k n + a n (9 - k n ))( 1 - a n )(l - (3 n )K\' 


+ 


Let 


w n = — < 1 - 

CXr, 


((1 cx n )k n (3 n + Ootyi)(h n + <y. n (6 fen)) Q 1 

1 - (kn + a n (0 - k n ))( 1 - a n )( 1 - (3 n )k n J 


1 1 — k 2 x — 2 a n k n (8 — k n ) — a 2 n (8 — k n ) — 9 2 a 2 
Qt n 1 (kn T (%n(9 ^n))(l Q! n )(l Pn)k n 

-/3 n e - 2k n (9 - k n ) - g n (g - fc n ) 2 + 6 2 a n 
1 - (/c n + a n (6 - k n ))( 1 - a n )(l - Pn)k n 


< 


(3-4) 


(3.5) 


since 0 < e < 1 — 0 and the sequence {fd n } satisfies 0 < r < (3 n < /3 n +i < 1 for all n > 0 
and lim fJ n exists, assume that 

n—>00 

lim (3 n = (3* >0. 


Then 


(2-p*)(l-9) 

lim w n < --—-- > 0. 

n—> oo p* 
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Let 0 < Ai < ^ 2 /3 gi 1 —— . Then there exists an sufficiently large integer N± such that 
w n > \\ for all n> N\. Hence, we have 

((1 CXn'jknPn + 9ot n )(k n T Oi n (6 /©)) 9 QL r 


1 - (k n + a n (9 - k n ))( 1 - a„)( 1 - (3 n )k r 
It turns out from (3.5) that 

d 2 (x n+ i,x*) < (1 - Ai a n )d 2 (x n ,x*) + 


< 1 — Ai a n , Vn > Ni. 


(3-6) 


K n 


[1 - (k n + ot n (9 - A: n ))(l - a n )(l - f3 n )k n ] 
From (3.5), lim, woo a n = 0 and Step 4 we have 

,. Kn 

lim siiD_ 

n— »oo a n Ai[l (kn T" Qin{0 ^n))(l ( T)i)( 1 Pn)kn\ 

a 2 z d 2 {f{x n ),x*) + 2a n (l - a n ){f(x*)x*,T n (P n x n © (1 - (3 n )x n+ i)x*) 

> 

n—>oo 


• (3-7) 


= lim sup ■ 


®nAl[l ( k n T O n (9 Ln))( 1 CL n )(1 Pn)kn\ 


(3.8) 


= lim sup 

n —>oo 

< 0. 


a n d 2 {f{x n ),x*) + 2(1 - a n )(f(x*)x*, T n (f3 n x n 0 (1 - p n )x n+ i)x*) 
Ai[l - (k n + a n (9 - k n ))( 1 - a n )(l - P n )k n \ 


From (3.7) and (3.8) and the Lemma 2.8 we have 


lim d(x n+ i, x*) = 0. 

n—KXD 


This implies that x n —► x* as n —>• oo. This complete the proof. 


□ 


The following result is an immediate consequence of the Theorem 3.1. 

Theorem 3.2. Let C be a non-empty closed convex subset of a complete CAT( 0) space 
X and T : C —> C be an nonexpensive mapping with Fix(T ) / 0. Let f : C —> C be a 
contraction with coefficient 9 e [0,1) and for arbitrary initial point xq G C. Let { x n } be a 
sequence generated by 


X n +1 — O n / (x n ) ® (1 Oi n )T[(3 n X n ® (1 Pn)Xn-\-\ ); (3-9) 

where {a n } and {P n } are the sequence in (0,1) satisfying the condition of Theorem 3.1. 

Then {x n } converges strongly to the point x* = PFix{T)fi x *) °f the mapping T, which 
is also the unique solution of the variational inequality 


(xf(x), xy) >0, \/y G Fix(T). 

In other words, x* is the unique fixed point of the contraction PFix(T)f > that is, 

P Fix{T)f(.X*) = X*. 
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On some sixth-order rational recursive sequences 

M. Folly-Gbetoula * and D. Nyirenda t 

Abstract 

We study the sixth-order recursive sequences of the form 

x n— 5 x n 

x n +1 — 7 7+1 

%n—4\dn T O n Xn—bXn) 

where a n and b n are sequences of real numbers, via the technique of 
Lie group analysis. Symmetry generators associated with the group 
of transformations that map solutions onto themselves are obtained 
and exact solutions derived. The ‘final constraint’ when finding the 
symmetries, is used to split the solution into different categories. The 
result of this work generalizes a recent work by Elsayed et al. 

Keywords Difference equation; Symmetry; Group invariant solutions 
PACS 39A10; 39A13; 39A90 


1 Introduction 

Among the numerous well-known techniques for solving differential equa¬ 
tions, is the powerful Lie symmetry approach. In the nineteenth century, the 
Norwegian mathematician Sophus Lie [12] developed a systematic algorithm 
based on the invariance of the ordinary differential equations under a group 
of transformations (symmetry). In the twentieth century, Maeda [13, 14] 
demonstrated that this approach can be extended to ordinary difference e- 
quations and recently, Hydon [6] used a similar approach to come up with 
some interesting results. It is now known that Lie’s method can be imple¬ 
mented to find symmetries, first integrals (conservation laws) and closed form 
solutions of difference equations, even in the context of variational equations. 
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2050, South Africa 
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In this paper, we obtain symmetry generators admitted by the difference 
equations of the form 


5*^n /-. \ 

x n +1 7 ! i \ ) ( 1 ) 

•^n—4\^n T b n X n —^X n ) 

where a n and b n are random sequences, and then proceed to find the solutions 
in closed form via the invariance of the group of transformations admitted by 
(2). We first present the solutions in a unified manner and then split them 
into different categories based on some properties of the ‘final constraint’. 
This work generalizes the work by Elsayed et. ah [3], where the authors 
obtained the formulas of the solutions of the difference equations 

*^n—5*^n 


*£»z+1 


4(i + Fx n —^,X 7 f) 


n — 0 , 1 ,.. 


( 2 ) 


in which the initial conditions X-§, x_ 4 , X- 3 , x_ 2 , £- 1 , %o are arbitrary non¬ 
zero real numbers. 

For similar work on the symmetry approach, see [4, 5, 7, 15, 16] and on 
different methods, see [1, 2, 8, 10, 19]. 


1.1 Preliminaries 


In this section, we shortly present key elements of Lie group analysis of 
difference equations. For more understanding of the concepts and notation, 
we refer the reader to [6, 17] where our definitions and most of our notation 
are taken from. 

Let 

x* = X(x;e) (3) 

be a one parameter Lie group of transformations. 

Definition 1.1 An infinitely differentiable function F is an invariant func¬ 
tion of the Lie group of point transformation (3) if and only if, for any group 
transformations, 

F(x) = F(x*). (4) 


Definition 1.2 The infinitesimal generator of the one-parameter Lie group 
of point transformation (3) is the operator 


X = X(x) = £(x) x A 
where A is the gradient operator. 


2=1 


d_ 

dxfi 


(5) 
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Theorem 1.1 F(x) is invariant under the Lie group of transformations (3) 
if and only if 

XF (x) = 0. (6) 

Now, consider a general /eth-order difference equation 

^ n+k Um ^n+lj • • • i^n+k— l) (7) 

for some smooth function uj. We are seeking a one-parameter Lie group of 
point transformations 

n* —n, (8a) 

< =u n + £^(n,u n )+)(£ 2 ), (8b) 


<+fc =Un+k + eS k Z(n, u n )+)(£ 2 ), (8c) 

where f denotes the characteristic, £ (e is small enough) is the group param¬ 
eter and S :n4n + l stands for the shift forward operator . The symmetry 
criterion is given by 

^ n+k u n , U n _ |_i, ■ ■ ■ i , (9) 

whenever (7) holds, and further the substitution of (8) in (9) yields the 
linearized symmetry condition: 

S k £(n,u n )-Xu = 0 (10) 


where X , the corresponding prolonged symmetry operator of the group of 
transformations (8), is given by 


d d 

X = £,(n,u n ) — + S^(n,u n ) — 


+ • • • + S k 1 ^'(n, u n ) 


n +1 


d 


dUn+k— 1 


in) 


The characteristics are obtained by solving the functional equation (10). As 
simple as (10) may look, its solution is found after a series of steps that 
require a set of cumbersome calculations. 

In this work, we employ the well-known choice of canonical coordinate [9] 


S„ 



( 12 ) 


to reduce the order of the difference equation under investigation. 
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2 Main results 


Consider the sixth-order difference equations of the form (2). Let 

^n^n+5 


^n+6 — ^ — 


^n+l(^ 4 n B n r ii n Xi n j r 5 ) 


(13) 


where A n and B n are random sequences, be the forward difference equation 
equivalent to ( 2 ). 

The linearized symmetry condition (10) imposed on (13) leads to 


* / r \ A n U n ^{jl T 5, YY^-i- 5 ) U n U n+ 5 ^(n + 1, ) 

4 (n + 6 ,cu)-———- ^7 + 


Un-\- l(A n T B n ll n U n - 1 - 5 )^ U'n +1 (^-n T B n U n U n -\- 5 ) 

An'U'n+ 5 C(jt'i U n ) 


= 0. 


^n+l(-^-n T B n U n U n+5 ) 

By the means of the first-order partial differential operator 

L _ & _ Uu n d _ 

du n (du n _i_ 5 9Un+5 

we can get rid of the first term in (14). This yields the following: 

A n u n + 5 ^ (u T 5, u n - (. 5 ) A n u n+5 £ (n, u n ) A n ^ (n T 5, ■u n _|_ 5 ) 


(14) 


^n+l(^-n T B n U n U n+5 ) ^bi+1 (-^-n T B n U n U n + 5) 'U n _|_x(2l n -t - B n U n ll n + 5) 

A n Un-\- 5^ (u, U n ) 


+ 


U j vMn +1 (din T B n U n 1l n j r 5 ) 


= 0. 


(15) 


Here, it is important to simplify the equation in order to minimize the number 
of derivations. Thus, we clear fractions in (15) and divide the resulting 
equation by u n u n+ ^ to get 


£' (n + 5, Wn+ 5 ) 


— 1 — £ (n + 5, u n+5 ) - £'(n, u n ) + —£ (n, u n ) = 0. (16) 

^n+5 ^ n 


Differentiating (16) with respect to u n , keeping u n+5 fixed, leads to 


d 

d/Ur 


(n, u n ) H-£ (n, u n ) 


U r 


= 0. 


Clearly, the solution of (17) is 

f {n, Un) = f{n)u n + g{n)u n In u r 


(17) 


(18) 
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for some arbitrary functions / and g of n. To ease the computation we shall 
assume that g is zero. Using the expression of the characteristic given in 
(18), equation (14) becomes 

B n f(n + 1 )u n u n+5 + B n f(n + 6 )u n u n+5 - A n f(n) + A n f{n + 1) - A n f(n + 5) 
+ A n f(n + 6) = 0. (19) 

which splits into 

1: f( n ) + f(n + 5) = 0 (20) 

u n u n +5 : f(n + 1) + f(n + 6) = 0. (21) 

The system above reduces to the final constraint: 

f(n) + f(n + 5)=0. (22) 

Solving (22) for /, we obtain hve independent solutions given by (—l) n , 
exp(±n7r/5) and exp(±3wr/5). Therefore, the characteristics are 

6 =(—1 ) n u n , £2 = P n u n , £3 = (3 n u n , £4 = 9 n u n , £5 = 9 n u n , (23) 

and so the prolonged inhnitesimal generators admitted by (13) are 

^1 =( — l ) n u n d Uri + (— l) n+1 u n+1 d Un+1 + (— l) n+2 u n+2 d Un+2 + 

(-l) n+3 u n+3 d Uri+3 + (-l) n+ \ n+ 4 d Un+4 + (-1 ) n+5 u n+5 d Un+5 , (24a) 


X 2 —f3 n u n d Un + f3 n+1 u n+ \d Un+1 + /3 n+2- Un+2<9u„ + 2 + 

r +3 u n+3 d Un+3 + (3 n+i u n+ 4<9 Uii+4 + / 3 n+5 u n+5 d Un+6 , (24b) 

X 3 =j3 n u n d Un + /3 n+1 u n +id Un+1 + ]3 n+2 u n+ 2d Un+2 + 

p n+3 u n+3 d Un+3 + r +4 u n+4 d Un+4 + r +5 u n+5 d Un+B , (24c) 

X 4 =0 n u n d Uri + 9 n+1 u n+ \d Un+1 + 9 n+2 u n+2 d Un+2 + 

9 n+3 u n+3 d Un+ 3 + 9 n+A u n+4 d Un+4 + 9 n+5 u n+5 d Un+s , (24d) 

X 3 =9 IL u n d Un + 9 n+1 u n+ \d Un+1 + 9 n+2 u n+2 d Un+2 + 

9 n+3 u n+3 d Un+3 + 9 n+4 u n+4 d Un+4 + 9 n+5 u n+5 d Un+5 . (24e) 
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Note that f3 = exp(7r/5) and 9 = exp(37r/5) Using the generator X 2 , we have 
the canonical coordinate 


Sn 


du n 

(3 n u n 


1 

/3 n 


In | u n 


(25) 


Taking advantage of the form of the relation (22), we construct the invariant 
function V n 


in view of the fact that 


and 


V n = S n (5 n + S n+5 /3 n+5 

(26) 

X,V n =(-l) n + (-l) n+5 = 0, 

(27a) 

X 2 Vn =r + (3 n+5 = 0, 

(27b) 

X 3 v n =j3 n + ^ n+5 = 0 , 

(27c) 

X 4 V n =9 n + 9 n+5 = 0, 

(27d) 


(27e) 

x 5 v n = e n + e n+5 = o. 

(270 


For rational difference equations, it is convenience to use 

\V„\= exp{-K}, (28) 


i.e., V n = ±l/(u n u n+ 5 ) but we will be using the plus sign. Substituting (28) 
into equation (13), we reduce it to 


Ui+i — A n V n + B n . 

We iterate (29) to get its solution in closed form as 


Vj = 


( j -i \ j -i / j -1 \ 

+e b - n ^ 

k±=0 / /=0 V k2=l-\-l J 


(29) 


(30) 
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From (25), (26) and (28), we have 
\u n \ = exp (p n S n ) 




1 n— 1 .. n— 1 1 n— 1 

+ 5 E 111 1*4,1 + j E 111 1n,l + 5 E ln I'4,1 

/C2 —0 /C3=0 &4=0 


1 n —1 

+ -E« l5|n KI 

° fc5=0 


+ 2 Re( 7 i(n, k) + 72 ( 71 , A;))] ln |14| , (31) 

where H n = (—l) n ci + P n c 2 + /? n c 3 + 0 V 4 + 0 n c 5 , 71 ( 77 , A;) = p n j3 k and 
72 ( 71 , k) = 0"0 fc . 

The following properties hold: 

7l (0,1) = iS, 7l (0,3) = 0, 7l (0,5) = -1,7i( 0,7) = 0, 7l (l,O) = P, 

7i(3,0) = 0,7i(5,O) = -1,7i(7,0) = 0 , 7 i(n + 9, k) = 71 ( 77 , k + 1), 

71 ( 71 , A;+ 9) = 71(71 + 1, k), 7 i( 10 n, k) = 71 ( 0 , k), 71 ( 71 ,10 k) = 71 ( 71 , 0 );. 

72 ( 0 ,1) = 0, 72 ( 0 ,3) = p, 72 (0, 5) = -1, 72 ( 0 , 7) = p, 72 ( 1 , 0) = 0, 

72 ( 3 , 0 ) = £, 72 ( 5 , 0 ) = -1,72(7,0) = /3, 72(77 + 9, k) = 72 ( 71 , fc + 1), 

72 ( 77 , k + 9) = 7 2 (n + 1, A;), 72 ( 1077 , A:) = 72 ( 0 , A:), 72 ( 77 ,10A:) = 72 ( 77 , 0). (32) 

From the expression of u n given in (31) and from the above properties (32), 
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it is clear that 


lOn+ji— 1 


\u 10n+j \ = exp Hj + - + 2 Re( 7 i( 0 , k ) + 7 2 ( 0 , k))] In \V kl \ 


fci=0 


(33) 


For j = 0, we have that 

|«ion| = exp (Ho + In I Vo| - In IV 5 I + ... + In |Vi 0 n -io| - hi | Vion-sl) 


n— 1 


= ex 


p(ffo) n 


s=0 


V] 


10s 


Vi 


10s+5 


(34) 


(35) 


It can be shown, using (28), that we need not the absolute value function in 
(36). Similarly, for any j = 0,1,..., 9, we obtain the following: 

n-i 

rios+j 


By setting n — 0 in (31), we get exp (H 0 ) = u 0 and so 

n— 1 

|«10n| —\uq\ 


n—1 

TT 

RlOs 

11 

s=0 

VlOs+5 


(7 I (Yn +j U j J ( 


Thus, using (30), 

^10 n+j U J j 


/10s+j—l 

i Voi n A kl 

\ ki=0 


To ^10s+i+5 


lOs+j — 1 / lOs+j—1 

e [b, n ife 

1=0 \ k 2 =l+1 


/lOs+j+4 \ 10s+jr+4 / lOs+j+4 

-°M n a, + e (b, n 4 fe 

V fci =0 J 1=0 \ k 2 =l +1 


(36) 


/10s+j—l \ 10s+J — 1 / lOs+j —1 

n—1 ( El A ki ) + U 0 U 5 X \Bl n A k2 


= U 


n 


V fci=o 


1=0 


k 2 =l +1 


3 X _L /10s+j+4 \ lOs+j+4 / 10s+j+4 

s=o ( n )+ u 0 u 5 x ( b i n A k 2 

V fcl=0 / 1=0 \ fc2=1+l 

Hence, the solution to our equation (2) is 

/10s+j—l \ lOs+j—1 / lOs+j — 1 

n—1 El Ofci ) + x -5%0 X ( b l El a k 2 

V fci =0 


x 10n+j —5 x j —5 11 


1=0 


fc 2 =1+l 


10s+y+4 \ 10s+j+4 / 10s+j+4 

s=o ( n a k i + x ~5 x o x ^ n a k 2 

\ fcl=0 / Z=0 \ /C2=/ + l 


(37) 
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where j = 0,1,2,... ,9, whenever the denominators do not vanish. In the 
following section, we turn to the special case where a n and b n are constant 
sequences. 


3 The case when a n and b n are constant se¬ 
quences 

In this case, let a n = a and b n = b where a, b e M. 


3.1 The case a / 1 

Using (37), the solution is given by 

y; a‘»*«+ bx^x 0 

Xt0n+i -* - x, 11 al0<+J+5 + te _ 5lol= ^. 

where j = 0,1,2, 3,..., 9, Xj is dehned as 




Xj = 


X- 5 X 0 


j-10 (aj~ 5 +X-5Xob 1 1 a ^ a 5 ^ ’ 


0 < j < 5; 
6 < j < 9, 


and for all (j, s ) G {0,1, 2,..., 9} x {0,1, 2,..., n — 1}, 

(1 - a)a Ws+j + bx_ 5 X 0(1 - a 10s+J ) ^ 0 . 


3.1.1 The case a = —1 

In this case, we have 


n— 1 

2'lOn+j—5 J J 

s=0 


i-iy + bx_ 5 x 0 1 -^^ 

(_l)i+i 4 - 6a;_ 5 a; 0 1 ~ ( 7 2 1)J+1 ’ 


where 


■Kj—bi 


Xj = 


X- 5 X 0 


j-io(^(-l) J,+1 +a;-5Xofc 1 ( ^ j+ ) ' 


0 < j < 5; 
6 < j < 9. 


(38) 
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Evaluating the above, we obtain the following solution which, for b = ±1, 
appears in [3] (see Theorems 3.1 and 5.1). 


Xion -5 = ®_ 5 (-l + bx_ 5 x 0 ) _n , 
x Wn - 3 = .r~ 3 (— 1 + bx- 5 x 0 )~ n , 
Xi0n-1 = a?— 1 (—1 + bx_ 5 x o) _n , 
^T 0 n +1 


X- 5 X 0 


XlQn+3 ~ 


x_ 4(—1 + bx_ 5 x 0 ) n+1 ’ 

X-5X0 


x_ 2 (-l + x_ 5 x 0 b) n+1 ’ 
where bx- 5 X 0 7 ^ 1 . 


®ion -4 = a ?_ 4 (—1 + bx_ 5 x 0 ) n , 
a^ion -2 = z_ 2 (-l + hr_ 5 a;o) n , 
a^ion = x 0 (-l + bx- 5 x 0 ) n , 
^- 5^0 


a^lOn +2 — 


*^10n+4 


a?-3 

^- 5^0 

x_i 


(-1 + bx- 5 x 0 ) n , 
(-1 + bx- 5 x 0 ) n , 


However, the solution can be written in a more compact form, i.e., 

%10n —^’+5 ' 


£- 5^0 

Zj-10 


Xj- 5 (- 1 + bx_ 5 x 0 y 1)J+1, \ 0 < j < 5; 


(—1 + bx- 5 x 0 ) 2 +( 1 ) j+1ti , 6 < j < 9; 


as long as bx-^xo 7 ^ 1 . 


3.2 The case a = 1 

Using (37), the solution, which for b = ±1 appears in [3] (see Theorems 2.1 
and 4.1), is given by 


%10n —5 


n—1 


< - if 


1 + lOsbx-^xo 
1 + (10s + 5)bx- 5 x 0 } 


^ 10 n —4 


8 =0 


n— 1 


r n 

s=0 


1 + ( 10 s + l)bx-r>xo 
1 + ( 10 s + 6 )bx-sXo ’ 


^10n-3 


n—1 


- ll 

s=0 


1 + ( 10 s + 2 )bx- 5 x 0 
1 + ( 10 s + 7)bx- 5 x 0 ' 


XlOn-2 


n— 1 

< n 


s=0 


1 + ( 10 s + 3)bxsXo 
1 + ( 10 s + 8 )bx-c,xo ’ 
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XiOn-1 


n— 1 


n 

s=0 


1 + ( 10 s + i)bx- 5 x 0 
1 + (10s + 9)bx_ 5 x 0 ' 


XlO n 


n— 1 


r " n 

s=0 


1 + ( 10 s + 5)bx- 5 x 0 
1 + ( 10 s + IO^X-sXq’ 


^10n+l 


X_ 4 (l + bx_ 5 x 0 ) 


n— 1 


n 


1 + ( 10 s + 6 )bx_ 5 x 0 
1 + ( 10 s + ll)bx_ 5 XQ 


^10n+2 — 


*O0n+3 


*O0n+4 


X-bXo 


n— 1 

n 


1 + (10s + 7)bx_ 5 x 0 

x_ 3 (l + 2 bx- 5 x 0 ) ^ 1 + ( 10 s + 12 )bx- 5 x 0 ’ 


x- 5 x 0 


n— 1 

n 


1 + ( 10 s + 8 )bx- 5 Xo 


x- 2 (l + 3bx- 5 x 0 ) | = -|j 1 + (10s + 13)6a;_5a;o ’ 


X- 5 X 0 


n— 1 

n 


1 T (10s T 9)Ac— 5 X 0 


x_i(l + Abx^xo) 1 + ( 10 s + lA)bx-^XQ ’ 


where jbx_ 5 x 0 ^ —1 for all j = 5,6,7,..., lOn + 4. 


More compactly, the solution can be written as 


Xl0n-\-j—5 



l+(10s+j)fcc—5^0 
l+(10s+j+5)6rr_5^o ’ 


X- 5 X 0 


Xj-io(l+b(j-b)x- 5 xo) 


n— 1 

n 

s=0 


l+(10s+j)fea;_5a;o 
l+(10s+j+5)fta;_5a;o ’ 


0 < j < 5; 
6 < j < 9. 


4 Conclusion 

In this paper, we derived symmetry generators for the difference equations 
(2) and explicit formulas for the solutions of the equations were obtained. 
As a recent result, Theorems 2.1, 3.1, 4.1 and 5.1 of Elsayed et al. [3] were 
generalized. 
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Common fixed point theorems in G^-metric space 
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jillshenl23@163.com (Y. Q. Shen), chuanxizhu@126.com (C. X. Zhu) 


Abstract In this paper, we introduce a new type of common fixed point for three mappings in 
Gb-complete G(,-metric space. On the other hand, we prove that the theory is also established in 
G-metric space and several corollaries and examples are listed. 

Keywords: G(,-metric space; common fixed point; G-metric space 

1 Preliminaries 

Mustafa and Sims [1] generalized the concept of metric space and Mustafa [2,3,7] obtained some fixed point 
theorems in his papers. After that, many authors established fixed point and common fixed point theorems for 
different contractive-type condition in G-metric space. In 1998, Czerwik [10] introduced the notion of fo-metric 
space, and then Aghajani [12] based on the notion gave the concept of G(,-metric space and some authors 
obtained the existence and uniqueness fixed point in G(,-metric space [7,11]. 

Fixed point theory has a large number of applications in many branches of nonlinear analysis and has been 
extended in many different directions. Let A, B and G are self mappings of a nonempty set X , if there exists a 
p £ X, such that Ap = Bp = Cp = p 1 then we call p is a common fixed point of A , B and G. For a mapping T 

on nonempty set X to itself, we have Tx = x, and x is unique then we call a: is a Picard operator. 

In this paper, we mainly obtain a unique common fixed point for three mappings in G(,-metric space. First, 
we recall some basic properties of G(,-metric space. 

Let R = (— 00 , 00 ), R + = [0, 00 ) and N be the set of all natural numbers. Denote N + the set of all positive 
integers. 

Definition 1.1 ([12]) Let A be a nonempty set and s > 1 be a given real number, and let the function 
G : X x X x X —> [0, 00 ) satisfy the following properties: 

(G;, 1) G(x, y, z) = 0 if x = y = 2 whenever x,y,z £ X ; 

(G;,2) 0 < G(x, x, y) for all x,y £ X with r/j/; 

(G(,3) G(x, x, y) < G( x, y , z) for all x,y,z £ X with y ^ z; 

(Gb 4) G(x, y, z) = G(p{x , y, z}), where p is a permutation of x, y, z\ 

(Gb 5) G(x, y, z) < s(G(x, a, a) + G(o, y, z)) for all x,y,z £ X. 

t* Correspondence author. Chuanxi Zhu. Email address: chuanxizhu@126.com. Tel:+8613970815298. 
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Then G is called a Gb-metric on A, and ( X, G ) is called a Gb-metric space. 

Definition 1.2 ([12]) A Gb-metric space G is said to be symmetric if G(x, x. y) = G(y, x, x) for all x, y £ X. 
Proposition 1.3 ([12]) Let X be a Gb-metric space, then for each x,y,z,a £ A it follows that: 

(1) if G(x, y, z) = 0 then x = y = z; 

(2) G(x, y, z) < sG(G(x, y, y) + G(x, x, z )); 

(3) G(x,y,y) < 2 s(G(y,x,x)); 

(4) G(x, y, z) < s(G(x, a, a) + G(a, y, z)). 

Definition 1.4 ([12]) Let A be a Gb-metric space. A sequence {x n } in A is said to be: 

(1) Gb-Cauchy if for each e > 0, there exists a positive integer no such that for all m, n, l > no, G(x n , x m , Xi) < 

e; 

(2) Gb-convergent to a point x £ A if for each £ > 0, there exists a positive integer n 0 such that for all 
m,n, > n 0 , G(x n ,x m ,x) < s; 

Definition 1.5 ([12]) A Gb-metric space A is called complete if every Gb-Cauchy sequence is Gb-convergent 
in A. 

lemma 1.6 ([11]) Let (A,, G) be a Gb-nretric space with s > 1. 

(1) Suppose that {x n }, {y n } and {z n } are Gb-convergent to x,y and z, respectively. Then we have 

\G(x,y,z) < liminf G{x n ,y n ,z n ) < limsup G(x n ,y n ,z n ) < s 3 G(x,y,z). 

n-t oo n—too 

(2) If {z n } = c is constant, then 

-4 -G(x,y,c) < liminf G(x n , y n , c) < limsup G(x n ,y n ,c) < s 2 G(x,y,c). 

S n—>oo n—>-oo 

(3) If {y n } = b and {z n } = c are constant, then 

- G(x,b,c ) < liminf G(x n ,b,c) < limsupG(x rl , b, c) < sG(x,b,c). 

S n yoo n—>-oo 


2 Common fixed point theorems in C^-metric space 


Theorem 2.1 Let (A, G) be a Gb-complete Gb-metric space and A , B and G are mappings from A to itself. 
Suppose that A , B and G satisfy the following condition: 


G(A x ,By,Cz) < , )G ( x ,y,0 


( 2 . 1 ) 


G(x, Ax, By) + G(y, By, Cz) + G(z, Cz, Ax) + 1' 
for all x,y,z £ A. Then either one of A, B and G has a fixed point, or, A, B and G have a unique common 
fixed point. 

Proof. Define the sequence { x n } as x 3n+ i = Ax 3n , x 3n+2 = Bx 3n+1 ,x 3n+3 = Bx 3n+2 for all n = 0,1,2, • • •. 
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If % 3 n — £ 3 ra+i, then X 3 „ is a fixed point of A. 


If X 3 n +i = X 3 n + 2 , then X 3 n +i is a fixed point of B. 
If X 3 n +2 = a; 3 n+ 3 i then X 3 n +2 is a fixed point of C. 


If the above conclusions are not true, then we assume that x n ^ x n +± for all n. Let d n = G(x n , x n +i,x n + 2 ), 
then for (2.1) we have 

G(AX3„, Bx 3n+ i,CX3 n+ 2) 

G(X3 n , Ax3 n , Ax3 n ) A G(X3 n+ i, Bx3 n +l , Bx3 n+ i ) + G(x 3n+2, Cx 3„+2, Cx 3 n +2) 


< 


< 


G(x 3 n, Ax 3 n, Bx 3n+ 1 ) + G(x 3n+1 , Bx 3n+1 , Cx 3 n+ 2 ) A G(x 3n+2 , Cx 3n+2 , Ar 3n ) + 1 T ,3 3 "’ ,r3n + 1 ’ 3 3f, + 2 

*^3n+l 7 *^3n+l) H"~ ^(«^3n+l5 •£371+27 *£371+2) “t - ^(*£371+27 *^3n+3? 5 *£371+3) 

G{x% n 7 *£ 3 ti +1 5 *£371+2) H"~ G (#371+ 1 7 *£ 3 n +2 5 *£371+3) H - ^(*£ 3 ti +2 5 *£3ti+37 *£ 3 n+l) H“ 1 
G { x 3 ni *£371+17 *£371+2) H"~ ^(*£371+17 *£ 3 ti+ 2 7 *£371+3) “ 1 “ ^(*£ 3 n+l 7 ^ 3 n+ 2 ? 5 *£371+3) 


G{x?>n 7 *£ 3 ti +1 7 *£371+2) H"~ G (# 3 ti +1 7 *£3n+2 7 *£371+3) H - ^(*£ 3 ti +2 7 *£ 3 ti +37 *£ 3 ti +1 ) H“ 1 

so we have 


)(jr(x3 n , X 371 +I 7 ^ 371 + 2 ) 
)G-(x3 n , X371+I7 ^ 3 n+ 2 ) 


<^ 3 ti +1 



3 7 i + 2 c? 3 n +i 
+ 2d3 n _|_i + 1 


d3n 


Let 


^ 3 ti — 


d 3 ra + 2d3 n +i 

d 3 n + 2 c?3„_|_ 1 + 1 


so we have 


by introduction, we have 


d 3 n+1 < OL3nd3n 


d3n+l < <a3ra<T3n-l ' ‘ ’ <*]+ 


It is obvious that for any natural number n £ N, we have 0 < a n < l,and so 


then we have 


Hence, we can get 


so we can obtain 


dn — d n —i 


d n ^ d n —i d n A d n +1 ^ d n ~ i -|- d n 

1 1 


1 + 


< 1 + 


dfi—i A 2 d n d n ' 2d n _[_3 


1 1 


CXn—1 CX n 


Oi n —\ CX n 


&3nO!3n-l • • • CX 1 < Q!l 


3n 


3 
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taking the limit as n —> oo, so we have 


lim d 3n +i < lim a 3n a 3n -\ ■ ■ ■ a\d\ < lim a± in d\ = 0 

n—>oo n—>oo n—>oo 


SO 


lim G(x n ,x n+ i,x n+2 )=0. 


Next,we will show that {x n } is a G^-Cauchy sequence, on the other hand, according to (G&3) we have 

lim G(x n ,x n+ i,x n+ i) < lim G{x n ,x n+1 ,x n+2 ) = 0 (2.2) 

n—> oo n—>oo 

for any n, m G N, m > n, using (G&5), so we have 

G(x n , x m , x m ) ^ 5G(x n , x n _|_i) -|- 5G(x n _|_i 

5 -^mi 'Em) 

— sG(x n , X n -\-h X n -\.\) + 5 G(Xt 7 ,_(_i, X n -\- 2 i *^n+ 2 ) H - 5 G(x n - 1_2 5 'Em) 

— ^G{x n ^ En-\-It En-\- 1) H"~ ^ ^n+ 2 ) H - * * * H - 5 

^ sG(x n , X n _|_ 2 ) + 5 G(x n _|_i, X n _|_27 ^n+ 3 ) H - ' * * H - 5 ^m+l) 

= di( S ai n + 5 2 ai n+1 + • • • + s m - n a i™" 1 ) 

. sai n (l — (sa) m_n_1 ) 

— di --- 

1 — sa i n 

taking the limit as n —> oo, then we have 

r ru 1/ r 7 «*i n (l - (sa)™-"- 1 ) n 

Inn G(x n ,x m ,x m ) < lim d x -----= 0 

n—>oo n—>oo 1 — SOL\ l 

so {x n } is a Gf,-Cauchy sequence. 

Since X is complete, so there exists a p £ X, such that {x n } is a G^-Cauchy sequence and G^-converges to 
p such that 

lim £ 3 , 1+1 = lim Ax 3n = lim £ 3 „+ 2 = lim Bx 3n+ 1 

n—>00 n—>00 n—>00 n—>00 

= lim x 3 „+ 3 = lim Cx 3n+2 = p■ 

n —>00 n —>00 

Now we prove that p is a common fixed point of A , B and G. 

Using Lemma 1.6 and (2.1), taking the upper limit as n —> oo, we get 
G{Ap,p,p) 

< s 2 lim supG(Ap,Bx 3n+ i,Cx 3n+2 ) 

n—> OO 

^2 1’ G(j)) Ap) Ap) G(x3 n -\-i) ]3x3 n -\-\) I3x3 n -\-\) G(x3n-\-2i Gx3n-\-2i Gx3 n -\-2) ^/ \ 

“ 6 SUP G(p, Ap , B£ 3n+ i) + G(£ 3n+1 , Hx 3n+ i, Cx 3n+2 ) + G(£ 3 „+ 2 , G£ 3n+ 2 , Ap) + 1 P ’ 23,1+1 ’ ‘ T3 ” +1 
^ 4 ,. G(p, Ap, Tip) -p G(x 3n +i, Hx 3n +i, .Z?X 3n +i) -|- G(£ 3 „+2, Gx 3 „+2, Gx 3n + 2 ) . 

<S km sup-- -1-—-r-—---—-r-777-77- t ~ - -G(p,p,p) 

n-s-oo G(p, Ap, _B£ 3n +i) + G(£ 3n+ i,S£ 3 „ + i,G£ 3n+2 ) + &{x 3n+2 ,Gx 3n+2 ,Ap) + 1 

= 0 

then we get G(Ap,p,p) = 0. Hence by (1) of Proposition 1.1, we can get Ap = p. Similarly, letting x — x 3n , 
y = p, z = x 3n +2 and x = x 3n , y = £ 3ra +i, z = p we can get Bp = p and Gp = p respectively, so we have 
Ap = Bp = Cp = p. 
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Now, we show that the common fixed point of A, B and C is unique. Assume on contrary that q is another 
fixed point, i.e. Aq = Bq = Cq = q such that p ^ q. Then, by our assumption, we apply (2.1) to obtain 

G(p,p, q) = G(Ap, Bp, Cq) 

G(p, Ap, Ap) + G(p, Bp, Bp) + G(q, Cq, Cq) 

~ G{p, Ap, Bp) + G{p, Bp, Cq) + G(q, Cq, Ap) + 1 P ’ P ' 9 
^ G(p,p,p) + G(p,p,p) + G{q,q,q) 

G(p, p, p) + G(p, p, q) + G{q, q, p) + 1 V ' Pl 9 

= 0 


so by the Proposition 1.1, we have G{p,p, q) = 0, then p = q. 

Corollary 2.2 Let ( X, G) be a G(,-complete G^-metric space and T be a mapping from X to itself. Suppose 
that T satisfy the following condition: 

G(Tx Tv Tz) < G ^ X ’ Tx ' Tx ) + G ( x ’ Tx ' Tx ) + G ( x ’ Tx ’ Tx ) )c( ) 

( ’ Vl ’ ~ G(x,Tx,Ty) + G{y,Ty,Tz) + G(z,Tz,Tx) + l’ G ^ ’ V ’ ' 

for all x,y, z £ X. Then T has a unique fixed point. 

Proof. Taking A = B = C = T , the result follow from Theorem 2.1. 

Theorem 2.3 Let (X, G) be a G^-complete GVmetric space and A, B and G are mappings from X to itself. 
Suppose that A, B and G satisfy the following condition: 

G(Ax, By, Cz) < G(z, Cz, Cz )} ^ ^ Ax) + ^ y> z) (2 . 3) 

for all x,y,z £ X, where a + [3 < 1. 

Then either one of A, B and G has a fixed point, or, A, B and G have a unique common fixed point. 
Proof. Let d n = G(x n ,x n + i,x n + 2 ), then for (2.3) we have 

mm{G(x 3n+1 , Bx 3n+1 , Bxsn+i),G(x 3n+ 2 , Cx 3n+2 , Cx 3n+2 )} s 


G(Ax 3n , Bx 3n+ i,Cx 3n+2 ) C: o: 


= a 


< a 


G(x 3 „+ 2 , Cx 3n+2 , Ax 3n ) + 1 

G{x 3 n, Ax 3n , Ax 3n ) T flG(x 3n , x 3n -\.\, x 3n -\- 2 ) 

min{G(a; 3 „+i, x 3n3 - 2 , x 3n3 - 2 ), G(x 3n -\- 2 , £3n+3, X 3 n _|_ 3 )} 
G(x 3 „+ 2 , x 3n+3 , x 3n+ i) + 1 

G(x 3n , x 3n -\.\, x 3n -\-\) -\- fiG(x 3n , x 3n -\-±, x 3n3 . 2 ) 
d 3n +i 


= (« 


d 3n +i + 1 
d 3n +i 


d 3n +i + 1 


d 3 n I dd 3rl 

P)d 3n 


Since a d ^ 3n ^ 1 + f3 < 1, the following proof is similar to Theorem 2.1. 

Corollary 2.4 Let (X, G) be a G^-complete G^-metric space and T be mapping from X to itself. Suppose 
that T satisfy the following condition: 

G(Tx, Ty, Tz) < a ( min { G (lb G{*, T~, T^)} Tx,Tx) + /3G{x, y, z) 


for all x, y,z £ X, where a + j3 < 1. 
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Then T has a unique fixed point. 

Proof. Taking A = B = C = T, the result follow from Theorem 2.4. 

Theorem 2.5 Let (X,G) be a G-complete G-metric space and A,B and G are mappings from X to itself. 
Suppose that A, B and G satisfy the following condition: 

GiAx By Cz) < Ax ’ Ax) + G(j/ ’ By ' By) + G( ~’° z) )C(x v z) 

G(x,Ax, By) + G(y, By,Cz) + G(z,Cz,Ax) + 1 

for all x,y,z £ X. Then either one of A, B and G has a fixed point, or, A,B and G have a unique common 
fixed point. 

Proof. The proof is similar to Theorem 2.1. There is a little difference between them. 

First, when we prove that {&’„} is a G^-Cauchy sequence, we have 
G(x n , x m , x m ) ^ G[x n , £ n _|_i) T G(x n _|_i 7 %m 7 %m) 

— G ( X n , X n -\. \ , X n -\.\ ) + G(x n -|_i, X n _|_2 7 *^n+ 2 ) H - ^(*^71+2? *£7717 *^m) 

E {x n , x n _|_i, x n _|_i) + G (x n _|_i, x n _|_2 7 ^n+ 2 ) H-+ Gixjyi— 1 , x m _i, x m ) 

m—n 

— ^ ^ (^ 22+27 *^n+i+l 7 ^n+i+l) 

2=0 

so we can get 


GiXri^Xqji^Xryi) ^ E ^(*£71+27 •£72+2+17 *£72+2+1) 
2—0 
m—n 

— ^ ^ ^(*£72+27 *£72+2+! 7 *^72+2+2) 


— E dn 


taking the limit as n — > 00 , then we have 


lim G(x n ,Xm,x m ) < lim N aq" + *di = 0 

77.—^ OO 77.— 


so {a: n } is a G-Cauchy sequence. 

Secondly, since that G-metric space is continuous so when we prove that p is a common fixed point in 
G-metric space we have 

n , A ^ G(P, Ap, Ap) + G{p, Bp, Bp) + G(p, Cp, Cp) 

G(Ap,p,p) < — —-— — n , „ — . G{p,p,p) = 0 

G{p, Ap, Bp) + G(p, Bp, Cp) + G(p, Cp, Ap) + 1 


Corollary 2.6 Let (X, G) be a G-complete G-metric space and T be a mapping from X to itself. Suppose 
that T satisfy the following condition: 

C(TxTyT" 1- G(x, Tx, Tx) + G(x, Tx, Tx) + G(x, Tx, Tx) 

C(Tx, Ty, Tz) < ^ Ry) + ^ ^ ^ + ^ ^ + [x,y, z) 

for all x,y,z £ X. Then T has a unique fixed point. 

Proof. Taking A = B = C = T, the result follow from Theorem 2.6. 


1088 


SHEN ETAL 1083-1090 



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 27, NO.7, 2019, COPYRIGHT 2019 EUDOXUS PRESS, LLC 


3 An example 

Example 3.1 Let G(x, y, z) = (max{|a: — y\,\y — x\,\z — x\}) 2 for all x,y,z G X then G is a Gft-metric on 
X where s = 2. Define self-mappings A, B and C on x by 

A(x) = 1, B{x) = 1, C{x) = 

Then we have 

G(Ax, By, Cz) = (max{|l - 1|,|1 - ~ yyl}) 2 



and we also have 

G(x, Ax, Ax) = (1 - x) 2 , G(y, By, By) = (1 - y) 2 
G{z, Cz, Cz) = ( 7 g 7 ~ ) 2 ,G(x, Ax, By) = (1 - x) 2 

G(y, By, Cz) = max{(l - y) 2 , (^-y 1 ) 2 , (yy 1 - yf} 

G{z, Cz, Ax) = (1 — z) 2 
G[x, y, z) = max{|ai - y\ 2 , \y - z\ 2 , \z - x\ 2 } 

Casel: when z < x,z <y a> jrj,/3 = 0 and y < 1+ J Z , we have the (2.3) established. Then x = y = z = 1 
is a common fixed point. 

Case2: when y > a = 1, f3 = 0 and z > — 6 + lx, we have the (2.3) established. Then x = y = z — lis 
a common fixed point. 
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A modified collocation method for weakly singular 
Fredholm integral equations of second kind* 
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Abstract 

In this paper, a collocation method with high precision by using the poly¬ 
nomial basis functions is proposed to solve the Fredholm integral equation of 
second kind with weakly singular kernel. We introduce the polynomial basis 
functions and use it to reduce the given equation to a system of linear alge¬ 
braic equation. Thus, we can simplify the solving of the equation. The error 
analysis are given. Numerical examples are given to illustrate the efficiency 
of our method. 

Keyword : Weakly Singular • Fredholm Integral Equation • Polynomial 
basis function Method 

AMS subject classification: 65D10 • 65D32 


1 Introduction 

This paper is concerned with collocation method for weakly singular Fredholm in¬ 
tegral equations of the second kind as follows 
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4>{x) + A f k(x, t)(j)(t)dt — f(x), 0 < x < 1, (1.1) 

J a 

where n(x,t) = ^^’*2 ,0 < a < 1, H(x, t), f(x) are continue and bounded functions 
and 4>{x) is the function to be determined. 

Numerical methods for weakly singular Fredholm integral equations of the sec¬ 
ond kind have been developed by many scholars in recent years because of their 
important applications in science and engineering. These methods can be classi¬ 
fied into two types. One type is through making approximations to the analytical 
solutions directly. For instance, Tricomi used successive approximations method 
to solve the integral equations in his book [1], Variational iteration method and 
Adomian decomposition method were introduced in [2] and [3] respectively. Also, 
The homotopy analysis method was proposed by Liao [4] and has applied it in [5] 
et. Another type is through shifting the equations into a form which easier to solve 
than the original equations. For example, Taylor expansion collocation methods are 
presented to solve integral equations in [6-8] . In [9] , the orthogonal triangular basis 
functions were used by Babolian et al. to solve some integral equations systems. 
And Legendre wavelets method was proposed by Jafari et al. in [10] to find the 
numerical solutions of linear integral equations systems. Moreover, in [12] architec¬ 
ture artificial neural networks was suggested to approximate the solutions of linear 
integral equations systems. Furthermore, Jafarian et al. [13] using the Bernstein 
polynomials to obtain the numerical solutions of linear Fredholm and Volterra inte¬ 
gral equations systems of the second kind. And application of Bernstein polynomial 
have been made by scholar for solving both differential equations and integral equa¬ 
tions, see [11]. And piecewise polynomial collocation method were applied to solve 
the Volterra integro-differential equations with weakly singular kernel in [14] respec¬ 
tively. And the stability of piecewise polynomial collocation methods for solving 
weakly singular integral equations of the second kind has been discussed by Kangro 
et al. in [15]. Besides, Baratclla et al. [16] had proposed an approach with product 
integration to solve the weakly singular Volterra integral equations. Kolk et al. And 
Pallaw et al. [17] used the quadratic spline collocation to solve the smoothed weakly 
singular Fredholm integral equations. However, these methods introduced above do 
not provide a good accuracy in the solution near the singular points. 

In this paper, we are going to use polynomial basis functions collocation method 
to approximate the solution of singular Fredholm integral equations of the second 
kind. The proposed approach converted the given equation with unique solution into 
a system of linear algebraic equations in general case. To do this, first the polynomial 
basis functions of certain degree n of unknown functions are substituted in the given 
integral equations. So that the solution of the unknown function of given equations 
have converted into the solutions of the coefficients of the unknown polynomial basis 
functions, such that we can solve the integral equations in a convenient way. 
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The layout of this paper is as follows: In section 2 we presented the procedure 
of the polynomial basis functions collocation method to obtain the approximate 
solution of the weakly singular Fredholm integral equation. In section 3, we had 
demonstrated that the proposed method is convergent to all the weakly singular 
Fredholm integral equations of second kind. In section 4, we give numerical example 
to test the effectiveness and efficiency of the method. Finally, Numerical examples 
are given to illustrate the efficiency of our method. 

2 The Polynomial Basis Function Method 

We are going to use the polynomial basis functions to solve the eq.(l.l). The form 
of the functions are as follows: 

m—1 

k =0 

where the polynomial basis functions l,x,x 2 , ■ ■ ■ ,x m ~ 1 are linear independent. 

Since eq.(l.l) is a weakly singular integral equation, the singularity of the e- 
quation must be removed such that the procedure of solving the problem can be 
move on. But since the proposed method of this paper is belong to the colloca¬ 
tion method, which can smooth the singular points of the discretion, so that we 
can use the method directly. Then we provided the procedure of using polynomial 
basis functions to solve the kind of the integral equations proposed in this paper 
concretely as follows: 

Step 1. Choosing the basis functions u = [1, x, x 2 ,..., x k ], (.k = 0, 1,2, ..., m — 1) 
the unknown function 4>{x) is substituted by the following polynomials 

m—1 

4>(x) RS <f>m(x) = ^ akxk > ( 2 -l) 

k =0 

Step 2. Substituting (2.1) into (1.1) we have 

m—1 m—1 r>\) 

^ a^x k + A a^x k / k(x, t)t k dt = f{x ), (2.2) 

k =o fc=0 ^ a 

Step 3. Discrete the interval [a,b] into n sections uniformly, we obtained the 
systems of the coefficient a*, as follows 


m—1 m—1 pb 

yy dkX k + A a,kX k / k(x, t)t k dt = f(xj), 

k =o fc=0 ^ a 


(2.3) 
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where j = 1,2 ,...,n,Xj = a + j(b — a)/n. We transformed the equations into the 
form of linear matrix as follows 

(U + KU)A = f, (2.4) 

where 



( 1 oq • • • xT'- 1 \ 


( a 0 \ 


(/i\ 

u = 


,A = 


,/ = 



^ 1 Xn ■■■ X^ 1 ) 


y d-m —i J 


\ J 


and K = f b K(x,t)dt which is the integral operator. 

Step 4. Solve the system we obtained the solutions of the coefficients of a*, as 
follows 

do i d 1 ‘ • • ■ i d"m— 1 • 

Substituting them into eq.(2.1) we obtained the approximate solution 4> m (x). 


3 Convergence and Error Analysis 


In this section, we are going to prove that the approximate method we proposed in 
this paper is convergent to the analytic solution of eq.(l.l). 

Firstly, we rewrite the form of the weakly singular kernel as follows 


K(x, t ) 


H(x, t ) 
\x — t\ a ' 


Let 0 < a < |, and H(x,t ) is continuously bounded, 
integral equation with weakly singular kernel is as follows 


Then the eigenvalue 


\4>(x) = f K(x,t)4>(t)dt, 0 < x < 1, (3.1) 

J a 


where K(x,t) is the weakly singular kernel, A is the eigenvalue of the K(x,t), <f>(x) 
is the eigenfunction of A. 

Lemma 3.1 [14]. If Xi,x 2 G C m,v (0, T], m e N, v < 1, then XiX 2 G C m,v (0,T '], 
and 

11LJT 1 3^2 — c|| X\ || m 113^21 m,v 

with a constant c which is independent of X\ and x 2 . 

Proof. See [14]. 

Lemma 3.2 [18] Suppose that the function d m (x) obtained by the polynomi¬ 
al basis function is the approximation of eq.(l) and eq.(l) is with bounded first 
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derivative, then eq.(l) can be expanded as an infinite sum of the polynomial basis 

m— 1 

functions, that is, <j>(x) = CkX k , and the coefficients Ck are bounded as 

k =0 


Ck < 


K 

(m + TjW 


where K is a constant. 

Proof. See [18]. 

Let the linear operator K : LL ^ —> LL ,| 


(K0)(x) = f K(x, t)(f)(t)dt, 0 < x < 1 

Jo 

then (3.1) can be written as 

Kcj) = \<f>, 

using K operating two sides of (3.2) we yield 


(3.2) 


K 2 0 = A 2 0 


where 

K 2 0(x) = / Kz(x,t)(j)(t)dt 

Jo 

and K 2 (x,t) is the iterative kernel of K(x,t ) 

K 2 (x,t) = / Ki(x,r)Ki(r,t)dr 
Jo 

Ki(x , r) = iL(x, r). 

Theorem 3.3. Let ( j) m {x ) be the polynomial basis function of degree m — 1 
and whose coefficients has been obtained by solving linear system (2.4), the given 
polynomial basis function is converge to the analytical solution of the weak singular 
Fredholm integral equations of the second kind (1.1), when m —>■ oo. 

Proof. Since 

0(x) = lim 0 m (x), 

m—>• oo 

substitute (f> m (x) into eq.(l.l), we have 


4>m{x) + A f K(x,t)(j) m (t)dt = f(x),Q < x < 1. (3.3) 

J a 
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We defined the error function ||e m || by subtracting (2.1) and (2.5) as follows 

||e m || = II (j>m(x) -H X )\\ + \M\\ [ \\ K ( X ^)\\ ■ II - <i>(t)\\dt\\, 

Jo 

According to lemma 3.1 and 3.2, since the subinterval of integral equation is compact 
and the coefficients obtained by the polynomial basis functions are bounded and the 
kernel K(x,t ) can be continuous and bounded through iteration, therefore, whether 


e m || — > 0 


depends on 

Um(x) - <j>(x) || ->• 0 , 

since 

4>(x) = lim (j>m(x), 
m— >-oo 

that is, 

||e m || —> 0 

when m —>■ oo. 

Thus, the proof is completed. □ 

Remark 3.4. When we use this method we can find that it is similar to the 
piecewise linear spline function interpolation method which is convergent and nu¬ 
merical stable. The speed of the convergency is accelerated with the increasing of 
the degree m of the polynomial basis function. 


4 Numerical Experiments 

Example 1: Consider the following Fredholm integral equations of the second kind 
with weakly singular kernel 

^~ToJ 0 K ( x ’ t ) ( t ) ( t ) dt = f( x )i Q < x <h (4-1) 

where K(x,t ) = \x — t|~5, 

27 

f(x) = x 2 (l — x ) 2 — (54a; 2 — 126a; + 77) + (1 — a;)5(54a; 2 + 18a; + 5)]. 

30800 

the exact solution of eq.(4.1) is (j>{x) = a; 2 (l — x) 2 . 

Using the method we proposed in section 2 and the successive approximation 
method and using MATLAB writing the program codes we obtained the figures and 
tables so that we can make a comparison for the accuracy of the two methods. 
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Figure 1: The nodes are 11, iterations are 6, The result of Successive approximation method and the 
analytical solutions. 



Figure 2: The nodes are 11, k=4, The result of Polynomial basis function method and the analytical 
solutions. 
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Firstly, we obtained the figures of the results of the Polynomial basis function 
method and the successive approximation method 

From the figures we can find that both of the curves of successive approximation 
method and the polynomial basis functions method are simulated very well, but 
there is a defection of the numerical solution of successive approximation method 
that the singular point in the function can not be removed. But the polynomial 
basis functions method almost accordant with the analytical solutions. Namely, 
the accuracy of polynomial basis functions method is better than the successive 
approximation methods. 


Table 1: The comparison of the solutions of the two kinds of methods. 


Node 

Exact 

Solution 

Successive 

Approximation 

Polynomial Basis 
Function Method 

0 

0 

-2.8235e-04 

-1.136e-016 

0.1 

8.1000e-003 

7.7634e-03 

8.1000e-003 

0.2 

2.5600e-002 

2.5228e-02 

2.5600e-002 

0.3 

4.4100e-002 

4.3685e-02 

4.4100e-002 

0.4 

5.7600e-002 

5.7144e-02 

5.7600e-002 

0.5 

6.2500e-002 

NaN 

6.2500e-002 

0.6 

5.7600e-002 

5.7144e-02 

5.7600e-002 

0.7 

4.4100e-002 

4.3685e-02 

4.4100e-002 

0.8 

2.5600e-002 

2.5228e-02 

2.5600e-002 

0.9 

8.1000e-003 

7.7634e-03 

8.1000e-003 

1 

0 

-2.8235e-04 

0 


The Table 1 shows the results of the solutions of the example 1 using successive 
approximation method with the iterations k=8 and the polynomial basis function 
method with the orders m=5 of the polynomial basis function, respectively. From 
the table we can find that the results of the polynomial basis function method is 
more approximate to the exact solutions than the successive approximation method. 

From the Table 2 we can easily find that with the increasing of the iterations 
of k, there is little increasing of the error accuracy of the successive approximation 
method. And it is obvious that there is a singular point of the discrete interval. 

The Table 3 shows the errors accuracy results of the polynomial basis function 
method when the orders of the polynomials are n=3,4,5,6, respectively. We can 
find that the results is much superior than the successive approximation method. 
The best error effectiveness of successive approximation is O(10~ 4 ), but we obtained 
the high accuracy of the polynomial basis function method when the orders of the 
polynomial basis functions is n — 5 and the effective errors have reached O(10~ 16 ), 
which is much better than the successive approximation methods. 
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Table 2: The error comparison of Successive Approximation methods. 


Node 

Exact solution 

k=2 

k=4 

k=6 

k=8 

0 

0 

9.2298e-03 

6.6592e-05 

2.7807e-04 

2.8225e-04 

0.1 

8.1000e-03 

1.0586e-02 

7.7066e-05 

3.3105e-04 

3.3646e-04 

0.2 

2.5600e-02 

1.1068e-02 

1.1413e-04 

3.6606e-04 

3.7179e-04 

0.3 

4.4100e-02 

1.1342e-02 

1.5033e-04 

4.0921e-04 

4.1510e-04 

0.4 

5.7600e-02 

1.1480e-02 

1.8759e-04 

4.4996e-04 

4.5593e-04 

0.5 

6.2500e-02 

NaN 

NaN 

NaN 

NaN 

0.6 

5.7600e-02 

1.1480e-02 

1.8759e-04 

4.4996e-04 

4.5593e-04 

0.7 

4.4100e-02 

1.1342e-02 

1.5033e-04 

4.0921e-04 

4.1510e-04 

0.8 

2.5600e-02 

1.1068e-02 

1.1413e-04 

3.6606e-04 

3.7179e-04 

0.9 

8.1000e-03 

1.0586e-02 

7.7066e-05 

3.3105e-04 

3.3646e-04 

1 

0 

9.2298e-03 

6.6592e-05 

2.7807e-04 

2.8225e-04 


Table 3; The error 

comparison of Polynomial basis function methods. 

Node 

Exact solution 

n=3 

n=4 

n=5 

n=6 

0 

0 

6.7365e-03 

6.7365e-03 

2.0322e-16 

3.6580e-16 

0.1 

8.1000e-03 

7.5301e-03 

7.5301e-03 

8.3267e-17 

2.9490e-16 

0.2 

2.5600e-02 

7.4263e-03 

7.4263e-03 

4.1633e-17 

2.1164e-16 

0.3 

4.4100e-02 

1.3522e-03 

1.3522e-03 

6.2450e-17 

1.8041e-16 

0.4 

5.7600e-02 

4.6922e-03 

4.6922e-03 

4.8572e-17 

1.3184e-16 

0.5 

6.2500e-02 

7.1071e-03 

7.1071e-03 

1.3878e-17 

9.7145e-17 

0.6 

5.7600e-02 

4.6922e-03 

4.6922e-03 

2.7756e-17 

8.3267e-17 

0.7 

4.4100e-02 

1.3522e-03 

1.3522e-03 

3.4694e-17 

1.3878e-17 

0.8 

2.5600e-02 

7.4263e-03 

7.4263e-03 

1.4572e-16 

1.5613e-16 

0.9 

8.1000e-03 

7.5301e-03 

7.5301e-03 

2.2204e-16 

2.7756e-16 

1 

0 

6.7365e-03 

6.7365e-03 

0 

1.5260e-16 


Example 2: Consider the following Fredholm integral equations of the second 
kind with weakly singular kernel 

^ _ To J 0 K ( x ’ t ) ( t ) ( t ) dt = /( x )>° ^ x ^ T ( 4 - 2 ) 

where K(x,t ) = \x — f| _ C 

97 

/(a;) = a; 2 (l — x ) 2 — gQgQQ (54a; 2 — 126a; + 77) + (1 — a;)^(54a; 2 + 18a; + 5)]. 

We have not the exact solutions of the example 2, but we compared the accura¬ 
cy of the two methods through the error accuracy when the iterations increased of 
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Table 4: The error comparison of succcessive approximation methods. 


Node 

n=2 

n=4 

n=6 

errors of (c3-c2) 

errors of (c4-c3) 

0.0139 

5.5529e-04 

7.8461e-04 

7.9539e-04 

2.2932e-04 

1.0780e-05 

0.0556 

3.3207e-03 

3.5784e-03 

3.5903e-03 

2.5772e-04 

1.1917e-05 

0.1250 

1.2872e-02 

1.3386e-02 

1.3399e-02 

5.1414e-04 

1.2785e-05 

0.2222 

3.2102e-02 

3.2388e-02 

3.2402e-02 

2.8611e-04 

1.3450e-05 

0.3472 

5.4893e-02 

5.5188e-02 

5.5202e-02 

2.9552e-04 

1.3437e-05 

0.5000 

NaN 

NaN 

NaN 

NaN 

NaN 

0.6528 

5.4893e-02 

5.5188e-02 

5.5202e-02 

2.9552e-04 

1.3437e-05 

0.7778 

3.2102e-02 

3.2388e-02 

3.2402e-02 

2.8611e-04 

1.3450e-05 

0.8750 

1.2872e-02 

1.3386e-02 

1.3399e-02 

5.1414e-04 

1.2785e-05 

0.9444 

3.3207e-03 

3.5784e-03 

3.5903e-03 

2.5772e-04 

1.1917e-05 

0.9861 

5.5529e-04 

7.8461e-04 

7.9539e-04 

2.2932e-04 

1.0780e-05 


the successive approximation method and when the orders of the polynomial basis 
function increased, respectively. The column 2 to column 4 of Table 4 shows the 
solutions of the method when the iterations k=2,4,6, respectively, and it shows the 
error accuracy of the solutions of column 3 minus column 2 and column 4 minus 
column 3 and we get column 5 and column 6, respectively. From the Table 4 we can 
easily find that, with the increasing of the iterations of the successive approximation 
method, the error accuracy increased accordingly. 


Table 5: The error comparison of polynomial basis function methods. 


Node 

n=4 

n=5 

n=6 

errors of (c3-c2) 

errors of (c4-c3) 

0.0139 

-1.2677e-04 

6.3355e-03 

6.3355e-03 

6.4623e-03 

1.8388e-16 

0.0556 

1.1224e-02 

9.5719e-03 

9.5719e-03 

-1.6520e-03 

3.1225e-17 

0.1250 

2.7883e-02 

2.0391e-02 

2.0391e-02 

-7.4917e-03 

-1.3878e-17 

0.2222 

4.6462e-02 

4.0972e-02 

4.0972e-02 

-5.4890e-03 

9.7145e-17 

0.3472 

6.2217e-02 

6.5462e-02 

6.5462e-02 

3.2455e-03 

1.8041e-16 

0.5000 

6.9050e-02 

7.8091e-02 

7.8091e-02 

9.0411e-03 

6.9389e-17 

0.6528 

6.2217e-02 

6.5462e-02 

6.5462e-02 

3.2455e-03 

-1.8041e-16 

0.7778 

4.6462e-02 

4.0972e-02 

4.0972e-02 

-5.4890e-03 

-1.0408e-16 

0.8750 

2.7883e-02 

2.0391e-02 

2.0391e-02 

-7.4917e-03 

2.0470e-16 

0.9444 

1.1224e-02 

9.5719e-03 

9.5719e-03 

-1.6520e-03 

4.5103e-17 

0.9861 

-1.2677e-04 

6.3355e-03 

6.3355e-03 

6.4623e-03 

-8.5001e-17 


Table 5 shows the results of the solutions of the method we proposed in this 
paper. It shows the results of the solutions of the proposed method from the column 
2 to column 4, and the error accuracy results obtained by column 3 minus column 
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2 and column 4 minus column 3 and we get column 5 and column 6, respectively. 
From the data of the table 5 we can easily find that the polynomial basis function 
method is much superior than the successive approximation method. The best error 
effectiveness of successive approximation we finally obtained is O(10~ 5 ), but we 
obtained the high accuracy of the polynomial basis function method when we let 
n — 5 and the effective errors have reached O(10~ 16 ), which is much nearly to the 
exact solutions. 
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SHARP COEFFICIENT ESTIMATES FOR NON-BAZILEVIC FUNCTIONS 

JI HYANG PARK, VIRENDRA KUMAR, AND NAK EUN CHO 


Abstract. The class 8(a) of non-Bazilevic functions was introduced by Obradovic. Later, 
estimates on the second coefficient and Fekete-Szego functional for normalized analytic func¬ 
tions in the class 8(a) were investigated by Tuneski and Darus. In the present work, 
sharp estimate on third to eighth coefficients for normalized analytic functions f(z) = 
z + a 2 z 2 + a 3 z 3 + ■ ■ ■ G 8(a) are investigated. Further sharp estimate on the functional 
10 . 2(13 — (Til is also obtained. 


1. Introduction 


The class of analytic functions defined in the unit disk D := 
the Taylor series expansion of the form 

f (z) = z + a> 2 Z~ + cl 3 z'^ + • • • 


{z e C : \z\ < 1} and having 


( 1 . 1 ) 


is denoted by A. The subclass of A consisting of univalent functions is denoted by S. 


De Branges, in 1984, proved that if / G S, then 


< n. This result was put be¬ 


fore by Bieberbach in 1916 and is popularly known as the Bieberbach conjecture. Among 
the many subclasses of S, the class of starlike and convex functions are the most inves¬ 
tigated. The class of starlike and convex functions are defined, respectively, by S* := 
{/ G S : R e(zf(z)/f(z)) > 0} and /C := {/ G S : Re(l + zf"(z)/f(z)) > 0}. Thomas 
in 1967, introduced a general form of the class of starlike functions. Thomas fl5" 


15 


for a 

starlike functions g, defined the class B a := {/ G S : R e(z f' (z) f (z ) 0-1 /g(z) a ) > 0}. This 
class is popularly known as the class of Bazilcvic functions of type a. In 1973, Singh 12 
investigated a special case of B a . For a > 0 and setting g(z) = z, he considered a subclass 
of B a defined by 

a—1 


B\(a) :=< f e A ■. Re 



> 0 


In his paper, he obtained the sharp radius estimates for certain integral operator to be a 
member of the class B\(a) and he also obtained the sharp upper bound on the first four 
initial coefficients. He also investigated the sharp bound on the Fekete-Szego functional for 
functions in this class. It should be noted that the class B\( 1) is a subclass of close-to-convex 


2010 Mathematics Subject Classification. 30C45, 30C50. 
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functions and hence univalent in D. Moreover, B i(0) = S*. In 2015, Thomas [l3| proved the 
sharp bound \a 2 a 4 — a^l < 4/(2 + a ) 2 for functions in the class B\(a) for a G [0,1]. In 2017, 
Marjono et al. | 6 | investigated the sharp upper bound on fifth and sixth coefficients. They 
also conjectured that if / G B±(a), then 

2 

Kl < -—— (ra = 2,3,4, ■■■) 

n — 1 + a 


holds for all a > 1. This conjecture for the fifth coefficient, for certain range of a , was recently 


settled by Clio and Kumar 

1 

. For many results related to the Bazilcvic functions we refer 

the reader to the papers 11 

r 4 

15 

17 and the references cited therein. A class B(a,/3) with 


stronger conditions was considered by Ponnusamy | 8 |. For a > 0 and 0 < < 1, he defined 




f G A 


/'(*) 




For the negative value of a G 


B(a,(3): 


(—1,0), the class B(a,/3 ) can be rewritten as 


= <feA 


/'(*) 



1 



This class was introduced and investigated by Obradovic, in 1998. He obtained the conditions 
on the parameter (5 that embeds this class into the class of star like functions. Later in 2002, 
Tuneski and Darus 


16 , for 0 < a < 1 , considered the class 


B{a) 


f G A : Re 





This class, as mentioned by Obradovic in the conference “Computational Methods and Func¬ 
tion Theory 2001” is called to be class of functions of non-Bazilevic type, see [l 6 |. Tuneski 
and Darus investigated the sharp bounds on |a 2 1 and the Fekete-Szego functional (03 — //a||. 


Some typographical errors in the result 16, Theorem 1, p. 64] were reported by Kumar 
and Kumar (5j. For a more general result and the correct version of their result one can 
refer to [5]. Starlikeness of multivalent non-Bazilevic functions were investigated by Guo et 
al. |2|. Estimate on the second Hankel determinant for the class of functions / Gi satisfying 
Re ( f'(z ) (z/f(z)) a ) > 0 for a G (0,1/3] was obtained by Krishna and Reddy [4], 


Motivated by the above works, in this paper, sharp bound on the third to eighth coefficients 
of functions in the class B(a) are investigated. Moreover, sharp bound on the functional 
|a 2 a 3 — a 4 | for functions in the class B(a) is also obtained. 

Let V be the class of analytic functions having the Taylor series of the form p(z) = 
1 + p\Z + P2Z 2 + P3Z 3 + ■ ■ ■ and mapping the unit disk D onto the right-half of the complex 
plane i.e. satisfying the condition Rep(^) > 0 (z G D). Let B be the class of Schwarz 
functions consisting of analytic functions of the form w(z) = C\Z + C2Z 2 + c^z 3 + • • • (zGD) 
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and satisfying the condition |t/;(z)| < 1 for z G D. The following correspondence between the 
classes B and V holds: 


viz) — 1 

p G V if and only if w(z) = ——- G B. 

p{z) + 1 


Comparing coefficients in (1.2), we have 


_ P 1 

Cl “ r 02 ~ 


2p 2 - p\ 


, c 3 = 


4 p 3 - 4pip 2 + P'\ 


- , C 4 


8p 4 - 8pip 3 - Apl + Qp\p 2 - pi 


4 8 7 "* 16 

Lemma 1.1. [3] (see also j 10 1 ) If p G V, then, for any complex number u, 

\p 2 — vp\ | < 2max{l; |2z/ — 11} 
and the equality holds for the functions given by 

p(z) = \ + ~ and p(z) = ^ + ' 


( 1 . 2 ) 


(1.3) 


1 — z 2 


1 - z 


Consider the functional T(/i, u) = |c 3 + pc\C 2 + vc\\ for w G B and /i, v G M. Let us assume 
that the symbols fife’s are dehned as follows: 

fli := {(p, u) G M 2 : \p\ < 1/2, \u\ < l} , 

^2 := j(/h u ) e : 2 — \ p \ ^(1^1 + l) 3 — (Ihl + 1) < ^ > 


fl 3 := (/i, z/) G M 2 : \p\ < -, 1 / < -1 > , := ■{ (/i, u) G 


D 2 . 


>1/2, v <--{H + 1)L 


:= {(/i,p) G M 2 : |/t| < 2, z/ > l} , ff 6 := <j (/i, v) G M 2 : 2 < \p\ < 4, p > — (/i 2 + 8) j> , 


:= <J (yet, i/)gK 2 : \p\ > 4, z/ > -(|//| - 1) )■ , 


{ (/i, p) G M 2 : - < |/x| < 2, —-(|//| + 1) < v < ^(Ihl + l) 3 ~ (M + 1) \ > 
Ji 9 := ( (ft 0 € R 2 : \n\ > 2, + 1) < </ < j , 


fiio i (p, v) G M 2 : 2 < I//1 < 4, 


2 H(H + 1 ) 

p 2 + 2|/x| +4 


< P < T 7 :(/i 2 + 8 ) } , 


fl n := i (/Lp) e M 2 : |/r| > 4, 


2|hl(lhl + 1) 
p 2 + 2|/i| + 4 


„2 


12 

2 KHjyl) 

p 2 - 2|/x| + 4 J 


!J 12 := ( (ft »)£«’: H > 4, /( < - < j(M - 1) 
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The following result is due to Prokhorov and Szynal |9j which we need in our investigation. 
Lemma 1.2. (9j Lemma 2, p. 128] If w G B, then for any real numbers p and u, we have 

1, (/i, v) E Oi U fi 2 U {(2,1)}; 

7 

M> fa v ) e U ^k! 

k =3 

1 /2 

< < f(M + 1 ) ( 3 (^+ 1 )) ’ 0 , v) e fis u fi 9 ; 

I*' (^) (^y) 1/2 , fa v) e fiio U fin \ {(2,1)}; 

k i(M - 1 ) (dfe^ry )' > (^^)efii 2 - 

The extremal functions, up to rotations, are of the form 


w 1 (z) = z 3 , w 2 (z) = z, w 3 (z) = 


z(t i - 2 ) 


, W 4 (z) = 


z(t 2 + z) 


1 — tiZ 1 + t 2 Z 

and W 5 (z) = c\z + c 2 z 2 + C 3^ 3 + • • • , where the parameters t\, t 2 and the coefficients Ci are 
given by 


tt = 


+ 1 


1/2 


to — 


1/2 


Cl = 


/ 2u(p 2 + 2) - 3/i 2 

p (u(p 2 + 8) - 2(/r 2 + 2) \ 1/2 


3(|/i| + I 2 + 1) 

C 2 = (1 — c 2 )e i6>0 , C 3 = —cic 2 e ie °, 9 q = iarccos 

2. Coefficient Estimates 


1/2 


2z/(/i 2 + 2) - 3p 2 


■) 


The following theorem gives the sharp estimates on |a 3 1, 1 0,4 and on the functional \a 2 a 3 — 
a 4 | for functions in the class B(a). 

Theorem 2.1. Let ao ~ 2.36, 04 ~ 2.68 and a 2 ~ 2.71 are the smallest positive roots of the 
equations 3a 4 — 11a 3 + a 2 + 11a + 20 = 0, a 6 — 11a 5 + 56a 4 — 138a 3 + 151a 2 — 7a — 148 = 0 
and a 3 — 5a 2 + 11a — 13 = 0, respectively. Let f E B(a) has the from (1.1). Then, the 
following sharp inequalities hold: 

+, if a e (0,3] \ {1,2}; 

if « > 3 


|a 3 | < 


(a—2)(a—l) 2 


|a 4 | < < 


(a 4 -5a 3 +lla 2 -19a+36) ., , n , , fl n i 

3 ( 0 ,— 1 )(a— 2 )(a— 3 ) + % f « ^ (0, a 0 ] \ {1, 2} or a 2 < a < 3; 
4 ^ a ^~ 1 - > 1 - if a 0 < a < a 4 ; 


3(a—3)(|a| —b—l) 1 / 2 ’ 

2(a—l) 2 (a 2 —4) 3 / 2 
(o—3)(a 2 —4b)(3(b—l)) 1 / 2 - 

V a—3 ’ 


if a 4 < a < a 2 ; 
if 3 < a, 


( 2 . 2 ) 
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where a and h are given by 

2 (a — 5) 


a : = 


(a — l)(a — 2 ) 


and b := 


a 4 — 5a 3 + 11a 2 — 19a + 36 
3(a — l) 3 (a — 2) ' 


Proof. Since / G 13(a), it follows that there exists p(z) = 1 + piz + p 2 z 2 + p 3 z 3 + ■••£? such 
that 


f'(z) 


/(*) 


Q+l 


= p(z). 


Comparing coefficients of like-power terms in ( 2.3[ ), we get 
a 2 = 

Now consider 


Pi , (a - 2)(a + l)p\ - 2(a - lfp 2 
and 03 = - 


a — 1 2 (a — 2 )(a — l ) 2 

(a - 2 ) (a + 1 )p\ - 2 (a - 1 ) 2 p 2 

2 (a — 2 )(a — l ) 2 

(a — 2 )(a + 1 ) 2 
Vi -N77-TT5- Pi 


(2.3) 


(2.4) 


03 — 


a — 2 


2 (a — l ) 2 


(2.5) 


An application of Lemma 0 on (|2.5[), gives 


2 f |a-3| 

1031 < -- max < 1; 


a — 2 


(a-l ) 2 


which equivalently can be written as 


a 6 (0,3] \ {1,2}; 

|a3|£ ' ! “> 3 - 


This is the required bound on third coefficient as stated in the theorem. In the first case of 

red by 

1 + z 2 


(2.1), equality occurs for the function / 0 G 13(a) defined by 

“+ 1 1 1 „2 


m 


fo(z) 


1-z 2 ’ 


( 2 . 6 ) 


whereas in the second case of (2.2), equality holds for the function f 0 G 13(a) defined by 

a+1 


fo ( z ) 


1 + z 


(2.7) 


Jo(z)J 1 — z 
Next we shall fold the estimate on |a 4 |. From ( 2.3[ ), we have 

-(a — 3) (a — 2) (a + l)(2a + l)p 3 + 6(a — l) 2 (a — 3) (a + l)pip 2 — 6(a — 2)(a — 1) 3 P3 


a 4 = 


6(a — l) 3 (a — 2)(a — 3) 


( 2 . 8 ) 
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In view of the interconnections in (1.2) and (1.3), Eqn. (2.8) can be rewritten as: 


a 4 = 


or equivalently 


2 [(a 4 — 5a 3 + 11a 2 — 19a + 36) cf — 6(a — 5)(a — 1) 2 ciC2 + 3(a — 2)(a — 1) 3 C3] 


a — 3 

where the parameters a and b are given by 

2(a — 5) 


a : = 


3(a — l) 3 (a — 2)(a — 3) 

2 

a 4 =-- [c 3 + acic 2 + bc \] , 

4 - 5a 3 + 11a 2 - 19a + 36 


(2.9) 


(a — l)(a — 2) 


and b := 


a 


3(a — l) 3 (a — 2) 


( 2 . 10 ) 


Assume that f2/s are dehned as in Lemma 1.2 with the settings /i = a and v = b. We now 
proceed further in the proof with the following steps: 

(1) Assume that a > (\/73 — l )/2 ps 3.772. In this case, we see that — 1/2 < a < 1/2 holds. 
Moreover, b < 1 holds if and only if a 4 — 5a 3 + 8 a 2 — a — 15 > 0, which holds for all 
a > 3. Thus for all a > (a/73 — l)/2, we conclude that (a, b) £ f^. 

(2) Next assume that 3 < a < (a/73 — l)/2. Then, we see that the condition — l/ 2 <a <2 
holds for all such a and (4/27)(a + l ) 3 — (a + 1) < b < 1 all a > 3. Therefore, for 
3 < a < (a/73 - l)/2, we must have (a, b) e fl 2 . 

(3) Let 


012 3 


53 + 9 a/41 - 


+ 5 


2.71 


and 


a o 


\/ 53 + 9a/4I 

:= ^ + (2 2 /3) \J 8989 + 9^14717 + 4^35956 - 36a/14717 + 113 - \\J C + D 

6 := ^ - ^(2 2/3 ) v/8989 + 9\/l4717 - ^ ^35956 - 36^14717, 

lo y ^ 


12 12 
with 


2.36 


and 


D : = 


407 


18-^4 (2 2 /3) ^8989 + 9^/14717 + 4^35956 - 36^14?!? + 113 


are the smallest positive roots of the equations a 3 — 5a 2 + 11a — 13 = 0 and 3a 4 — 
11a 3 + a 2 + 11a + 20 = 0, respectively. Now assume that 0<a<lor2<a< ao- 
Then a > 4 and b > 2(a — l)/3 hold and hence (a, b) £ fV Moreover, a < —1/2 and 
b < — 2 (—a + l)/3 holds whenever 1 < a < 2. Therefore, (a, b ) G whence 1 < a < 2. 
Also it can be easily seen that 2 < a < 4 and b > (a 2 + 8)/12 hold for a 2 < a < 3. 
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(4) Let 2.69 ~ (5 + a/33)/4 < a < a 0 . Then a and b satisfy 2 < a < 4 and 

2a(a d* 1) 


< b < 


a 2 + 


a 2 + 2a + 4 “ " “ 12 

Therefore, for this range of a, we see that (a, b) G fii 0 . Let a\ ~ 2.68 is the smallest 
positive root of a 6 — 11a 5 + 56a 4 — 138a 3 + 151a 2 — 7a — 148 = 0. Further, when 
< ol < (a/33 + 5)/4, the parameters a and b satisfy a > 4 and 

2 a(a + 1) < < 2a(a — 1) 


a 2 + 2a + 4 


- - 


a 2 — 2a + 4 


Hence, in view of Lemma 1.2, we have (a, b) G Hu. 

(5) Assume that ao < a < ai. In this case, it is a simple matter to check that a > 4 and 

2a(a — 1) < ^ 2(a — 1) 


i 2 - 2a + 4 


Therefore, Lemma 1.2 gives (a, b) G H 12 . 


In the light of the above discussions, an application of Lemma 1.2 gives the desired esti¬ 
mates on la/. In the first case of (2.2), the equality holds for the function /o defined in (2.6), 
whereas in the forth case of ( 2 . 2 ), the equality holds for the function function f 0 defined in 
(2.7). I 11 the case third of (2.2), the extremal function f\ is given by 

Q+1 l + w(z) 


m 


( 2 . 11 ) 


Jl{z)J 1 -w(z) 

with choice of the Schwarz function (up to rotation) w(z) = C\Z + c 2 z 2 + c 3 z 3 + • • • G B, 
where the coefficients c t are given by 

( 2 b(a 2 + 2) - 3a 2 \ 1/2 2n ,, , 0n 

Cl “ \3(b — l)(a 2 — 46) ) ’ C2 “ (1 ~ Cl)e ’ C3 “ ~ ClC26 ’ 


with 


dn = ± arccos 


5(a 2 + 8 ) - 2 (a 2 + 2)\ 1/2 
25(a 2 + 2) - 3a 2 ) 


where a and b are given by (2.10). Finally, in the second case of (2.2), the equality holds for 
the function fi defined by 

Q+1 


/((-) 


1 + w(z) 


Jl(z)J 1 -w(z) 

with the Schwarz function given by w(z) = z(k + z)/( 1 + kz), where 

1/2 

I \Lb\ — -L ^ 

k := 


( 2 . 12 ) 


3 (|a| — b — 1) 


This completes the proof. 
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The following theorem provides sharp bound on the fifth, sixth, seventh and eighth coeffi¬ 
cients for functions in the class B(a). 

Theorem 2.2. Let us denote 

T := 2a 6 - 28 a 5 + 137a 4 - 331a 3 + 437a 2 - 433a + 360, 

T := —6a 9 +96a 8 —674a 7 +2836a 6 —8942a 5 +22504a 4 —40886a 3 +45124a 2 —30132a+21600, 

X := 23a 12 - 756a 11 + 10218a 10 - 77686a 9 + 376014a 8 - 1243398a 7 + 2969824a 6 

- 5401638a 5 + 7729083a 4 - 8432486a 3 + 6389238a 2 - 3333636a + 1360800, 

and 

X ■■= -(45a 15 - 1530a 14 + 23641a 13 - 221500a 12 + 1438032a 11 - 7061480a 10 + 27696314a 9 
- 88000680a 8 + 222370901a 7 - 435300650a 6 + 653299149a 5 - 763502860a 4 

+ 703545502a 3 - 473136900a 2 + 206026416a - 76204800). 


If f G £>(a) has the from (1.1) , then for 0 < a < 1, the following sharp inequalities hold: 

2T 


a 5 < 


M < 
N < 


3(a - 4)(a - 3)(a - 2) 2 (a - l) 4 ’ 

T 

15(a — 5)(a — 4)(a — 3)(a — 2) 2 (a — l) 5 ’ 

' 2x 


and 


|«s| < 


45(a — 6)(a — 5)(a — 4)(a — 3) 2 (a — 2) 3 (a — l) 6 

_2x_ 

315(a — 7)(a — 6)(a — 5)(a — 4)(a — 3) 2 (a — 2) 3 (a — l) 7 


Proof. From (2.3), on comparing the coefficients, we have 


a 5 — 


rm + r 2 p\p 2 + Tzpl + r 4 pip 3 + r 5 p\ 


(2.13) 


24(a — 4)(a — 3)(a — 2) 2 (a — l) 4 ’ 

where rfs are given by 

T\ := —24(a - 3) (a - 2) 2 (a - l) 4 , r 2 := -12(a - 4) (a - 3)(a - 2) (a - l) 2 (a + l)(2a + 1), 
r 3 := 12(a - 3)(a - 4)(a - l) 4 (a + 1), r 4 := 24(a - 4) (a - 2) 2 (a - l) 3 (a + 1), 
r 5 : = (a - 4)(a - 3)(a - 2) 2 (a + l)(2a + l)(3a + 1). 

Similarly, the sixth coefficient is given by 


a§ — 


T 1 P 5 + T 2 pjpi + T 3 p 2 p 3 + uplp 2 + T 5 P 1 P 3 + r 6 pip 4 + f 7 p\ 
120(a — 5)(a — 4) (a — 3)(a — 2) 2 (a — l) 5 


(2.14) 
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where t,'s are defined by 

T\ := 120(a — 4) (a — 3)(a — 2 ) 2 (cc — l) 5 , f 2 := 60(a — 5)(a — 4) (a — 3)(a — l) 4 (a + l)(2a + 1), 

f 3 := -120(a - 5)(a - 4)(a - 2)(a - l) 5 (a + 1), 
fi 4 := -20(a - 5)(a - 4)(a - 3)(a - 2)(a - l) 2 (a + l)(2a + l)(3a + 1), 
f 5 := 60(a - 5)(a - 4) (a - 2) 2 (a - l) 3 (a + l)(2a + 1), 
r 6 := -120(a - 5)(a - 3) (a - 2) 2 (a - if (a + 1), 
f 7 : = (a - 5) (a - 4)(a - 3)(a - 2) 2 (a + l)(2a + l)(3a + l)(4a + 1). 


To find the estimate on |a 5 1, we observe from (2.13) that the coefficients r t ( i = 1,2,3, 
4, 5, 6, 7) of P 4 ,PiP 2 ,P 2 jPiP 3 and pf are positive. Hence applying triangle inequality in (2.13) 
and using the fact that \pj\ < 2, we get the required estimate on |a 5 |. A similar argument 
can be used to obtained the estimates on |a 6 |, |a 7 | and |a 8 |. In all the cases, equality hold 
for the function /o given by (2.7). This completes the proof. I 

The following theorem gives the sharp bound on the functional |a 2 a 3 — a 4 | for the functions 
in the class B(a). 


Theorem 2.3. Let f e B(a) has the form (1.1). Then, the following sharp result holds: 

agiTTTTA - if ae( 0 , 2 )\{l}; 


O2O3 — O4 ^ 


if a > 3. 

a —3 ’ J 


(2.15) 


Proof. Proceeding as in the proof of previous theorem and using (2.4) and ( 2.9[ ), we can write 
2 [(a 3 — 4a 2 + a + 18) c 3 + 12(a — l)cic 2 + 3(a — 2)(a — l) 2 c 3 ] 


CL2^3 — ^4 — 
By setting 


3(a — 3)(a — 2) (a — l) 2 


(2.16) 


s := 


and t := 


a 


3 — 4a 2 + a + 18 


the expression in (2.16) can be written as 

a 2 O 3 — a 4 = 


(a — l)(a — 2) ' 3(a — 2)(a — l) 2 

[c 3 + SC 1 C 2 + tcf\ . 


a 


Assume that the symbols Qfs are as defined in Lemma L2 with the settings p — s and 
v = t. Now the proof is accomplished in the following steps: 
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(1) Let (3 + a/33)/2 < a. Then it can be easily verified that 

1 1 

— < s < - and — 1 < t < 1 . 

2 - “ 2 “ “ 

Therefore, for the range (3 + a/33)/2 < a, we have (s,t) G f^. Further, when 3 < a < 
(3 + a/ 33)/2, wee see that ( s,t ) G 02 - 

(2) Let 0<a<lorl<a<2. Then in a similar way we have (s, t) G h2 4 . Further if 
(3 + a/5)/2 < a < 3, then (s,t) G h2 6 and when 2 < a < (3 + a/ 5)/2, then (s,f) G H 7 . 


I 11 the light of the above discussions, an application of Lemma establish the required 
estimate on \a 2 as — < 24 1. In the first two cases of (2.15), the equality hold for the function 
/o G B(a) defined by (2.7). In the third case of (2.15), the equality holds for the function f 2 
defined by 

a+1 1 + 


ffc) 


h{z) 


1 — z 3 


This completes the proof. 


(2.17) 


I 


Remark 2.4. It would be interesting to find out the sharp bound on |a,| (i = 5, 6 , 7, 8 ) for the 
functions / G B(a) in the case when a > 1 . 
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A new extragradient method for the split feasibility 

and fixed point problems * 

Ming Zhao^and Yunfei Du 2 

1 School of Science, China University of Geosciences(Beijing), Beijing 100083, China 
2 LMIB-School of Mathematics and Systems Science, Beihang University, Beijing 100191, China 


Abstract: In this paper, we propose a new extragradient method with regular¬ 
ization for finding a common element of the solution set P of the split feasibility 
problem and the set Fix(5') of fixed points of a nonexpansive mapping S in infinite¬ 
dimensional Hilbert spaces, combining the regularization method and the technique 
of averaged operator, we prove the sequences generated by the proposed algorithm 
converge weakly to an element of Fix(S') fjT under mild conditions. 

Keywords: split feasibility problem , extragradient, regularization. 


1. Introduction 

Throughout this paper, let H be a Hilbert space, (•,•) denotes the inner product, and 
|| • || denotes for the corresponding norm. The split feasibility problem (SFP) which was first 
introduced by Censor and Elfving [1] in 1994 for modeling inverse problems arising from phase 
retrievals and in medical image reconstruction. Let C and Q be closed convex sets in the 
infinite-dimensional real Hilbert spaces H\ and H- 2 , respectively. The SFP is to find a vector x* 
satisfying 

x* € C such that Ax* G Q, (1-1) 

where A G B(H\, H 2 ) which denotes the family of all bounded linear operators from Hi to H 2 . 
Some related work in the infinite-dimensional setting can be found in [2, 3, 4, 5, 9, 10, 12] and 
the references therein. 

Many methods have been developed to solve the SFP, The basic algorithm have CQ algorithm 
proposed by Byrne [2], the relaxed CQ algorithm proposed by Yang [9], the half-space relaxation 
projection method proposed by Qu and Xiu [11], the variable Krasnosel skii-Mann algorithm 
proposed by Xu [12]. The projections of a point onto C and Q are difficult to compute when 
C and Q fail to have closed-form expressions, though theoretically we can prove the (weak) 
convergence of the algorithm. 

Very recently, Xu [6] gave a continuation of the study on the CQ algorithm and its conver¬ 
gence. He applied Mann’s algorithm to the SFP and proposed an averaged CQ algorithm which 
was proved to be weakly convergent to a solution of the SFP. On the other hand, Korpelevich 

*This work was supported by the Fundamental Research Funds for the Central Universities. 

1 Corresponding Author. Email address: mingzhao@cugb.edu.cn(M.Zhao) 
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[7] introduced the so-called extragradient method for finding a solution of a saddle point prob¬ 
lem. He proved that the sequences generated by the proposed iterative algorithm converge to a 
solution of a saddle. 

Motivated by the idea of an extragradient method, Nadezhina and Takahashi [8] introduced 
an iterative algorithm for finding a common element of the set of fixed points of a nonexpansive 
mapping and the solution set of a variational inequality problem [13] for a monotone, Lipschitz 
continuous mapping in a real Hilbert space. They obtained a weak convergence theorem for two 
sequence generated by the proposed algorithm. 

In our paper, we introduce and analyze a new extragradient iterative algorithm to find a 
common element of the solution set T of the split feasibility problem and the set Fix(S') of fixed 
points of a nonexpansive mapping S in infinite-dimensional Hilbert spaces, furthermore, we 
prove its convergence. The results of this paper represent the improvement of the corresponding 
results in [6] and [14], 

2. Preliminaries 

Throughout this paper, we use x n x and x n — 1 x to denote strong and weak convergence 
to x of the sequence x n , respectively. Let K be a nonempty closed convex subset of H. Recall 
that the projection (nearest point or metric) from H onto K, denoted by Pk, is defined in such 
a way that, for each x € H, Prx is the unique point in K with the property 

|| x — Pr-x ||= inf || x — y ||=: d(x, K), 

y&K 

i.e. 

Pk(x ) = argmin{|| x — y ||| y € K}. 

Some important properties of projections are gathered in the following Lemma. 

Lemma 2.1 For given x € H and z € K, the following properties hold: 

(1) x € K Pr(x ) = x; 

(2) ( x — Pk(x), z — Pk(x)} <0, Vx € H and \/z € K; 

(3) (x - y, P K (x) - P K (y )) > || Pk(x) - P K (y)\\ 2 , Vx, y € H; 

(4) || P K (x) — z\\ 2 < \\x — z|| 2 — || Pr(x) — x|| 2 , Vx € H and Vz € K; 

(5) || P K (x) - Pk(v) II < II® - 2 /||, Vx, yeH. 

Proof. See Facchinei and Pang [15]. 

Definition 2.1 Let T be a mapping from K C H into H, then 

(a) T is called monotone on K if 

(T(x) - T(y),x - y) > 0, V x, y € K. 

(b) T is called strongly monotone on K if there is a y > 0, such that 

(T(x) - T(y),x -y)> fi\\x - yf, Vx, t/£ K. 

(c) F is called co-coercive (or ^-inverse strongly monotone) on K if there is a v > 0, such that 

(T(x) - T(y),x -y)> v\\T[x) - T(y) || 2 , V x, y € K. 

(d) F is called pseudo-monotone on K if 

(T(y),x - y) > 0 =4> (T(x), x - y) > 0, V x, y G K. 

(e) T is called Lipschitz continuous on K if there exists a constant L > 0 such that 

||T(x)-T( 2 /)|| <L\\x-y\\, V x, y G K. 
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Definition 2.2 A mapping T : H —>• H is said to be: 

(a) nonexpansive if 

|| Tx — Ty ||<|| x — y ||, Vx, y G H; 

(b) firmly nonexpansive if 2 T — I is nonexpansive, or equivalently, 

(x — y,Tx — Ty) >|| Tx — Ty ||, Vx, y € H, 
or alternatively, T is firmly nonexpansive if and only if T can be expressed as 

T=\(I + S) 

where S : H —> H is nonexpansive. 

Remark 2.1 From Lemma 2.1 and Definition 2.1-2.2, we can infer that if S is nonexpansive, 
then I-S is monotone; A monotone mapping is pseudo-monotone mapping; An inverse strongly 
monotone mapping is monotone and Lipschitz continuous; A Lipschitz continuous and strongly 
monotone mapping is an inverse strongly monotone mapping; The projection operator is 1-ism 
and nonexpansive. 

Lemma 2.2 A mapping T is 1 -ism if and only if the mapping I-T is 1-ism, where I is the 
identity operator. 

Proof. See [16, Lemma 2.3]. 

Remark 2.2 If T is an inverse strongly monotone mapping, then T is a nonexpansive mapping. 

Definition 2.3 A mapping T : H —>• H is said to be an averaged mapping if it can be written 
as the average of the identity I and a nonexpansive mapping S, that is, 

T = (1 - a)I + aS (2.1) 

where a € (0,1) and S : H —> H is nonexpansive. More precisely, when (2.1) holds, we say that 
T is a-averaged. Thus firmly nonexpansive mappings (for example, projections) are ^-averaged 
mappings. 

Proposition 2.1 ([16]). Let T : H —>• H be a given mapping: 

(1) T is nonexpansive if and only if the complement I-T is \-ism. 

(2) If T is y-ism, then for 7 > 0, 7 T is Jp ism. 

(3) T is averaged if and only if the complement I-T is u-ism for some v > \. Indeed, for 
a € (0,1), T is a-averaged if and only if I-T is 7 ^-ism. 

Proposition 2.2 ([16, 17]). Let S , T, V : H -7- H be given operators. 

(1) If T = (1 — a)S + aV for some a € (0,1) and if S is averaged and V is nonexpansive, then 
T is averaged. 

(2) T is firmly nonexpansive if and only if the complement I-T is firmly nonexpansive. 

(3) If T = (1 — a)S + aV for some a € (0,1) and if S is firmly nonexpansive and V is 
nonexpansive, then T is averaged. 

(4) The composite of finitely many averaged mappings is averaged. That is, if each of the 
mappings {Ti}^L 1 is averaged, then so is the composite T\ o ■ ■ ■ o T/y. In particular, if T\ is a\- 
averaged and X 2 is u^-averaged, where 07 , 07 € (0,1), then the composite T\ 0 T 2 is a-averaged, 
where a = a\ + 07 — 0707 - 

(5) If the mapping are averaged and have a common fixed point, then 

N 

P| Fix(Tj) = Fix(Ti o • • • o T N ). 

i= 1 
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The notation Fix(T) denotes the set of all fixed points of the mapping T, that is Fix(T) = {i€ 
H :Tx = x}. 

The so-called demiclosedness principle plays an important role in our argument. 

Definition 2.4 Let T : H —>• H be an operator. We say that I-T is demiclosed (at zero), if for 
any sequence x n in H, there holds the following implication: 

x n —*■ x and (. I-T)x n —> 0 =4- ( I-T)x = 0. 

Lemma 2.3 ([18]). Let H be a Hilbert space. Then for all x, y £ H and A £ [0,1], 

|| Xx + (1 — A )y || 2 = A || x || 2 +(1 — A) || y || 2 —A(1 — A) || x — y || 2 . 

Lemma 2.4 ([19]). Let {a n }^T 1 , {6 r) ,}^ =1 and be sequences of nonnegative real numbers 

satisfying the inequality 

a n +1 < (1 + S n )a n + b n , Vn > 1. 

IfY)n Li 8 n < oo and YZi=i b n < oo, then linin^oo a n exists. 

Corollary 2.1 ([20]). Let {a n }ff =1 and {b n }]f =1 be two sequences of nonnegative real numbers 

satisfying the inequality 

^ (in T b n , Vn > 1. 

IfEn= 1 bn < oo, then lirip^oo a n exists. 

Recall that a Banach space X is said to satisfy the Opial condition [22] if for any sequence 
{ x n } in X the condition that {x n } converges weakly to x £ X implies that the inequality 

liminf || x n — x ||< lirninf || x n — y || 

n^-oo n^-oo 

holds for every y £ X with y x. 

It is well-known that every Hilbert space satisfies the Opial condition. 

3. Main results 

Throughout this paper, we assume that the SFP is consistent, that is, the solution set T of 
the SFP is nonempty. 

It is easy to see that SFP is equivalent to the following minimization problem 

min f(x) := h\Ax - PqAx || 2 , (3.1) 

x ec z 

where / : H\ —^R is a continuous differentiable function, however it is ill-posed. Therefore, Xu 
[6] considered the following Tikhonov regularized problem: 

min fa(x) ■= \\\Ax- PqAx\\ 2 + \a\\x\\ 2 [ (3.2) 

xec z z 

where a > 0 is the regularization parameter. 

We observe that the gradient 

V/ a (x) = V/(s) +aI = A*{I- P q )A + al (3.3) 

is (a + ||H|| 2 )-Lipschitz continuous and cc-strongly monotone. 

Proposition 3.1 ([21]) Given x* £ H\, the following statements are equivalent: 

(1) x* solves the SFP; 

(2) x* solves the fixed point equation 

P c (I - AV/) = P C [I- A A* (I - Pq)A\x* = x* (3.4). 
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(3) x* solves the variational inequality problem (VIP) of finding x* € C such that 

(Vf(x*),x-x*) >0, VxeC, (3.5) 

where V/ = A *(/ — Pq)A and A* is the adjoint of A. 

Remark 3.1. It is clear from Proposition 3.1 that 


r = Fix(P c (J - AV/)) = VI(C, V/) 


for any A > 0, where Fix(Pc(7 — AV/)) and VI(C , V/) denote the set of fixed points of Pc(I — 
XVf) and the solution set of VIP(3.5). 

Next, we will present our method for solving the SFP and prove its convergence. 

Theorem 3.1 Let S : C — > C be a nonexpansive mapping such that Fix(,S) n T 0 in Hilbert 
space. Let {x n }, {y n } and {z n } be the sequences in C generated by the following extragradient 
algorithm: 

xo G C chosen arbitrarily , 

z n — (1 'I n)*Tn "P '~fnA > c(I A nV fufijXn, 

Un = (1 fin)z n T fin.SPc{I A nfa n )z n , 

%n+1 — (1 h"n)yn A hnSPc (I A fiV fafijPn, Vn > 0, 


(3.6) 


' n ^ PF’ 


where the sequences of parameters {a n }, {fin}, {7n} and {p n } satisfy the following conditions: 

(a) «n < oo; 

( b ) {A n } C (o, pp) and 0 < liminf^oo A n < limsup n ^. 00 A n < 1 

(c) { 7 n } C (0,1), and 0 < liminf^-** 7 „ < limsup, woo 7 n < 1; 

(d) {fin} C (0,1), and 0 < liminf n ^.oo fi n < limsup fin < 1; 

(e) {n n } C (0,1), and 0 < liminf, woo ^ n < limsup^^ p n < 1. 

Then, the sequences {x n }, {yn} and {z n } are all converge weakly to an element x € Fix(S’) f) F. 
Proof. It [21] has been proved Pc (I — XVf a ) is ([-averaged for each A € ^0, , where 

£ = ) ; so p c (I — AV/ a ) is nonexpansive. Furthermore, for {A n } C (0, p[p)> we have 


0 < lim inf \ n < lim sup A n < 

n—too n —^oo 

Without loss of generality, we may assume that 
0 < lim inf X n < lim sup X n < 


1 


= lim - 

0 —>oo Otn A 


2 ' 


1 


Oi n A 


2 ’ 


Vn > 0. 


Consequently, P C {I - X n V/ Q 


is Q n -averaged for each integer n > 0, where 
2 + A n (oL n + 


Cn = 


G(0,1). 


This implies that Pc (I — A n V/ a „) is nonexpansive for all n > 0. 

Next, we show the sequences {x n }, {y n }, {z n } generated in Theorem 3.1 are bounded. 
Indeed, take a fixed p G Fix(S) f) F arbitrarily. Then, we get Sp = p and Pc(I — XV f)p = p for 
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A G ^0, p^). From (3.6), it follows that 


I z n ~P II = ||(1 - 7 n){x n ~p) +7 n[Pc{I ~ A„V/ a Jx n -p]|| 

< (1 - 7n)|kn ~P\\ + ln\\Pc(I ~ KV fa n )x n - p\\ 

= (! - 7n)|kn -P\\ + ln\\Pc(I ~ K^faJXn ~ P C (I ~ 

= (! - ln)\\x n ~P\\ + ln\\Pc(I ~ KV fa n )x n - P C (I ~ 

+P C (I ~ A nVf an )p ~ P C {I ~ A n V/)p|| 

< 0- - ln)\\x n - p\\ +lni\\Pc{I -K^fa n )x n -P C {I ■ 
+ \\P C (I ~ A„V/a n )p - Pc(I - A n V/)p||) 

< (1 ~ 7n)|kn ~p|| +7n(|kn -P|| + ||(7 - A n V/ a Jp - 
= ll^n -p|| + A n a n 7„||p||, 


A„V/)p|| 

A „V/ Q Jj) 

- AnV/aJpH 
(I-A n V/)p||) 


(3.7) 


= IK 1 - Pn)(Zn ~P)+ f3 n [SPc{I ~ X n V/ a „)z n - p] || 

< (1 - Ai)||Zn -P|| +/?n||-Pc(7 - XnVfaJZn ~ p\\ 

= (1 - /?n)|kn - P\\ + Pn\\P C (I ~ X n V/ a >„ - P C (7 - A n V/)p|| 

= (1 - /3 n )||z n - p|| + p n \\Pc(I - x n Vf a Jz n - P C (I - X n Vf an )p 
+P c (l - XnVfaJp - P C (I - A n V/)p|| 

< (1 - Pn)\\Zn - P\\ + Pn(\\Pc(I ~ X n Vfa n )z n ~ P C (I - A n V/ a Jp|| 

+ 11 Pc(I - X nV/aJP - W - A n V/)p||) 

< (1 - Ai)||Zn “PH +/5n(|kn “ p|| + 11(7 ~ A n V/ a „)p - (7 - A n V/)p||) 
— Il^-n p|| + X n ot n j3 n ||p|| , 


(3.8) 


and 


(3.9) 


lkn+l-p|| = ||( 1 -Mn)(yn-P) +^[5^0(7-A n V/a„)yn-p] || 

— (1 — Mn) ||Z/n p|| + Pn \\ Pc (7 A n V/ Qn )y n p|| 

= (1 - Mn)||z/n -p|j + /^n||7 , c(7 - X n V f an )y n - P c (7 - A re v/)p|| 

= (1 - Pn) \\Vn P|| + ^n||7 , c(7 - A n V/ a Jx n ~ Pc(I ~ A n V/ a Jp 

+P C (I ~ X n Vf an )p ~ P C (I ~ A n V/)p|| 

< (1 - Pn)\\y n -p\\ + Pn(\\Pc(I - X n Vf a Jz n - P C (I - A n V/ a Jp|| 

+ ||P C (7 - AnV/ a Jp - P C (7 - AnV/)p||) 

< (1 - Pn)hn-P\\ + Pn{\\Vn ~ p\\ + 11(7 - A n V/ a Jp - (7 - A n V/)p||) 

= II Vn — p|| + A n a n p n ||p|| 

^ ||®n p|| + X n OL n (p/n + Pn + pn) ||p||, 

where the last inequality follows from (3.7) and (3.8). 

Since S^ 8 = 1 a n < oo, and {A n }, { 7 n }, {/3 n }, {p n } are bounded, then from Corollary 2 . 1 , we 
conclude that 

lim ||x n — p|| exists for each p € Fix(S') P| T. (3.10) 

n—> oo 1 1 

Hence { x n } is bounded and so are {y n } and {z n }. 

In the following, we will show 

lim ||x n — y n || = lim ||y n - z n || = lim \\x n - u n \\ = lim \\y n ~Sw n \\= lim \\z n - Sv n \\ = 0, 

n^-oc n—>• oo n—> oo n —>00 n—>-oo 

where u n = P C {I - A n V/ a Jx n , v n = P C (I - X „V/ a Jz n , w n = P C {I - A n V/ Q Jy n . 

Note that 

||«n-p|| = \\Pc(I ~ X n \7f an )x n -p\\ 

= \\P C (I ~ X n Vf an )x n - P C (I ~ X n V/ a „)p 
+P c (l - A nVfaJp + Pc(I - A„V/)p|| 

< ||Pc(7 - A n Vf an )x n - P C (I ~ A n V/ a Jp|| 

+ ||P C (7 - A n Vf Q Jp + P C (I - A n V/)p|| 

< ||®n -p|| + A n a n ||p||. 


(3.11) 
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Similarly, we can obtain that 


and 


Indeed, observe that 


p\\ < | \z n -p || + X n a n \\p\\ 

(3.12) 

P II < hn-p\\ + X n Ot n \\p\\. 

(3.13) 


\\z n ~ P\\ 2 = 11(1 - 7n)(.T n ~P) +7 n(Un ~ p) || 2 

= (1 - 7 n )||x n ~p\\ 2 + 7 n ||u n ~p) || 2 - 7n(l - ln)\\x n ~ U n || 2 

< (1 - ln)\\x n ~ P\\ 2 + ln{\\x n ~ p\\ + \ n a n \\p\\) 2 - 7n(l ~ ln)\\x n ~ U n \\ 2 
= (1 - Jn)\\x n - p\\ 2 + 7n(11 x n - p\\ 2 + 2X n a n \\p\\\\x n - p|| + A 2 a 2 ||p|| 2 ) 

-7n(l - ln)\\x n - U n \\ 2 

= \\x n -p || 2 + a n 'y n (2\ n \\p\\\\x n - p\\ + a n A^||p|| 2 ) - 7„(1 - 7 n )||®n - u n || 2 

< \\x n - p \\ 2 + a n M\ ~ 7n(l - ln)\\x n ~ %11 2 > 

(3 ' 14) 

where M\ = sup n>0 {7 n (2A n ||p|| \\x n —p || + a n A 2 ||p|| 2 )} < oo and the first inequality follows from 

(3-11). 

Also, observe that 


11 Vn P\\ 2 = \\(1~/3n)(z n -p)+/3 n (Sv n -p)\\ 2 

= (1 - Pn)\\Zn ~ P\ ? + Pn\\Sv n - p) || 2 - /3 n ( 1 - /3 n )\\z n - 5n n || 2 

< (1 - Pn)\\Zn ~P\? + Pn\\Vn ~ P) || 2 - Pn( 1 “ Pn)\\z n ~ Sv n \\ 2 

< (1 - Pn) \\z n -P\\ 2 + fin{\\z n ~ p\\ + X n a n ||p||) 2 - /3 n ( 1 - f3 n )\\z n - Sv n \\ 2 
= (1 - Pn)\\zn ~P\\ 2 + Pn(\\z n ~ p\\ 2 + 2A n a n ||p|| \\z n - p\\ + A 2 a 2 ||p|| 2 ) 

~Ai( 1 - Ai)lkn - •S'fnll 2 

= ||z n -p|| 2 + a n /3 n (2A n ||p|| \\z n -p\\ + a n A 2 ||p|| 2 ) - /3 n ( 1 - /3 n )||z n - Su n || 2 

< |jz n -p|| 2 + a n M 2 - Pn{ 1 - Ai)lkn - <S7> n || 2 , 

(3-15) 

where M 2 = sup n>0 {/3 n (2A n ||p||||z n — p\\ + a n A 2 ||p|| 2 )} < oo and the second inequality follows 
from (3.12). 

And 

lkn+1 -P II 2 = 11(1 - Pn)(y n - p) + Pn(Sw n - p)|| 2 

= (1 - Pn)hn - p\\ 2 + Pn\\Sw n - p)\\ 2 ~ Pn{ 1 ~ Mn)||S/n ~ Sw n \\ 2 

< (1 - Pn)hn ~P || 2 + Pn\\w n -p)\\ 2 ~ Pn{ 1 ~ A*n) ||2/n ~ Sw n || 2 

< (1 - Pn) WVn ~P || 2 + pn (11 Un p\\ + A n a n ||p||) 2 - p n (l - p n )\\y n ~ SlV n || 2 
= (1 - Pn)\\y n - p\\ 2 + Pn(hn - p\\ 2 + 2Kac n \\p\\\\yn - p\\ + A 2 a 2 ||p|| 2 ) 

/Yr? (1 /^n)||l/r). <S^n|| 

= \\Vn ~ p\\ 2 + Oi n Pn{^K\\p\\\\y n ~ P\\ +a n Xl\\p\\ 2 ) - p n (l - p n )\\y n ~ Sw n || 2 

< II Vn -p II 2 + a n Ms - Hn(l - Pn)\\y n ~ SlU n \\ 2 , 

(3-16) 

where M 3 = sup n>0 {^ n (2A n ||p|| ||y n — p|| + a n A 2 ||p|| 2 )} < 00 and the second inequality follows 
from (3.13). 

Substitute (3.14) and (3.15) into (3.16), we have 


\\x n+ i -p || 2 < ||.T n -p|| 2 + a n (Mi + M 2 + M 3 ) - 7n(l - 7n)||^ n ~ U n 

1 /5n)||^-n 'S'^raH pn{ 1 /hi)||l/?). S^n|| • 


(3.17) 
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Hence, it follows that 


'"hOH-En “I - /?n( 1 bn)11»S+n||' + Pni, 1 /^n)||?/n Sw r , 

< \\x n -p\\ 2 - \\x n+ i -p\\ 2 + a n (Mi +M 2 + M 3 ). 


(3.18) 


Since H^ain < oo, 0 < liminf, woo 7 n < linr sup, woo < 1, 0 < lirnirif^oo fj n < 
lim sup n _ >00 f3 n < 1, and 0 < lim infn^oo p n < lim sup n _ ) . 00 p n < 1 , we deuce from the exis¬ 
tence of lim, woo \\x n — p || that 


lim \\x n - u n || = lim \\y n - Sw n || = lim || z n - Su n || = 0 . 

n—>• oo n—>• oo n—>• oo 


(3.19) 


Then, utilizing (3.6) we get 


lim || z n - x n || = lim ^ n \\u n - x n \\ = 0 


and 

This implies that 

lim || x n -y n || = lim 
n—> oo n^-cx. 

Furthermore, note that 


„Jn-z n \\= lim \\x n -u n \\= lim 

n—>■ oo n—> oo n—>■ oo 


= 0 , 

(3.20) 

1 = 0 , 

(3.21) 

II = 0 . 

(3.22) 

- Sw n \\ 

= lim | z n — Sv n | = 0. 


||<STn Vn|| — ll'S'L’n Z n || T ||^n X n || T \\x n U n \\ T H^n Di| 

= ||5u n — Z n || + || Z n — X n \\ + ||x n — U n || 

+ 11 Pc(I - A- Pc(J - A n V/ a Jz n || 

+ 11 £n 11 + 11 Xn 11 T ||x„ + ||x n | 


From (3.20-3.22), we can get that 

Similarly, we can prove 


lim ||u„ - v n 11 = lim ||S+ n - v n \\ = 0. 

n—> oo n—> oo 


lim ||rt n — u; n || = lim ||5u; n — w n \\ = 0 . 


(3.23) 

(3.24) 


As { x n } is bounded, there is a subsequence { x ni } of {x n } that converges weakly to some x. 
Next, we will show x G Fix(5) f) Y. We first show x G T, let T = Pc(I — A n V/), then 


(3.25) 


L11 n—>-oo 

lim,, , lQ< ||x^ Tx^ll — 0. 


< 

|| %n 

- 1tn|| 

+ 

||Un - 

T*n|| 

= 

|| %n 

- Un || 

+ 

\\P C {I ~ \ n y fa„)x r 

< 

|| %n 

- u n || 

+ 

W~ 

A n V fa n )%n 

= 

|| %n 

- u n || 

+ 

An^n | 

\%n || • 

,|| = 

= o,: 

li m n _^oo 

Kll 

= 0 and {A n } 


Taking into account x Ui —x and Definition 2.4, we obtain x G Fix(T). Thus, utilizing 
Remark 3.1, we have x G T. On the other hand, since 


lim ||x n — u n || = lim \\u n — u„|| = lim ||5u n — v n \\ = 0 , 

n—>oo n—>oo n —>oo 
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there is subsequence v nj of v n that converges weakly to x and lim, woo \\Sv nj — v nj \\ = 0. Then 
from Definition 2.4, we have x € Fix(S'). Therefore, we get x € Fix(S') f)r. 

Let {x n -} be another subsequence of {x n } such that x nj —>■ x. Then, x £ Fix(S') (") F. Next, 
we prove x = x. Assume that i/i. From the Opial condition [22], we have 

lim, woo ||x n - x|| = liminfj-^oo \\x ni - x\\ < lim inf ||x ni - x|| 

= linr^oo ||x n - x’|| = liminfj^oo \\x nj - x\\ 

< liminf^oo \\x nj - x\\ = lim^oo ||x„ - x||, 

which is a contradiction. Thus, we have x = x. This implies x n —^ x GFix(S') f) T. Furthermore, 
from lim n _ ) . 00 ||x n — y n || = lim n _ ) . 00 ||z n — x n || = 0, we can get y n —^ x and z n — i x. This shows 
that the sequences { x n }, {y n } and { z n } are all converge weakly to an element x € Fix(S') p|T. 
Theorem 3.2 Let S : C —>• C be a nonexpansive mapping such that Fix(5) n V / 0 in Hilbert 
space. Let { x n }, {y n } and {z n } be the sequences in C generated by the following extragradient 
algorithm: 


{ xq € C chosen arbitrarily , 

Zn — (1 7ro)-£n T '~fnPc(d A n V/).T n , , 

Vn = (1 - Pn)Zn + PnSP C (I ~ A n Vf)z n , 1 

•T)i+1 — (1 Pn)Vn T hnSPc(I AnV/)?/u, Vn > 0, 

where the sequences of parameters {/3 n }, { 7 n } and {p n } satisfy the following condition: 

(a) {A n } C ( 0 , pp) and 0 < lim inf ^oo A n < lirnsup^^ A n < 

( b ) {7n} C (0,1), and 0 < lim inf n ^oo 7 ?l < limsup, woo 7 n < 1: 

(c) {fd n } C (0,1), and 0 < liminf n ^oo fd n < limsup,^^ [3 n < 1; 

(d) {pn} C (0,1), and 0 < lim inf^oo p n < limsup n ^. 00 p n < 1. 

Then, the sequences { x n }, {y n } and {z n } are all converge weakly to an element x £ Fix(S) (") F. 
Proof. Let a n =0 in Theorem 3.1, then we can obtain the desired result. 

Remark 3.2. Our iteration method improves the corresponding results of [ 6 ], [ 8 ] and [14]. 
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Abstract In view of Nevanlinna value distribution theory, we will in¬ 
vestigate the behavior of meromorphic solutions of four types of com¬ 
posite functional-difference equations, and a type of system of composite 
functional-difference equations, some results are obtained. Moreover, we 
also give some examples to show that the conditions of our theorems are 
accurate. 

Key words: meromorphic solutions; composite functional-difference e- 
quations; behavior; growth order 
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1.Introduction 

Recently, with the establishment of the difference analogues of Nevanlinna value dis¬ 
tribution theory, researchers obtained many interesting theorems about the existence and 
growth of solutions of difference equations, functional equations and so on([3-6]). To 
state the results, a number of basic definition and standard notations should be intro¬ 
duced. We shall assume that the reader is familiar with the standard notations and re¬ 
sults of Nevanlinna value distribution theory such as m(r, f(z)),n(r, f(z)), N(r , f(z)) and 
T(r, /(z))([15,18,22]) denote the proximity function, the non-integrated counting function, 
the counting function and the characteristic function of f(z), respectively. For the inte¬ 
grated counting function for distinct poles of f(z ) we use the notations N(r,f(z)), and 
N 1 (r 1 f) = N(r,f)-N(r,f). 

In this article, a meromorphic function means meromorphic in the whole complex 
plane. Given a meromorphic function f(z), recall that a meromorphic function h(z) is 
said to be a small function of f(z), if T(r, h(z)) = S(r, /),where S(r, /) is used to denote 

‘This work was partially supported by NSFC of China(No. 11271227,11271161), PCSIRT(No.IRT1264), 
and the Fundamental Research Funds of Shandong University (No.2017JC019). 

'Corresponding author:Gao Lingyun 
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any quantity that satisfies S(r, f) = o(T(r, /)) as r —> oo, possibly outside of a set of r of 
finite logarithmic measure. 

Let c be a fixed, non-zero complex number, A c f(z) = f(z + c) — f(z), and A™f(z) = 
A C (Ac -1 /^)) = A”^ 1 / (z + c) — A ” -1 /(z) for each integer n > 2.Equations written with 
the above difference operators A”/(z) are difference equations. Let E be a subset on the 
positive real axis. We define the logarithmic measure of E to be 


log (E) = f 

JEr(i,+oo) 


dr 

r 


A set E G (1, +oo) is said to have finite logarithmic measure if log (El) < oo. 

Difference equations have been studied in many aspects see e.g.,[1],[5-6],[IT]. Some 
expositions consider (system of) difference equations in real domains, or discrete domain. 
So far, the previous researches are only on complex differential equations (systems) or 
difference equations (systems) [5,6], but not on composite functional-difference equations 
(systems). Therefore, it is very important and meaningful to study the cases of composite 
functional-difference equations (systems). That will be an innovative contribution of this 
paper. 

The remainder of the paper is organised as follows. In section 2, we will study the 
existence of meromorphic solutions or the form on some type of composite functional- 
difference equations, and obtain three theorems, some examples are give to show that our 
results hold. In section 3, we will discuss the growth order of meromorphic solutions on 
some types of composite functional-difference equations or system of composite functional- 
difference equations, which extend the result of Theorem B. 


2. Existence of meromorphic solutions of difference equations 
and form of difference equations 


In 2003, H.Silvennoinen[21] was devoted to considering many types of composite functional 
equations, he got some good results, for example, the following theorem A is one of his 
results. 

Theorem A([21]) The composite functional equation 

a Q (z) + a 1 (z)f(z) 
b 0 (z) + h(z)f(z) 


where the coefficients cq, bj are of growth S(r, f ) such that ao(z)bi(z) — a\(z)bo(z) / 0 and 
p(z) is a polynomial of deg p(z) = k > 2 , does not have meromorphic solutions. 

A question is, whether or not the assertion of Theorem A remains valid, if we replace 
the equation 


/(p(* 0 ) 


a 0 (z) + ai(z)f(z) 
bo(z) + bi(z)f(z) 


with the following form 


^a {(1 (z)(/Wr(AJ(#...(A e 7(^ 

(0 


a 0 {z) + a 1 (z)f{p{z)) 
bo{z) + bi(z)f(p(z)) ' 
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In this section, the authors will pay attention to considering the properties of nrero- 
morphic solutions on three types of composite functional difference equations in complex 
domain, and extend the results obtained by H.Silvennoinen [21] to types of composite 
functional-difference equations (l)-(3) of the following forms, which are different from the 
complex differential equations or systems of complex difference equations. 

At this point we pause briefly to introduce the notation used in this paper. Let I be a 
finite set of multi-indexes i = (*o, be a finite set of multi-indexes j = (jo,..., j n ). 

Difference polynomials f2i(z, /), k} 2 (z, /) of a nreromorphic function f(z) are defined as 

(*,/) = £ a w (/(z)HA c /(z)r •••(A-/(z))S 

(i)ei 

n 2 (zj)= £ b {j) (f(z)y°(A c f(z)y'---(A n c f(z)y », 

OjeJ 

where each {am ( 2 )}, {b^(z)} is a small nreromorphic function with respect to /. 

We denote that 


u\ = max{^(/ + 1 )ii},u 2 = max{^(Z + l)j;}. 
1=0 1=0 


First, we will investigate the existence of nreromorphic solutions of a type of composite 
functional-difference equations of the form 


^a w (,)(/(,)r(A c /(,)r...(A-/ ( ,)r 

(0 


a 0 (z) + a 1 (z)f(p(z)) 
bo{z) + b 1 (z)f{p(z)) ’ 


(1) 


where the coefficients {cii(z)},{bj(z)}(i, j = 0,1) and {a^(z)} are of growth 5(?’,/) such 
that a 0 (z)bi(z) - a±(z)bo(z ) ^ 0, p(z) = CkZ k H-b c 0 ,degp(z) > 2. 

For the composite functional-difference equations (1), the main theorem can be stated 
as follows. 

Theorem 2.1 Let u\ < k. The composite function-difference equation (1) does not 
have nreromorphic solutions. 

Remark 1 The example 1 shows that Theorem 2.1 does not hold if at least ai(z), bj(z) 
and a^(z) are not of growth S(r, /),there may exist a rational solution. 

Example 1 Let p(z) = z 2 ,c = l.Then function f(z) = is a solution of the 
following equation 

1 -z 2 f(p{z)) = z(z - 1) 

(l + (z-l)f(p(z)) 2 + z 1 cJ - 


Second, we will study the properties of p(z) of composite functional-difference equa¬ 
tions of the following 


^2 a i(z)f(p(z)y 


i=0 


thjzj) 

^2 (Z,f)' 


( 2 ) 


where p(z) is an entire function, {a,i(z)}, {a(j)(z)}, {b^(z)} are small functions. 

We obtain the following result 

Theorem 2.2 Let / be a non-constant nreromorphic solution of the composite 
functional-difference equations (2).Then p(z) is a polynomial. 
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Third, we shall consider the growth and characteristic estimate of meromorphic solu¬ 
tions of the following composite functional-difference equation 

m 

E a w (,)r(A c /r...(A ? /)- = 5>(z)(/(p(z)))% (3) 

(i)ei i=o 

where {a.j(z)} are meromorphic functions, ao) ^ 0,a m (z) / 0, p(z ) is a polynomial of 
degree k>2. 

We get the main result below. 

Theorem 2.3 Let f(z ) be a finite order transcendental meromorphic solution of 
(3),{a(j)(2:)} be polynomials, 

T(r, a,i ) < KT(r s , /), i = 0,1, 2, • • •, m, 


where K and s are positive constants, r is large enough. If s < k, then for given £ > 0, 

T(r,f) = 0((logr) Q+£ ), 

where 


log((m + l)K +i±) 
a = -:-r-1 < s < k, 


and 


a = 


log 


logf 


u i +m (m+1) Ks 


log k 


,if s < 1 < k, 


where ui = max{ ^ (/ + 1 )ii\. 

1=0 

Remark 2 The example 2 shows that the condition s < k in Theorem 2.3 is best 
possible. 

Example 2 Let p(z ) = + • • • + co,degp(z) > 2, 


„2z 


a*(z) = C. 


(1 + e P^) m 


, z = 0,1,2,..., m. 


„2z m 


Then 

m 

Y,a i (z)f(p(z)) i = 

i=0 i ' ' *=0 

f = e z is a transcendental meromorphic solution of the composite functional-difference 
equation of the form 

1 +^ e _ e - 3 1)2 (A c /)(Ag/) 2 - /(A c /) 2 - z(A c /) 2 (A 2 /) + (e c - 1) 3 / 2 (A C /) 

m 

-/(A 2 /) 2 + / 2 = Eai(z)(f(p(z))y. 

i =0 


In this case, f(z) satisfirs 
However, by k > 2,we have 


T(r,/(z)) = - + 0(l). 

7r 


T{r,at(z )) = (1 + o(l)) 


7B|Cfc|r" 


7T 
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it shows that Theorem 2.3 does not hold if s = k. 


To prove Theorem 2.1-2.3, we need some lemmas as follows. 

Lemma 2.1([13]) Let / be a transcendental meromorphic function and p(z) = 
a^z k + ak-\z k + ... + ai(z) + ao,Ofc / 0, k > l,be a polynomial of degree k. Given 
0 < 5 < |afc|,let A = |afc| + 6, n = \ak\ — 5. Then, given e > 0,for any a G C U {oo} and for 
r large enough,we have 


kn(nr k , —— ) < n(r, -) < kn(Xr k , 

J - a f(p) - a f -a 

N(fir k , — 1 —) -l-O(logr) < N(r, -) < N(\r k , —) + O(logr), 

J - a f(p) - a f -a 

(1 - e)T( / ur fc , /) < T(r, /(p)) < (1 + e)T(Xr k , /). 

Lemma 2.2([12]) Let ijj:[ r o, +oo) —>• (0, +oo) be positive and bounded in every finite 
interval. Suppose that 

•0(/xr m ) < A^{r) + B,(r> r 0 ), 
where ^>0,m> l,vl> 1 and B are real constants.Then 


ip(r) = 0((logr) a ), 


where 

log A 

a = - -. 

iogm 

I] «iWf 

Lemma 2.3([18]) Let R(z,f ) = ^ - be an irreducible rational function in 

J2 b A z )f i 

3=0 

f(z) with the meromorphic coefficients {a,i(z)} and {6j(z)}.If f(z) is a meromorphic func¬ 
tion,then 


T(r, R(z, /)) = max{p, q}T(r, f) + T(r, a { ) + ^ T(r, bj)}. 

Lemma 2.4([3]) Let / be a non-constant meromorphic function and let g be a 
transcendental entire function.Then there exists an increasing sequence, r n —> oo,such that 

T(rJ(g(z)))>T«M( r -,g))^,f) 

holds for r = r n . 

Lemma 2.5([18]) Let g:( 0, +oo) —>• R, h:( 0, +oo) — > R be monotone increasing func¬ 
tions such that g(r) < h(r ) outside of an exceptional set E of finite linear measure.Then,for 
any a > 1,there exists ro such that g{r) < h(otr ) for all r > ro- 

Lemma 2.6([17]) Let T : [0,+oo) —> [0, +oo) be a non-decreasing continuous 
function,let 5 € (0, l),and let s € (0, oo).If T is of finite order,i.e., 


lim 

r—>oo 


log T(r) 
log r 


< oo, 
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then 

T(r+s)=T( r) + o(Al), 

where r runs to infinity outside of a set of finite logarithmic measure. 
Lemma 2.7 Let / be a meromorphic function of finite order, 

Q 1 (z,f)= J2 a {l) (z)r°(A c fr...(A?fy", 

0)6 1 


Then 


and 


n 2 (z,f)= £ b U) (z)f h (A,.fy h - - - ( . 

0)6 1 

T(r, fir (z, /)) < mT(r, f) + Si(r, /) + ^3 T ( r ’ a 0))> 

0)6/ 


T (o {I ) < (m + « 2 )r(r, /) + 5i(r, /) + ^T(r,a (i) )+ ^3 T Mo))> 


^2 


0 ) 6 / 


0)6/ 


where ui = max{ ^ (7 + 1)*/}, u 2 = max{ (Z + 1)jz}, the exceptional set E associated to 
1=0 1=0 

S(r , /) is of finite logarithmic measure < + 00 . 


Proof It follows from 

a n c f{z) = a c (a r x f( Z )) = a rV(z+c) - a?- vw 

that 

m 

A™f{z) = Y.C i m {-lT- i f{z + ci). 

i =0 

Similar to the proof of Lemma 4.2 in [16](pp. 181-182), we have 

?n(r, fi(z, /)) = Am(r, /) + 5(r, /), 


where A = X) */• 

1=0 

In order to estimate the poles of £l(z, /), we consider the term of 

%(*,/) = a {i) (z)f i0 (A c fr • • • (A”/)'". 

Noting that 

n(r, f(z + c)) < n(r + C, /) + 5(r, /) = n(r, /) + 5(r, /), C = \lc\, 
it is easy to get that 


n {r, Q(i)(z, /)) < + 1 )n(r, f{z + lc)) + n(r, a^(z)). 

1 =0 
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Hence, we get 


n(r,Q(z, /)) < max($2ii(l + 1 ))n(r, f(z)) + S(r, f) + Y j n(r,a {i) (z)). 
i=o (?) 

By the above equality, we get 

T(r,fli(z,f)) < uT(r, f) + S{r, f) + J2 T (r, a (i)(z)), 

(0 

n 

where u\ = max{ E (l+l)ii},r runs to infinity outside of a set of finite logarithmic measure. 
1=0 

Further,we have 

T(r,n 2 (z,f))<u 2 T(r,f) + S(r,f)+ T(r,6 (i) ), 

(j')eJ 

n 

where u 2 = max{ E (^ + 1 )ji}. 

1=0 

Hence,we obtain 

T(r,|g^)< r(r,fi,( Z ,/)) + !>, 5 ^) 

< Oi + u 2 )T(r,f) + S(r,f) + E T(r,a^)+ E ^(r,6 (j )). 

(?)6/ 0)e/ 

p 

Lemma 2.8([21]) Let P(z,f ) = E a i{ z )f l be polynomial in f(z) with the mero- 

i =o 

morphic coefficients {aj(z)}.If f(z) is a meromorphic function,then 
T(r, P(z, /)) < pT(r, /) + £ T(r, a,) + 0(1), 

i=0 

T(r, P(z , /)) > p(T(r, /) - £ T(r, a?)) + 0(1). 

?=o 

Lemma 2.9([21]) Let / be a meromorphic function.Then T(r,/) is an increasing 
function of logr and convex function of log ) s an incresing function of r. 

Proof of Theorem 2.1 First, we suppose that there is a transcendental meromor¬ 
phic solution f(z) of composite functional-difference equation (1) . 

For a sufficiently small e > 0, by Lemma 2.1, Lemma 2.3 and Lemma 2.7, we get 

(1 - e)T(iir k , f) < T(r, f(p(z))) < ( Ul + e)T(r, /), 


where u± = rnax{ E (^ + l)^},yn = |cfc|(l — e), outside a possible exceptional set of finite 
1=0 

logarithmic measure. 

Hence, for a > 1 and for r large enough 

(1 - s)T(pr k , f) < (ui + e)T(ar, /). 
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Set t = ar. Then 


By Lemma 2.2 we obtain 


where 


a K (1 — £) 


T(t,f ) = 0((logt) 


a i > 


Oil — 


log k 


< 1, 


there is a contradiction. 

Second, we suppose that f(z ) is a rational solution of (1). Then the coefficients 
a^)(z),ao(z), ai(z),bo(z),bi(z) must be constants. 

Set 

_ P{z) _ a p z p + a.p-iz p ~ l H-b «o 

Q( z ) Pq z<1 + Pq— l^ 9-1 + • • • + A) 

where a p / 0, (3 q / 0, degrc(z) = max{p, g} = l. 

II' Pf<l- we immediately have deg( °°^j+° 1 ( ( ^ ( ^ ) ) ) ) ) = kl. 

If p = q, we have 


ap(p(z)) P + c*p_ 1 (f’(z)) p-1 H-h«0 

a 0 (z)+ai(z)f(p(z)) _ a 0 +aif(p(z)) _ a ° Ul 0 q (p(z))i+0 q -i(p(z))i~^-l-hPp 

b 0 (z) + b 1 (z)f(p(z)) — b 0 +b 1 f(p(z)) ~ «p(p(z)) p +°p-l(p(z)) p ~ 1 +-"+OQ 

0+1 Pq(.p(z)) q +P q -I(.p(z)) q - 1 + -+P0 

{aopq+aia p )(p{z)) p +(aop q -\+a\a p -i)(p{z)) v ~ 1 -\ -|-(ao/3o+aiao) 

_ {bo/3 q +bioip)(p(z))P+(bo/3 q -i+biap-i)(p(z))P- 1 -] -h(&o/3o+biao) 

It follows from the equation above that ao(3 q + a±a p = 0 and bo/3 q + bia p = 0 can not 
hold at the same time. Otherwise ?° \ z \Vi^ Z w p \ = c, c is a constant. 

b 0 (z)+b 1 (z)w(p{z)) 

Hence, we get 

hi — A„~( ao{z)+ai(z)f(p(z)) \ 

KL ~ ae S\bo{z)+b 1 (z)f(p(z)) ) 

= deg(£(i) a { ^(z)(f(z)y°(A c f(z)y i ■ ■ • (A£/(z))*«) 

< max{io + 2*i + • • • + (n + 1 )i n }l = u\l. 


So, u\ > k, there is also a contradiction. Thus, f{z) is not a rational solution of (1). 
Combined with the first and second steps above, the assertion follows. 


Proof of Theorem 2.2 Suppose that p(z) is transcendental entire function, we have 

. log M(r,p(z)) 

lim mi---= oo. 

r—> oo lOff T 

Hence, for any given K > 30 and for r large enough 

M (r, p) > r K . 

There exists an increasing sequence r n —> oo, as in Lemma 2.4, for any n such that 

M(^,p) > Cj-) K . 
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Applying Lemma 2.3 and Lemma 2.7 to equation (2), we have 


lT{r, f(p(z))) < (tti + u 2 )T{r, f) + S(r, /), 


outside a possible exceptional set of finite linear measure. According to Lemma 2.5, for 
Va > 1, r > r a , we obtain 

tv tt t \\\ ^ (^i + M 2)(l + o(l)) 

T(r,f(p{z)))< - - - T(ar, /). (4) 

It follows from Lemma 2.4 that 

T(r n ,f(p(z)))>T(C±)&,f). (5) 

Note that is an increasing function of r. As 


,r n .K ^ 

,^-) 30 > ar n , 


for sufficiently large n, we have 


m,,r n k K/30(logr n — log4) K 

T ((yr) 30 >/) > -I-n- T(ar n ,f) > —T(ar n ,f), 

4 log r n + log a 40 


as n -> oo. By (4),(5) and (6), we get 


( 6 ) 


Oi + U 2 )( 1 + 0(1)) 
l 


T(ar n ,f) > T((^)m,/) > ^T(or n ,/), 


(7) 


as n —> oo. 

Because K can be arbitrarily large, this is a contradiction in (7). This shows that p(z) 
is a polynomial. 


Proof of Theorem 2.3 By the equation (3), Lemma 2.7 and Lemma 2.8, we have 

m 

mT(r,f(p(z ))) -mJ2 T ( r i a i(z)) < (m +e)T(r,f), 

i =0 

i.e., 

m 

mT(r , f(p(z ))) < (ui + e)T(r, /) + m ^ T(r, a*(z)). (8) 

t=0 

Combining (8) and 

T(r,a,i(z)) < KT(r s i /), i = 0,1,2, • • ■, rn, 

we obtain 

T(r, f(p(z))) < ———T(t, /) + (m + l)A'T(r s , /), (9) 

m 

where K is a positive constant. 
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Case (1): If s > 1, by Lemma 2.9, we have is increasing functions of r, we can 

obtain for any positive constant C and any t > 1 

T(C'?’ t ,/) logC + tlogr 


T(r,f) 

Hence, for r sufficiently large, 


> 


logr 


1 


> (1 — e)t. 


Let s = t, C = 1. Then 




T (r,f)< 7 -—T(r s J). 


(1 -£)«' 

It follows from (9)and (10) that 

T(r, f(p )) < (m + l)KT(r s , f) + p^T(r s , /) 


( 10 ) 


< ((m + l)IL+^-+ £l )T(r s ,/). 


By Lemma 2.1 


(1 - e)T(pr\ f) < ((m + l)tf + — + ei)T(r s , /). 

ms 

From the above inequality we further get 

(1 - e)T(nrs , /) < ((m + l)iL + — + e 2 )T(r,/). 

ms 

Since k > s, then by (11) and Lemma 2.2, we obtain 

T(r,f(z )) = 0((logr) Ql+£ ), 

where 


( 11 ) 


ot\ — 


log ((m + l)iL + ^) 

log! 


Case (2):If s < 1, by Lemma 2.9, since is increasing function of r, we obtain 

T(r,f) > T(r s ,f) 
log r ~ log r s ’ 


i.e. 


T(r,f) >1 


nr £ ,/) - a‘ 


( 12 ) 


From (9) and (12) we get 


rn fl , ^ ^ ,ui+m(m+l)Ks + e 3 
T{r, f{p(z))) < (- )T(r,f). 

777 . 


According to Lemma 2.1, we obtain 


n^j) < C' +m{m+l)Ks+u )nr,!). 


m 


We obtain from Lemma. 2.2 


where 


T(r,f(z )) = 0((logr)" 2+£ ), 


OL 2 = 


log 


u\+m(m-\-l)Ks 


log k 


Combining case (1) and case (2), we get the proof of Theorem 2.3. 
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3. Growth of meromorphic solutions 

Since the 1970’s, R.Goldstein[10-13], W.Bergweiler[2-4], J.Heitt,okangas[16] et al had in¬ 
vestigated the existence and growth of meromorphic solutions on composite functional 
equations in the whole complex plane and a number of important results were obtained. 
Particularly, J.Rieppo [20] discussed the growth on meromorphic solutions of many types 
of functional equations, he also obtained some interesting results, for example, the follow¬ 
ing theorem B is one of his some results. 

For the following functional equations 


Q(z, f ( az + b )) = R(z, f(z )), 


(*) 


where Q(z, /), R(z, /) are rational functions in / with small meromorphic coefficients 
relative to / such that 0 < q = degj < d = degf and a, b G C, a / 0 and |a| ^ 1. 

He obtained 

Theorem B([20]) Suppose that / is a transcendental meromorphic solution of the 
equation (*). Then 


P(f) = pU) 


log d — log q 

log M 


It is known that when treating the meromorphic solutions of difference equations, 
the basic task is to estimate their growth order, while in the case of complex composite 
functional difference equations, considering the growth order of them is also an interesting 
task. Hence, this section is devoted to investigating the growth order of meromorphic 
solutions on two types of composite functional-difference equations (3), (13) and systems 
of difference equations (14) in complex domain. 

As regards the growth order of meromorphic solutions of complex composite functional- 
difference equations (3), we obtain Theorem 3.1. 

Theorem 3.1 Let {ai(z)},{a^(z)} be of growth order of S(r,f), u\ > km Then 
the lower order and the order of meromorphic solution / of the equation (3) satisfy 


p(f) = P(f) = o. 


In the following, we will also investigate the growth of meromorphic solutions about a 
type of composite functional-difference equations of the form 


E dif{auz + bn) 1 

j =o _ 

t 

E ejf{a 2 jZ + b 2 j) j 
i=o 


Vi(zJ) 
n 2 (zjy 


(13) 


where {an}, {a 2 i}, {b\j}, {b 2 j}, {d*}, {e^} are constants ,{o(j)(z)}, {b^(z)} are small func¬ 
tions and ap)(z) ^ 0, b^{z) ^ 0. 

For complex composite functional-difference equations (13), we obtain the following 
main result. 

Theorem 3.2 Suppose that / is a transcendental meromorphic solution of composite 
functional-difference equations (13), au,a 2 j,bu,b 2 j G C, |ai*| > l,|o 2 j| > 1, and the 
coefficients a^(z) are of growth S(r, /). 
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(i) . If l > t, then 

(ii) . If l < t, then 

(iii) . If l = t, then 


1 ^ logj~T~ 
9 ~ log | an | 


log Ml+U2 

p(f) < T 

log |a 2 t| 


p(f) < 


log 


UI+U2 

l 


log |a| 


where |a| = max{|ai/|, |a 2 t|}. 

Remark 3 The example 3 shows that the upper bound in Theorem 3.2 can be reached. 
Example 3 f(z)= e z is a meromorphic solution of the following equation 

(e c - l) 2 f(6z + c) fA 2 J 


e c f(5z + c) 


A cf + f 


1 u \ ~^~ u 2 6 

We see that a, = 4, u 2 = 2 ,p(f) = 1 = = g. 

By using the Nevanlinna value distribution theory of meromorphic functions, difference 
equation theory, a large number of papers also have considered the properties of mero¬ 
morphic solutions of some types of system of functional equations, and obtained some 
results([7-9]). Now, we consider the problem of the growth order on a class of system of 
composite functional equations as follows 

mi 

E a i»( z )f2(zy 

fx=0 


E difi(c u z + duf = 

* =0 E a 2v( z )h{ z ) V 

Z7 = 0 
7712 

t E b ls{z)h{z) S 

8 = 0 


(14) 


E ejf 2 (c 2j z + d 2j ) 3 = 

3=0 E b 2 k(z)fl(z) 


n 2 

c 

k =0 


where {c u }, {c 2 j}, {di j, {(%}, di , 7 are constants,{a lM (z)}, {a 2l/ (z)}, {bi s (z)}, {b 2k (z)} are 
small functions,|cn| > 1, \c 2 t\ > 1- 

The growth order of meromorphic solutions (/i,/ 2 ) of (14) is defined by 

P(f 1 J 2 ) = max{p(/i),p(/ 2 )}, 

,t i log + T(r,/ fc ) 

PUk) = hm sup--, k = 1,2. 

r->oo log V 

The lower order of meromorphic function fi,i = 1,2 are defined by 

p(fk) = liminf 1<3& T ^'^ k \ fc = 1 2. 
r—>00 lOff T 

As regards the complex composite functional-difference equation (14), we obtain The¬ 
orem 3.3 and Theorem 3.4 as follows. 
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Theorem 3.3 Suppose that / is a transcendental meromorphic solution of the system 
(14), c t j , d t j G C, |ci/ 1 > 1, \c 2 t\ > 1, and the coefficients a>ij(z) and bij(z) are of growth 
S(r,fi). Then 


K/1,/2) < 


log 


max{mi,ni} max{ra2,ri2} 
_ It _ 


log|ciz||c 2 t 


Example 4 Let 6 G C be a constant such that 6 / /(/where m G Z. We see 
that f 2 (z )) = (tan z, — tan 2 ) is a meromorphic solution of the following system of 

composite functional equations of the form 


fi(2z + b) 
f 2 {2z + b) 


—2/2(2)—C(l—f|) 

1-/I-2C/2 ! 

2/ 1 (,q-G(i-/ 1 2 ) 
I-/2+2C/1 ’ 


where C = — tan 6/0, 00 . 

In this case, |ai/||a 2 t| = 4,max{mi,ni}max{m 2 ,^ 2 }} = 4 ,lt= 1, thus, 


M/1,/2) = 1 = 


log 


max{mi,ni} max{ra2,ri2} 
It 


log|a u ||a 2 t 


log 4 
log 4' 


It shows that the upper bound in Theorem 3.3 can be reached. 

Theorem 3.4 Let (fi,f 2 ) be a transcendental meromorphic solution of the system 
(14), and M/ 2 ) be the lower order of / 1 , f 2 , respectively. Then 


M/i) + M/2) > 


log 


max{mi ,ni} max{rri2 ,n2 } 
It 


log |ciz| |c 2 i 


where {aifj,(z)},{a 2u (z)},{bi s (z)},{b 2 k(z)} are small functions are small functions. 


In order to prove Theorems 3.1-3.4, we need the following Lemmas. 

Lemma 3.1([14]) Let $ : (l,oo) —> (0,oo) be a monotone increasing function,and 
let / be a nonconstant meromorphic function.If for some real constant a G (0,1),there 
exist real constants K\ > 0 and I\ 2 > 1 such that 

T{r, f) < Ki$(ar) + K 2 T(ar , /) + S(ar , /), 


then 


P(f ) < 


log A/ , log 4>(r) 

— -h inn sup —:-. 

— log a r-s-oo log r 


Lemma 3.2([3] ) Suppose that a meromorphic function / has finite lower order A.Then 
for every constant c > 1 and a given e there exists a sequence r n = r n (c, e) —> 00 such that 


T(cr n ,f)<c x+£ T(r n ,f). 


Proof of Theorem 3.1 For a sufficiently small e > 0, by Lemma 2.1 and Lemma 2.3, 
we get 


m{ 1 - e)T(i_ir k , f ) < mT(r, f(p{z))) < (ui + e)T(r, /), 
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where /j = |cfc|(l — e), = max{ J] (l + 1 )ii}, outside a possible exceptional set of finite 

1=0 

logarithmic measure of r. 

Hence, for a > 1 and for r large enough 


m(l - e)T(fir k , f ) < (m + e)T(ar , /). 


Set t = ar. Then 


T(-^t k ,f)< U } +£ T(t,f). 
or m(l — £) 


By Lemma 2.2 we obtain 
where 


T(t,w) = 0((\ogt) ai ), 
log^ 


Oi i — 


log k 


+ El- 


From the above equation, we can obtain that 

i j?\ r log + T(r,/) 

P(j) = hm sup---= 0, 

r-> oo log r 

/.(/) = liminf = Q. 

r—>• oo log r 

Thus, we have completed the proof of Theorem 3.1. 

Proof of Theorem 3.2 Applying Lemma 2.3 and Lemma 2.7 to equation (13),we get 


E dif(a u z + b u y 

max{l,t}T(r,f(a sk z + b sk )) = T(r, -) < («i + u 2 )T(r, /) + 5(r,/), 

E e jf( a 2jZ + b 2 j) j 

3=0 

where s = 1 or 2, k = max{/,f}. 

Applying Lemma 2.1 to equation (13), we get 

(1 — e) max{Z, t}T(fxr, /) < («i + it 2 )T(r,/) + 5(r,/), 


that is 


T( " r ' /; - (l-“)m!f{U} r(r - f) + S(T ' f) ' 


where fi = |a| — 5 > 1, |a| = max{|aifc|, |a 2 fc|}, 6 > 0. Denoting a = j- t , we have 0 < a < 1, 
and we deduce that 

T(r ’ f) - (1 -“)m»{i,t} T( “ r ’ + S( “ r ' ;) ' 


By Lemma 3.1, we obtain 


P(f) < 


lo S 7TT 


^1+^2 


(1— e) max{/,f} 

— log a 
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Let e —>• 0 and <5 —X 0. Then 


p{f) < 


lnp- Ml + U2 
i0 & max{/Y} 

log |a| 


Proof of Theorem 3.3 Applying Lemma 2.3 to system (14), we get 

lT(r, fi(cuz + du)) = max{mi,rai}T(r,/ 2 ) + S(r,f 2 ). (15) 

tT(r, f 2 (c 2t z + d 2t )) = meQt{m 2 ,n 2 }T(r, fi) + S(r, fi). (16) 

Applying Lemma 2.1 to equations (15) and (16), we get 

(1 — e)lT(n\r. , /i) < max{mi,m}T(r,/ 2 ) + S(r,f 2 ), 

(1 - e)tT(fi 2 r, f 2 ) < max{m 2 , n 2 }T(r, fi) + S(r, /i), 

that is 

Tfor 

T| w / ! )< " i y T(,,; 1 ) tS |,,f 1 ), 

where fx\ = \cu\ - 5i > l,$i > 0,/i 2 = |c 2t | - e> 2 > 1, i> 2 > 0. 

Denoting aq = a 2 = we have 0<ctq<l,0<a 2 <l, and we deduce that 


max{mi,m} . , 

r («i r >/ 2 ) + S(oqr, / 2 ), 

(17) 

max{ m 2 ,n 2 } . . 

/ 1 _ £ ^ T{a 2 r, /i) + S(a 2 r, fi), 

(18) 


T(r,h) < 


T(r,f 2 ) < 


outside a possible exceptional set of finite logarithmic measure of r. 

Combining (17) and (18), it yields 

rp / ( x ^ (1+ o(l))max{mi,m}max{m 2 ,n 2 } n . . 

r(r, /i) < - ^ _ e y 2 lt - T(aia 2 r, / 1 ) + 5(aia 2 r, /i), 

outside a possible exceptional set of finite logarithmic measure of r. 

By Lemma 3.1, we obtain 


p(h) < 


i max{mi,ni} max{m2,ri2} 
lQ g-(l-e)*Zt- 


- logaqa 2 

By a similar reasoning as to above, we also can get 


Pih) < 


i max{mi,ni} max{m2,ri2} 
lQ g-(1 -e)Ht - 


- logaqa 2 

Let e —> 0 and <5* —> 0, i = 1, 2. Then Theorem 3.3 is proved. 
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Proof of Theorem 3.4 We assume conversely that fi,f 2 are transcendental mero- 
morphic functions. 

By Lemma 2.3 and T(r, f(z + c)) < (1 + o{l))T(r + |c|, /) + M([ 17]), where M is a 
constant, we have 


max{jBi, n\}T(r , / 2 ) < lT(r, fi{cu(z + ^))) + S(r, f 2 ) 

< (1 + o(l))lT(\cn\r + |^|, h) + S(r , f 2 ), 
max{m 2 , n 2 }T(r, fi) < tT(r, f 2 (c 2t (z + ^))) + S(r, /i) 

< (1 + o(l))fT(|c 2t |r + |, / 2 ) + S(r, /,). 

There are two constants ci = |cu| + £\,c 2 = \c 2 t\ + e 2 , £* > 0, i = 1, 2, such that 

r(|cu|r + | —|,/i) < T(cir,/i),T(|c 2t |r + | —1,/ 2 ) < T(c 2 r,f 2 ). 
ci i c 2t 

When r is large enough, we can obtain from (19) and (20) 

J max{mi, m}T(r, f 2 ) < (1 + o(l))lT{ar, /i) + S(r, / 2 ), 

\ max{m 2 , n 2 }T(r, /i) < (1 + o(l))tT(c 2 r, f 2 ) + S(r, /i), 

outside a possible exceptional set of finite linear measure of r. 

According to Lemma 2.5, for given g\ > l,cr 2 > 1, 

j max{mi, 77i}T(r, h) < (1 + o(l))lT(aiCir, fi) + S(r, f 2 ), 

\ max{m 2 ,n 2 }T(r,/i) < (1 + o(l))t.T(cr 2 c 2 r, f 2 ) + S(r, /i). 


(19) 


( 20 ) 


( 21 ) 


Let n(fi),n(f 2 ) be the finite lower order in /i, / 2 ,respectively. By Lemma 3.2, for any 
given Si > 0,i = 1 , 2 , there exists a sequence r n —>• oo such that for r n > ?’o 

T(cir n ,fi) < Ci (/l)+£i T(r n ,/i),T(c 2 r n ,/ 2 ) < c^ h)+£2 T(r n , f 2 ). 


By ( 21 ) 


f max{mi, 771 }T(r„, / 2 ) < (1 + o(l))/(uiCi) At(/l) + £ iT(r n , /i) + S(r n , / 2 ), 
\ max{ 777 2 , ? 7 2 }T(r n , /i) < (1 + o(l))t(u 2 c 2 )^ / 2 ) +£ 2 T(r n , f 2 ) + 5(r n , /i). 

From (22), we get 


max{777i, 77i} < (1 + o{l))l(a lCl )^M +E1 + rfc/A 

max{?77 2 ,77 2 } < (1 + o(l))i(a 2C2 )^ 2 ) +£2 J™ + 


( 22 ) 


(23) 


Taking lower limit as n —> oo, and 


lim inf 

n—>• oo 


S(r n ,fi) 

T{r n ,fi) 


= 0,7 = 1,2. Then (23) becomes 


max{?77l,?7l}max{777 2 ,?7 2 } < , 


where £3 = max{e, £ 1 , s 2 }, £3 —»• 0, g\ —>• 1, cr 2 —»• 1. Hence 


h(/i) + M/2) > 


log 


max{mi,ni} max{m2,n2} 
_ It _ 


log [ciz| |c 2t 


Thus, we have completed the proof of Theorem 3.4. 
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Locally and globally small Riemann sums and 
Henstock-Stieltjes integral for n-dimensional 
fuzzy-number-valued functions 

Muawya Elsheikh Hamid a ’ 6 * 

° School of Mathematical Science, Yangzhou University, Yangzhou 225002, China 
6 Faculty of Engineering, University of Khartoum, Khartoum, Sudan 


Abstract: In this paper, we study locally and globally small Riemann sums with respect to a for n-dimensional fuzzy- 
number-valued functions. And we prove that a fuzzy-number-valued functions in n-dimensional is Henstock-Stieltjes 
( HS ) integrable on [o, b] if and only if it has ( LSRS ) with respect to a on [a, b]. Also we shall prove that a fuzzy- 
number-valued functions in n-dimensional is Henstock-Stieltjes ( HS ) integrable on [a, b] if and only if it has (GSRS) 
with respect to a on [a,b\. 

Keywords: Fuzzy-number-valued functions in E n ; Henstock-Stieltjes integral (HS); locally small Riemann sums (LSRS); 
globally small Riemann sums (GSRS). 


1 Introduction 

Since the concept of fuzzy sets was firstly introduced by Zadeh in 1965 [13], it has been studied extensively from 
many different aspects of the theory and applications, such as fuzzy topology, fuzzy analysis, fuzzy decision making and 
fuzzy logic, information science and so on. 

The locally and globally small Riemann sums have been introduced by many authors from different points of views 
including [3, 4, 5, 7, 8, 10, 11]. In 1986, Schurle characterized the Lebesgue integral in (LSRS) (locally small Riemann 
sums) property [10]. The (LSRS) property has been used to characterized the Perron (P) integral on [a, b] [11]. By 
considering the equivalency between the (P) integral and the Henstock-Kurzweil (HK) integral, the (LSRS) property 
has been used to characterized the (HK) integral on [a, b] [8]. In 2015, Indrati [7] introduced a countably Lipschitz 
condition of a function which is simpler than the ACG*, and proved that the (HK) integrable function or it’s primitive 
could be characterized in countably Lipschitz condition. Also, by considering the characterization of the (HK) integral 
in the (GSRS) property, it showed that the relationship between (GSRS) property and countably Lipschitz condition of 
an (HK) integrable function on [a, b]. In 2018, Hamid et al. [5] introduced locally and globally small Riemann sums for 
fuzzy-number-valued functions and established two main theorems: (i) A fuzzy-number-valued functions f(x) is (HS) 
integrable on [a, 6] iff f(x) has (LSRS). (ii) A fuzzy-number-valued functions f(x) is (HS) integrable on [a, b] iff f(x) 
has (GSRS). 

In this paper, the concept of locally small Riemann sums for n-dimensional fuzzy-number-valued functions with 
respect to a is introduced and discussed. Furthermore, we provide a characterizations of globally small Riemann sums 
in n-dimensional fuzzy-number-valued functions with respect to a. 

The rest of this paper is organized as follows. To make our analysis possible, in Section 2 we shall review the relevant 
concepts and properties of fuzzy-number-valued functions in E n and the definition of Henstock-Stieltjes (HS) integral for 
fuzzy-number-valued functions in E n . In Section 3, we introduce the support function characterizations of locally small 
Riemann sums and (HS) integral for fuzzy-number-valued functions in E n . In section 4, we shall discuss the support 
function characterizations of globally small Riemann sums and (HS) integral for fuzzy-number-valued functions in E n . 
The last section provides the Conclusions. 


2 Preliminaries 

In this paper the close interval [a, 6 ] denotes a compact interval on R. The set of intervals-point {([oi, 6 i], £i), 
(]a 2 , 62 ], 6 ),' ’ ’ , (]«fc, &fc],£fc)} is called a division of [a, b} that is £ 1 , 62 , •• • ,£fc £ [a, ft], intervals [ 01 , 61 ], [ 02 , 62 ], •• • , [a fe , 6 fc ] 

k 

are non-intersect and |J [o», 6 »] = [a, 6 ]. Marking the division of [a, b] as P = {([oi, 61 ], £ 1 ), ([ 02 , 62 ], £ 2 ), • • • , ([a*,, 6 fc],£fc)}, 

i= 1 

shortening as P = {[«, u];£} [9], 
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Definition 2.1 [ 6 , 8 ] Let 5 : [a, 6 ] — > R + be a positive real-valued function. P = Xi]; £j} is said to be a (5-fine 

division, if the following conditions are satisfied: 

( 1 ) a = xo < xi < X 2 < ... < x n = 6 ; 

(2) & E [xi-i,Xi\ C (£< — <5(£i),£i + <5(£i))(* = 1,2,-•• ,n). 

For brevity, we write P = {[it, u]; £}, where [it, u] denotes a typical interval in P and £ is the associated point of [it, v]. 


Definition 2.2 [12] E n is said to be a fuzzy number space if E n = {it : R n —> [0,1] : it satisfies (l)-(4) below}: 

(1) it is normal, i.e., there exists aio£ R n such that u(xo) = 1; 

(2) it is a convex fuzzy set, i.e., u(rx + (1 — r)y) ^ min(it(a:), u(y)), x,y £ R n , r £ [0,1]; 

(3) u is upper semi-continuous; 

(4) [ii]° = {* £ R n : u(x) > 0} is compact, for 0 < r < 1, denote [it] r = {x : x £ R n and u(x ) ^ r}, [it] 0 = U r e(o i][ M ] r - 


From (l)-(4), it follows that for any u £ E n and r £ [0,1] the r —level set [u] r is a compact convex set. For any 
it, u £ E n 

D(u, v) = sup d([u] r ,[v] r ), (1) 

rS[0,l] 

where d is Hausdorff metric. It is well known that ( E n , d) is an metric space [12]. The norm of fuzzy number u £ E n is 
defined by 

||it|| m D(u, 0) s= sup |a|, (2) 

a£[u]° 


where the || • || is norm on E n , 0 is fuzzy number on E n and 0 = X{o}- 


Definition 2.3 [12] For A £ Pk(R n ), x £ S n x , define the support function of A as a(x,A) = sup (y,x), where S n 1 is 

yeA 

the unit sphere of R n , i.e., S '” -1 = {* £ R n : ||x|| = 1}, (•,•) is the inner product in R n . 


Definition 2.4 [2] Let a : [a, b] —> R be an increasing function. A fuzzy-number-valued function / : [a, 6] — > E n is said 
to be fuzzy Henstock-Stieltjes ( FHS ) integrable with respect to a on [a, 6 ], if there exists A £ E n , for every e > 0, there 
is a function (5(£) > 0, such that for any (5-fine division P = {[u, u], £} of [a, b], we have 


( p ) 


(3) 


b ~ 

We write (FHS) f f(x)da = A. 

a 


Lemma 2.1 [12] If u, v £ E n , k £ R, for any r £ [0,1], we have 

[ w + w f = [«]" +[u] r , [ku] r = k[u] r . (4) 

Lemma 2.2 [12] Suppose u £ E n , then 

( 1 ) u*(r,x + y) < u*(r, x) + u*(r, y), 

(2) if u, u £ E n , r £ [0,1], then 

d{[u] r ,[v] r ) = sup \u*(r,x) — v*(r,x)\, (5) 

xES 71-1 

(3) (it + v)*(r, x ) = u*(r, x) + v*(r, x), 

(4) ( ku)*(r,x ) = ku*(r,x), k> 0. 

Lemma 2.3 [1, 12] Given u, v £ E n the distance D : E n x E n -A [0, + 00 ) between u and v is defined by the equation 
D(u, v) = sup d([u] r , [u] r ), then 

rG[0,l] 

( 1 ) ( E n ,D) is a complete metric space, 

(2) D(u + w, v A w) = D(u, v ), 

(3) D(u + v, w + e) < D(u, w ) + D(v, e), 

(4) D(ku,kv) = \k\D(u,v),k £ R, 

(5) D(u + v, 0) ^ D(u, 0) + D(v, 6 ), 

( 6 ) D(u + v, w) ^ D(u, w) + D(v, 0). 

Where u, v, w, e, 0 £ E n , ll = A'({o})- 

Lemma 2.4 [2] Let a : [o, b] —> R be an increasing function. A fuzzy-number-valued function F : [a, b] E n is (FHS) 
integrable with respect to a on [a, 6 ] if and only if F*(t)(r,x) is (RHS) integrable with respect to a on [a, b] uniformly 
for any r £ [ 0 , 1 ] and x £ 5 n_1 , we have 

b b 

((FHS) J F(t)da'j (r, x) = (RHS) J F*(t)(r,x)da. ( 6 ) 


Uniformly for any r £ [0,1[. 
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3 Support function characterizations of locally small Riemann sums 
and (HS) integral for fuzzy-number-valued functions in E n 

In this section, we shall define locally small Riemann sums or in short ( LSRS ) with respect to a on [a, b] by using 
support function f*(£,)(r,x) and show that it is the necessary and sufficient condition for / to be ( HS ) integrable with 
respect to a on [a, b]. 

Definition 3.1 Let a : [a, b] —> R be an increasing function. A fuzzy-number-valued function / : [a,b] —¥ E n is said to 
be have locally small Riemann sums or (LSRS) with respect to a on [a, b\ if for every e > 0 there is a <5(£) > 0 such that 
for every t £ [a, b], we have 

E /(?)[«(*■’) “ «( u )] < £ ’ ( 7 ) 

E n 

whenever P = {[u, *u];£} is a (5-fine division of an interval C C (t — S(t),t + S(t)), t G C and E sums over P. (Where 
c = [y,z]). 

The following Theorem 3.1 shows that / has (LSRS) with respect to a on [a,b] is equal to the type of it’s support 
functions. 

Theorem 3.1 Let a : [a, b] —> R be an increasing function and let / : [a, 6 ] —> E n be a fuzzy-number-valued function, 
the support-function-wise f*(£)(r,x) of / has locally small Riemann sums or (LSRS) with respect to a on [a, 6 ] if and 
only if for every e > 0 , there is a <5(£) > 0 such that for every t £ [a, 6 ], we have 

J2f*{t)(r,x)[a(v) -a(«)] < £, (8) 

uniformly for any r £ [0,1] and x £ S'" -1 , whenever P = {[u, v \\£} is a 5-ffiie division of an interval C C (t — 5(t), t + S(t)), 
t £ C and E sums over P. 


Proof Let 0 £ E n denote the (FHS) integral of / with respect to a on [a, 6 ]. Given e > 0 there is a <5(£) > 0 such that 
for any 5-ffiie division P = {[m, v]; £} of [a, b], we have 


That is 


By Lemma 2.2 we have 


D f (£)l a ( v ) ~ Q ( M )], 0 ^ <£• 

sup df[J2fiO[u(v) -«(«)]]’’, [ 6 ]^ <e. 

rS[0,l] \ / 


sup sup ('S2f(£,)[a(v)-a(u)]Y(r,x)-a(x,0) < e. 
re[o,i] xes r *- 1 


Furthermore, by a(x,A) = sup (y,x), we have 

ye A 

sup sup y2f*(€)(r,x)[a(v)-a(u)]-cr(x, 0 ) < £. 

r-e [0,1] igS"- 1 

Hence, for any r £ [0,1], x € S '" -1 and for any 5-fine division P we have 


J2f(0(r,x)[a(v)-a(v,)] < e. 


Where a(x, 0) = 0. 
This completes the proof. 


Lemma 3.1 (Henstock Lemma). Let a : [a, b] —> R be an increasing function and let / : [a, 6] — ¥ E n be a fuzzy-number- 
valued function and (HS) integrable to A with respect to a on [a, 6 ]. Then, the support-function-wise f*(£)(r,x) of / 
on [a, 6 ] is (HS) integrable to A*(r,x) with respect to a on [a, 6 ] uniformly for any r £ [0, 1 ], x £ S ™ -1 and A £ E n , 
i.e., for every e > 0 there is a positive function 5(£) > 0, for 5-ffiie division P = {[u, v]; £} of [o, b] and for any x £ S n ~ , 
we have 

E f*(t)(P x )l a ( v ) ~ a ( u )}~ A *(r,x) <£■ (14) 

Furthermore, for any sum of parts ^2 from ^ we have 


E f*(0(r,x)[a(v) - a(it)J - A*(r,x) < e. 
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Proof Let A £ E n denote the ( FHS ) integral of / with respect to a on [a, ft]. Given e > 0 there is a 5(C) > 0 such that 
for any 5-fine division P — {[it, v]; C} of [a, 6], we have 



f(€H v ) ~ a(u)],Aj <e. 

(16) 

That is 

/ \ 


By Lemma 2.2 we have 

sup d([^/(C)[a(u)-a(u)]] r ,[A] r ] < e. 

r£[0,l] \ / 

(17) 


sup sup (Y'/(C)[a(w) - «(«)]) *(r, a;) - A*(r,x) < e. 

re[0,l] igS"- 1 

(18) 

Furthermore, by A* (r, x) 

= sup (y, x), we have 

y<=[AY 



sup sup V'/*(C)(r,*)[a(u) - a(w)] - A*(r,*) < e. 

r£[0,1] xeS n ~ 1 

(19) 

Hence, for any r £ [0,1], 

x G S n ~ 1 and for any (5-fine division P we have 



^2f*(0( r i x )l a (. v ) - Q ( M )] - A *(r,x) < £■ 

(20) 

For proof 

^ 2f*(0( r >x)[a(v) - a(u)] - A*(r, x) < e, 

1 

(21) 


the proof is similar to the Theorem 3.7 in [ 8 ]. 

This completes the proof. □ 

Theorem 3.2 Let a : [a, b] —> R be an increasing function and let / : [a, b] —> E n be a fuzzy-number-valued function. If 
/ is ( HS) integrable to F([a, 6 ]) with respect to a on [a, 6 ], then / has LSRS with respect to a on [a, 6 ]. 

Proof Since / is ( HS ) integrable to F([a,b\) with respect to a on [a, 6 ], by Theorem 3.1 the support-function-wise 
f*(Q( r -> x ) of / on [a, b] is (HS) integrable to F* ([a,b])(r, x) with respect to a on [a, 6 ] uniformly for any r £ [0,1], x £ 
S n_1 , i.e., for every e > 0 there is a positive function 5(C) > 0, for 5-fine division P = {[it,v];C} of [a, b] and for any 
x £ S'™ -1 , we have 

J2f*(0(r,x)[a(v)-a(u)]-F*([a,b])(r,x) < |. (22) 

For each f £ [a, ft], there is a closed interval C = \y, z\ C (f — 5(f), t + 5(t)) such that 

F*([y,z])(r,x) < (23) 

According to Henstoc.k Lemma, for each t £ [a, ft] and 5-fine division P = {[u, v];£} of C C (f — 5(f),f +5(f)), we have 

_ Q ( M )] $ /‘(CK’', a;)[a(v) — o;(w)] — fo])(r-, a;) + F*([y,z})(r,x) 

< £■ 

Applies Theorem 3.1 again / has LSRS with respect to a on [a, 6 ]. 

This completes the proof. □ 

Lemma 3.2 Let a : [a, ft] —> R be an increasing function and let / : [a, ft] —¥ E n be a fuzzy-number-valued function. If 
/ is (FHS) integrable with the F as primitive then for each number e > 0 there is a positive function 5(£) > 0, such 
that for any [m, u] C [a, ft] with (a(v) — a(u)) < 5(£), we have 

F([u,t>]) = (FHS) f fda < e. (24) 

E n J [it,p] E n 


Proof The continuity follows from Lemma 3.1 and the following inequality: 

f([«dj) = d(f(u),F(v) 

E n V 

< D^F([u,v])J(0[a(v) - a(w)]^ + f(£)[a(v) 

< £. 



We only need set 5(C) < 3( |,^ E „ +1) - 
This completes the proof. 
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Theorem 3.3 Let a : [a, b] —> R be an increasing function and let a fuzzy-number-valued function / : [a, 6 ] — > E n has 
LSRS with respect to a on [a, b], then / is ( FHS ) integrable with respect to a on [a, b ]. 


Proof Given any e > 0 and P = {([a, 6 ], £)} = {([ai, 6 i], £i), ([a 2 , 62 ], £ 2 ), • • • , ([a„, b n ],^ n )} is a (5-fine partition of [a, b\. 
For each i(i = 1, 2, • • • , n) there is a positive function Si with P t = {([wj, v,], fj)} is a (5i-fine partition of [a;, bi], Since / 
has LSRS with respect to a on [ai, bi ], then we have 




< 


2 n 


Taken 77 = max{(5(£), £ E [a, 6 ]}, according to the Lemma 3.2 we have 


F([ai,bi]) 


(FHS) f fda 


£ 

< 2 n 


Therefore, for any <5;-fine partition Pi = {([wj, i)j],£»)} of [ai,bi], we have 


(25) 


(26) 


E - a(u)],F([ai, bi]) 


< 


< 


Pi 

£ £ _ £ 

2 n 2 n n ’ 


a(u)\ 


F([ai,bi]) 


for each i. 

n 

Subsequently taken (5*(£) = min{(5(£), <5i(C )} 5 then P = (J P, denote (5*-fine partition of [a,b], 

i= 1 

Therefore we have 


E/(0[«W-«(u)],P([a,6]) 


n / 

= E D J2f^Hv)-a(u)],F([ ai ,bi]) 

i =1 k p . 

£ 

< n ■ — = £. 
n 


Then / is (FHS) integral with respect to a on [a, b]. 
This completes the proof. 


□ 


4 Support function characterizations of globally small Riemann sum- 
s and ( HS ) integral for fuzzy-number-valued functions in E n 

In this section, we shall define globally small Riemann sums or in short (GSRS) integral with respect to a on [a, b] by 
using support function f*(£,)(r,x) and show that it is the necessary and sufficient condition for / to be (HS) integrable 
on [o, b]. 

Definition 4.1 Let a : [a, b] —> 1R. be an increasing function. A fuzzy-number-valued function / : [a, b] —> E n is said to 
be have globally small Riemann sums or (GSRS) with respect to a on [a, 6 ] if for every e > 0 there exists a positive 
integer N such that for every n ^ N there is a <5n(£) > 0 and for every (5„-fine division P = {[u, v];£} of [a, 6 ], we have 


E f(0[a(v) - a(u )] 

ll/tt)l| E n>n 


< e, 

E n 


where the y) is taken over P and for which ||/(£)|| B „ >n- 


(27) 


The following Theorem 4.1 shows that / has (GSRS) with respect to a on [a, b ] is equal to the type of it’s support 
functions. 

Theorem 4.1 Let a : [a, 6] — > R be an increasing function and let / : [a,b] —> E n be a fuzzy-number-valued function, 
the support-function-wise /*(0( r > x ) °f / has globally small Riemann sums or (GSRS) with respect to a on [o, b] if and 
only if for every e > 0, there exists a positive integer N such that for every n is N there is a 5„(t;) > 0 and for every 
(5 n -fine division P = {[u, u]; £} of [a, 6 ], we have 


E f*(0(r,x)[a(v) 

|/*(C)(r-,a:)|>n 


a(u)] 


< e, 


(28) 


uniformly for any r E [0,1] and x E S n a , where the y) -)q4®-hon over P and for which |/*(£)( r i *)| iftAMID 1142-1149 
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Proof First, we can prove the following statements are equivalent: 

( 1 ) ||/(£)|L„ >n. 

( 2 ) \f*(0( r ,x)\ > n. 

In fact 


||/(C)|| J3 „ > n = sup d([mv,m 
*•€[ 0 , 1 ] 

= sup sup |/*(£)(r,a:)|. 

r 6 [ 0 ,l] ^es "- 1 

Second, let 0 € E n denote the ( FHS ) integral of / with respect to a on [a,b\. Given e > 0 there exists a positive 
integer N such that for every n Js N there is a 5„(£) > 0 and for every 5„-fine division P = {[it,u];£} of [a, 6 ], we have 


That is 


By Lemma 2.2 we have 


d ( /(£)[«(«) “«(«)], o') <£• 

sup d([ f(0l a ( v ) - «(«)]]’, [ 0 ] r ') < e. 

rG[0,l] \ „ - />X1I _ / 


sup sup 
re[ 0,1] cces™- 1 


WfAm E n>n 


( f(O[a(v)-a(u)])*(r,x)-a(x,0) 

\f*(Z)(r,x)\>n 


< £. 


(29) 


(30) 


(31) 


Furthermore, by a(x,A) = sup(y,a;), we have 

ye A 


sup sup 
re[o,i] icS "- 1 


f*(0( r ,x)[a(v) - <*(«)] - a(x,0) 

l/*(€)(r, x)\>n 


< £■ 


Hence, for any r £ [0,1], if S” 1 and for any 5-fine division P we have 


f(0(r,x)[a(v)~a(u)} 

l/*(O0vc)|>n 


< e. 


(32) 


(33) 


Where <r(a;, 0) = 0. 

This completes the proof. □ 

Theorem 4.2 Let a : [a, b] — > R be an increasing function and let / : [a, b] —> E n be a fuzzy-number-valued function. If 
/ has GSRS with respect to a on [a, b] then / is ( HS ) integrable with respect to a on [a, b]. 

Proof Because / has GSRS with respect to a on [a, 6 ], then by Theorem 4.1 for every e > 0, there exists a positive 
integer N such that for every n ^ N there is a 5„(£) > 0 and for every 5„-fine division P = {[w, v];£} of [a, 6 ], we have 


/*( CXn *)[«(«) 

!/*(?)(*•, &)\>n 


a{u)] 


< £■ 


uniformly for any r £ [0,1] and x £ S n where the ^2 is taken over P and for which |/*(C)( r i *)| > n - 
For each two 5-fine divisions Pi = {[ui, vi];£i}, P 2 = {[ 112 , v 2 ]\ C 2 } of [a, 6 ], we have 


(34) 


< 

< 

+ 

< 


1 ) - a(m)] - ^2 f*(&){r, x)[a(v 2 ) - 0 ( 112 )] 

- a(m)] + ^ f*(b)(r, x)[a(v 2 ) - 0 ( 112 )] 
+ 


f* (Ci ) ( r > X ) [«( W 1)-«(«! )] 

l/*(£l.)(r,*)!>*» 

f*{^)(r,x)[a(v 2 )-a(u 2 )] 

l/*(S2)(r,a;)|>« 

4e. 


/*(Ci)(na:)[a(wi)-a(ui)] 

l/*(£i)(*'>aOI<™ 

f*{&){r,x)[a{v 2 )-a(u 2 )] 

l/*(C 2 )(r,x)|<n 


According to the properties of Cauchy, / is (HS) integrable on [a, 6 ]. 
This completes the proof. 1147 
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Theorem 4.3 Let a : [a, 6 ] — > R be an increasing. Given a fuzzy-number-valued function / : [a, b] —> E n , for each 
r £ [0,1] and x £ S'” -1 defined the support function /(((£) (r, x ) of fn by the formula: 


fn.(€)(r,x) = 


f*(0(r,x),£ £ [a,b] if \f*{Q(r,x)\ < n, 

0 , others. 


A fuzzy-number-valued function / is ( HS ) integrable with respect to a on [a, 6 ] if and only if / has GSRS with 
respect to a on [a,b\ and F„([a, b]) —> E([a, 6 ]) as«-> oo. (Where F([a,b]) and F n ([a,b\) the integral of / and /„ with 
respect to a on [a, b] respectively). 

Proof First we shall prove the necessity. Because a fuzzy-number-valued function / is (HS) integrable with respect 
to a on [a, b] uniformly for any r £ [0,1] and x £ S n ~ , i.e., for every e > 0 there is a positive function <5*, for (5*-fine 
division P — {[«, v]; £} of [a, b], we have 


^2f*(Q(r,x)[a(v) - a(u)] - F*([a,b])(r,x) 


£ 

<3- 


For each n £ N, there is a positive function S n , for 5 n -Rne division P = {[u, v]; £} of [a, b ], we have 


^2fn(£,)(r,x)[a(v) - a(u)] - F*([a,b\)(r,x) 


£ 

< 3 ’ 


(35) 


(36) 


for each r € [0,1] and x £ S n 1 . 

Because {F)t([a, b])(r, x)} converge to F*([a, b\)(r, x) of [a, b] then there is a positive number N so if n > N we have 


F*([a,b])(r,x) - F*([a,b])(r,x) 

For n> N, defined a positive function S on [a, 6 ] by the formula: 

<5(£) = min{<5*(£), (5 n (£)}. 

Therefor, for each h-fine division P = {[u, v];£} of [a, 6 ], we have 


55 f(0( r ,x)[a(v)-a(u)} 

l/*(£)(r-,ai)l>™ 


< 3 - 


(37) 

(38) 


55 f*(0( r ,x)[a(v) - «(«)] - ^/*(C)(r,*)[a(t>) - a(u)] 


< 


+ 


^2f*(0(r,x)[a(v) - a(u)] - F*([a, 6 ])(r, x) 
F*([a,b])(r,x) - 55 fZ(&(r, x)[a(v) - a(u)} 


F*([a,b])(r, x) - F*([a,b])(r,x) 


£ £ £ 

< 3 + 3 + 3 ^ £ ' 

Then / has GSRS with respect to a on [a, 6 ]. 

Second we shall prove the sufficiency. Because / has GSRS with respect to a on [a, b], then by Theorem 4.1 for every 
e > 0, there exists a positive integer N such that for every n Js N there is a <5n(£) > 0 and for every (5„-fine division 
P = {[ m , v\, £} of [a, b ], we have 

55 f*(0(r,x)[a(v) - a(u)} < e, (39) 

l/*(0( r i x)\>n 

uniformly for any r £ [0,1] and x £ S'" -1 , where the is taken over P and for which /*(£)(r , x )\ > n ■ 

Note that /„, is Henstock-Stieltjes integrable with respect to a on [a, b] for all n. Choose N so that whenever n,m^Z N 
we have 

F*([a,b])(r,x) - F^([a,b])(r,x) < e. (40) 

Then for n,m^ N and a suitably chosen J-fine division P = {[u, v];£}, we have 

I F*([a,b])(r,x) - F^([a,b])(r,x) 


< 


F*([a,b])(r,x) - 55 /*(£)( r >*)[«(«)- <*(u)] 

|/*(J)(r,x)|<n 


55 f*(£){r,x)[a(v) - a(u)} - F^([a,b])(r,x) 

I /* (£)( r ,x) | <m 

< 4e. H48 


55 f*(0( r ,x)[a(v)- a(u)} 

|/*(£)(r,x)|>» 

55 f*(0{r,x)[a(v) -a(it)] 

|/*(5)(r-,x)|>m 
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That is, {F„([a, b])(r, x)} converge to E*([a, 6])(r, *), asn-> oo. Again, for suitably chosen N and <5(£) and for every 
(5-fine division P = {[u, v];£}, we have 


< 

< 

+ 

< 


^2f*(0( r ’ x )l a { v ) - «(«)] - F*([a,b])(r,x) 
^2f*{0( r ’ x )[ a ( v ) - a(u)\ - F^([a, 6])(r, *) 


55 f{Q(r,x)[ot(v) - ot(u)\ - F^([a,b])(r,x) 


FN([a,b])(r,x) - F*([a, b])(r, x) 
3e. 


FN([a,b]){r,x) - F*([a,b])(r, x) 

+ 


55 /*(0(u »)[«(«) -«(«)] 

|/*(5)(r-,a:)|>iV 


That is, / is ( HS ) integrable on [ a,b ]. 
This completes the proof. 


□ 


5 conclusions 

In this paper, the notions of locally and globally small Riemann sums modifications with respect to fuzzy-number- 
valued functions in E n are introduced and studied. The basic properties and characterizations are presented. In 
particular, it is proved that a fuzzy-number-valued functions in E n is (FIS) integrable on [a, 6] iff it has ( LSRS ), and 
also it is proved that a fuzzy-number-valued functions in E n is (FIS) integrable on [a, 6] iff it lias (GSRS). 
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Abstract 

In this paper, we investigate systems of nonhomogeneous coupled lin¬ 
ear matrix differential equations. Applying Kronecker products, the vec¬ 
tor operator, and matrix convolution product, we obtain explicit formula 
of the general solution to this system in terms of matrix series concerning 
exponentials and Mittag-Leffler functions. 

Keywords: linear matrix differential equation, Kronecker product, vector op¬ 
erator, matrix convolution product, Mittag-Leffler function. 

Mathematics Subject Classifications 2010: 15A16, 15A69, 33E12, 34A30, 
44A35. 

1 Introduction 

Theory of linear matrix differential equations can be applied in a broad range of 
scientific fields, e.g. statistics [2, 6, 8], game theory [4], ecometrics and Leondief 
model [6, 8, 11], control and system theory [3, 7]. The simplest first-order 
homogeneous linear matrix differential equation with time-invariant coefficient 
is given by 

X'(t) = AX(t). (1.1) 

Here, A is a given square matrix and X(t) is an unknown matrix-valued function 
to be solved. The system (1.1) has been widely studied, and the solution relies on 
the computation of e tA ; see more information in [12, 13]. The nonhomogeneous 
case appears in the form 

X’{t) = AX(t) + U{t ), (1.2) 

‘Corresponding author. Email: pattrawut.ch@kmitl.ac.th 
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here U(t) is a given matrix-valued function. In fact, the equation (1.2) has a 
general solution given by a one-parameter matrix-valued function 

X(t) = e (t ~ to)A X(to) + e tA * 17(f), (1.3) 

where * denotes the matrix convolution product. See related works on nonho- 
mogeneous case in [10, 15] and references therein. 

Coupled matrix differential equations have numerous applications in pure 
and applied mathematics. For example, to obtain the solution of an optimal 
control problem with performance index we need to solve the system [7] 

X’(t) = AX(t) + BY(t), 

Y'(t) = CX(t) - A T Y(t). 

A general system of nonhomogeneous coupled linear matrix differential equa¬ 
tions with time-invariant coefficient takes the form 

X'(t) = AX{i)B + CY(t)D + U(t), 

Y'(t) = EX (t)F + GY(t)H +V (f). ^ ' 

In [5], a homogeneous case of (1.4) when E = C, F = D, G = A, H = 
B was investigated under the assumption that AC = CA and BD = DB. 
In this case, the solution is given in terms of Kronecker products, the vector 
operator, and matrix series concerning exponentials and hyperbolic functions. 
A nonhomogeneous case of (1.4) was discussed in [1], 

In this work, we investigate the system (1.4) under the assumption that 
AC = CG, GE = EA , DB = HD, FH = BE. We apply Kronecker products 
and the vector operator to reduce our complex system to the simplest form. 
Thus, an explicit formula of the general solution to this system is obtained 
in terms of Mittag-Leffler matrix functions. In particular, we obtain general 
solution of several special cases of the main system. When initial conditions are 
imposed to these problems, its solution is uniquely determined. Our results also 
include the previous works [1, 5]. 

This paper is structured as follows. In Section 2, we supply useful facts for 
solving linear matrix differential equations, including matrix functions defined 
by power series, Kronecker product, vector operator, and matrix convolution 
product. The main part of the paper, Section 3, deals with solving the system 
(1.4) and its interesting special cases. In Sections 4, we treat an initial value 
problem related to (1.4) and illustrate it with a numerical example. 


2 Preliminaries 

In this section, we provide adequate tools for solving system of linear matrix 
differential equations. We shall denote the set of all m-by-n complex matrices 
by M m , n , and we set M n = M n>n . 
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2.1 Functions of a matrix defined by power series 

Consider A £ M n and a liolomorphic function / defined on a region in the 
complex plane containing the origin and the spectrum of A. Let R > 0 be such 
that / admits the Taylor series expansion 

OO 

f{z) = ^ ~2a k z k for \z\ < R, 

k—0 

where ao = /(0) and ak = f^ k \0)/k\ for any k £ N. If the spectral radius of A 
is less than R, then the matrix power series a kA k converges, denoted by 

f(A). Hence if / is an entire function then f(A) is a well-defined matrix for any 
A £ M n . In particular, the following matrix series converge for any A £ M n : 

OO 1 OO 1 

si,,h( ' 4) = £ _____ 42fc + i t cosh(yl) = y —A*. 

/c—0 /c—0 

Recall that the two-parameter Mittag-LefHer functions (e.g. [14]) is defined by 


OO fc 

E °Az) = Ef(^W) 


(2.1) 


where T is the Gamma function. The power series (2.1) converges for all complex 
numbers z. 

The Mittag-LefHer function of a matrix A £ M n with parameters a > 0 and 
f3 > 0 is defined by 


= E 


k -0 


T(ak + f3) 


A k = R 


-A 


r(a + /3) T( 2 a + /3) 


A 2 + • 


The class of matrix Mittag-LefHer functions include the following functions: 

OO 1 OO 1 

= e- 4 , El, 1<A 2 ) = £ = cosh(A). 


k =0 


k =0 


An expansion shows that {E 2 , 2 {A?)')A = Y^'kLo 


1 


(2k + 1)! 


A 2k+ 1 = sinh(A). 


Lemma 2.1 (see e.g. [9]). If (A,B) is a pair of commuting complex matrices, 
then e A+B = e A e B . 


The next lemma is useful for deriving explicit formulas of solutions for system 
of linear matrix differential equations in Section 3. 

Lemma 2.2. For any A £ M n ( C) andB £ M n ( C), we have 


0 A 
B 0 


E 2A (AB) (E 2a (AB))A 
(- E 2 , 2 (BA))B E 2a (BA) 
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Proof. A computation using matrix analysis reveals that 


0 A 
B 0 


= £ 


fc =0 


k\ 


0 A 
B 0 


= £ 


k—0 

oo 


(2 k)\ 


(. AB) k 0 

0 ( BA) k 


£ 

k =0 


(2k + 1)! 


0 ( AB) k A 

(. BA) k B 0 


£ 

k =0 


(2 k)\ 


(ABf 


£ 

k =0 


(2 k)\ 


(. BA) k 


1 


V --— —(AB) k A 


£ 

k =0 


(2/c + l)! 


(BA) k B 


0 


1 


r(2fc + 1) 


(AB) k 


1 


1 


k—0 

oo 


r(2/c + 2) 


-(BA) k B 


1 


£ 

fc =0 
oo 

gr( 2t + 2),^r(a + i) 

E 2 ,i(AB) (E 2 , 2 (AB))A 
(. E 2 , 2 {BA))B E 2 ,i{BA) 


(AB) k A 


(BA)*' 


□ 


2.2 Kronecker product and vector operator 

Given two matrices A = [o.{j] G M rn n and S = \b l: j} G M p q the Kronecker 
product of A and B is defined by 

A 0 B \®ijB]ij G Af rn j ) rl q. 

The the vector operator Vec : Af m ,n —> C mn is defined for each A = [oy] by 

VeC A = [flu . . . Oral • • • ^12 • • ■ ^m 2 • ■ • ^lm • • • & mn ] . 

It is clear that Vec is a linear isomorphism. Algebraic properties of the Kronecker 
product and the vector operator used in this paper are as follows: 

Lemma 2.3 (see e.g. [9]). The map ( A,B ) >->• A® B is bilinear. The following 
properties hold for matrices of appropriate sizes: 

1. I m 0 I n — I mm 

2. {A <& B)(C ® D) = AC 0 BD, 

3. Vec (AXB) = ( B T 0 A) Vec X. 
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The Kronecker product is compatible with holomorphic functions in the 
following sense. 

Lemma 2.4 (see e.g.[9]). Let f be a holomorphic function defined on a region 
including the origin and the spectrum of A £ M n . Then f(I ® A) = I ® f(A) 
and f(A ® I) = f(A) ® I. In particular, the following relations hold for any 
A G M n : 

Ea,p(A ® /) = E a ^(A) ® I and E a< p(I ® A) = I ® E a> p(A), 

sinh(7l ® I) = sinh(A) ® I and sinlr(J ® A) = / ® sinh(A), 

cosh(T ® I) = cosli(A) <g> I and cosh (I ® A) = I ® cosh(7l). 

2.3 Matrix convolution product 

Let It = [0, oo) or O = [0, b] for some b > 0. The convolution is a binary 
operation assigned to each pair of integrable function / and g defined by 

( f*9){t)=[ f(r)g(t-T)dT, t€fl. 

J o 

The convolution is bilinear and commutative. Given two integrable matrix¬ 
valued functions A : O — > Aft) = [a.y(t)] and B : Q M n>p (R), 

B(t) = [6,j (t)], we define the matrix convolution product of A and B by 


(A*B)(t) 


aik ft) * bkjft ) 

_fc=l 


G M m>p fM), 


t G fL 


We may write Aft) * Bft ) for (Yl * B)(t). The matrix convolution product is 
bilinear, but not commutative in general. 


3 General solutions of systems of nonhomoge- 
neous coupled linear matrix differential equa¬ 
tions 

From now on, let A,B,C,D,E,F,G,H,J,K G M n { C) be given constant ma¬ 
trices and let U, V : H —> M n ( C) be given matrix-valued functions. We wish to 
solve certain systems of linear matrix differential equations in unknown matrix¬ 
valued functions X,Y : f2 —» M n ( C). 

Theorem 3.1. Assume that DB = HD, AC = CG , FH = BF, GE = EA. 
Then the general solution of the system of nonhomogeneous coupled linear matrix 
differential equations: 

X'ft) = AX{t)B + CY(t)D + Uft), 

Y'ft) = EX(t)F + GY(t)H + Vft) 1 ' 
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is given by 

Vec X{t) = e {t - to){BT ® A) - t 0 ) 2 M )) Vec X(t 0 ) 

+ (t~ to) (E 2 , 2 ((t - t 0 ) 2 M )) (D t ® C) Vec Y(t 0 ) 

+ (E 2}1 ((t-t 0 ) 2 M))*VecU(t) 

+ (t-t 0 )(E 2}2 ({t-t 0 ) 2 M))(D T ®C) * VecV(i)}, 

VecV(t) = e (t-*o)(ff T ®G){( t _ to )(E 2t2 {(t - t 0 ) 2 N) (F t ® £7) Vec V(f 0 ) 

+ (£7 2 , 1 ((t-to) 2 A r ))VecV(t 0 ) 

+ (t - ^o) {E 2 , 2 ({t - t 0 ) 2 N )) (F t (8 ) E) * Vec U(t) 

+ (£7 2 , 1 ((t-to) 2 tV))*VecV(t)}, 

(3.2) 

where M = ( FD) T ® CE and N = ( DF) T ®> -EC. 

Proof. Using Lemma 2.3, we can transform the system (3.1) into the vector 
form: 


"Vec X'ft) 


" B t ® A 

D t ®C' 

Vec X ft) 

+ 

"Vec Uft) 

Vec Y'(t) 


F T ®E 

H t ®G 

Vec Y ft) 

Vec V(t) 



' B T ® A 

0 


0 

D t ®c' 

Let us denote P= 

0 

H t ®G 

and Q= 

F T ® E 

0 


From (1.3), this system has the following solution: 


"Vec X(t) 

— p {t-t 0 )S 

'VecV(to)' 

+ e (t-to) s * 

Vec U ft) 

Vec Y ft) 

— o 

_VecY(t 0 )_ 

Vec V ft) 


where S=P + Q. Now, we will compute e s . Since DB = HD , AC = CG, 
FH = BF and GE = EA, by Lemma 2.3 we have PQ = QP. From which 
it follows from Lemma 2.1 that e s = e p+G = e p e G . By expanding the power 
series of matrix exponential, we have 


e 


p 


e B T ®A 

0 


0 

e h t ®g 


By Lemma 2.2, we have 


e 


Q - 


E 2 ,i{M) (E 2i2 (M))(E t ®C) 

(E 2 , 2 (N))(F t ®E) E 2A (N) 


Thus 


r S - 

e B T ®A Q 

" E 2>1 (M) 

(E 2>2 {M))(D t ®C) ' 

O — 

0 e RT ® G 

(E 2a {N)){F T ® E) 

E 2j1 (V) 


e BT ® A E 2tl (M) e BT ® A (E 2 , 2 {M)) (. D T ® C) 

e HT ® G {E 2 , 2 {N)) (F t ® E) e HT ® G E 2tl (N) 
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Denoting 

Ri = e < ' t - to)( ~ BT ® A) E 2 A {(t-t 0 ) 2 M), 

i? 2 = e^- t ^ BT ® A) (t-t 0 )(E 2t2 ((t-t 0 ) 2 M))(D T ®C), 

i? 3 = e( t - t °K HT ® G \t~t 0 )(E 2 , 2 {{t-t 0 ) 2 N))(F T ®£ 7 ), 

R a = e {t - to)(HT ® G) E 2 , 1 ((t-t 0 ) 2 N), 

we obtain 

{t—to)s Vec X(to) _ Ri R 2 VecX(to) _ R\ VecX(t 0 ) + R 2 XecY(t 0 ) 

[VecF(t 0 )J “ [R 3 Ri\ [VecV(t 0 )J " [R 3 YecX(t 0 ) + R 4 YecY(t 0 ) ' 

We also have 

(t-t 0 )s [Vec U(t) 1 _ [i?i R 2 ] [Vec U(t)~\ _ [i?i * Vec U{t) + R 2 * Vec V(t)' 

* [Vec V(t)\ ~ [i? 3 R a \ * [Vec V(t)\ ~ [i? 3 * Vec U(t) + i? 4 * Vec V(t) ’ 

Therefore, the general solution of (3.1) is given by (3.2). □ 

Corollary 3.2. Assume that DB = HD, AC = CG, FH = BF, GE = EA. 
Then the general solution of the system 

X'(t) = AX(t)B + CY(t)D, 

Y'{t ) = EX(t)F + GY(t)H 

is given by 

Vec X(t) = e (t - to)(BT ® A) {(E 2J ((t - t 0 ) 2 M )) Vec X(t 0 ) 

+ (t - to) [E 2 , 2 {{t - to ) 2 XI)) ( D T ® C) Vec Y(t 0 ), 

Vec Y(t) = e (*-*o)(ff T ®G){( t _ t() ) (E 2>2 ({t - t 0 ) 2 N)) (F t <g> E) VecX(< 0 ) 

+ (E 2A ((t-to) 2 N))XecY(t 0 )} 

(3.3) 

where M = ( FD) T ® CHI and N = ( DF) T ® £T7. 

Proof. Put [/(£) = V(t) = 0 in (3.2) and then use Lemma 2.3. □ 

The next result was firstly established in [1], 

Corollary 3.3. The general solution of the system 

X'(t) = AX(t)B + CY(t)D + U(t), 

Y'(t) = CX(t)D + AY (t)B + V (t) 1 ’ 

under the assumption that AC = CA and BD = DB, is given by 

Vec X(t) =e^~ to ^ B cosh L Vec X(t 0 ) + sinh L Vec V(t 0 ) 

+ cosh L * Vec U(t) + sinh L * Vec V(t )}, 

Vec Y ( t ) ® A l { sinh L Vec X(to) + cosh L Vec Y (to) 

+ sinh L * Vec U ( t) + cosh L * Vec V(t )}, 
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where L = (t — to)(D T ® (7). 

Proof. Put E = C, F = D, G — A and H — B in (3.2), and use Lemma 2.3. □ 

The corresponding homogeneous system of (3.4) is given by 

X'(t) = AX(t)B + CY(t)D, 

Y'(t) = CX(t)D + AY (t)B. 1 ' 

If AC = CA and BD = DB, then the general solution of (3.6) is reduced to 
Vec X{t) = e^~ to ^ B ® A ){ coshL VecX(fo) + sinhL VecV(fo)}, 

VecY(t) — sinh A VecX(t 0 ) + coshL VecT(to)}- 

This result was firstly obtained in [5]. 

Corollary 3.4. The general solution of the system 

X'(t) = AX{t)B + CY{t) + /7(f), 

Y'(t) = EX (ft) + GY(t)B + V(t) 

under the condition AC = CG, GE = EA, is given by 
Vec X(t) =e^- to ^ BT ^Vec{(E 2A (K 1 ))X(t 0 ) + {t - t 0 )(E 2 , 2 (K 1 ))CY(t 0 )} 
+ e ( t - t o)( B ' T ® A ) { (l n ® E 2 ,i (Ad)) * Vec U(t) 

+ (In ® (t ~ to) (A 2j2 (Ad))C) * Vec V(f)}, 

VecY(f) =e (^o)(s T ®G) Vec{(t-tv)(E 2i2 {K 2 j)EX(t 0 ) + (E 2tl (K 2 ))Y (t 0 )} 
+ e (‘-‘o)(s T ®G)| ( Jn 0 ( t _ to ) (e 2 , 2 {K 2 ))E) * Vec U(t) 

+ (l n ® E 2 ,i(K 2 )) * Vec V(t) j, 
where K\ = (t — to) 2 CE and K 2 = (t — t 0 ) 2 EC. 

Proof. Put H = B,D = F = I n in (3.2) and then use Lemmas 2.3 and 2.4. □ 

Corollary 3.5. The general solution of the system 

X'{t) = AX(t)B + Y(t ) + /7(f), 

Y'(f) = V(t) + AY(t)B + V(f) 

is given by 

Vec X(t) = e^ t °' ,( ' B ® A ^{ cosh(t — to) VecX(to) + sinh(t — to) Vec V(to) 

+ cosh(t — t 0 ) (J „2 * Vec U (t)) + sinh(t — t 0 ) (/ n 2 * Vec V (t))}, 
VecY(t) 1 sinh(t — t 0 ) VecX(t 0 ) + cosh(t — t 0 ) Vec Y(fo) 

+ sinh(t — t 0 ) (/„2 * Vec /7(f)) + cosh(f — f 0 ) (J n 2 * Vec V(f))}. 
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Proof. Put C = D = I n in (3.5) and then use Lemma 2.3. □ 

Corollary 3.6. The general solution of the system 

X'(t) = AX(t)B + U(t), 

Y'(ft) = EX (t)F + GY (t)H + V (t) 

under the condition FH = BF and GE = FA, is given hy 

Vec X(t) = e (t ~ to)(BT ® A) {VecX(t 0 ) + J* Vec U(t )}, 

Vec Y(i) = e (*-*o)(ff T ®c) Vec {(t - t 0 )EX(t 0 )F + Y{t 0 )} 

+ e (*-*o)(if T ®G) {(t - t 0 )(F T ® E) * Vec U(t) + I * Vec V{t)}. 

Proof. Put C = D = 0 in (3.2) and then use Lemma 2.3. □ 

Corollary 3.7. The general solution of equation X'(t) = AX(t)B + U(t) is 
given by Vec X(t) = e( t_t °h sT ® A )| Vec X(to) + I * Vec U(t)}. 

Proof. Put E = F = 0 in Corollary 3.6. □ 

4 Unique solution of initial value problem and 
a numerical example 

Consider the following initial value problem associated with the system (3.1): 

X'(t) = AX{t)B + CY(t)D + U(t), 

Y'(t) = EX(t)F + GY(t)H + V(t) 

subject to initial conditions V(0) = J and Y(0) = I\. Suppose DB = HD, 
AC = CG, FH = BF, GE = EA. In this case, the solution of this problem is 
unique and given by 

Vec X (ft) = e^ BT ® A) {(E 2 ,i(t 2 M)) Vec J + t(E 2a {t 2 M)) (D t ® C) Vec K 

+ (. E 2A {t 2 M )) *Vec U{t)+t(E 2:2 (t 2 M))(D T ®C) *VecV(t)}, 
Vec Y(t) =e t(HT ® G) {t(F 2 , 2 (t 2 N)(F T ®F) VecJ+ (E 2 ^(t 2 N)) VecK 

+ t(E 2t2 (t 2 N))(F T ® E) *VecU{t) + (E 2 ^{t 2 N)) *VecV(f)}, 

where M = ( FD) T ® CE and N = ( DF) T ® EC. 

Let us see a numerical example. 

Example 4.1. The initial value problem 

X'(t) = AX(t)B + Y(t) +U(t), 

Y'(t) = X(t) +AY(t)B + V(t) 

V(0) = J and Y(0) = K 
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with A = 


U(t) = 


—e 

1 


1 2 

3 4 
' 2 1 


,B = 


0 -1 

1 1 


1 

sinf 

tw i 


,V(t) = 


,J = 

1 

cost 


2 -1 
1 0 
e 2t ' 
sin 2 1 


. K = 


3 1 

1 -1 


has a unique solution given by 


Vec X(t) =e tw Vec 


Vec Y(t) = e tw Vec 


Here, W = 


0 0 
0 0 
-1 -2 
-3 -4 


wi(t) cosh t + W 2 (t) sinh t w 3 (t ) cosh t + W 4 ( t ) sinh t 
W 5 (t) cosh t + we(t) sinh t W 7 (t ) cosh t + wg ( t) sinh t 

w 2 {t) coshf + Wi(t) sinht wfft) cosht + w$(t) sinht 
wq (t) cosh t + W 5 ( t ) sinh t wg ( t) cosh t + W 7 (t) sinh t 

1 2 
3 4 

1 2 
3 4 


wi(t) = |(5 - e 2t ), w 2 {t) = 3 + t, w 3 (t) = —1 + t, W 4 ,(t) = |(1 + e 2t ), 
W 5 (t) = 1 + t, wg(t) = 1 + sint, W 7 (t) = 1 — cos t, wg(t) = —1(1 + cos2 1 ). 
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ABSTRACT 

In this paper, we deal with the form of the solutions and the periodicity character of the following systems of 
nonlinear difference equations of order two 

~ _ ZnXn—l + _ tn^n—1 

Zn+i TT ZjTT > N+i vy qy - t 

= L7 rl it t n —X ~zzZ n T: Zn—1 

where the initial conditions Z-\, Zo , t_i and to are nonzero real numbers. 

Keywords: recursive sequences, difference equations, periodic solution, solution of difference equation, sys¬ 
tem of difference equations. 

Mathematics Subject Classification: 39A10. 


1. INTRODUCTION 


Through this paper, we will obtain the form of the solutions of some nonlinear difference equations systems of 
order two of the following form 


_ t„-iZ n J, _ Zn-lin 

Zn + 1 ~ ±t„±t n _i> Ln + 1 ±Z n ±Z n - 1» 


where the initial conditions Z-\, Zq, t_i and to are nonzero real numbers. We will then investigate the periodicity 
character of the solutions of the systems under study. Finally we will present some numerical examples and some 
figures will be given to explain the behavior of the obtained solutions. 


The study of difference equations is a very rich research field, and difference equations have been applied 
in several mathematical models in biology, population dynamics, genetics, economics, medicine, and so forth. 
Solving difference equations and studying the asymptotic behavior of their solutions has attracted the attention 
of many authors, see for example [1-39]. 


El-Dessoky et al. [6] studied the periodic nature and the form of the solutions of nonlinear difference equations 
systems of order four 


Xnljn — 3 

Xn+1 ~ y„- 2 (±l±x n y n - 3 )’ 


VnXn -3 


2 (±l±J/„X n _ 3 ) 


Grove et al. [7] obtained the existence and behavior of solutions of the rational system 


... — Q | b ~ — c | d 

Jj n+ 1 — Xn T y n , y n + 1 — Xn ” r y„ ' 


Mansour et al. [8] investigated the periodic nature and get the form of the solutions of the following systems 
of rational difference equations 


_ X n -i _ Vn-1 

x n+l =Lx n _i y n —g’’ 2/ n TL ±y n —ix n —/' 
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El-Dessoky [9] studied the solutions of the rational equation systems 

2/n- lVn -2 
X n (±l±yn-lVn- 2 ) 


T _ Vn-iyn-2 _ X n -lX „-2 

^n+l — „ f+l+i, 


fc(il±jn-Utv-2) ‘ 

Touafek et al. [10] investigated the periodic nature and gave the form of the solutions of the following systems 
of rational second order difference equations 


Xn + 1 = X„_i(±l ±y n )i y n + 1 = 3 /„_i(±"l±x„) • 

Yang et al. [11] studied global behavior of the system of the two nonlinear difference equations 

x n+1 = i> J/rs+1 = 1+Xn ‘ 


Din et al. [6] studied the behavior of the solutions of the following system of difference equations 


•Trt+l /3+73/„y„_i2/ rl _23/Ti-3 ’ /3 i+7i 


aii/n-3 


x n a; n _ia; n _2iCn-3 


Definition 1. (Periodicity) 

A sequence {x n }ff = _ k is said to be periodic with period p if x n+p = x n for all n > —k. 

Definition 2. (Fibonacci Sequence) 

The sequence {/ m }“ =1 = {1, 2, 3, 5, 8, 13, 21, ...} i.e. f m+1 = f m + f m - 1 , m > 0, /_i =0, f 0 = 1 is 
called Fibonacci Sequence. 


2. THE FIRST SYSTEM: Z N+1 = 7 T ^+i = 

In this section, we investigate the solutions of the two difference equations system 

_ Z n tn— 1 4. _ t n Z n — l 

2 " +1 ““ t n —t n -i ’ tn +l — > 

where n £ No and the initial conditions z-i, zq, t-\ and to are arbitrary nonzero real numbers 


Theorem 2.1. Assume that {z n , t n } are solutions of system (1). Then for n = 0, 1, 2, ..., we see that all 
solutions of system ( 1 ) are given by the following formulae 


Z2n-1 


n —1 n —1 


FT 

(/2«-2Z0-/2.-lZ-l)(/2»-li0-/2«t-l) 

— TT 

11 

(/2i-l-^0 — f2iZ-l)(f2ito~ /2i + l^-l) : 

i ^2n — ^0 


i=0 i=0 


(f2i+l z 0~ f2i + 2Z-l)(f2ito—f2i+lt-l) ’ 


and 


t2n-l 


n—1 


t-i n 


i=0 


(/2i-lZQ-/2iZ-l)(/2i-2tQ-/2i-l*-l) 
(f 2 iZo — f 2 i + lZ-l)(f 2 i-lto — f 2 it-l) ’ 


t 2 n 


n—1 


t 0 n 


(f 2 i-lZQ-f 2 iZ-l)(f 2 ito-f 2 i+lt-l) 

(f2iZo—f2i + lZ-l)(f2i + lto—f2i+2t-l) ’ 


where {/ m }™=-2 = {1, 0, 1, 1, 2, 3, 5, 8, 13, ...}. 

Proof: For n = 0 the result holds. Now suppose that n > 0 and that our assumption holds for n — 1. that is, 


Z2n-3 

t2n-3 


n—2 


n—2 


TT 

(f2i-2ZQ — f2i-lZ-l)(f2i-lto — f2it-l) 

_ - -y,. 1 i 

11 

(/ 2 i-lZ 0 -/ 2 iZ-l)(/ 2 «to-/ 2 t+li-l) 

> z 2n—2 — 


i =0 2=0 

n—2 n—2 


(/2iZQ-/2«+lZ-l)(/2i-l*0-/2i*-l) 
(f2i + lZo — f2i+2Z-l)(f2ito — f2i + lt-l) 7 


‘-■n 

i =0 


(/2i-l Zg — J-j. . -du A. f . 1 

(f 2 iZ 0 -f 2 i+lZ-l)(f 2 i-lto-f 2 it-l) 7 


t2n-2 


to n 


{f2i — lZQ — f2iZ—i)(f2itQ — f2i+lt-l) 
(/ 2 . 20 -/ 2 «+lZ-l)(/ 2 «+lto-/ 2 »+ 2 t-l) ’ 
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Now we find from system (1) that 


Z2n-1 


Z2n-2t2n 


t2n 


~t2n-3 


n i—r (f2i z Q-f2i-\-l z -l)(f2i-l t Q-f2i t -l) 

0 -~_q (f2i+l z 0~f2i+2 z -l')(f2i t 0-f2i+l t -l') 


n 


(f2i 


1 z 0 ~ f2i z - 1 ) (f2i-2 t 0 ~f2i-l t -l') 

l)(/2i-l t 0“/2i t -l) 


y o (f2i z 0~f2i+l 


, *Vt (f2i — l z 0~f2i z — l)(f2i^0~f2i-\-l t — l) 

0 Mq (f 2i z 0~ f 2i+l 2 — 1 )(/2i + l *0 — / 2i+2* — 1) 


zot-i n 


(f2i z Q-f2i + l z -l')(f2i-l t Q-f2i t -l) 


to n 


l 0 (/2i+l 2: 0-/2i+2 2: -l)(/2i t 0-/2i+l t -l) 

(f2i — l t 0~J : 2i t — l^(f2i t 0~f2i+l t —O 
(f2i + l t 0-f2i+2 t -l)(f2i-2 t 0~f2i-l t -l) 


T-r (f2i-l z Q-f2i z -l)(f2i-2 t Q-f2i-l t -l) 

U2i z 0-f2i+l z -l)U2i-l t 0~f2i t -l') 


. r (f2i z Q-f2i+l z -l)(f2i-l t Q-f2i t -l) 

0 _1 ^4_q (/2i+l ;z 0-/2i+2 2: -l)(/2i t 0-/2i+l t -l) 


(*0 


(/— l t Q~/o t — l)(/ 2 n— 4 t 0~/2n — 3*- 

(f2n-3 t 0-f2n-2 t -l)(f-2 t 0~f-l t 


-l), 


-t- 


zq n 


(f2i z Q-f2i+l z -l)(f2i-l t Q-f2i t -l) 


=0 (-t2i + l 2 0-/2i+2 2 -l)(/2i*0-/2i + l*-l) f f 2 n-3to—f2n-2t- 


(/2n-4 t 0~/2n-3 t -l) 

if2n-3 t 0~f2n-2 t -l') 


-1 


/2n-3tQ— f2n-2t-l 


n n (f2i z 0-f2i+l z -l)(f2i-l t 0~f2i t -l) + t . \ 

%=Q (f2i + l z 0-f2i+2 z -l)(f2it0-f2i + lt-l)U 2ri - 3t0 •' 2n - 2 *- 1 ' 


n-2 




— /2n-4^0+/2n-3^-1 —/2n-3^0+/2n-2^-1 
(/2i^0~/2i + l^-l)(/2i-ltQ —/2jt_i) (/2rt-3tp ~/2n-21-1) 

(/2i + 1^0— f2i+2Z-l)(f2ito — f2i+lt-l) ( —/2n-2t0+/2n-lt-l) 


2=0 


T,— 1 


n 


2=0 


(f2i-2ZQ—f2i-lZ-i)(f2i-ltQ — f2it-l) 
(f2i-lZo-f2iZ-l)(f2ito~f2i + lt-l) ’ 


^2n—1 


t2n-2 z 2n-3 

Z2n-2~Z2n-3 

. (f2i-l z Q-f2i z -l)(f2i t Q-f2i + l t -l) 

0 ^~_q (/2i 2 0-/2z + l 2: -l)(/2i+l t 0-/2i+2 t -l) 


Vr 2 (/2i-2 z Q-/2i-l 2: -l)(/2i-l t 0-/22 t -l) 
_1 (/2i-l 2: 0-/2i 2: -l)(/2i t 0-/22+l t -l) 


*o n 


(/2i z 0-/2i+l 2: -l)(/22-l t 0-/2i t -l) 


i=0 ^2i + l 2: 0-/2i+2 2: -l)(/2i t 0-/2i+l t -l) 
n —2 

J- TT (f2i-lZQ — f2jZ-l)(f2jto — /2i+lt-l) 

_1 ^ • n (/ 2<^0 —/ 2 i+l«-l)(/ 2 i + lto —/ 2 i+ 2 t-l) 
2=0 


n 


(/2i-2 z 0-/2i-l z -l)(/2i-l t Q-/2i t -l) 

(/2i-l 2: 0-/2i 2: -l)(/2t t 0-/2i+l t -l) 


T, — 2 


zo n 


i =0 


(/2i-lgQ-/2«g-l)(/2i^0-/2i+lg-l) 
(f2i + lZ 0 -f2i+2Z-l)(f 2 i-2Z0-f2i-lZ-l) 


' Z-l 


n—2 

„ J. TT (f 2 i-lZQ — f 2 iZ-l)(f 2 ito — f 2 i+lt-l) 
0—1 0 f f (hiZo — f 2 i+lZ-l)(f 2 i+lto — f 2 i+ 2 t-l) 
1=0 


( f — 1 ^-0 fpZ—l)( f 2 n—4ZQ f 2 n — 3Z — l) 


(.fan-3Zo-f2n-2Z-l)(f-2Zo-f-lZ-l) 

n—2 


Z -1 


*o n 


(/2i-1^0~/22^-l)(/2itQ—/2i + lt-l) 


=0 (/«*0-/«+i*-i)(/2*+i*0 i #2i+2t-i) ^ / 2n -3^0 - f2n-2Z-l 

/2n-3~0 — f2n-2Z-l 


to n 


(/2n-4ZQ — /2n-3Z-l) _ 1 
(/2n-3«0 — f 2 n- 2 Z-l) 

(f2i-l z Q-f2i z -l')(f2i t Q-f2i+l t -l) 

1 (/2i JS 0-/2i + l ai -l)(/2i + l t 0-/2i+2 t -l) 


(f 2 n-3Z0-f2n-2Z-l) 


— f2n-iZ0+f2n-3Z-l—f 2n -3Z0+f2n-2Z-l 

(f2i-lZQ-f2iZ-l)(f2itQ-f2i + lt-l) (/2n-3ZQ-/2n-2*-l) 
(f 2 iZ 0 -f 2 i + lZ-l)(f 2 i + lt 0 -f 2 i+ 2 t-l) (-/2n-220 + /2n-l*-l) 


4-2 


f °n 


2=0 


n—1 

‘->n 


i=0 


(f 2 i-lZQ — f 2 iZ-l)(f 2 i- 2 to — f 2 i-lt-l) 

(/2iZ0-/2i+lZ-l)(/2«-li0-/2»t_l) 
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Also, we infer from system (1) that 


Z2n 


and so, 


^2 n 


2 n — 1 ^ 2 n — 2 
*2n—l *2n — 2 


Vt 1 (/2i-2 z 0~/2i-l z -l)(/2i-l t 0~/2i t -l) 
_1 i=0 (f2i-l z 0-f2i z -l)(f2i t 0~f2i+l t -l) 



(f2i-l z Q-f2i z -l)(f2i t Q-f2i + l t -l) 
(f2i z 0~ f2i + l z -l)(f 21+1*0 ~f2i+2 t -l) 



n — 1 

n 

i =0 


(f2i-l z Q-f2i z -l)(f2i-2 t Q-f2i-l t -l) 

U2i z 0-f2i+l z -l)U2i-l t 0~f2i t -l) 


n T -f 1 (f2i-2 z 0~ f2i-l z -l)(f 21-1*0-f2i*-l) 

,=0 (72i-l*0-/2i*-l)(/2i‘0-/2i+l‘-l) 

( "yd "t~t~ (f2i z 0~ f 2i+l g —l) 

l i f'2> Z Q - f'21 + I I J (/2i-l s 0 /2i z —l) 

"At 1 (/2t-2»Q-/2i-l»-l)(/2i-l t Q-f2t t -l) 

-1 jLp (72i-1^0-/2i»-l)(/2i«0-/2i+l«-l) / (f 2 „-2Z0-f 2 „-lZ- 1 ) \ 

l/2TT-3-n-/2n-2T-l) t l (/2n-220-/2n-l2-l) / 

(/2n-2 z 0 - /2n-l s -l ) 



r CT {f 2 i- 2 Zo — f 2 i-lZ- 1 )(f 2 i- 1 t 0 — f 2i t_ 1 ) 

0—1 .Af (hi-izo—hiZ-i)(f 2 ito—hi+\t-i) 


(f-2n-2Zo ~ f2n-lZ-l) 


— f2n-3ZQ + f2n-2Z~l ~ f2n-2ZQ + f2n-lZ-l 


n—1 

z -iU 

i=0 

n—1 


(f2i- 2 ZQ-f 2 i- 1 Z- 1 )(f 2i - 1 t 0 -f 2i t^ 1 ) (f 2n - 2 ZQ-f 2n -lZ-l) 

(/2«-lZ0-/2.Z-l)(/2«t0-/2i+lt-iJ (-/2n-lZ0+/2r>Z-l) 


n 


(/2iZ 0 -/2i + lZ-l)(/2i-l<0-/2i*-l) 
(f 2 i + lZo — f 2 i+ 2 Z-l)(f 2 ito — f 2 i + lt-l) > 


^2ri-1^2n-2 


n 


1 (/2i-l 2 0-/2i 2: -l)(/2i-2 t 0-/2i-l t -l) 


(/2i z 0 _ /2i + l z -l)(/2i-l t 0 _ /2i £ -l) 


n -r-r (/2i z 0-/2i + l z -l)(/2i-l t Q-/2i £ -l) 

0 (/2i+l 2 0 - /2i+2 2: -l)(/2i t 0 _ /2i+l t -l) 


*-i 11 —(7^7 

i=0 W2i 


1 (/2i-2 2: 0-/2i-l 2: -l)(/2i-l t 0-/2i £ -l) 


-1 z 0 — f 2i z — l) (f 2i*0 — f 2i + l* — l) ) ( Z ° (/2i + l z 0 ~ f2i+2 z -1 )(/2i *0 _ /2i + l * -1) 


(/22 z 0-/2i+l z -l)(/22-l £ 0-/2i £ -l) 


n 


1 (/2i-l z Q-/2i 2: -l)(/2i-2 t 0-/2i-l t -l) 
(f2i z 0 — f2i + l z -l )(f2i-l*0-f2i*-l) 


n 


1 (/2i-l £ 0-/2i*-l) 


n 


(/2i t 0~/2i+l t -l) 

(/2i-l £ 0-/2i £ -l) 


-1 


t -1 n 

i=0 


(/2i-lZQ-/2iZ-l)(/2i-2tQ-/2i-lt-l) 
(f2iZo-f2i + lZ—i)(f2i — lto — f2it-i) 


(/2n-3to — /2n-2t-l) 
(/2n —2*0 — /2n-lt-l) 


f (/2n-2tQ-/2n-lt-l) \ 
\ (/2ti-2<0 — /2ti-l<-l ) y 



n 


i=0 


(/2i-l z 0 - l2i s -l)(/2i-2 t 0 - /2T-l t -l) \ t t , j, , , 

(/2iZ0-/2i + lz-l)(/2i-lt0-/2i*-l) I \J2n—2 0 /2n-l -l) 


~ An-3*0 +/ 211 -2^-1 ~ An- 2 A +An-1^-1 


n—1 


‘-n 


i=0 

n—1 


{f2i-lZQ — f2iZ-l)(f21-2*0 — f2i-lt-l) {f2n-2*Q — f2n-l*-l) 
U2iZQ~ f2i + lZ-l){hi-lt 0 -hit-l) (~f2n-lto+f2nt-l) 


i-ifl 


(f2i-2tQ — f2i-lt-l) (f2n-2tp — f2n-lt-l) 
f2i-l*0—f2i*-l) ( — f2n-l*0+f2n*-l) 


i =0 

n—1 


f 0 n 


(Ai-lZp — Az^-1)(AiA~ A* + l^-l) 

(f 2 iZo — f 2 i+lZ-l)(f 2 i+lto — f 2 i+ 2 t-l) ' 


The proof is complete. 
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Example 1. For confirming the results of this section, we consider numerical example for the difference system 
(1) with the initial conditions z_i = 0.3, zq = 0.4, f__i = 0.15 and to = —0.1. (See Fig. 1). 


plot of z(n+1 )=t(n-1 )z(n)/(t(n)-t(n-1 )),t(n+1 )=z(n-1 )t(n)/(z(n)-z(n-1)) 



Figure 1. Plot the behavior of the solution of the system (1). 


3. THE SECOND SYSTEM: Z N+1 = £ Nl "- 1 , T N+1 = 

^ ijv —-tJV-l’ T —Z, N — 


TnZ n-i 

Z N -i 


We obtain, in this section, the form of the solutions of the difference equations system 

Zntn—l . tnZn—1 


Zn -\-1 — 


tn. tn 


tn-\-l 


Zn—1 


( 2 ) 


where n € No and the initial conditions Z- 1 , Zo, t-i and to are arbitrary non zero real numbers with Z-\ 7 ^ — Zo- 

Theorem 3.1. Let {z n , t n }^ff _ 1 be solutions of system (2). Then {z n }^=_ 1 and {t n }n=_ 1 are given by the 
formulae for n = 0 , 1 , 2 , ..., 


and 


Z-\ 7! 

Z4n+1 

^4n+2 

+1n-f-3 


_— z-izot-itp(zo+z-i) _ 

(f2 n -2Z0 + f2nZ-l){f2 n -lZ0 + f2n + lZ-l)(f2n-lt0-hn-2t-l){f2 n t0-f2n-lt-l) ’ 

_ Z- 1 Z 0 t- 1 t 0 (z 0 + Z_ 1 ) _ 

(f2n-2Z 0 +f2n.Z-l)(f2n-lZ 0 +f2n+lZ-l)(f2nto-f2n-lt-l)(f2n+lto—f2nt-l) ’ 
_ -z-izot-i*o(zo-|-z_i) _ 

(/2n-l*0+/2n+l*-l)(/2n«0+/2n+2«-l)(/2nt0 —/2n-lt-l)(/2n+l*0-/2n*-l) ’ 
_ Z—lZpt — 1 tp (zq + 2— 1)_ 

(/2n-l2 0 + /2n+lZ-l)(/2n20 + /2n+22-l)(/2n+lt0-/2nt-l)(/2n+2t0-/2n + lt-l) ’ 


1 -In 


(/2n-2 20+/2nZ-l)(/2nt0-/2^-lt-l) . _ - (hn- 12Q + /2n+l 2-1) (/2n*0 -/ 2 n-l *-1 ) 

(2 0 + 2_l) ’ + ! “ (2 0 +2_l) 

(/2n-120+/2n + 12-l)(/2r.+ l*0-/2n*-l) J- _ ~ (/2n2Q + / 2 n+2 2-1) (/ 2 r» + l *0-/2rt * -1) 

( 20 + 2 - 1 ) , r 4 n+3 - ( 20 + 2 -x) 


Proof: For n = 0 the result holds. Now suppose that n > 0 and that our assumption holds for n — 1. that is, 

— z-izgt-ito(zo+z-\) 


~4n—4 
^4n-3 
-^4n—2 
-24n— 1 


(/ 2 n —4 2o + / 2 n -2 2 _l)(/ 2 n — 32 0 +/ 2 n-l 2 _l)(/ 2 n —3*0 — /2r»-4*- 1 ) (/ 2 n- 2*0 — / 2 n —3*-l) ’ 

_ 2 -l 2 Q*-l*o( 20 + 2 -l)_ 

(/2n-420 + /2n-2 2-l)(/2„-320+/2n-l2_l)(/2n-2*0-/2n-3*-l)(/2n-l*0-/2n-2*-l) ’ 
_ —Z-l2Q*-l*o(2Q+2-l) _ 

(/2n-320+/2n-12_l)(/2n-2Z0+/2nZ_l)(/2n-2*0-/2n-3*-l)(/2n-l*0-/2n-2*-l) ’ 

_ 2 -lZQ*-l*o(zo + Z-l)_ 

(/27i-3Z0 + /2n-lZ-l)(/2n-2Z0+/2nZ-l)(/27i-l*0-/2n-2*-l)(/2n*0-/2n-l*-l) ’ 


1165 


El-Dessoky ET AL 1161-1172 


























J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 27, NO.7, 2019, COPYRIGHT 2019 EUDOXUS PRESS, LLC 


_ (f2n-4.ZQ + f2n-2Z-l)(f2n.-2to — f2n.-3t-l) , _ — (/2n-3ZQ + /2n-l Z- 1) (/2rt-2 *0 — f2n-31- 1) 

(zo+z-i) ’ 4rl_3 — (z 0 +z_i) 

_ (/2n-3ZQ + /2n-lZ-l)(/27»-ltQ —/2n-2*-l) , _ — (f2n-2Zp+f2n,Z- 1) (fen-1*0 — /2n-2*-l ) 

— (zo+Z-l) ’ 4n ~l (zo+Z-l) 


tin—4 
tin-2 

Now, we obtain from system (2) that 


Z4 n t4n-1 


Zin+l ~ t 4 n -t 4 . 


_ Z — l Zpt — \ tp (zq+ Z — i)_ 

t (/2n-2^0 + /2n^-l)(/2n-lZ:o + /2n+l2-l)(/2n-lto — /2ra-2*-l )(/2n A> — fzn-lt-l) 
-(/2»-2Z0+/2r.g-l)(/2n-l«0~/2n-2t-l) 

(zo+Z-l) 


? (/2n-2 s 0+/2Ti z -lH/2n £ 0-/2n — l £ l) 

, (*0 + *-l) 

z —l z Q t -l t o( z Q + I -l) 


7 -(/2n-2 i 0+/2n i -l)(/2n-l t 0-/2Ti-2 1 -l) ' 

J V (* 0 +*-i) 

/_ Ji -l 2 ; O t -l t o( z O + z -l) _\ 

V 1/2n-2 z 0 + /27i s — l)C/2n-1 s 0 + /2n + l g -1 >' 7~2 t, £ 0 ~f2n— 1 t - 1) / 

(/2n-l*0-/2n-2t-l) + (/2nio-/2n-lt-l) 

_Z_iZQt_ito(zo+Z_l)_ 

(/2n-220+/2n*-l)(/2n-l*0+/2n + l2-l)(/2nt0-/2n-lt-l)(/27 l +llt0-/2n*-l) ’ 


t. 


4n+l 


/ (/2r»-2ZQ + /2ng-l)(/2n*0-/2n-l*-l) A 

\ (zo+Z-l) ^ 


tjnZjn-l 
2 4n Z 4 n — 1 


(/27i-3Z!0+/2n-lZ:-l)(/2n-2Z0 + /2n*-l)(/2n-lt0-/2n-2t-l)(/27it0-/2T. 


- 1 * —1 ) ) 


Z — 1 Zq 7 — 1 7q (z 0 ~t~Z — j ) 


( 


i (/2n-2Z0+/2nZ-l)(/2n-lZ0+/2n+lZ-l)(/2n-lt0-/2n-2i-l)(/2nt0-/2n-lt-l) y 
_ Z_iZ 0 t-ito(zo+Z-l) _ 

(f2n-3ZO + f2n-lZ^ 1 )(f2n-2Z 0 + f2nZ-l)(f2n-lto-f2n-2t-l)(f2nto-f2n-lt-l) 
(f2n — 2 z Q + f2n z — l)(f2n t 0 — f2n — l t — l) \ / (/2n — 2 z 0 + /2ra 2 — 1)(/2n*0 — f2n— 1 * — 1) \ 


-1 + 


(ZQ + Z_l) _ 

(/2n-3 z 0 + /2ri-l z -l) 




_ ( *0 + ■--!> _ 

(f2n-3 z 0 + f2n-l z -l) 


(f2n-l z 0 + f2n + l z -l) (/2n-1 z 0 + /2n+l z -1) 

( (f2n-2 z 0 + f2n z -l)(f2n t Q-f2n-l t -l) \ ( (f2n - 2 z 0 +/2n z - 1) (/2n *0 ~ f2n - 1 * - 1) 

\ (gp+g-i) ) _ \ (gp+g_i) / 


( 2 0+ 2 1 ) 

(/2w-3 g 0 + /2n-l g -l) 

(/2n-l 2 0 + /2n+l 2 -l) 

-(/2n-1^0+/2n + l-g-l)(/2nt 0 -/2ri-l^-l) 

(zq+Z-x) 


( 2 Q + 2 — 1 ) 

(/2n-2 2 0 + /2rt 2 -l) 
(/2n-l z 0 + ^2n+l 2 -l) 


Also, we can prove the other relations. This completes the proof. 


Example 2. We assume that the initial conditions for the difference system (2) are z-\ = 0.38, zo = —17, f_i 
0.85 and to = 1-26. (See Fig. 2). 


plot of z(n+1 )=t(n-1 )z(n)/(t(n)-t(n-1 )),t(n+1 )=z(n-1 )t(n)/(-z(n)-z(n-1)) 



Figure 2. Sketch the behavior of the solution of the system (2). 
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4. PERIODICITY OF THE SYSTEMS 


In this section, we study the periodicity nature of the solutions of the following systems of the difference equations 


^ _ Z n tn — 1 4. _ tnZn — l 

Zn+1 ““ i > ln + 1 _ Z„ + Z„- 1 ' 

^ _ 2 l n £ n _l + _ t n z n -1 

— t„+t„-l ’ I? l+1 ~ Z„-Z„_l • 

^ _ z n t n -1 ± _ t n Z n _i 

Zn + 1 ~ ’ In +1 — -z„-z„_i • 

Where n = 0, 1, 2, ... and the initial conditions z_i, zo, t-i and to are arbitrary nonzero real numbers. 


( 3 ) 

( 4 ) 

( 5 ) 


Theorem 4.1. Suppose that {z n , t n } are solutions of difference equation system (3) with zo 7 ^ —z-i, to yf i_ 1 . 
Then all solutions of system (3) are periodic with period six and for n = 0, 1, 2, ..., 


ZQn—1 


Z-U 


ZQn — Zq j 


_ z 0 t -1 

z-6n+l — tg-t-i ’ 


Z6n+2 = 


t-i(zo+z_i) 
(t-i— to) ’ 


Z6n+3 = 


to(z 0 +z_i) 
(to — i— 1 ) ’ 


_ Z-ito 

Z6n+4 — (t_ 1 -t 0 ) > 


and 


-L _ J- -L _ -L -L _ Z—\tQ 1 _ Z—-\_{t.Q t— l) 1 _ Zp{t— 1 to) J- _ Zpt— 1 

r 6n-1 — r -l> r 6n — *0 j r 6n+l — ZQ + Z _ 1 > r 6n+2 — (^ 0+2 _i) ’ r 6n+3 — ( 2o + 2 _i) ’ r 6n+4 — • 


Proof: For n = 0 the result holds. Now suppose that n > 0 and that our assumption holds for n — 1. that is, 


ZQn—7 — Z—i, ZQ n —g — Zq, Z(j n _5 


zo£-i 

2 6n-4 


t ~1 (z u —Z i ) 
(t-1—to) ’ 


Zen-3 


to(zp+Z-i) 
(to —t_l) ’ 


Zen—2 


z-ltp 
(t-l — to) ’ 


and 


j. _ j. .£ _ ^ ^ _ 2-1 to -f _ 2 —l(to t_i) . _ Zo(t_l to) i _ 2 ot —1 

ten-7 — t-l, ten-6— to, 16n-5 — Zo + z _ 1 ^ ten-4 — ( Zo+2 _ 1 ) , * 6n-3 — ( ZQ+Z _ 1 ) J ten-2 ~ ( ZQ+Z _ 1 ) 


Now, we obtain from system (3) that 


Z6n— 1 — 


ten— 1 — 


2 ' 6 n — 


ten — 


26n-2+26n-3 



Z— 11 0 2 0 


2— 1 to2Q 


= 2 - 1 , 


2ot-lto 


2ot —lto 


= t-l, 


2 0 t_ 


26n-lt6„-2 _ 1 (zq+Z_i) _ _ : l2n/-j _ r 

2pt 1 _ t-i(z 0 +2_i)-Z 0 t-i _ “O’ 


tfin— 1 tg n _2 


1 (zo + 2 -l) 

2 — 1 tp 

t6n-l 26^-2 _ (t-l—tp) _ _ t . j 1 i /(i _ 

26n-l+26n-2 . z -lto Z- 1 (t_ 1 — to)+Z_ lto 

1+ (t-i-t 0 ) 


= to- 


We can prove the other relations similarly. The proof is completed. 

Theorem 4.2. If {z n , t n } are solutions of system. (4) with zo 7 ^ z-i, to 7 ^ — t-i- Then all solutions of system 
( 4 ) are periodic with period six and given by the formulae 


Znt-i t-i(zr\ — Z-i) tp(Z-i—Zp) Z-itp 

z 6n— 1 — Z- 1 , Zen — Zq, Ze n +1 ~ to +t-i ’ Z 6n+2 — (t 0 +t_i) ’ Z 6n+3 — (t 0 +t_i) ’ Z 6n+4 — t 0+t ._ 1 ’ 


ten— 1 — 


. . _ . . _ 2— 1 1 0 , _ Z_l(t 0 +t_l) , _ Z 0 (to+t-l) . _ 2 0 t — 1 

t-l) ten — to, 1 6n+l — Z g- Z _ 1 ’ ten+2 — ( Z _ 1 - ZQ ) ’ t6n+3 — ( Zo _ z _ 1 ) ’ t6n+4 — 


2-l-2 0 
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Theorem 4.3. Assume that {z n , t n } are solutions of difference equation system (5) with zo ^ —Z-i, to 7^ — 1_ 1. 
Then all solutions of system (5) are periodic with period six and for n = 0, 1, 2, 


Z(in— 1 


^ 6 n —1 


Z—h % 6n 


— ^0 5 -^6n+l — 


zq*-i 
to+t-i ’ 


•^ 6 n +2 — 


t_i (^Q+Z-l) 
1 ) 


lj ^6n — ^0? ^6n+l 


2 - 1*0 -l _ z- i(to+£-i) 

20 + 2 - 1 ’ 66n + 2 - ^ 


^6n+3 
^6n+3 = 


_ to(zQ-\-Z-i ) 
(*o+*— 1 ) 

Zo(t_i+t 0 ) 
(z 0 +Z- 1 ) ’ 


^6n+4 — 
te,n+A = - ZQ+Z 


t 0 +t- 
zq t — 1 


Example 3. See Figure (3) where we take system (3) with the initial conditions z_ 1 = 0.18, zo = 0.17, t_i = 0.5 
and to = 0 . 86 . 


plot of z(n+1 )=t(n-1 )z(n)/(t(n)-t(n-1 )),t(n+1 )=z(n-1 )t(n)/(z(n)+z(n-1)) 



Figure 3. Draw the behavior of the solution of the system (3). 


5. OTHER SYSTEMS 


I 11 this section, we obtain the form of the solutions of the follwing systems of the difference equations. 


Theorem 5.1. If {z n , t n } are solutions of system 

Z n t n —i + _ t n Zn — 1 

Zn+1 ~ ’ tn + 1 _ — Z n — Zn— 1 ’ 


( 6 ) 


where n € No and the initial conditions z_ 1 , zo , f_i and to are arbitrary non zero real numbers, then for 
n = 0 , 1 , 2 ,..., 


~2n-l 


t2n— 1 


n—1 



i =0 
n—1 


(f2i-2ZQ + f2i-lZ- 1 )(f2i-lto-f 2 it^ 1 ) 

(f2i-lZ 0 +f 2 iZ-l){f2it 0 -f2i+lt-l) > 


<->n 

i =0 


(f2i-lZ0+f2iZ- 1 )(f 2 i-lt- 1 -f 2 i- 2 t 0 ) 

(f 2 iZo+f 2 i + lZ- 1 )(f 2 it- 1 -f 2 i-lto) ’ 


n—1 

_ __ _ TT (hi z o+f2i+iz- 1 )(,f 2 i-it 0 -f2it- 1 ) 

~2n -Z 0 |J_ (/ 2i+l20 +/ 2i+2 z_ 1 )(/ 2i t 0 -/ 2i+1 t_ 1 )’ 
i=0 
n—1 

J- _ J- I I (f2i-lZo + f 2 iZ-l)(f 2 ito — f 2 j + lt-l) 

b2n ~ 00 II (f2iZ 0 +f2i + lZ- 1 ){f 2i+1 to-f2i + 2t-l)- 
i =0 


-1 

such that Yl Ai — 1 . 

i=0 
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Theorem 5.2. The solutions of system 


Zn -\-1 


Zntn-l * 

-t n -t n -i > L n+l 


t n Zn — 1 
-2n + ^n-l ’ 


( 7 ) 


are given by the relations 


Z2n-1 


t2n-l 


n —1 



i=0 

n— 1 


(/2i-l-2-l —/2i-2-go)(/2i-l^Q+/2i^-l) 
(f2iZ-l— f2i-lZo)(f2ito+f2i+lt-l) ’ 


<->n 

i=0 


(/2i-l^Q —/2tZ-l)(/2i-2to + /2i-l*-l) 

(/ 2 i^ 0 -/ 2 i + ia-l)(/ 2 i-l <0 + / 2 it-l) ’ 


n—1 

. __ ~ TT (f2iZQ-f2i+lZ- 1 )(fci- 1 to + f 2 it- 1 ) 

~2n XX (hi+iZo — / 2 i+ 2 «-i)(/ 2 ito+/ 2 i+ii-i) ’ 

i =0 

n—1 

f _ 4- I I (/2i-1^0~/2i^-l)(/2i^0+/2i+l^-l) 

^2n - 6 0 (/ 2i z 0 -/2i + l«-l)(/2i + l*0+/2i+2t-l)’ 

2=0 


-1 

where n € No and the initial conditions z-i, zo, t- 1 and to are arbitrary non zero real numbers and Yl Ai = 1 . 

i =o 


Theorem 5.3. Suppose that {z n , t n }^_ 1 are solutions of system 


^ _ Z n tn — 1 4 . _ tnZn — l 

Zn+1 ~ > tn + 1 ~ + • 


( 8 ) 


where n € No and the initial conditions z-i, zo, t_i and to are arbitrary non zero real numbers with Z-\ ^ —zo- 
Then and {t n }n=_i are given by the formula for n = 0, 1, 2, ..., 


and 


Z4n 

Z4n-t-l 

Z4n+2 

Z4n+3 


_ Z-lZQt-lto(ZQ+Z-l) _ 

(f2n-2Zo+f2nZ-l)(f2n-lZ 0 +f2n+lZ-l)(f 2 n-lt-l+f2n-2to)(f2nt-l+f2n-lto) ’ 

_ —Z-lZQt-lto(ZQ+Z-l) _ 

(f2n-2Zo + f2nZ-l)(f2n-lZo + f2n + lZ-l)(f 2 nt-l + f2n-lto)(f2n+lt-l+f2nto) ’ 
_ Z-lSot-ltpUp + Z-l) _ 

(f2n-lZO + f2n+lZ-l)(f 2 nZO + f2n+2Z-l)(f2nt-l+f2n-lto)(f2n+lt-l+f2nto) ’ 

_ —Z-lZ 0 t-lto(zo+Z-l) _ 

(f2n-lZo-ef2n+lZ-l)(f2nZo-ef 2 n+2Z-l)(f2n+lt-l-ef2nto)(f2n+2t~l+f2n+lto) ’ 


j. _ (f2n-2ZQ+f2nZ-l)(f 2n to+f2n-lt-l) i _ (An- 1 ZQ + /2n+l Z- 1 ) (f 2 n to + f 2 n- 1 1- 1 ) 

Mn ~ (Z 0 +Z-!) ’ t4n + 1 “ (ZQ + Z-I) 

4- _ (/2n-1^0+/2n + l^-l)(/2n+1^0 + /2nt-l) , _ (/2n^0+/2n+2^) {f2n + lto + f 2n t- j ) 

Mn+2 — (zq+z-!) ’ Mn+3 — (« 0 +«-i) 


Theorem 5.4. Let {z n ^t n } n ^ ) _ 1 be solutions of system 

Zntn — 


Zn- j-1 — 


-tn+t. 


1 + _ InZn-1 

_1 ’ bn + 1 ~ Z n -Z„_i ' 


JTien { 2 ri }+^l 1 and {tnE^i are given by the following expressions for n = 0 , 1 , 2 ,..., 


and 


^4n — 


z-izot-ito(zo-z-i) 


{f2n-2Zo-f2nZ-l)(f 2 „~lZo-f2n+lZ-l)(f 2 „-lto-f 2 „-2t-l)(f 2 nto-f2n-lt-l) ’ 

_ _ Z-lZot-lto(zo-Z-l) _ 

~ 4 n+l (f 2 n-2Zo — f2nZ-l)(f 2 n-lZo—f2n+lZ-l)(f 2 nt 0 —f 2 n - 1 t_ 1 )(f 2 n+ 1 t 0 — f2r,t- 1 ) > 

_ _ — Z-lZQt-lto(zo — Z-l) _ 

'-'4n+2 (f 2 n — lZo — f 2 n + lZ-l)(f 2n Zo — f 2 n+ 2 Z — l)(f 2 nto — f 2 n-lt-l ) (f 2 n + l *0 — f 2 nt- 1 ) 7 

_ _ -Z-lZQt-lto(zo-Z-l) _ 

4n+3 (/2n-l«0 — An+l^-l )(f 2 nZo — f 2 n + 2 Z-l)(f 2 n + lto — f 2 nt-l )(/2n + 2ip — f 2 n+lt-l ) ’ 


t 1 r, 


t4n+2 — 


(f2n-2ZQ-f2nZ-l)(f 2Tl to-f 2n -lt-l) , 
(zp-Z-l) ’ 

_ (/2n-lZQ-/2n + lZ-l)(/2n+l*0-/2nt-l) 

(zp-Z_l) 


-(/2n-1^0-/2n + lZ-l)(/2nto-/2n-l*-l) 

(z 0 -Z_l) ’ 

+ _ -(/2nZO-/2n+2b)(/2n+lto-/2nt-l) 

’ Un + 3 “ (z 0 -Z-l) 


(9) 
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where n € No and the initial conditions z-i, zo, t_i and to are arbitrary non zero real numbers with Z -1 fz zo. 
Theorem 5.5. Let {z n , t n }^_ 1 be solutions of system 

( 10 ) 


^ _ Z n tn— l _f_ _ t n Z n _l 

Zn + 1 — i ’ tn + 1 ~ ’ 


where n € No and the initial conditions z-i, zo, t-\ and to are arbitrary non zero real numbers with t -1 / — to- 
T/ierc {z n }+f °_i and are given by the following relations for n = 0, 1, 2, ..., 


^4n — 


_ (f 2 nZQ-f 2 n-lZ-l)(f 2 n- 2 tQ + f 2 nt-l) 


to+i—1 


5 ^4n+l — 


_ (/2n3Q-/2n-lS-l)(/2n-l*0+/2n + l*-l) 


i()+i —1 


_ (/2n+1^0-/2n«-l)(/2n-lt0+/2n + lt-l) „ _ (/2n + l ^0-/ 2 n2-1) (/2nio+/2n+2i-1) 

*4n+2 - t+Ttj > Z in+3 ~ t^+tZl 


and 


14 r 


-ZQZ-lt 0 t- 1 (to+t- 1 ) 


(f'2n—\ Zq — f' 2 n- 2 Z- \ )(f' 2 nZ<j- f‘2n- \ Z- \ )f/'2n-2Rj+/2rT-1 )(f‘2n- \ tlJ+.f'2n+\ i-1 ) ’ 
Z0Z-lM-l(*0+*_l) 


^4n+l (/2n«0-/2n-l2-l)(/2n+l20~/2n2-l)(/2n-2t0 + /2nt-l)(/2n-l<0+/2n + lt-l) ’ 

J. _ _ —2Q3_ 1 ^Q^_ 1 (^Q+f_ 1 ) _ 

4 ”+^ (/2n20 —/2n-lZ-l)(/2n+l20 — /2n2-l )(/ 2 n-lto + /2n+l*-l )(/2n*0 + /2n+2<-l) ’ 

ZQZ_ltot_l(tQ+t-l) 


+rt+3 — 


(/2n+l2Q—/2n2_l)(/2n+2 2o —/2n+l2_l)(/2n-l*0 + /2n + l*-l)(/2nio+/2n + 2*-l) * 


Theorem 5.6. Suppose that {z n , t n } n ™_ 1 be solutions of system 

_ Zntn -1 . _ tnZn-1 

Z n + 1 — Ol+l — — 

Then {z n }+=+ and are given by the following relations for n = 0, 1, 2, 


and 


£4 n — 


_ (f2nZQ—f2n-lZ-l)(f2n-2to — f2n~t-l) 


to~t- 


_ (f2n+lZQ — f2nZ-l)(f2n-ltQ — f2n + lt-l) 

tn—t — 1 


_ —(f2nZo — f2n-lZ-l)(f2n-lto—f2n + lt-l) 

■ ' 

_ -(f2n + lZ0-f2nZ-l)(f2nt0-f2n+2t-l) 


? -2471+3 — 


tn - ^-1 


— ZoZ-itot-ifoo — t_i) 


~ (/2, 

i-l ZQ — 

h 

n-2Z-l)(/2«Z0 

~f2n 


i-2^0 — 

/2. 

l i-l)(/2n-l 

.to- 

/ 2 »+it_i) 






ZQZ- 

.itot-i(to — 

■i-l) 





= or 

o 

1 

~ 

l2-l)(/2? 

i+l z 0 

~f2n 

Z— 1) (72n —S 

ito-fl 


l)(/2n-li0 

~/2 

n+li-l)’ 






~ZqZ. 

-l*0*-l(*0- 

-i-l) 





= Cfe 

o 

1 

~ 

lZ-l)(f2i 

i+l Zo 

~f2n 

■ Z — 1) (f 2 n — ] 

lt0~f2 

n + 1 

,i-l)(/ 2 nio 

-/2 

n+2i-l)’ 






ZQZ 

-ltot-i (to 

-i-l) 





= (hr 

1 

o 

+ 

~h: 


i+2 Zq- 

fin 

+ l z -l)(/2n 

i-iip — 

7^ 

+ li-l)(/2n 

io — 

fln+ 2 t-l) ' 


( 11 ) 


£4n+2 — 

^4 n 
^4n+l 
^4n+2 
^4n+3 

w/iere n G No and the initial conditions Z- 1 , 2 : 0 , t_i and to are arbitrary non zero real numbers with t_ 1 ^ to- 


Theorem 5.7. Let {£n?^n} n ^i be solutions of system 

Zntn — 


£? 2 +l — 


tn+*7 


_ x j Li+i — 


t n Z n 


-Zn—Zn-1 


Then {z n }n=-i and {t n } n =-i are given by the following relations for n = 0, 1, 2, ..., 

_ U2nZQ+f2n-lZ-l)(f2n-2tQ + f2nt-l) _ (/ 2w Zq +/ 2 n -1 3- 1) (/2n- 1 ip+/2n + l t- 1) 

^ 4n “ to+t-i ’ ^ 4n+1 “ to+t-i : 

_ (/2n+l30+/2nS-l)(/2n-l*0+/2n + l*-l) „ _ (/2n + l ^0 +/2nZ-1) (/2nio+/2n+2i-1) 

Z4 ™+ 2 - -t7+L“i-’ Z4n + 3 “-iT+i^-’ 


( 12 ) 
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and 


_ — ZQZ-ltot-l(to+t_l) _ 

(/2n-lZ0+/2n-2Z-l)(/2nZ0+/2n-l2-l)(/2n-2t0+/2nt-l)(/2n-lt0+/2n+li-l) ’ 

_ ZQZ-ltot-l(tQ+t-l) _ 

(/ 2 «Zo+/ 2 «-lZ^l)(/ 2 n+l 20 + / 2 n^-l)(/ 2 n- 2*0 + / 2 ni^l )(/ 2 «-lto + / 2 n+l*-l) ’ 

_ —ZQZ-ltot-l(tQ+t-l) _ 

(/2«20+/2n-l«-l)(/2n+l20 + /2nZ-l)(/2n-l*0 + /2n+lt-l)(/2n*0 + /2n+2*-l) ’ 

_ ZQZ-ltot-l(to+t_l) _ 

(/2n+lZ0 + /2nZ-l)(/2n+2Z0 + /2n+lZ-l)(/2n-lt0+/2n+li-l)(/2nt0 + /2n+2t-l) ' 

where n € No and the initial conditions z_\, z$, i_i and to are arbitrary non zero real numbers with t_i ^ —to- 
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Abstract 

Here we present Hardy type integral inequalities for Choquet inte¬ 
grals. These are very general inequalities involving convex and increasing 
functions. Initially we collect a rich machinery of results about Choquet 
integrals needed next, and we prove also results of their own merit such 
as, Clioquet-Holder’s inequalities for more than two functions and a mul¬ 
tivariate Choquet-Fubini’s theorem. The main proving tool here is the 
property of comonotonicity of functions. We finish with independent es¬ 
timates on left and right Riemann-Liouville-Choquet fractional integrals. 

2010 AMS Mathematics Subject Classification: 26A33, 26D10 26D15, 
26E50, 28E10. 

Keywords and Phrases: Choquet integral, Hardy inequality, comonotonic¬ 
ity, fractional integral, convexity. 


1 Introduction 

To motivate the work in this article we mention the Riemann-Liouville fractional 
integrals, see [9]. Let [a, b ], (—oo < a < b < oo) be a finite interval on the real 
axis R. The left and right Riemann-Liouville fractional integrals Ia+f and /“_/ 
(respectively) of order a > 0 are defined by 

( J a+f) 0*0 = J f (t) (x - t) a ~ l dt, (x>a), 

(Ib-f) 0*0 = J f (t) (t - x)“ _1 dt , (x < b ), 

where T is the Gamma function. 

We mention a basic property of the operators J“ + / and Ig_f of order a > 0, 
see also [11]: It holds that the fractional integral operators Ia+f and are 
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bounded in L p (a,b ), 1 < p < oo, that is 

j/“+/|| p < A-ll/llp, ||4 a -/|| p <K\\f\\ p , 

where 

(6-oT 

aT (a) 

The first inequality that is the result involving the left-sided fractional integral, 
was proved by H.G. Hardy in one of his first papers, see [7]. He did not write 
down the constant, but the calculation of the constant was hidden inside his 
proof. 

General Hardy inequalities of the above type were derived also in [8] and 

[1], We continue this kind of research for Choquet integrals based on the 
comonotonicity property of functions and convexity. We derive a wide range 
of Choquet integral inequalities of Hardy type. 


2 Background 

In this section we give some definitions and basic properties of Choquet integral 
essential for this work. 

Definition 1 ([15]) Let X be a non-empty set, IF be a tr-algebra of subsets of 
X and p : F —> [0, oo] be a nonnegative real-valued set function, p is said to be 
a fuzzy measure iff: 

(1) p (0) = 0, 

(2) for any A, B € F, A C B implies p {A) < p ( B ) (monotonicity), 

(3) for {A n } C Ai C i 2 C ... C A n C ..., implies lim p(A n ) = 

n—> oo 

p (J , )fL 1 A n ) (continuity from below) 

(4) for {A n } C F, Ai D A 2 A ... D A n D p(A{) < 00, implies 

lim p(A n ) = (continuity from above). 

n—> 00 

If p is a fuzzy measure from F to [0,1] with p(X) = 1, p is called a regular 
fuzzy measure. If p is a fuzzy measure, ( X,F,p ) is called a fuzzy measure space 
and ( X , F) is a fuzzy measurable space. Clearly p is not necessarily an additive 
measure. Let F be the set of all real-valued nonnegative measurable functions 
defined on X. 

Definition 2 ([10]) Let ( X,F,p ) be a fuzzy measure space, p is said to be 
submodular (supermodular) if 

p(A<l B) + p(AU B) < (>) p (A) + p (B ), \/A,BCF. (1) 

Definition 3 ([4]) Let f,g£F, f and g are said to be comonotonic iff f ( x ) < 
/ (x') implies g ( x ) < g (x'), V x, x' £ X. 
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Definition 4 ([5], [16]) Let (X,F,p) be a fuzzy measure space, f £ F and 
A £ T. The Choquet integral of f with respect to p on A is defined by 

(C) f fdp = f p(An{x\f(x)>a})da. (2) 

Ja Jo 

If ( C)f x fdp < oo, we call f (C)-integrable, L i (p) is the set of all ( C )- 
integrable function. 

Clearly ( C ) f x fdp < oo, implies ( C ) f A fdp < oo. 

Theorem 5 ([If]) Let (X,F,p) be a fuzzy measurable space, {fi,f 2 ,f} C F, 
A,B £ T and c > 0 constant. Then, 

(!) if h( A ) = 0, then ( C) f A fdp = 0, 

( 2 ) ( c ) I a cd i l = C T ( A ) > 

(3) if f i < / 2 , then 

(C) [ hdp < (C) [ f 2 dp, (3) 

J A J A 

U) if Ac B, then (C) f A fdp < (C) f B fdp, 

( 5 ) (C) f A (f + c)dp= (C) f A fdp + cp ( A ), 

(6) (C)f A cfdp = c((C)f A fdp). 

Theorem 6 ([5]) Let (X,F,p) be a fuzzy measure space and f,g £ F. Then 

(1) if f,g are comonotonic, then for any A £ F, 

(C) [ (/ + g) dp = (C) [ fdp + (C) [ gdp, (4) 

Ja Ja Ja 

(2) if p is submodular, then for any A £ T, 

(C) f (/ + g) dp < (C) [ fdp + (C) f gdp. (5) 

Ja Ja Ja 

The Jensen’s inequality for Choquet integrals follows: 

Theorem 7 ([13]) Let (X,F,p) be a fuzzy measure space and f £ L\ ( p ). If p 
is a regular fuzzy measure and < f> : [0, oo) —■> [0, oo) is a convex function, then 

4> ((C) J fdp)j < (C) j $ (/) dp. (6) 

Corollary 8 ([13]) Let (X,F,p) be a fuzzy measure space and f £ L\ (p). If 
p is a regular fuzzy measure, then 

( { C)j x fdp) P < { C)j x Fdp, (7) 

for any 1 < p < oo. 
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Theorem 9 ([13]) (Holder’s inequality) Let (X, T, p) be a fuzzy measure space 
and f,g £ F. If p is a submodular fuzzy measure and 1 < p, q < oo with 
\ + \ = 1> then 

(C) j fgdu < ((C) £ rdi?j P ((C) J gLIp^j " . (8) 

Theorem 10 ([13]) (Minkowski inequality) Let (X,F,p) be a fuzzy measure 
space and f,g £ F. If p is a submodular fuzzy measure and 1 < p < oo, then 

( (C) Ix (/ + 9)P dfl ) P - ( (C) lx FdP + ( (C) lx gPdAt ) P ' (9) 

We give 


Theorem 11 (Holder’s inequality for three functions) Let (X,F,p) be a fuzzy 
measure space and /i,/ 2,/3 £ F. If p is a submodular fuzzy measure and 
I<P1<P2<P3<00 with ± ± ± = l, then 


1.x 


ix 


(C) / hf2hdp<((c) / fT'dfj ) (C) / /f d/i) (C) / fi*dp 


lx 


lx 


Proof. Let p = -^-r > 1 and q = P 3 - Notice that - + - = 1. 

1 p 3 — 1 -i ± <-> p q 

We apply (8) as follows 


( 10 ) 


(C) hf 2 f 3 dp < (JC) (fif2) P dp ) ((C)/ ffdp 


We see that 


P , P 


Pi P 2 

Pi P2 
P ’ l 

Therefore we get 


1 1 


- + -=P - + - =P 1-- =P 


Pi P 2 


P 3 


jf . 

( 11 ) 

p»-o = i 

P 3 J 

( 12 ) 


Clearly it holds ^ > 1. 


( 8 ) 


(C) / flftdp < [(C) f] ” dp 


ix 


,£L \ pi 


IX 


P2 \ p 2 


dp) = 


(13) 


/x 


(<?) /fVi/i (C) /fd/i 


/x 


That is 


/x 


(<?) / (fifiYdp) < (C) / /fdp (C) / ffdp 


ix 


IX 


Combining (11) and (14), we produce (10). 
In general we have 


(14) 


4 


1176 


ANASTASSIOU 1173-1188 



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 27, NO.7, 2019, COPYRIGHT 2019 EUDOXUS PRESS, LLC 


Theorem 12 (Holder’s inequality for n functions) Let (X,lF,p) be a fuzzy mea¬ 
sure space and fi € F, i = 1 ,n € N. If p is a submodular fuzzy measure and 

n 

1 < Pi < P 2 < ••• < Pn < oo with ^2 = 1? 

4=1 


(c) / ii/idM < n (cc') / /r^) P! • (is) 

•' X »= 1 i=l ' 7 

Proof. By induction. ■ 

Remark 13 Let A be a o-algebra, and let C A be a family of pairwise 

disjoint sets. Here V is a probability measure on (X, A) with only the finite 
additivity property valid: i.e., 


P(Jl =1 A k ) = Y J P{A k ), Vne N. 

k =1 


We observe that 

n oo 

P (U f =1 A k ) = lim P (U n k=1 A k ) = lim £ P (. A k ) = £ P (A k ). (16) 

fc=l fe=l 

That is, the countable additivity propeHy holds, hence P is a usual probability 
measure. 


Notice that a er-algebra on X is also an algebra of subsets of X. 

Definition 14 ([3], [6]) For every space Cl and algebra A of subsets of II a set- 
function a : A — > K. is called a (normalized) capacity if it satisfies the following: 

(i) 

cr(0) = O, er (12) = 1, (17) 

(ii) V A,Bg A: AC B^o(A)<o(B). 

From (i) and (ii) we get that the range of a is contained in [0,1]. 

In general the Clroquet integral is defined as follows: 


Definition 15 ([3], [12]) Let (Cl, .4) be an algebra and f : —> K. is a bounded 
A-measurable function and a is any (normalized) capacity on Cl we define the 
Choquet integral of f with respect to a to be the number 


(C) f f (uf) do (ui) = f a ({w € Cl : / (w) > a}) da+ 
Jn Jo 


(18) 


[o (id € Cl : f (u>) > a}) — 1] da, 
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where the integrals are taken in the sense of Riemann. 

A (normalized) capacity a is called probability ([6]) iff 

V A, B £ A : a (A U B) + a (An B) = a (A) + a {B) . (19) 

Notice that since the integrands are monotone, the Choquet integral always ex¬ 
ists, and if cr is a probability it collapses to a usual Lebesgue integral. 

Definition 16 ([6]) Let f, g : Li —> ffi. be two bounded A-measurable functions. 
We say that f and g are comonotonic, if for every £ £2, 

(f^)-f(u/))(g{u)-g(u/))>0. (20) 

A class of functions IF* is said to be comonotonic if for every f,g £ F*, f and 
g are comonotonic. 


Proposition 17 ([6]) If cr and A are (normalized) capacities on the algebra 
(£2,4), and /, g : LI —> ffi. are bounded A-measurable functions then: 

(i) 

(C) [ l A da = a{A), V A £ A, (21) 

J n 

where 1 A is the characteristic function on A, 

(ii) (positive homogeneity) 

(C) [ pf da =p( (C) [ fda) , for every p> 0, (22) 

(in) (monotonicity) f > g implies 

(C) [ fda > (C) [ gda , (23) 

Jn Jn 

M 

(C) f (/ +p) da = (C) f fda+p, Vpgl, (24) 

Jn Jn 

(v) (comonotonic additivity) If f,g are comonotonic then 

(■ C) [ (/ + g) da = (C) f fda + (C) f gda. (25) 

Jr2 Jo, JQ 

We need the very important 


Lemma 18 ([6]) Let (fl,4) be an algebra. Suppose that T* is a comonotonic 
class of bounded and A-measurable functions from Li into R and a is a (normal¬ 
ized) capacity on (S2,4). Then there exists a probability measure P on (£2,4) 
such that for every f £ IF* 

[ fda = [ fdP. (26) 

Jn Jn 

Here f n fdP is a standard integral of Lebesgue type. 
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Based on Remark 13, Lemma 18 is still valid in case that (fl,4) is a o- 
algebra. 

Definition 19 ([6]) Let X, Y be two sets and Z = X x Y. Let f : Z —> R. We 
say that f has comonotonic x-sections if for every x,x' € X, f (x, •) : Y —> R, 
and f (x' , •) : Y —> R are comonotonic functions. Comonotonicity of y-sections 
is similarly defined. We call f slice-comonotonic if it has both comonotonic 
x-sections and y-sections. 

Remark 20 Notice that Definitions If-16 and Proposition 17, are still valid 
when (fi, .4) is a o-algebra. 

Next we mention Fubini’s theorem for Clroquet integrals. 

Theorem 21 ([2]) Let (fli,Ei), (122, E 2 ) be a-algebras. Let Ui, i = 1,2 be 
submodular (or supermodular) regular fuzzy measures on Cli, respectively. Let 
Cl = fii x 1^2 be endowed with the product < 7 -algebra E = Ei (g> E 2 . Let f : 
Cli x Cl 2 —> R be a slice-comonotonic bounded Y-measurable mapping, then: 

1) f (-,co 2 ) is Yi-measurable and W 2 € H 2 ^ (C) / (s, 1 x 2 ) du\ (s) is 

bounded and E 2 - measurable, 

f (to 1 , •) is ^-measurable and oj\ £ fii —> (C) f (ui\,t) du 2 (t) is bounded 
and E 1 -measurable, 

2) the iterated integrals (C) f n fdu\du 2 , (C) fdu 2 du\ exist and 

are equal: 

(C) [ ((C) f f (wi,w 2 ) du(] du 2 = (C) f ((C) [ f (u 1 ,w 2 )du^\ dm. 

JCI 2 V " r2i J J f2i V J Q 2 / 

(27) 


We give 

n 

Definition 22 Let f : 12,; —» R, n € N. If the i-sections 

i—1 

f (xi,Xi-\, Xi+i ,..., x n ) and f (x^,..., x' i _ 1 , x ' i+1 ,..., x' n ) are comonotonic 
functions, for all i = 1, n; where the vectors (x\, aq_i, Xi + \,..., x n ), 

n— 1 

n Clj are different, for all i = 1,2 we call f 
1=1 

slice-n-comonotonic function. 

We denote by 9 a permutation of the set {1, 2,n} into itself, n € N. There 
are n! permutations. 

In [2] is mentioned that Theorem 21 can be generalized for n spaces. Next 
we state in brief Fubini’s theorem for n Choquet iterated integrals. 
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Theorem 23 Let (fEj) be a-algebras, i = 1,2 ,n € N. Let Ui, i = 1,2 ,n 
be submodular (or supermodular) regular fuzzy measures on fij, respectively. Let 

n n 

Ll = n Lli be endowed with the product a-algebra E = 0™_ 1 E,;. Let f : —> 

i =1 i—1 

K. be a slice-comonotonic bounded H-measurable mapping, then 


(C) 




fduidu2--.du n = 



fdue(v>duoc2)-due{ n ), 


(28) 


for any permutation 9 on the set {1, All the iterated Choquet integrals in 

(28) exist and are equal. 


Proof. By induction, (23) and using Theorem 21. ■ 


Remark 24 If p is a countably additive bounded measure, then the Choquet 
integral (C) f A fdfi reduces to the usual Lebesgue type integral (see, e.g. [5], p. 
62, or [17], p. 226), above it is AC fl. 


3 Main Results 

This section is motivated by [8]. 

Let the fuzzy measure spaces (fli, Ei, and (f22, E 2 ,/.i 2 ), where /r 1 ,/r 2 are 
regular fuzzy measures, furthermore , p 2 are assumed to be submodular. 

Let k : x fi 2 —> R + which is a bounded measurable function and k ( x , y) 

is slice— comonotonic and belongs to a comonotonic class F* as a function of 
V- 

Consider the function 

K (x) = (C) f k (x, y) dp 2 (y ), x € fli, (29) 

J ^2 

and assume that K (x) > 0. 

Notice that K is bounded. 

Denote by W (k) the class of functions g : Lli —> M + , such that 

9 (x) = ( C) [ k (x, y) f {y) dy. 2 (y) , (30) 

Jn 2 

where / : fi 2 —> M + is a bounded measurable function, such that k ( x , y) f ( y) is 
slice— comonotonic and belongs to a comonotonic class F 2 as a function of y. 
Notice that g is also bounded. 

We give 

8 


1180 


ANASTASSIOU 1173-1188 



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 27, NO.7, 2019, COPYRIGHT 2019 EUDOXUS PRESS, LLC 


Theorem 25 Let u be a nonnegative measurable function on fli. Assume that 
is bounded on fti. Define v on LI 2 by 

v ( V ) = (C) [ ( x , V ) d Ti ( x ) - ( 31 ) 

in, K W 

which is bounded. Let $ : M + —* K + be a convex and increasing function, 
such that k (x, y) (/ (y)) is x-section comonotonic with comonotonic class Fg . 
Assume here that (Ff U F 2 U Fg) C F*, where F* is one comonotonic class of 
functions on Assume further that u ( x ) (K (x)) k (x, y ) $ (/ (y)) is slice- 
comonotonic. Then 

( c ) J ^ u (x) $ (jJj^j d Ti ( x ) <( c ) v (y) 4> (/ (y)) dy 2 (y) , (32) 

holds for all g £ W ( k ), with f as in (30). 

Proof. We observe that 

(C) J ^ u ( x ) $ (C) j( * (a;, y) / (y) d/z 2 (y)^ (a;) = (33) 

(next we use Lemma 18, where F is a probability measure on fi 2 ) 

(C 1 )^ u (x)& k{x,y)f(y)dP(y) S jdn l {x)< 

(we can also write K (a;) = j,, k (x, y) dP (y), hence by classic Jensen’s inequal¬ 
ity) 

(C) f u (x) (K (x))^ 1 ((C) [ k (x, y) $ (/ (y)) dP (y)'] dy, l (x) = (34) 

Jch \ Jn 2 J 

(again by Lemma 18) 

(C) [ u (x) (K (a:)) -1 ( (C) [ k (x, y) $ (/ (y)) dy 2 (y)\ d^i (x) = 

Jn i V Jn 2 J 

(C) [ ((C) [ u(x)(K(x))~ 1 k(x,y)^>(f (y))dy. 2 (y)\ dn 1 (x) = 

J V J £^2 / 

(since the functions <3> (/ (y)) and u (a;) (K (a;)) -1 k (x, y) 4> (/ (y)) are bounded 
and the second one is slice-comonotonic, we can apply Fubini’s Theorem 21) 

(C) f ((C) [ u(x)(K (a;)) -1 k(x,y)A>(f (y))dy. 1 (x)] dfi 2 (y) = 

Jn 2 V *7 f2i / 
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(C) I ®(f{y))({C) [ u(x)(K(x)) 1 k(x,y)dp 1 (x)\ dp 2 {y) ( = } (35) 

Jn 2 \ Jn i J 

(C) f ${f(y))v(y)dp 2 (y), 

J 0 2 

proving the claim. ■ 

We also give 

Corollary 26 All as in Theorem 25, with $ = identity mapping. Then 

(C) [ jxj\g (*) d Ti ( x ) < (c) f v (y) / ( y ) dp 2 (j/) , (36) 

K [x) Jn 2 

holds for all g £ W ( k ), with f as in (30). 

Corollary 27 All as in Theorem 25, with $ (x) = x p , Vie M+, p > 1. Then 

(C) [ JTpTA9 P ( x ) d/i-L (x) <{C) j v (y) f p (y) dp 2 (y), (37) 

i£P(ar) 

holds for all g £ W ( k ), with f as in (30). 

Corollary 28 All as in Theorem 25, with $ (x) = e x , V x S R+. T/ien 

(C) f u{x)e 7 ^dp 1 (x) < (C) f v (y) e nv) dp 2 (y ), (38) 

J J o 2 

holds for all g £ W ( k ), with f as in (30). 

Corollary 29 All as in Theorem 25, with $ = identity mapping and u (x) = 

K (x). Then 

( C ) [ g (x) dp 1 (x) <{C) f v {y) f (y) dp 2 (y), (39) 

J ^2^ J n 2 

holds for all g £ W (k), with f as in (30). Here v (■ y ) = (C) k (x, y) dp 1 (x) is bounded. 

Corollary 30 All as in Theorem 25, with $ (x) = x p , Vie M+, p > 1, and 
u (x) = K p (x). Then 

(C) [ g p (x) dp i (x) <{C) f v {y) f p {y) dp 2 (y ), (40) 

J <7 O 2 

AoMs for all g £ W ( k ), with f as in (30). Here 

v ( y ) = (C) J K p ~ x (x) k (x, y) dp 1 (x) is bounded. (41) 

J 
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Remark 31 (on Corollary 30) Let us assume that k(x,y ) < M, M > 0, V 
(x, y) € fli x 12 2; then K (x) < M. And from (41), v(y) < M p . 

Consequently, from (40), it holds 

{C) [ g p (x) dp i (a:) < M p ((C) [ f p ( y) dp 2 (y)) , (42) 

J \ J0,2 / 

and even better written 

( (C) [ 9 P 0*0 dp i (x)\ < M f ( C ) [ f p (y) dp 2 (y)\ . (43) 

\ J Oi / V Jn 2 J 

Next we rewrite the result of (43) in detail. 

Theorem 32 Assume that k(x,y) < M, M > 0, V (x,y) € Hi x f2 2 , and let 
p > 1. Define 

v (' y) = (C) [ K p ~ r 0*0 k (x, y ) dp 1 (x), (44) 

J 

which is bounded. Here k (x, y) (/ ( y)) p is x-section comonotonic with comonotonic 
class Fg . Assume that (F* U F 2 U F£) C F*, where F* one comonotonic class 
on fl 2 . Assume further that (K (x)) p 1 k(x,y) (/ (y)) p is slice-comonotonic. 
Then 

({C) [ 9 P (x)dp 1 (x)\ <m((C) f f p (y)dp 2 {y)\ , (45) 

\ Jn 1 / V J n 2 / 

holds for all g £ W ( k ), with f as in (30). 

Remark 33 Assume that k(x,y) < M, M > 0, V (. x,y ) € Hi x H 2 . Hence 
directly by (30) we get 


g (x) < M ^(C) f(y)dp 2 (y)j, Vxefii. 

[ 9 (x) dp 1 (x) <M ((C) [ f (y) dp 2 (y) \ , 

Jn 1 V Jn 2 J 


Therefore 

holds for all g £ W ( k ), with f as in (30). 


(46) 


Theorem 34 Define v on H 2 by v ( y ) = (C) f n k (x, y) dp 1 ( x), which is bounded. 
Letp > 1. Here k (x, y) (/ ( y)) p is slice— comonotonic and belongs to a comonotonic 
class Fg as a function of y. Assume that (F( U F 2 U Fg ) C F*, where F* one 
comonotonic class on fi 2 . Then 

(C) f (K(x)) l ~ p g p (x)dp 1 (x)<(C) ( v (y) f p (y) dp 2 (y), (47) 

J J Q 2 

holds for all g £ W ( k ), with f as in (30). 
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Proof. By Theorem 25, take / (x) = x p , x > 0, p > 1, and u ( x ) = K (x). 

■ 

Corollary 35 All as in Theorem 34■ Then 

((C) f g p (x)dp,(x)\ <m((C) [ f p (y) dp 2 (y)\ . (48) 

\ J Oi /V J n 2 J 

holds for all g € W ( k), with f as in (30). Here k(x,y) < M, M > 0, V 

(x, y) € fii x f1 2 . 

Proof. Since p > 1, 1 — p < 0. Hence the left hand side of (47) is greater 
equal to M 1-p ^(C) g p (x) dp, (x)j , by K (x) < M and ( K (x)) 1 ~ p > M 1 ~ p . 

And the right hand side of (47) is less equal to M ^(C) f p (y) dp 2 (y)), by 
v (y) < M. Therefore 

M l ~ p ((C) jf g p (x) dp, (*)) < M ((C) jf f p (y) dp 2 (j,)) , (49) 

proving the claim. ■ 


4 Appendix 

Here B stands for the Borel cr-algebra on [a, b]. 

Let the fuzzy measure spaces ([a, b] , B , p,) and ([a, b ], B , p 2 ), where [a, 6]cK 
and p,,p 2 are bounded fuzzy measures with p 2 submodular. Let p, q > 1 such 
that b + b = 1. Let / : [a, b] — > M + which is bounded and B- measurable. 

We define the left and right Rienrann-Liouville-Choquet fractional integrals 
of order a > 1 (respectively): 

(/“+/) Or) = (C) J (x - t) Q_1 / (t) dp 2 (t ), (50) 

and 

( J b-f) O) = ( c ) J (t - x) a ~ x f (t) dp 2 (t ), (51) 

V x € [a,b ], where T is the gamma function. 

We assume that (J“ + /) and (/“_/) are H-measurable functions. Clearly 
Ia+f,Ib_f are nonnegative and bounded over [a, b\. 

Remark 36 By Theorem 9 we obtain 

{!a+f) ( x ) < (V) J (x~ t) p(a ~ 1] dp 2 (t)j ((C) J f q ( t ) dp 2 (t)j < 

(52) 
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r( 

Hence it holds 


^((6-a) p( “ 1} n 2 ([a, 6])) P f(C)^ f q (t) d T 2 (*) 


((/“+/) (®)) P < (5 ^ a) p(Q :) ([a, 6]) f (C) J f q (t) dp 2 (i)'j , 


(53) 


V x € [a, 6]. 
Therefore 


(C) [ ((/“+/)(*))*>i(z)< 

J a 

^ a) y (b ~ a) p(a_1) ([a, 6]) f (C) J* f q (t) dp 2 (t) 


(54) 


We have proved that 


(c)j\(i: + f)( X )) p d^(x )J < 


(mi([M])m 2 ([M])) p (&-q 
r(a) 


,(«-!) 


(C) j'f q (t)dp 2 (t)\ . (55) 


Similarly, we have 

(g) 1 / rb \ p / pb ^ 

(/“_/) (a:) < 1(C) J {t-x) p{a ~ 1] dp 2 {t)\ U c ) J f q (t)dp 2 (t) 


(56) 


< 


r( 

y4s before we obtain 


^y((5-a) p(Q 1) /x 2 ([a,&])) P f(C')^ / 9 (<) dfi 2 (t) 


(jh ([M])m 2 ([M])) p (b~ a 

r(«) 


(C) j\(l?_f)(x)) p dp 1 (x)^ < 

fb N 
(C) / f q (t)dp 2 (t) 

J a 


fa-1) 


(57) 


We have proved 
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Theorem 37 Here a > 1 and the rest are as in this section. It holds 

rna xi((C)J ((/“+/) (x)) P dn 1 (x)'j , (( C )J ((tf-f) ( X )Y d V i( x ) 


< 


Oi {[a,b])/J. 2 ([a, b])) p (b-a) 


(a-l) 


T(a) 

Remark 38 From (52) we get 


{C)J* f q (t)d» 2 (t)\ . (58) 


( J a+f) ( x ) < {i x ~ a f (a 11 lh ([«, *])) P ^(C) J f q (t) dfa (t) 

and from (56) we derive (by exchanging the roles of p and q) 

1 


(59) 


(4*-/) ( x ) < 


r(a) 


b-x) q(a 1] ix 2 ([x,b\)y f(C) J f p (t) dp , 2 (t) ■ (60) 


Therefore by multiplying (59), (60) we get 

(/“+/) (*) (4-/) (*) < 1 2 (( x ~ «) p(a_1) th ([a.*! 

( r (a)) v 


(61) 


(( b-x) q(a ^MM]))" ^(C) J f q (t)dp 2 (f)^j {{C) J f P (t)dp 2 (t) 

(using Young’s inequality for a, b > 0, a?6? < ^ + h) 

< 1 f ( x ~~ a) p(a ~ 1) M 2 ([a, a;]) + (b - z) 9 ^"^ p 2 (fob] A . 


(i»r 


We have that 


1 


(C) J" f q (t) dp 2 (i) j " ^(C) £ f p (*) dg, 2 ( t ) 

(44/) (*) (4“-/) (x) 


(62) 


(x-a) p(a 1 V 2 ([a,x]) (b-x) q< - a 1 V 2 ([a;,b]) 


\ 

( rwr 

Notice that the denominator of left, hand side of (63) is never zero. 


(63) 
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Integrating (63) with respect to x we obtain: 

Theorem 39 Here a > 1 and the rest are as in this section. It holds 

{Ig+S) (x) (s) dp i (x) < 

(x-a) p(a ~ 1 V 2 ([q,ir]) . (b-a;) g(Q! ~ 1) /x 2 ([a;,b]) 
p q 

i i 

( (C) la F {t) d ^ {t) ) P ( (C) la r {t) d ^ 2 (t) ) 9 ' (64) 

Inequality (64) is a Hilbert-Pachpatte type inequality for Choquet fractional in¬ 
tegrals. 
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